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Abstract: An acoustic black hole (ABH) has been applied in the regulation of structural performance
to form the aggregation effect of elastic waves in the local area of the structure, which has been used
in energy harvesting in recent years. The piezoelectric vibration energy harvester (VEH) integrated
with the beam of a bilateral periodic 1D ABH is proposed in this study. The theoretical model of the
proposed VEH is established and analyzed based on the transfer matrix method. The performance
of the VEHs is numerically simulated by COMSOL Multiphysics. The simulation results show that
the performance of the bilateral ABH beam is higher than its traditional counterpart. Finally, the
performance of the proposed VEH is validated in an experimental system. The experimental results
show that the peak output voltage of the VEH Model 3 can reach 169.16 V, which is 1.9 times that of
the traditional one. In the optimal impedance matching, the output power of the third bilateral VEH
is 2.7 times that of the traditional ABH, which can reach 91.52 mW.

Keywords: acoustic black hole; vibration energy harvester; Gaussian pulse; output voltage

1. Introduction

Vibrations can be seen anywhere in industrial production and the surrounding circum-
stances, especially in structures such as beams or rods in civil engineering and mechanical
engineering [1–3]. This kind of redundant vibration is usually harmful and severely affects
reliability and accuracy in various mechanical and precision equipment [4,5]. However, the
health status of the mechanical equipment and engineering structures can be monitored by
wireless sensor network (WSN) nodes in real time. Traditional WSN [6] nodes are powered
by batteries, which have a limited lifetime and are hard to maintain, especially in harsh
environments and remote areas. Therefore, it is extremely important to develop a novel
power supply method that can replace batteries with a long lifetime and is easy to maintain.

Harvesting energy from the vibrations in the surrounding environment where the
WSN nodes are deployed, which can be converted to electrical energy, should be a possible
solution. The device that can harvest vibration energy and convert it to electrical energy is a
vibration energy harvester (VEH). VEHs can be divided into piezoelectric, electromagnetic
and electrostatic types according to the operation principle. The piezoelectric VEH has wide
employment through its simple structure and high electromechanical transfer coefficient [7].
A cantilever is used as the primary structure of a traditional piezoelectric VEH with a
narrow operation bandwidth and low harvesting efficiency.

The nonlinear effect can be used to improve the performance of traditional VEHs.
Nonlinear structures are widely used due to their simple structure, which can be inte-
grated into the cantilever beam in a VEH. As a nonlinear structure, the ABHs have wide
employment in the field of vibrational reduction, noise reduction and energy harvesting
due to the unique energy focus effect. ABHs have structures with geometrical or ma-
terial parameters gradually decreasing t in thin-walled components such as beams and
benches, which can focus the elastic wave [8]. Gao et al. [9–11] proposed several kinds of
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one-dimensional double-leaf ABH beams with nested damping units, unit periodic arrays
and spatial V-shaped bending. The low-frequency band gap and vibration characteristics of
the structure were analyzed. The application of an ABH structure in energy harvesting has
gained a lot of attention in recent years. Deng [12] uses the Lagrange equation to derive the
combined equation of the bending vibration of the ABH beam with the piezoelectric layer.
The influence of the parameters of the ABH and piezoelectric layer on energy harvesting
efficiency is analyzed. Zhao et al. [13] established an electromechanical coupling model of
an ABH cone structure with a surface-mounted piezoelectric transducer and analyzed the
dynamic response with numerical simulation. Simulation results show that the response of
the system is better than the traditional structure. Ji et al. [14] proposed an energy harvester
integrated with a high-intensity ABH and validated it through experimental tests.

In addition, the characteristic that acoustic black holes can gather energy is also
applicable to vibration suppression. Du et al. [15] proposed a new solution to embed 2D
ABHs on the support plate to suppress the transmission of compressor vibration to the
refrigerator body. Liang et al. [16] focus on the mid- and low-frequency performance of
plates embedded with the array of an ABH for energy focalization and vibration and noise
suppression. Lyu et al. [17] proposed a type of metamaterial plate enabling in-plane ultra-
wide vibration isolation in engineering equipment development and experiments show
that the effective attenuation ability is compared with the traditional hexagonal lattice.

A piezoelectric VEH with a bilateral periodic 1D ABH is proposed in this paper. The
vibration energy can be accumulated in the center of the ABH due to the focus effect and
converted into electrical energy by the piezoelectric plates attached to the ABH surface.
The theoretical model of the energy harvester with a bilateral periodic 1D ABH structure
is established, and the performance of the above VEH is discussed through numerical
simulation in COMSOL and verified by experimental tests.

2. VEH Integrated with Bilateral Periodic 1D ABH
2.1. Structure of VEH

The traditional VEH with an ABH is a cantilever beam with a unilateral ABH embed-
ded. As shown in Figure 1, a VEH with a bilateral 1D ABH structure is proposed, where
the piezoelectric plates attached to the ABH are ignored. Three different types of VEHs
with an ABH are designed and analyzed.
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Figure 1. Structure diagram of ABH beam: (a) traditional 1D ABH beam, (b) bilateral 1D ABH Model 1,
(c) bilateral 1D ABH Model 2, (d) bilateral 1D ABH Model 3 (1: major structure; 2: quality mass).

The collection of vibration energy is realized by the ABHs embedded in the cantilever
of the VEH. The operation bandwidth can be adjusted by tuning the parameters of ABHs
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and the attached mass. The mass added to the edge of the beam greatly reduces the natural
frequency of the VEH (The VEHs discussed next all contain mass blocks).

2.2. Operation Principle of VEH

As shown in Figure 2, the thickness of the ABH fits the formula h(x) = εxm, where h(x)
and represents the thickness variation of the beam; ε is the undetermined coefficient and
m is a power exponent. The structural stiffness is ensured by extending the ABH portion
to a truncated platform at a minimum thickness, which is determined by the fabrication
process. The operation principle of the proposed VEH is as follows: Vibration is generated
in the cantilever beam when an external excitation signal is applied on the constrained
end. The elastic waves according to the vibration are transmitted in the cantilever beam
and concentrated in the center of the ABH zone due to the focus effect. The concentrated
vibration energy is converted into electrical energy by the attached piezoelectric plate in
the center of the ABHs.
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Figure 2. Structure diagram of piezoelectric energy harvester.

2.3. Dynamic Modeling of ABH Beam

As shown in Figure 3, the left side of the beam is fix constrained and the right side
is left free. It is assumed that the external excitation Y(x, t) = Y0 sin Pt is applied at
0.1 xL from the left end, where Y0 is the amplitude of the external excitation, and P is its
frequency. The thickness of the constant thickness part of the beam is hm, xA is the length of
a single ABH unit, ht is the truncated thickness of the ABH and xt is the truncated extended
platform length. The adverse effects of the truncated platform can be offset to some extent
by properly adding damping material to the surface of the curved portion of the ABH. xE
is the length of the periodic joint in the middle and xL is the total length of the beam.
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Figure 3. Bilateral one-dimensional periodic ABH beam Model 1.

The shear deformation of the cantilever beam is neglected because the length of the
ABH beam is much larger than its thickness, and the transverse vibration is dominant in
practice. The undamped transverse vibration equation of the beam based on the Euler–
Bernoulli beam theory is [18]:

ρTB(x)
∂2w(x, t)

∂t2 +
∂2MT(x, t)

∂x2 = Y(x, t), (1)

where ρ is the material density of the ABH beam, TB(x) is the cross-section area of the
beam and MT(x, t) is the bending moment of the beam.

The ABH beam is a variable cross-section beam, which can be approximately equiva-
lent to a linear combination of N equal cross-section beams as shown in Figure 4. When
the N is large enough, the ABH beam can be approximated by the equivalent segmented
beam, and then the vibration of the equivalent beam is analyzed by the transfer matrix
method. The transfer matrix method is that any uniform beam in the segmented beam is



Appl. Sci. 2023, 13, 6423 4 of 18

analyzed separately to determine its corresponding transfer matrix, and then the whole
beam is combined and analyzed according to the continuity between the segmented beams
to obtain the whole vibration response of the ABH beam.
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For the single-section uniform beam after discretization, if the damping layer is
neglected, the transverse free vibration equation of the number i uniform beam can be
expressed as [19]:

ρTB
i (x)

∂2w(x, t)
∂t2 +

∂2MT
i (x, t)

∂x2 = Y(x, t), xi ≤ x < xi+1, i = 1, 2, . . . N. (2)

Let w(x, t) and j(x, t) be the components of the beam in the x-axis and z-axis directions,
respectively, as shown in Figure 5. The shear and rotation of the beam are ignored since
the thickness of the beam is much smaller than its length, where r and θ are the beam’s
axial strain and rotation angle after flexural deformation. Then, the length of the deformed
element can be expressed as [20]:

dxw′ =

√(
dw
dx

)2
+

(
1 +

dj
dx

)2
dx, (3)

and the axial strain of the beam is:

r =
dx′ − dx

dx
, (4)

the axial strain of the beam can be neglected when the excitation of the ABH beam is mainly
transverse vibration, which means r = 0. At this time, the following can be obtained:

j′ =
√

1− w′2 − 1, (5)

tan θ =
w′

1 + j′
, (6)

by substituting Equation (5) into Equation (6), the rotation angle θ can be expressed as:

θ = arctan
(

w′√
1− w′2

)
, (7)

The Taylor expansion of Equation (7) can be obtained:

θ = w′ +
1
6

w′3 + o(w′5), (8)

the curvature λθ of the beam element after deformation can be expressed as:

λθ = θ′ = w′′ +
1
2

w′2w′′, (9)
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it can be obtained that the nonlinear strain εB generated by the ABH beam during vibration is:

εB = r− zλθ = −z(w′′ +
1
2

w′2w′′). (10)

Appl. Sci. 2023, 13, 6423 6 of 18 
 

 
Figure 5. Geometric relationship of the deformed element. 

3. Simulation and Analysis 
3.1. Structure and Material 

The response of the VEH with a bilateral 1D ABH is simulated and compared with a 
traditional VEH with a traditional 1D ABH. The cutting length of each ABH region is set 
to 90 mm for simplicity. The geometry parameters of these structures are listed in Table 1. 

Table 1. Parameters of ABH beams. 

Parameter Traditional ABH Model 1 Model 2 Model 3 
xL 290 mm 
hm 10 mm 
b 20 mm 
ε 0.00546 0.00273 0.01525 0.05125 
m 2 
xt 12 mm 
ht 1.7 mm 
lm 8 mm 
xA 90 mm 
xE 40 mm 
xu 30 mm 

3.2. Simulation of VEH with ABHs 
3.2.1. Natural Frequency of ABH Beams 

The grid division in the FEM model of the ABH beam (take bilateral 1D ABH Model 1 
as an example) is shown in Figure 6. As shown in Figure 7, the left end of the VEH is fix-
constrained (the red arrow indicates the initial stress distribution under the external force 
at the free end), the right end is attached with a mass block and set free and the natural 
frequencies are acquired, as shown in Figure 8. The natural frequency of the ABH beams 
decreases with the increment of the ABH arrays. The specific frequency values in the fig-
ure are shown in Table A1 in Appendix A. 

 
Figure 6. Grid division of beam in COMSOL. 

0

θ

z

L1

L1'

L2j(x,t)

j+dj

L2'

x
dx

w+dw

(1+r)dx

w(x,t)

Figure 5. Geometric relationship of the deformed element.

Without considering the damping layer, the bending moment of the uniform beam in
the first section number i can be expressed as:

MT
i (x, t) = −

∫ h(x)
2

− h(x)
2

zbσBdz, (11)

where σB is the inner stress of the ABH beam, b is the width of the ABH beam, substituting
the stress–strain constitutive relation σB = EBεB and Equation (10) into Equation (11), the
bending moment of the uniform beam number i can be expressed as:

MT
i (x, t) = EB Ii(x)

[
∂2w
∂x2 +

1
2

(
∂w
∂x

)2 ∂2w
∂x2

]
, (12)

where EB is the elastic modulus of the beam, and Ii(x) is the section moment of inertia of
the number i uniform beam, which is expressed as:

Ii(x) =
bh3(xi)

12
, (13)

substituting Equation (12) into Equation (2), the vibration equation of the number i uniform
beam is written as:

ρTB
i (x) ∂2w

∂t2 + EB IB
i (x)

[
∂4w
∂x4 + 1

2

(
∂w
∂x

)2
∂4w
∂x4 + 3 ∂w

∂x
∂2w
∂x2

∂3w
∂x3 +

(
∂2w
∂x2

)3
]

= Y(x, t), xi ≤ x ≤xi+1, i = 1, 2, . . . N.
(14)

The entire ABH beam is composed of multiple uniform beams after discretization, and
the cross-section area and cross-section moment of the inertia of each uniform beam are
different. The composite parameters of each node are introduced as follows:

TB(x) =



TB
1 , 0 = x1 ≤ x ≤ x2,
...

...
TB

i , xi ≤ x ≤ xi+1,
...

...
TB

K , xK ≤ x ≤ xK+1 = xL

IB(x) =



IB
1 , 0 = x1 ≤ x ≤ x2,
...

...
IB
i , xi ≤ x ≤ xi+1,
...

...
IB
K , xK ≤ x ≤ xK+1 = xL

, (15)
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in summary, the transfer matrix method mechanical model of the ABH beam considering
the nonlinear strain can be expressed as:

ρTB(x) ∂2w
∂t2 + EB IB(x)

[
∂4w
∂x4 + 1

2

(
∂w
∂x

)2
∂4w
∂x4 + 3 ∂w

∂x
∂2w
∂x2

∂3w
∂x3 +

(
∂2w
∂x2

)3
]

= Y(x, t), 0 ≤ x ≤ xL.
(16)

3. Simulation and Analysis
3.1. Structure and Material

The response of the VEH with a bilateral 1D ABH is simulated and compared with a
traditional VEH with a traditional 1D ABH. The cutting length of each ABH region is set to
90 mm for simplicity. The geometry parameters of these structures are listed in Table 1.

Table 1. Parameters of ABH beams.

Parameter Traditional ABH Model 1 Model 2 Model 3

xL 290 mm
hm 10 mm
b 20 mm
ε 0.00546 0.00273 0.01525 0.05125
m 2
xt 12 mm
ht 1.7 mm
lm 8 mm
xA 90 mm
xE 40 mm
xu 30 mm

3.2. Simulation of VEH with ABHs
3.2.1. Natural Frequency of ABH Beams

The grid division in the FEM model of the ABH beam (take bilateral 1D ABH Model 1
as an example) is shown in Figure 6. As shown in Figure 7, the left end of the VEH is
fix-constrained (the red arrow indicates the initial stress distribution under the external
force at the free end), the right end is attached with a mass block and set free and the
natural frequencies are acquired, as shown in Figure 8. The natural frequency of the ABH
beams decreases with the increment of the ABH arrays. The specific frequency values in
the figure are shown in Table A1 in Appendix A.
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The Gaussian pulse has a wide frequency band and short excitation time, and its cen-
ter frequency is set to 3000 Hz. Time domain and frequency domain images of Gaussian 
pulses are shown in Figures 9 and 10, respectively. In the simulation, a given displacement 
of 5 × 10−5 m is loaded in the rightmost boundary of the beam to obtain an ideal excitation 
effect. The energy focus effect here of the ABH is reflected by the energy density of the 
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3.2.2. Transient Response under Gaussian Pulse

The characteristic of a Gaussian pulse is energy concentration, which is beneficial to
compress the signal spectrum and reduce the adjacent channel interference. The excitation
in the actual environment can be better simulated by Gaussian pulses. The broadband
Gaussian pulse is used as the excitation signal during the transient simulation of the VEH
with ABHs. The formula of the broadband Gaussian pulse is as below:

cos
[
6000π

(
t− 5× 10−4

)]
e−

t−5×10−4

3×10−8 (17)

The Gaussian pulse has a wide frequency band and short excitation time, and its center
frequency is set to 3000 Hz. Time domain and frequency domain images of Gaussian pulses
are shown in Figures 9 and 10, respectively. In the simulation, a given displacement of
5 × 10−5 m is loaded in the rightmost boundary of the beam to obtain an ideal excitation
effect. The energy focus effect here of the ABH is reflected by the energy density of the ABH
region, which can be validated by calculating the focused energy of the ABH zone. The
Gaussian impulse response in the time domain is shown in Figure 11. Simulation results
show that the energy focus effect of the ABH increased with the number of ABH arrays.
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Figure 9. Normalized time domain for Gaussian pulse.
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The kinetic energy density and strain of ABH Model 1 are shown in Figure 12. It can
be seen that the energy is mainly concentrated in the acoustic black hole. The kinetic energy
density nephograms of the other three structures are shown in Appendix A.
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Figure 12. Kinetic energy density and strain of ABH Model 1: (a) ABH in 0.35 ms, (b) ABH in 0.5 ms,
(c) ABH in 0.7 ms, (d) ABH in 0.9 ms.

The response of the VEH with ABHs under Gaussian pulse is transformed by FFT, as
shown in Figure 13. The VEH with more ABH periodic arrays can store more vibration
energy in a wide frequency range of around 3000 Hz.
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3.2.3. Analysis in Frequency Domain

The analysis of these structures in a frequency domain is implemented under the
condition that the rightmost end is applied with a 5 N force. The frequency band is divided
into low frequency (0–2000 Hz), intermediate frequency (2000–4000 Hz) and high frequency
(4000–6000 Hz). The response of the four VEHs with the ABH is compared with the velocity
of the surfaces of the ABH central platform, as shown in Figure 14. Then, the root mean
square (RMS) processing is performed on the simulation results, so the overall response of
each structure in different frequency bands is observed, as shown in Figure 15.

As shown in Figure 14, the VEH with a bilateral ABH can obtain higher vibration
energy mainly concentrated in the low-frequency range. Figure 15 shows that the RMS
vibration velocity of the bilateral ABH structure is higher than the traditional counterpart,
and the vibration velocity of Model 3 is about 3.84 times that of the traditional ABH in the
low-frequency range.
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Figure 14. The quadratic velocity of ABH region.
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4. Experimental Test
4.1. Experimental System

The performance of VEHs with ABHs is tested in an experimental system. The main
components of the experimental platform are shown in Figure 16.

The working process of the whole experimental system is as follows: the signal
generated by the signal generator will be amplified by the power amplifier to drive the
vibrator to vibrate, and the electrical signal generated by VEH will be collected by the data
recorder and transmitted to the host computer for display.
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The prototype of four different models of VEHs is shown in Figure 17. These beams were
fabricated by 3D printing and the piezoelectric plates with a size of 20× 12× 0.3 mm were
pasted on the ABH part. The specific parameters of each structure are consistent with Table 1.

These beams are made of AlSi10Mg, the attached mass block is iron and the attached
piezoelectric plate is made of PZT-5H with a 0.3 mm thickness truncated platform. The
parameters of the material are listed in Table 2.
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Table 2. Parameters of size and material of energy harvester.

Parameter AlSi10Mg Iron PZT-5H

Young’s modulus (GPa) 74.01 200 60.61
Density (kg/m3) 2790 7870 7500
Poisson’s ratio 0.33 0.29 0.31

Damping loss factor 0.02 0.03 0.31

4.2. Results and Discussion
4.2.1. Output Voltage of VEH with ABH

The output voltage of VEHs with an ABH in the frequency domain is shown in
Figure 18, where the external load resistance is 10 kΩ. The peak output voltage of the VEH
with a traditional ABH is 8.5 V at 153 Hz, and the peak output voltage of the VEH with the
bilateral ABH Model 1 is 10.5 V at 146 Hz separately. The peak output voltage of the VEH
with ABH Model 2 is 22.1 V at 140 Hz, and the peak output voltage of the VEH with ABH
Model 3 is 29.2 V at 130 Hz. The peak output voltage of the VEH with the ABH increased
with the number of ABH arrays. The peak output voltage of VEH Model 3 is 3.4 times that
of the traditional counterpart. The specific natural frequency and output voltage are shown
in Table A2 in Appendix A.
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Figure 18. Voltage frequency response of several beams.

A comparison of the experimental and simulated natural frequencies of the VEHs is
shown in Table 3. The deviation between the simulation and experiment is mainly due to
the insufficient precision of actual machining and the vibration interference of the vibrator
itself cannot be completely eliminated.

Table 3. Comparison of natural frequency.

Structure/Natural
Frequency (Hz)

First Second

Simulation Test Deviation Simulation Test Deviation

Traditional ABH 18.1 20 9.5% 144.9 153 5.3%
Model 1 18.2 20 9.0% 149.6 146 2.5%
Model 2 16.4 18 8.9% 120.7 140 13.8%
Model 3 15.2 17 10.6% 110.5 130 13.5%

4.2.2. Optimal Impedance Matching of VEH with ABH

The second value of the natural frequency of each structure is used as the frequency
of the external excitation, and the impedance matching is performed under the sinusoidal
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excitation with an amplitude of 3 N. The output voltage and power of VEHs with an ABH
in the optimal impedance matching are shown in Figures 19 and 20.
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Figure 19. Output voltage of VEHs with different load resistances.
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Figure 20. Output power of VEHs with different load resistances.

The optimal impedance value of the traditional VEH with an ABH is 115 kΩ, the
output peak voltage is 84.78 V and the output power reaches 33.63 mW. The optimal value
of VEH Model 1 is 110 kΩ, the output peak voltage is 88.36 V and the output power reaches
35.62 mW. The optimal value of VEH Model 2 is 100 kΩ, the output peak voltage is 137.58 V,
and the output power reaches 75.01 mW. The optimal value of VEH Model 3 is 67 kΩ,
the output peak voltage is 169.16 V, and the output power is 91.52 mW. The peak output
voltage of VEH Model 3 is 1.9 times that of the VEH with the traditional ABH, and the
peak output power of VEH Model 3 is 2.7 times that of the VEH with a traditional ABH.
The harvesting efficiency of the VEH with an ABH can be improved significantly with the
number of ABH arrays.

4.2.3. Transient Voltage Response Test of VEH with ABH

Each VEH with an ABH is excited with a sinusoidal signal in its second natural
frequency, which is connected with optimal impedance matching. The transient voltage
response of each VEH is measured under sinusoidal excitation with an amplitude of 3 N.
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Figure 21 shows the time domain response of the transient output voltage of VEHs at
optimal impedance. The average output voltage of each VEHs is shown in Figure 22. The
average output voltage increases with the number of ABH arrays.
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Figure 21. Transient output voltage of VEHs in optimal impedance.
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5. Conclusions

A piezoelectric VEH with a bilateral periodic one-dimensional ABH is proposed in this
paper. First, the energy focus effect of an ABH in the VEH is simulated by COMSOL under
a Gaussian pulse excitation. The simulation results show that the beam with a bilateral
ABH is easier to generate more energy with than the traditional one. The performance of
the VEHs with an ABH is tested in an experiment. The experimental results show that the
output voltage and power of the VEH with a bilateral periodic 1D ABH is higher compared
with the VEH with a traditional one-dimensional ABH and increased with the number of
ABH arrays. The main research results are as follows:

(1) After the best impedance matching is completed: the output power of the traditional
VEH reaches 33.63 mW, that of VEH Model 1 can reach 35.62 mW, that of VEH Model 2
can reach 75.01 mW and that of VEH Model 3 can reach 91.52 mW.
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(2) Under the same external conditions: the output voltage of the traditional VEH reaches
84.78 V, that of VEH Model 1 can reach 88.36 V, that of VEH Model 2 can reach 137.58 V
and that of VEH Model 3 can reach 169.16 V.

The energy harvesting performance of VEH Model 3 is the best. The results show
that the energy collection efficiency will increase with the increase in the ABH arrays. It
is expected that the proposed VEH with an ABH may provide an effective energy supply
option for WSN sensor nodes, help to monitor the life of some equipment and, finally,
promote green and sustainable development.
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Table A1. First four-order natural frequency in simulation.

Order Number/Structure Traditional Model 1 Model 2 Model 3

1 (Hz) 18.143 18.183 16.446 15.222
2 (Hz) 144.95 149.64 120.74 110.51
3 (Hz) 643.7 657.18 388.83 353.96
4 (Hz) 1368.3 1452.7 833.02 750.32

Table A2. First four-order natural frequency and output voltage in experiment.

Order Number/Structure Traditional Model 1 Model 2 Model 3

1 (Hz) 20 20 18 17
Output voltage (V) 4.08 5.83 7.82 9.36

2 (Hz) 153 146 140 130
Output voltage (V) 8.48 10.52 22.08 29.21

3 (Hz) 595 603 403 395
Output voltage (V) 0.86 1.14 5.34 6.89

4 (Hz) 900 900 800 780
Output voltage (V) 0.06 0.07 0.63 4.3
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