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Abstract: The train braking system with redundant components has an essential effect on driver
safety. In this paper, we consider the failure of K-out-of-N brake motors during operation and the
redundant recovery by preventive maintenance. Two Continuous Time Markov Chains (CTMC) are
used to model the working process and the preventive maintenance process of the braking system
corresponding to the real situation of the train. Considering the maintenance effect of intermittent
daily and cyclical overhaul with nested relationships, a new operation risk assessment model of the
K-out-of-N system is developed to evaluate the effectiveness of the preventive maintenance of the
train. Some safety parameters are solved based on the two coupled preventive maintenance periods,
which conveniently design the safety of the train braking system. Finally, a case study illustrates the
effectiveness of the safety evaluation method. The results show that we can trade off the effects of the
multiple PM intervals on train safety considering the redundancy structure of the braking system by
the proposed model.

Keywords: train braking system; K-out-of-N system; safety evaluation; preventive performance;
state probability; braking distance

1. Introduction

By the end of 2020, the total mileage of urban rail transit operations in mainland China
reached 7969.7 km. Among them, the mileage of subway operating lines reached 6280.8 km.
The amount of passenger traffic in 2020 reached 17.59 billion, which means that more than
24 million people travel by subway every day [1]. Drive safety is one of the inevitable
issues with the surge in subway operations.

The braking system is one of the most important subsystems related to the driving
safety of the subway, and untimely braking is the biggest safety hazard during subway
operation [2,3]. Subway braking activities are divided into general braking and emergency
braking [4]. General braking is also known as braking when the subway stops at a station,
while emergency braking is braking under abnormal conditions while the subway is in
motion. Nowadays, the primary source of braking force for general braking and emergency
braking is the electric braking system [5]. The electric brakes are activated after the train
control system issues a braking command, then the subway vehicle is ensured to be slowed
down immediately. The electric brake system braking force is provided by the torque
generated by the brake motor and the corresponding mechanical mechanism, the braking
output can be adjusted, and the emergency braking conditions will require the brake system
to provide the maximum output. The integrity of the emergency brake function affects the
safety of the train, while the general brake does not. The braking activity explored in this
paper refers exclusively to emergency braking.

The brake motor as a part of the components forms the braking system and governs the
key functions of the braking system [5]. Brake motors are generally installed in the bottom
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of multiple carriages in a distributed manner, with multiple motors working together
to provide the braking force needed to brake, as is shown in Figure 1. If one or more
of the motors fail to work, the maximum braking force provided by the braking system
will be reduced. If the maximum braking force drops to a certain level, the emergency
braking distance of the train will not meet a safety threshold, which is called the safe
braking distance. Therefore, to meet this safe braking distance requirement, a sufficient
number of brake motors are required to work properly. Additionally, the greater the
residual redundance before the system fails, the more effective the brakes will be. Such a
braking system is a typical K-out-of-N system. The K-out-of-N system is a common type of
redundant system where the failure of components leads to system degradation, wherein
the system as a whole fails when K components fail. To keep the train brakes at a safe
distance during operation, the brake system needs maintenance to repair the failed motors.
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The maintenance of the train system generally includes daily maintenance and over-
haul. Daily maintenance is small-scale maintenance, mainly following the list of key
components to inspect and simple repair, while overhaul is a complete inspection and
replacement of the system. Different maintenance strategies can recover the degenerated
braking distance to different extents. Thus, the system can operate properly while meeting
safety conditions. Under the combination of routine maintenance and overhaul strategy,
the better the effect of minor repair, the better the overhaul cycle can be properly extended,
and vice versa. The coordination of routine maintenance and overhaul cycles is a solution
to the balance between operational input and operational safety. Therefore, considering this
mixed maintenance characteristic of train braking systems to ensure safety results in more
economical operation for the subway corporations. It is necessary to develop an analytical
model of the K-out-of-N system comprehensively including both cycles to address the
balance between operation and safety, which is completely a new issue.

For train braking system performance, existing models have been studied based on
physical models [6,7]. Building aerodynamic models is a common approach for the air
braking system [8–10]. For electric braking systems, the corresponding physical model of
the electromagnetic process of the brake motor can also be developed to obtain the braking
curve [11,12]. Considering the effect of component failure on the braking system, there are
also methods to model the vibration response or degraded wear [13–15]. These physical
models do not consider the redundant structure of the braking system. Instead, systems
with redundant structures can be seen as multi-state systems for modeling.

Multi-state systems usually describe the state of the system in terms of a composite
of the states of the components [16,17]. The states of each component are considered as
elements to describe multiple states of the system from normal operation to failure in the
form of vectors or matrices. In other words, in a multi-state system, different states can
be used to describe different failure combinations or different performance levels of the
system [18,19]. As a typical K-out-of-N system, the braking system has the characteristic of
being 0–1 state at the component level, but multi-state at the system level [20–23]. For a
K-out-of-N system, the failure of a component does not represent the state of the system, it
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will only be a degradation of the system [24,25]. The failure of the system is a combination
of the failures of the components when the number of the failure components reaches
a threshold.

Continuous-time Markov chains are also widely used in multi-state system model-
ing [26–28]. In Markov chains, the failure process of a system is continuous or discrete in
multiple steps. When a Markov chain has been determined, the different performances
can be analyzed [29–31]. The analysis of the performance may be based on steady-state
probabilities, transient probabilities, or cumulative probabilities [32]. The performance
evaluation of the whole multi-state system is obtained with the help of different perfor-
mance functions coupled with the state probabilities. Multi-state systems can be used
to conveniently represent the repair effect of perfect or imperfect repairs of the braking
system with multiple states [33,34]. With the effects of failures and preventive maintenance,
Markov chains enable parametric representation of faults and maintenance processes by
employing the corresponding stochastic distribution.

The general Markov chain cannot be used to establish state transfer relationships for
the braking system with multi-cycle nested maintenance. Markov chains in a single phase
cannot describe a model with multi-cycle nested maintenance. Phased Markov chains are
commonly used to describe systems with multi-mission characteristics [35–37]. The multi-
cycle nested maintenance of the brake system and the failure process can also be seen as
different missions of the system in different periods. The system state is sensitive to different
failure or maintenance parameters under different periods. Therefore, different phases can
correspond to different distribution parameters. Additionally, the phased Markov chain
can study these distribution parameters of different phases and the transfer relationships
between states in the same functional relationship equation so that the influence of each of
these parameters on the system state can be determined throughout time.

It can be seen that the current reliability models of braking systems ignore the effect of
redundancy. Multi-state system models can model the redundant system by describing
the failure and maintenance of the component state transition in which state transfer
relations and the deterioration of the physical performance are coupled. In addition, there
is no corresponding model to study the multi-cycle nested maintenance strategy that is
unique to the considered braking system. Our research is centered on the K-out-of-N
system modeling and analysis of this operation and maintenance model to evaluate its
safety. Considering the operation and maintenance characteristics of train braking systems,
their operation and maintenance processes are divided into different periods. Several
phased Markov processes are used to model the operation and maintenance processes
of the braking system installed in the train. The different phased Markov models can
be applied to the description of phased events, which can be processed for events with
different distributions in different phases. The purpose of this paper is to develop a model
that can evaluate the operational safety and performance parameters of the K-out-of-N
train braking system comprehensively considering the train system operational cycle and
daily inspections.

The contribution of this paper contains three main aspects. (1) Considering the redun-
dant loss of K-out-of-N brake motors during operation and the recovery of redundancy
during routine maintenance, two Continuous Time Markov Chains (CTMC) are used to
model the working process and the routine preventive maintenance process of the braking
system corresponding to the real situation of the train. (2) Considering the maintenance
effect of intermittent daily maintenance and cyclical overhaul with nested relationships, a
new operation risk assessment model of the K-out-of-N system is developed to evaluate
the effectiveness of the preventive maintenance of the braking system. (3) Some safety
parameters are solved based on the two coupled preventive maintenance information,
which conveniently designs the safety of the braking system of the train.

The rest of this paper is organized as follows. Section 2 will elaborate on the Markov
state transfer model of the K-out-of-N system under such alternating work and daily main-
tenance cycles. Section 3 will further consider the maintenance effects of daily maintenance
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and cyclical overhaul with nested relationships, and a new maintenance model for the
K-out-of-N system is developed. Section 4 will derive the physical properties model by
combining the established Markov model with the physical discipline equations. Section 5
will use the braking system of a subway train as a case study to build a safety assessment
model. Additionally, the model is verified to be correct by simulation with the Monte Carlo
method. Section 6 will perform the analysis and conclusions.

2. Problem Description
System Description

The metro train braking system in this paper is modeled on its brake motors. Within
the braking system, the total number of brake motors is n and the brake motors are all
intact at the beginning. All brake motors have the same failure rate. The braking system
needs to satisfy the condition of safe braking distance, that is, to ensure that k brake motors
can work properly. Such a system is a typical K-out-of-N: G system.

For the metro train braking system, it is given that its work and preventive daily
maintenance are intermittent and alternating in cycles of days. The operation hours of the
train in a day are fixed τ1, and daily maintenance cannot be performed during operation,
so the redundant degree of the brake motors will only gradually decrease due to failure.
The non-working hours of the train are considered daily maintenance time τ2. During the
daily maintenance period, the brake motors are stopped or on standby for inspection and
no failure occurs, so the redundancy of the brake motors will rise with the maintenance.

In addition to the daily maintenance, the system schedules overhauls. The overhaul
interval is T, and T must be an integer multiple of τ = τ1 + τ2. After the overhaul, the
system will be restored to a defined state between state n and state k + 1.

While a brake motor in the train braking system fails, the system is still available if
the remaining redundancy of the brake motors is not completely lost, i.e., if there is still
a remaining available redundancy. If the failed brake motors are not fully repaired, the
system is in an incomplete state of operation. Thus, the train braking system contains
n − k + 1 states. The state of this braking system at a time t is described by the number of
intact brake motors n(t) at that moment.

The K-out-of-N system can operate when k of the n components in the system are
working properly. All of the components are intact in the starting phase.

Thus, the following assumptions are made in this paper:

1. The failure time of each brake motor follows an exponential distribution, which is a
common assumption in K-out-of-N systems. All component failures are independent.

2. All brake motors of the system are in operating condition at the outset. Additionally,
when a component fails, it will immediately lose its ability to work.

3. The work and maintenance of the system are carried out at intervals and alternates
on a fixed cycle. This is in consideration of the characteristics of the maintenance
schedule possessed by such equipment as trains.

4. During system operation, inspection and maintenance activities for motor failures
cannot be performed. Inspection and repair of motor failures can be performed only
during maintenance time. The maintenance time of the brake motors also follows an
exponential distribution and is independent.

5. It is assumed that the system has sufficiently high safety requirements in the de-
sign phase to guarantee that the system will not experience system failures during
operation. It means that the braking system will not fail during operation.

6. During the overhaul, the components are not repaired one by one. Therefore, the over-
haul time and the probability of change in the system’s state during the overhaul are
not considered. Only the system’s repair effect after the overhaul will be considered.

After finding the braking system state probability, we then collect the train operation
data to calculate the train braking distance, coupling the braking system state probability
and train braking distance to obtain the braking distance with the brake motor state change
relationship and braking distance expectation.



Appl. Sci. 2022, 12, 4799 5 of 17

3. The CTMC of the Braking System
3.1. System States Transition Process with Daily Maintenance

The failing and daily maintenance processes of the braking system can be described
by a multi-stage Markov chain. The system working time is τ1 and the inspection and
maintenance time is τ2, then the life cycle of the system can be divided into intervals such
as [0, τ1], [τ1, τ1 + τ2], [τ1 + τ2, 2τ1 + τ2], etc. Each stage is similar to the finite pure death
process (the maintenance stage can be considered as a reverse pure death process).

Such processes can be described in terms of absorbing Markov chains. For absorbing
Markov chains, the state probability will be in an absorbing state after some steps, regardless
of which state they start from. In the model of this paper, both the failing process and the
daily maintenance process can be described separately by absorbing Markov chains. The
two Markov chains are interrelated, and the initial states of the latter stage are dependent
on the final state of the former stage.

The braking system starts with n brake motors normally intact, and the system is in a
state in which only k brake motors are working properly before failing. Thus, the starting
state of the Markov chain is the intact state n, and the ending state is the pre-fault state
k. It is assumed that the system has a component failure rate of λ during the operating
phase and a component repair rate of µ during the preventive inspection and maintenance
phase. Both the failing process and the daily maintenance process follow an exponential
distribution for t.

For such a K-out-of-N: G system, the total number of states can be expressed as
I = n− k + 1, which includes n − k + 1 operating states and one shutdown state. Therefore,

the system state probability can be expressed as
→
Pt = [Pt(1), Pt(2), · · · , Pt(I)]. The initial

state probability of the system
→
P0 can be expressed as follows:

→
P0 = [1, 0, 0, · · · , 0] (1)

As the braking system is in state i, there are n − i + 1 brake motors operating normally.
When one of the brake motors fails, the number of motors in normal operation is left at
n − i, and the system will transfer to state i + 1. This transfer process happens one by one.
Thus, when the system is in the working phase, its state transfer rate is:

ci→i+1 = (n− k + 2− i)λ (2)

Therefore, the Markov state transfer rate C =
(

c(i,j)
)
(I×I)

of the working phase can be

expressed as:

ci,j =


−(n− k + 2)λ j = i < n− k + 2
(n− k + 2)λ j = i + 1 < n− k + 1
0 others

(3)

When one of the motors is repaired, the system will transfer from state i to state i − 1.
As with the failure process, the transfer process happens one by one. Thus, when the
system is under daily maintenance, the state transfer process is:

mi→i−1 = iµ (4)

Therefore, the daily maintenance phase Markov state transfer matrix M =
(

m(i,j)

)
(I×I)

can be expressed as:

mi,j =


(n− k + 2)µ i = j < n− k + 2
−(n− k + 2)µ i = j + 1 < n− k + 1

0 others
(5)



Appl. Sci. 2022, 12, 4799 6 of 17

When the system is in daily maintenance, the instantaneous state probabilities of the

system at different moments can be expressed as
→
Pt which is obtained from the above state

transfer matrix. The state probability of each phase depends on the state transfer matrix of
that phase, and the state probability at the beginning of each phase is the state probability
at the end of the previous phase. Therefore, when t ∈ [0, τ1], the system state probability
can be expressed as:

→
Pt =

→
P0•exp(C•t) (6)

When t ∈ [τ1, τ1 + τ2], the system enters the daily maintenance phase, and the start
state of this phase is the end state of the previous working phase. At this time phase, the
system state probability depends on the repair matrix M. According to the multi-stage
Markov calculation method, the result can be directly obtained as follows:

→
Pt =

→
P0•exp(C•τ1)•exp(M•(t− τ1)) (7)

When t ∈ [τ, τ + τ1], τ = τ1 + τ2, the system enters the next work phase, as the
inspection and maintenance activities stop. The system state probability depends on the
working matrix C, which is obtained in the same way as follows:

→
Pt =

→
P0•exp(C•τ1)•exp(M•τ2) •exp(C•(t− τ)) (8)

Additionally, as time t passes, the system state probabilities can be derived as the
above equation in turn, and finally, we find:

→
Pt =

{ →
P0·((exp(C·τ1))·(exp(M·τ2)))

s·exp(C·(t− sτ)) t ∈ [sτ, sτ + τ1]
→
P0·((exp(C·τ1))·(exp(M·τ2)))

s·(exp(C·τ1))· exp(M·(t− sτ − τ1)) t ∈ [sτ + τ1, (s + 1)τ]
(9)

3.2. System States Transition Process with the Overhaul

The state to which the system will be restored after the overhaul depends on the
degree of maintenance. Depending on the degree of maintenance, these overhaul strategies
can be generally classified as perfect repair, minimal repair, and imperfect repair. Perfect
repair restores the system to its original state, but the cost of repair is high. Minimal repair
ensures that the system is restored to minimum operating conditions, but the frequency of
maintenance increases accordingly. Imperfect repair is somewhere in between.

After perfect repair, the system will be restored to its original state. For the K-out-of-N
repairable system, the state probability is determined at this point:

→
Pt =

→
P0 = [1, 0, 0, · · · , 0] (10)

For imperfect repairs, the state to which the system is restored is dependent on the
extent of the repair. For K-out-of-N systems, such a state probability can be determined
as well. The overhaul interval is generally fixed, and the overhaul interval is viewed as a
cycle. This cycle T contains p operation and maintenance cycles as T = p·τ. Assuming that

each overhaul is repaired to no, the state probability
→
Pt at the end of each overhaul can be

expressed in terms of
→
PT . The state probability of the system

→
PT can be expressed as:

PT(i) =
{

1, i = n0
0, others

i = 1, 2, 3 · · · (11)

so that the state probability
→
Pt in the overhaul interval can be expressed as:

→
Pt =

{ →
PT ·((exp(C·τ1))·(exp(M·τ2)))

s·exp(C·(t− sτ)) t ∈ [sτ, sτ + τ1]
→
PT ·((exp(C·τ1))·(exp(M·τ2)))

s·(exp(C·τ1))· exp(M·(t− sτ − τ1)) t ∈ [sτ + τ1, (s + 1)τ]
(12)
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In general, the smaller the overhaul cycle T, the higher the safety level of the system
can be maintained, but the number of overhauls will be higher, as the cost will be corre-
spondingly higher. The larger the overhaul cycle, the fewer overhauls will be performed,
but the system will be maintained at a lower safety level. At the same time, the higher
the degree of overhaul repair, the higher the safety level of the system will be maintained.
Additionally, when the system is given the required safety indicator premise, the overhaul
repair level and the overhaul cycle will be related.

4. Evaluation of Safety Indicators

The braking distance of the train braking system can be regarded as the safety indicator
of the train. Our goal is to couple the braking distance with the failing state and the
information on preventive maintenance of the braking system and to give the corresponding
mathematical expressions. The train braking distance db consists of the train braking lag
distance dk and the effective braking distance de.

db = dk + de (13)

The braking lag distance dk depends on the train braking lag time tk and the initial
braking speed v0, and the train travels at a uniform speed during the lag braking process.

dk =
tk•v0

3.6
(14)

v1 is the initial velocity before braking and v2 is the final velocity after braking. The
effective braking distance de of the train is the deceleration distance after the brake is
activated, which is given by the following formula [38]:

de = ∑
4.17

(
v2

1 − v2
2
)

1000β·B
G·g + w0 + ij

(15)

In the model of this paper, it can be assumed that the subway travels at a horizontal
height with a constant maximum operating speed v0, which means that the slope is 0.
Therefore, the equation can be abbreviated as:

de =
4.17v2

0
1000β·B

G·g + w0
(16)

The operational risk of the train braking system is related to the braking distance.
When the braking distance of the train exceeds the given safe braking distance, the braking
system can be considered as having a safety risk at this point. The braking force of electric
braking equipment is provided by multiple motors, and the multiple motors can be viewed
as a K-out-of-N system. Each motor provides the same braking output Bm. If the system
has n(t) motors working properly in the current state, the total braking force is related to
the output of a single motor and the number of brake motors in some function.

B = f (Bm, n(t)) (17)

In this paper, it is assumed that they satisfy a linear relationship, then the braking
distance of the system at time t is:

de(t) =
4.17v2

0
1000β·Bm ·n(t)

G·g + w0

(18)
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Then, if the safe braking distance ds is to be met, the minimum number of motors that
are able to work properly is:

kb ≥
4.17v2

0
ds−dk

− w0

1000β·Bm
·G·g (19)

Then, the safety index of the K-out-of-N system at time t can be expressed as:

Ps(t) = P(n(t)− kb ≥ 0) (20)

In the previous section, we have obtained the state probability
→
Pt coupled with fault

information and two kinds of preventive maintenance information, where Pt(i) is obtained
from Equations (9) and (12). Then, the mean train braking distance will be able to be
expressed as follows:

de(t) =
n

∑
i=1

Pt(i) ∗ dei (21)

The braking distance in each state i can be expressed:

dei =
4.17v2

0
1000β·Bm ·(n−i+1)

G·g + w0

(22)

Therefore, the braking distance under a certain moment is related to the braking
system state probability. Additionally, the state probability of the braking system is related
to the failure rate and repair rate of the motor. The average value of the braking distance
during the overhaul interval is expressed as follows:

E(de(t)) =
1
T
·

T

∑
t=1

n

∑
i=1

pt(i) ∗ dei (23)

5. Case of Establishing an Operational Risk Assessment Model
5.1. Input Parameters of the Case

In this section, we consider a case of a train consisting of six vehicles including three
locomotives and three traction vehicles [39]. As this electric braking system requires two
motors to operate properly, the motor part of this metro brake system can be seen as a 2-out-
of-6 redundant system. At the initial moment, all motors of the system are working properly.
During the operation of the metro, the motors may fail, which can lead to degradation in
the braking system of the metro. During non-working periods, the subway is subject to
daily maintenance. No new motor failure occurs during maintenance. In addition, the
braking system will be scheduled for an overhaul to restore its function of the braking
system. The train cannot work during the overhaul period and the overhaul time is not
counted as part of this calendar time. The overhaul behavior occurs periodically.

The maximum operating speed of the train is 80 km/h. The empty weight of the
train is 220 t. However, considering the different operating conditions of the subway, the
load at the full seat is 240.496 t, the full load is 333.46 t, and the overload during the peak
hours of the subway is 370.06 t. The electric brake is provided by the brake motor on the
locomotive, and the braking force depends on the number of brake motors, the magnitude
of the current through the motors, and the train speed. The motors provide the maximum
braking force under emergency braking conditions with constant current magnitude and
without variation with the train speed. The emergency brake has a braking lag time of
5 s, and the train’s electric braking force reaches its maximum after 5 s, disregarding the
deceleration effect and running distance provided by the motor during the gradual increase
in the braking force to the maximum.

The other parameters of the case are also shown in the following Table 1:
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Table 1. Parameters of the case.

Load at the full seat 240.496 t
Full load 333.46 t
Overload 370.06 t

Single motor output force 61.67 MN
Number of motors 6

Minimum number of motors for system operation 2
Maximum operating speed 80 km/h

Utilization ratio of the braking force 1
Per mileage of equivalent gradient in the braking area 1

Daytime operating hours 16 h
Nighttime maintenance hours 8 h

Safe braking distance 400 m
Failure rate of the brake motor 0.003 h−1

Maintenance rate of the brake motor 0.03 h−1

Overhaul interval 720 h

The basic resistance function is given with the following formula:

w0 = 2.7551 + 0.000428v2
0 (24)

In addition, the case calculation environment of this paper is as Table 2:

Table 2. Calculation environment.

Operating System Windows 10
RAM 16 GB
CPU Inter core 7700HQ
GPU Nvidia GTX1070 8G

Load at the full seat 240.496 t

5.2. Simulation Verification

The simulation method is used to verify the numerical results given by the model proposed
in this paper. The simulation environment is the same as the calculation environment above.

In simulation conditions, the safe braking distance of the train is ds = 400 m, while the
motor failure rate under the electric brake system is fixed at λ = 0.003, and the maintenance
rate is fixed at µ = 0.03. The overhaul interval is fixed at T = 720 h, and the overhaul level is
fixed at repairing until at least five motors can work properly (if the motors that can work
properly are more than or equal to five then no repair is needed). The simulation results
are shown below.

In Figure 2, after 10,000 simulations, the mean value of the safety index is 0.983. The
variance is 2.4919× 10−4. As a comparison, the mean value of the safety index obtained
after inputting the parameters in Table 1 into the analytic model is 0.966, with an error of
1.24%. The simulation time is 70.996441 s. In contrast, the numerical calculation time only
takes 3.823471 s, much less than the simulation time.
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5.3. Brake System Performance under a Single Overhaul Interval

We calculated the variation of the train braking safety index over time for a single
overhaul interval. The input parameters are shown in Table 1. In Figure 3, we can see the
safety index decreases over time during operation, while it gradually increases during
maintenance time. The upper bound of the curve over time is the safety index at the
beginning of every day, that is, the safety index at the initial state and the state after each
daily maintenance. Accordingly, the lower boundary of the curve is the safety index at the
end of every day’s work before daily maintenance has begun.
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To compare the impact of daily maintenance and overhaul, different daily maintenance
rates and overhaul interval values with the same average safety index at a single cycle
are put under one curve for comparison. The input parameters are the same as in Table 1
except for the daily maintenance rate and overhaul interval. In Figure 4, we can find
that as the routine maintenance repair rate increases, the minimum overhaul interval of
the required maintenance strategy becomes longer and longer while meeting the safety
level requirements. Similarly, the longer the overhaul interval is scheduled, the higher the
required routine maintenance rate will be, but eventually, it will gradually stabilize. This is
because as the condition stabilizes, the safety level of the brake system will also stabilize
during the overhaul interval.
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Then, we compared the variation of braking distance with time for a train under three
specified load conditions in a single cycle. The input parameters are the same as in Table 1
except for the load. In Figure 5, it can be seen that as the trainload increases, the braking
distance becomes correspondingly longer, and the fluctuation range of the braking distance
between the upper and lower bound becomes larger. The braking distance of the subway
train at the load at full load and full load conditions meet the requirements of safe braking
distance regulations. While in the overload condition, the braking distance cannot meet the
requirements of the safe braking distance regulations.

To compare the effects of daily maintenance rate and failure rate on braking distance,
we calculated the variation of the average braking distance in one cycle with the motor
failure rate λ and daily maintenance repair rate µ for metro trains under three different
loads. The input parameters are the same as in Table 1 except for the load, λ, and µ. The
results are shown in Figure 6. It can be seen that the effect of routine maintenance repair
rate on the average braking distance is significantly higher than the effect of motor failure
rate on the average braking distance.
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To compare the effect of brake motors with different failure rates and different installa-
tion numbers on the braking distance, we calculated the average braking distance within a
single overhaul interval for three different failure rates and different installation numbers.
The input parameters are the same as in Table 1 except for the number of motors and λ. In
Figure 7, we can see that the number of motors required to meet the safe braking distance
will also be higher when motors with higher failure rates are selected.
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5.4. Braking System Performance under the Nested Preventive Maintenance Cycles

To compare the effect of different failure rates and daily maintenance rates on the
safety index of the braking system, we calculated the variation of the safety index overtime
for 8640 h. The input parameters are the same as in Table 1 except for the µ and λ. The
results are shown in Figure 8. From the figure, it can be seen that the safety probability
of the braking system decreases to a certain level and then gradually stabilizes during
each overhaul interval. When µ represents a higher daily maintenance rate, the safety
performance of the train braking system is also better. In contrast, when the motor failure
rate λ is lower, the safety index stabilization will be higher.

Finally, to obtain the effect of the overhaul interval on the safety performance of the
braking system, we calculated the average safety index over 8640 h at different overhaul
intervals. The input parameters are the same as in Table 1 except for the overhaul interval.
In Figure 9, it can be seen that as the overhaul interval becomes longer, the average safety
index of the braking system decreases. In other words, a reasonable choice of overhaul
intervals can help maintain the safety of the braking system.
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Figure 8. Safety index comparison under different failure rates and different daily maintenance rates:
(a) safety index in µ = 0.03 and λ = 0.003; (b) safety index in µ = 0.04 and λ = 0.003; (c) safety index
in µ = 0.05 and λ = 0.003; (d) safety index in µ = 0.05 and λ = 0.002; (e) safety index in µ = 0.05 and
λ = 0.004; and (f) safety index in µ = 0.05 and λ = 0.006.
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6. Analysis and Conclusions

In this paper, for the unique operation and maintenance mode of the subway train
system, the train braking system is modeled as a K-out-of-N model. A multi-phase Markov
chain is applied to analyze its operation and maintenance process which contains fault
states and two preventive maintenance modes, the mathematical description of its states
is given, the braking distance of the braking system is coupled with its states, and the
mathematical relationship between them is given. Finally, a numerical case is used to
analyze the influence of the operation and maintenance parameters of this braking system
on the braking distance and its safety level.

By using this method, we established mathematical relationships between brake
system operation and maintenance parameters and safety indicators such as braking
distance. A framework for analyzing the physical performance of the braking system under
the influence of faults and maintenance is built. It can be seen that by selecting a brake
motor with a lower failure rate, the safe braking distance requirement can be achieved
with a smaller number. Similarly, if more intensive overhauls are scheduled, the number
of brake motors required can be reduced. Additionally, after the brake system design
is completed, design compensation can also be achieved by rationalizing the sizing of
routine maintenance and overhaul cycles. We can trade off the effects of the multiple PM
intervals on train safety considering the redundancy structure of the braking system by the
proposed model. This method can be extensively applied to the modeling and analysis of
any other K-out-of-N system with such operational characteristics, allowing the analysis of
the requirements decision of the relevant equipment reliability and the determination of
the maintenance scheme parameters given a safety threshold.

In future work, we will consider more operational scenarios. On the one hand, we can
consider the downtime maintenance in addition to the preventive maintenances. Another
possible extension direction is to consider a K-out-of-N system containing different compo-
nents, such that the parameters of the K-out-of-N system becoming multidimensional and
the system state dimension increasing.
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Abbreviations

i, j the state of the braking system
n the number of the total brake motors
n(t) the number of the brake motors at time t
k the number of the brake motors satisfying the safe braking distance
τ1 the interval of working time every day, h
τ2 the interval of maintenance time every day, h
I the total number of states
→
Pt the state probability of the system at time t
Pt(i) the probability of state i
µ the daily maintenance rate of the brake motor, h−1

λ the failure rate of the brake motor, h−1

C the failure matrix of the braking system
M the maintenance matrix of the braking system
db the braking distance, m
dk the lag braking distance, m
de the effective braking distance, m
tk the train braking lag time, s
v0 the initial braking speed, km/h
β the utilization ratio of the braking force
b the unit braking force, N/kN
B the braking force of the train, kN
Bm the braking force of each brake motor, kN
G the weight of the train, t
w0 the basic resistance, N/kN
ij per mileage of equivalent gradient in the braking area
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