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Abstract: A crossing nose is a component of railway infrastructure subject to very severe loading con-
ditions. Depending on the severity of these loads, the occurrence of structural fatigue, severe plastic
deformation, or rolling fatigue may occur. Under fatigue conditions with high plastic deformation,
cyclic plasticity approaches, together with local plasticity models, become more viable for mechanical
design. In this work, the fatigue behavior in strain-controlled conditions of 51CrV4 steel, applicable
to the crossing nose component, was evaluated. In this investigation, both strain-life and energy-life
approaches were considered for fatigue prediction analysis. The results were considered through
obtaining a Ramberg-Osgood cyclic elasto-plastic curve. Since this component is subject to cyclic
loading, even if spaced in time, the isotropic and kinematic cyclic hardening behavior of the Chaboche
model was subsequently analyzed, considering a comparative approach between experimental data
and the FEM. As a result, the material properties and finite element model parameters presented in
this work can contribute to the enrichment of the literature on strain-life fatigue and cyclic plasticity,
and they could be applied in mechanical designs with 51CrV4 steel components or used in other
future analyses.

Keywords: railway; turnouts; strain-life fatigue approach; energy-life fatigue approach; cyclic
plasticity analysis; finite element analysis

1. Introduction

The development of a product or machine’s component requires an adequate design for
its operating conditions. In the railway sector, more specifically in railway infrastructure,
different configurations of turnouts have been developed over the years, to optimize
performance. A turnout, as illustrated in Figure 1, is a system that allows changing railway
tracks and is one of the weak points in railway structures, in addition to small radius
curves and railway joints. In the composition of a turnout, there is a component called a
crossing or frog that consists of two wing rails, two V rails, and the nose of the crossing, as
illustrated in Figure 1. This component is at the intersection point of the straight lane and
the branched lane [1].

The investigations carried out on this component focus on structural and geometric
aspects. On the one hand, the crossing geometry is designed to allow a smoother transition
between lines. On the other hand, from a structural point of view, concerns are mostly asso-
ciated with surface wear, structural fatigue [1], and rolling contact fatigue [2], in addition
to severe plastic deformation [3]. These issues come from high-frequency use, due to high
traffic levels and high magnitude contact forces from the wheel–rail interaction, which can
reach higher values of about two to four times the static wheel force. Experimental and
numerical investigations have been carried out, in order to identify the main features for
improving the prediction of these failure phenomena. Implementation studies with digital
twin techniques have been carried out, to assess the damage from fatigue [1,4–6].
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Figure 1. Illustration of a typical crossing nose geometry for a rail track.

Concerns exist regarding the dynamics between a wheel and the rail contact forces.
The assessed large contact forces [1] could cause severe damage at the crossing nose, such
as spalling, head checks, squashing, and cracks. Different types of steels have been used
for the production of the frog of the turnout, ranging from low-alloyed constructional steel
to high-alloyed quenched and tempered steel. A comparative study of the properties of
different steel grades for manufacturing a crossing nose is presented in [5]. Chromium-
vanadium alloyed steels have both high mechanical strength and corrosion resistance,
due to the presence of chromium. The chromium-vanadium alloyed steel grade 51CrV4
(EN 1.8159) is generally quenched and tempered to obtain a good ratio of strength and
ductility and resistance to fatigue [7–9]. Additionally, the 51CrV4 steel grade has had other
engineering applications, such as in train suspension spring components [10–12], gears,
pinions, forged crankshafts, steering knuckles, connecting rods, spindles, pumps, and gear
shafts [9,13,14].

Given the highlighted concerns regarding the reliability and safety of the structural
design of crossing noses, an analysis of the fatigue behavior of the 51CrV4 steel is conducted
in the present paper. Furthermore, as it is a component frequently subjected to cyclic loads
with high contact loads, an elasto-plastic analysis of the material was performed. Based on
the data obtained from the cyclic tests, an elasto-plastic curve is suggested for the stabilized
cyclic model. Additionally, the transient cyclic behavior of the material is investigated.
Regarding this aspect, parameters for isotropic and kinematic hardening are suggested.

2. Fatigue Life Prediction
2.1. Strain-Based Life Method

This investigation intends to evaluate the fatigue strength of chromium-vanadium
alloyed steel under cyclic straining conditions. Under stabilized conditions, steady-state
hysteresis loops are taken into account for the use of fatigue strain-life methods, and the
total strain range, ∆ε, is defined as

∆ε = ∆εe + ∆εp =
∆σ

E
+ ∆εp, (1)

where ∆σ is the stress range and ∆ε is the strain range. The superscripts e and p denote the
elastic and plastic parts of the strain.
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In the presence of plastic deformations, the strain-based model suggested by Coffin–
Mason and Basquin is more suitable [15–17], as has been proven in many research and
engineering projects. For cyclic fatigue testing, the CMB relationship relates the number
of cycles to failure, N f , with the total strain amplitude εt

a, indirectly using the number of
reversals, 2N f , such as

εt
a =

∆εe

2
+

∆εp

2
=

σ′f
E

(
2N f

)b′f
+ ε′f

(
2N f

)c′f . (2)

where E is the longitudinal elasticity modulus, σ′f is the fatigue strength coefficient, ε′f is
the fatigue ductility coefficient, b′f is the fatigue strength exponent, and c′f is the fatigue
ductility exponent. The transition point at which both elastic and plastic strain components
have the same weight for fatigue is given by Equation (3):

2N ft =

(
ε′f E

σ′f

) 1
b′f −c′f

, (3)

Determination of the coefficients and exponents of the Equation (2) is performed for
each stabilized loop of strain amplitude by first computing the elastic parameters and then
the plastic ones.

2.2. Total Energy Density-Life Method

In energy-based methods, the dissipated strain energy per cycle, ∆Wp, is assumed to
be the main contribution to the material fatigue damage process. ∆Wp refers to the area
within the hysteresis loop and may be related to the number of reversals to failure, 2N f ,
such that [18]

∆Wp = κp

(
2N f

)αp
, (4)

where κp and αp are two unknowns determined from the experimental data using the least
squares method. The model in Equation (4) may provide good predictions for fatigue in
high-strength steels. Furthermore, this model becomes advantageous, since the parameter
∆Wp remains almost constant throughout their lifetime, even for a large range of tempering
temperatures, and increasing and decreasing slightly for lower and higher strain amplitude
levels, respectively [18–20].

In spite of the applicability of the ∆Wp parameter, this damage parameter is not
suitable for longer fatigue lifetimes. To overcome this limitation, the total strain energy,
∆Wt+, is usually considered as the damage parameter instead. ∆Wt, written as

∆Wt+ = ∆Wp + ∆We+, (5)

is suitable for both fully-reversed and non-null mean stress conditions. Thus, ∆Wt+ is
defined as a sum of the hysteresis energy ∆Wp and the elastic energy associated with the
tensile stress per cycle, ∆We+ [21]. The model presented in Equation (5) can be further
improved considering the residual fatigue resistance given by parameter ∆W0t. ∆W0t
denotes the tensile elastic energy at the material fatigue limit, and then ∆W0t becomes the
parameter ∆Wt more sensitive to the mean stress [18,21,22]. Equation (5) is now rewritten as

∆Wt+ = κt

(
2N f

)αt
+ ∆W0t. (6)

The parameter ∆Wt+ is almost independent of the strain ratio at a constant strain
amplitude [22,23]. These observations make this approach very desirable for fatigue life
analysis in low-cycle fatigue, for both smooth and notched components, because we only
need to determine the value of ∆Wp for the stabilized cycle for a given value of ∆εt [24–27].
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3. Cyclic Elasto-Plasticity in Fatigue
3.1. Cyclic Elasto-Plasticity Theory

Cyclic elasto-plastic behavior is investigated because it is an important characteristic
for fatigue analysis in components that might reach loading levels higher than the yield
strength of the material. The Chaboche hardening model has been widely used in various
studies to characterize cyclic hardening behavior, mainly in steels. Chaboche kinematic
hardening was developed considering the von Mises plasticity criterion, as expressed in
this work:

F(σ − α, σy) =
√
(σ′ − α′) : (σ′ − α′)− (σy + R) = 0, (7)

where σ′ and α′ are, respectively, the deviatoric part of the stress tensor, σ, and the back
stress tensor; α. σy is the initial size of the elasticity limit surface; and R is the change in the
size of the elasticity limit surface. If R > 0, the elasticity limit surface expands, otherwise,
F contracts. The direction and variation of the elasticity limit surface are given by the
associative flow rule, following the normality principle, and written as

ε̇p = λ̇
∂F
∂σ

, (8)

where ε̇p, the time rate of plastic strain tensor and λ̇ denotes the plastic multiplier. The
updating of the stress and strain-state variables is given by the consistency condition,
∑[∂ f /∂θ]θ̇ = 0, with θ being σ, α, or R. The plastic multiplier in Equation (8) is computed
from the consistency condition, which ensures the Kuhn–Tucker conditions.

Prager developed a linear hardening rule [28]. However, linear hardening is not often
observed for small deformation regimes [29].

α̇ =
2
3

Cε̇p, (9)

Posteriorly, Amstrong and Frederick introduced the concept of dynamic recovery, origi-
nating the kinematic model [30]. The AF model permits consideration of ratcheting effects
due to the incorporation of the recovery term. Later, Chaboche improved the fitting of the
transition between elastic and plastic domains in the AF model, introducing nα back stress
tensors [29]. Thus, Equation (10) is written in terms of the i-th component of back stress
tensor, αi:

α̇i =
2
3

Ci ε̇
p − γiαi ṗ, (10)

such that

α =
N

∑
i=1

αi, (11)

where Ci and γi are fitting parameters [29], and the effective plastic strain rate tensor, ṗ, is
given by

ṗ =

√
2
3

ε̇p : ε̇p. (12)

In accordance with various investigations, the usage of three components permits
obtaining good predictions of ratcheting behavior [29,31]. Notice that, if the non-linear
part of the back stress disappears in Equation (10), the back stress is given by the linear
hardening model, as written in Equation (9).
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3.2. Determination Hardening Parameters
3.2.1. Cyclic Elasto-Plastic Ramberg–Osgood Model

The stable-cyclic elasto-plastic hardening of steels has been described using the
Ramberg–Osgood model. This model relates the total strain, εt, to the stress, σ, through a
power law, in the form [32]:

εt
a = εe

a + ε
p
a =

σa

E
+
( σa

K′
) 1

n′ , (13)

where E is the Young’s modulus, K′ is the cyclic hardening strength coefficient, and n′ is
the cyclic strain hardening exponent. Ramberg–Osgood’s model (Equation (13)) is given by
decomposing the total strain amplitude, εt

a, into its elastic, εe
a, and plastic, ε

p
a , parts.

In spite of being an old model, several researchers [33–39] recently used this equation
model (13) to characterize the elasto-plastic behavior of a material under cyclic loadings,
because this model is easy to apply and can also be correlated to fatigue life curves. In cyclic
conditions, the cyclic strength hardening coefficient, K′, and the cyclic strain hardening
exponent, n′, can be obtained with the linearization method and using the least-squares
method. However, if the loading is monotonic, the monotonic strength coefficient, K, and
the monotonic strength exponent, n, are computed as

n =
log
(
σi/σj

)
log
(

ε
p
i /ε

p
j

) , (14)

and
K =

σi(
ε

p
i

)n . (15)

where σj, ε
p
j > σi, ε

p
i . Notice that the chosen (σ, ε) points must belong to the plastic regime.

3.2.2. Cyclic Elasto-Plastic Chaboche Hardening Model

The cyclic elasto-plastic model provided by Ramberg–Osgood (RO) is widely appli-
cable to many different fatigue approaches. However, since this model is an empirical
model, it has no hardening formulation; as a result, the RO model cannot predict transient
effects such as cyclic hardening or softening, ratcheting, mean stress relaxation, etc. Instead,
the Chaboche hardening model may be applied to deal with this concern. The Chaboche
hardening model has been widely used in various studies to characterize cyclic hardening
behavior, mainly in steels. Chaboche kinematic hardening was developed considering the
von Mises plasticity criterion (Equation (7)).

For strain-controlled stable cyclic conditions, the kinematic hardening is written using
Equation (16) as [29]:

σa = σ′y +
∆α

2
=
(

σy + R′y
)
+

nα

∑
i=1

Ci
γi

tanh
(

γiε
p
a

)
, (16)

where the parameters Ci and γi are determined by fitting the Equation (16), and R′y denotes
the variation of the elasticity limit surface for the stabilized-state hysteresis loop.

A useful feature of the Chaboche hardening model is the possibility to connect the
isotropic hardening to the kinematic hardening behavior.The isotropic hardening permits a
change in the size of the elasticity limit surface and is given by

Ṙ = b∞(R∞ − R) ṗ, (17)

where R∞ denotes the saturation of isotropic hardening and b∞ denotes the rate of isotropic
hardening. Both R∞ and b∞ are parameters depending on the material and temperature.
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Higher values of b∞ indicate a faster saturation of the model, otherwise the yield surface
tends to evolve more slowly. Integrating the Equation (17) results that

R = R∞[1− exp(−b∞ p)]. (18)

Equation (18) gives the size of the elasticity limit surface, and it may be used both in cyclic
and monotonic loading conditions. Under strain-controlled cyclic conditions, the evolution
of the elasticity limit surface (Equation (18)) may be represented in terms of the normalized
maximum stress, as a function of the accumulated plastic strain, such that

R∗ =
R

R∞
=

σmax(Ni)− σmax(Ni=1)

σmax(Ni=s)− σmax(Ni=1)
, (19)

with σmax(N1), σmax(Ni=s), and σmax(Ni) denoting the maximum stress corresponding to
the first cycle, the stabilized cycle, and the i-th cycle, respectively. R∞ denotes the difference
between the value of yielding stress in the stabilized cycle and the value of yielding stress
in the first cycle.

The value of R∞ is dependent on the imposed deformation amplitude. Increasing the
total strain amplitude, the quantity of hardening/softening, R∞, tends to increase with
the maximum value, R∞,max. R∞,max indicates that, from a certain value of applied strain,
which is around 2 or 3% for medium and high strength steels, the quantity of variation in
the elasticity limit surface tends to remain unchanged [40–42]. The variation of R∞ with
the applied strain amplitude, εa, is given by the decreasing power law, written as [43]

R∞ = R∞,max[1− exp(k0(εa − ε0))], (20)

where parameters k0 and ε0 are estimators for the amount of cyclic softening.
With respect to the hardening parameter that governs the saturation rate, b∞, this

parameter may also be computed explicitly as

b∞ = − ln[1− R∗]
2N f ∆εp . (21)

4. Material and Procedures for Experimental and Numerical Approaches
4.1. Chemical Composition and Microstructure

The steel under consideration is a hot-rolled chromium-vanadium alloyed steel 51CrV4.
The samples were annealed, quenched at 850 ◦C in an oil bath, and then tempered at
540–650 ◦C for 2 h. Optical micrographs were created using an Olympus BX51 stereo
microscope with a 1000-fold magnification on samples that had been etched with the agent
HNO3. The etching process revealed a typical tempered martensite microstructure, with
retained austenite with grain sizes of 20–30 µm, as illustrated in the microstructure of Figure 2.

20 μm

Retained 

Austeninte

Tempered 

Martensitic 

Figure 2. Optical micrographs of the chromium-vanadium alloyed steel at a tempering temperature
of 540–650 ◦C for 2 h. Identification of the tempered martensite and retained austenite (white phases).
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51CrV4 steel is a medium carbon alloyed steel, with an average carbon content of
roughly 0.50%, alloyed with chromium and vanadium. On the one hand, chromium works
as a stabilizing element for the ferrite, allowing improved corrosion and oxidation resistance.
On the other hand, the inclusion of vanadium increases the mechanical resistance and
hardness. The mechanical resistance and hardness are also increased due to the presence
of silicon and manganese. Table 1 presents the chemical composition of each element
composing 51CrV4 martensitic steel.

Table 1. Standard chemical composition of the 51CrV4 steel grade, in % weight.

Material C Si Mn Cr V S Pb

51CrV4 EN 1.815 0.47–0.55 ≤0.40 0.70–1.10 0.90–1.20 ≤0.10–0.25 ≤0.025 ≤0.025

4.2. Monotonic and Cyclic Tests

Initially, the monotonic mechanical behavior of the quenched and tempered 51CrV4
steel with a Rockwell C of HRC = 38 HRC was investigated. Monotonic tensile tests
were carried out using an Hydropulser Instron 8803 equipped with a high-resolution
contact-free strain measurement (Fiedler laser extensometer P50) at room temperature
under displacement-controlled conditions with a strain rate of 0.01 s−1 according to ASTM
E8-03 [44]. Three samples were manufactured with an 8 mm diameter and 16 mm long
cylindrical uniform-gauge length, as illustrated in Figure 3.

Lo

wo

Lo

do

Steel A

Steel B

do

Figure 3. Geometry of the specimens used in the fatigue tests.

With respect to the fatigue testing samples, the same specimen geometry as illustrated
in Figure 3, with a 8 mm diameter and 16 mm long cylindrical gauge, was considered. The
considered fatigue testing method was the constant-step method under cyclic strain-controlled
conditions, following the methodology described in the standard DIN 50100:2022-12 [45]. The
strain was controlled using a dynamic clip gauge applied to the reference gauge length in the
Hydropulser Instron 8803. Cyclic tests were conducted at the lab’s room temperature, for a
strain ratio Rε = −1 and a strain rate of 0.01 s−1. A triangular load-time function with a total
strain amplitude of 0.4%, 0.5%, 0.7%, 0.9%, 1.1%, 1.3%, and 1.5% was considered. For each
total strain amplitude condition, only a single specimen was considered. Table 2 summarizes
the specimens’ geometry and setup inputs.

Table 2. Summary of the specimen geometry and fatigue testing setup.

do [mm] Lo [mm] Ao [mm2] Rε dε/dt

8 16 50.24 −1.0 1.00%

4.3. Empirical and Statistics Techniques

The statistical least-squares method was used to obtain the response curves of the fatigue
strength and the elasto-plastic cyclic behavior of the material. Depending on the complexity
of a statistical problem, a linear or non-linear method may be considered to estimate the
regression parameters.

Considering the loss function, L(2), is given by the ordinary least-squares (OLS) [46], in
the case of a response function given by a linear function, as follows:

y = β0 + β1x, (22)
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with x and y denoting the design vector and respective response, respectively, the solution
to the minimization problem results in the equation system in (23):

β̂ = arg min
β̂∈Ω
||y− ŷi||

2 =
(
X′X

)−1X′y, (23)

where X is the design matrix, and X′ is its transposition.
On the other hand, if the response function is given by a non-linear function, optimization

procedures are considered to find the value of the regression parameters. The fitting procedure
follows an unconstrained numerical optimization scheme using the least-squares method.
The objective function needs to be minimized according to the optimization problem:

β̂ = arg min
β̂∈Ω
||y− ŷi||

2 = min
β̂∈Ω

[
1

Nx

Nx

∑
i=1

(
yi − ŷi

ŷi

)2
]

, (24)

with Nx denoting the size of vector x.
The minimization numerical problem is solved using the iterative method of Broy-

den–Fletcher–Goldfarb–Shanno (BFGS), with the recurrence equation given by [47]:

xk+1 = xk + αs
ksk, (25)

where in each iteration, k, the search direction, sk, is obtained using Hager–Zhang’s conju-
gate gradient method [48], for a maximum convergence error of 1.00 × 10−5. The gradient
of the objective function for x is computed using forward-mode automatic differentia-
tion [49] and the step size, αs

k, is always positive and assumed to be 1.0. With respect to the
initial guess for a hessian matrix H0, this one is the identity matrix.

4.4. Finite Element Method

The finite element method implemented in the ANSYS FE code was considered to com-
pare the cyclic material properties obtained from the statistical analysis of the experimental
data. We considered a pure-displacement finite element formulation, for a cyclic small
elasto-plastic deformation analysis of the material. The system of differential equations was
solved for the displacement increment, ∆δ, according to the Newton–Raphson procedure
considering the L2-Norm and using the direct sparse method with LDLT factorization for
the matrix Equation (26):

Kt∆u = Fext − Fint, (26)

with Kt denoting the symmetric and positive-definite global tangent matrix, Fext denoting
the external forces applied at nodes, and Fint representing the restoring loading vector.
A single quadratic 20-node iso-parametric finite element with dimensions 1× 1× 1 follow-
ing a full integration scheme of Gauss was considered. The von Mises plasticity criterion
along with the combined Chaboche hardening model [29] was considered in the integration
of the plasticity law using the return mapping algorithm, according to the Euler backward
implicit scheme [50–52].

5. Results and Discussion
5.1. Mechanical Properties

Monotonic tensile tests were carried out, until the failure of three specimens, as
presented in Figure 4. Accordingly, the evolution of the monotonic behavior verified the
high strength of the steel grade in the analysis, with a yield strength, σ02, and an ultimate
tensile strength, σuts, around 1000 MPa and 1280 MPa, respectively.
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Figure 4. Monotonic behavior under tensile loading of chromium-vanadium alloyed steel.

With regards to the ductility, the ultimate strength corresponded to an ductility
εuts = 5.90%. Despite the high resilience exhibited, this steel could also reach a high level of
ductility at fracture, ε f , of 22.71%, which corresponds to an reduction in area RA f = 77.29%.
Table 3 summarizes the mechanical properties obtained from the monotonic tensile tests
under the testing conditions previously specified.

Table 3. Mechanical properties obtained from monotonic tensile tests for steel 51CrV4.

E (GPa) σ02 (MPa) σuts (MPa) εuts (%) ε f (%) RA f (%) HRC

203.8 1042 1277.33 5.90 22.71 77.29 38
±1.2 ±13.85 ±5.03 ±0.09 ±0.68 ±26.23 -

Figure 4 depicts the monotonic behavior of martensitic and tempered steel 51CrV4.
The monotonic tensile tests revealed high-strength steel with a yield strength and an
ultimate tensile strength around 1000 MPa and 1280 MPa, respectively. Additionally, a
high ductility was exhibited, with values at fracture of 22.7%. A Young’s modulus, E, of
203.8 GPa was determined.

5.2. Cyclic Curve

The fatigue strength parameters in the low-cycle regime and the properties of cyclic
hardening of the 51CrV4 were the aims of the present study. A criterion of 50% of the
total fatigue life was considered for the determination of the fatigue curve under straining.
Datasets obtained from the experiments were used to build a stabilized cyclic curve of
Ramberg–Osgood.

Figure 5 depicts the fatigue tests performed for different strain ranges. The material
presented a cyclic softening behavior for all applied strain amplitude levels. Regarding
the sample tested for a strain amplitude of 0.9%, an inferior monotonic yield strength
to the other samples was observed. Compared with the other datasets, it was possible
to verify that the mechanical characteristics of this specimen were biased in relation to
the observed average behavior. Consideration of this dataset allowed providing a more
statistical behavior of the cyclic mechanical properties of the material.
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Figure 5. 51CrV4 steel behavior under cyclic straining conditions until failure.

Stabilised hysteresis loops were determined for each strain amplitude. In order to
use a consensual criterion for consideration of the stress amplitude value, the criterion
of half-life was assumed, because this criterion has been used in several investigations.
Figure 6 depicts the hysteresis loops for each applied strain amplitude. There was a certain
coherence in the growth of the maximum stress in each hysteresis loop and the applied
strain amplitude, except for the test with a strain amplitude of 0.9%. The deviation in the
behavior for this result goes back to what was verified in Figure 5.

The stabilized cyclic curve using Ramberg–Osgood’s model (Equation (13)) was con-
sidered. The elasto-plastic parameters for the cyclic behavior were obtained using linear
regression, according to the least-squares method. The plastic strain amplitude was as-
sessed as the width of the hysteresis loop measured over the axis σ = 0. The elastic
strain amplitude was evaluated from the decomposition of the total strain into elastic and
plastic strain components, as described in Equation (1). Table 4 presents a summary of the
elasto-plastic parameters for monotonic and cyclic loading conditions.

K′= 1393 MPa;
n’ = 0.0954

R2= 0.6716

K = 1476 MPa;
n = 0.0651

Figure 6. Representation of the stable hysteresis loops obtained from the cyclic tests. Comparison of the
elasto-plastic hardening model obtained from cyclic conditions with the monotonic elasto-plastic curve.
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The regression model for determining the constants of K′ and n′ presented a coefficient
of determination, R2, inferior to 0.67. Additionally, the tested strain levels encompassed
the initial zone with a greater hardening material. For superior strain levels around 0.5%,
the hardening presented from the monotonic curve was not so pronounced, and the error
associated with the extrapolation of the cyclic curve was also inferior. The results of
the cyclic and monotonic parameters with the increase in the hardening exponent were
0.0513 to 0.0954, revealing a reduction in the gradient of the cyclic hardening capacity
of the material (around 14.04%). On the other hand, the hardening coefficient remained
practically constant, K′ = 1393 MPa. With respect to the yield strength, σ′02 had the same
meaning as σ02, however applied in cyclic conditions. Thus, considering a value 0.2%
of residual plastic strain, σ′02 results in 769.96 MPa. In spite of the reference 0.2% being
applicable for engineering practice, the cyclic yield strength computed for a 0.01% residual
plastic strain provided a better adjustment in the mechanical behavior response [53], and
therefore σ′01 = 578.5 MPa was considered. Considering σ′01 = 578.5 MPa, resulted in an
amount of softening, R′y, of −463.5 MPa.

Table 4. Elasto-plastic parameters for monotonic and cyclic loading conditions.

E (GPa) σy (MPa) K (MPa) n σ′
y (MPa) R′

y (MPa) K′ (MPa) n′

203.50 1042.0 1365.18 0.0513 578.5 −463.5 1392.84 0.0954

5.3. Strain-Life Behavior

Table 5 presents a summary of the parameters obtained for Coffin–Manson and Basquin
using the linear regression model. Coffin–Mason exhibited a better regression with a coefficient
of determination, R2, equal to 0.984 against 0.705 with respect to Basquin’s model. Regarding
the coefficients, the fatigue strength coefficient, σ′f , was 1601.15 MPa, superior to σuts, and the
fatigue ductility coefficient ε′f was 47.80%, which is around double the monotonic strain at
fracture, ε f . With respect to the exponent regressors, the fatigue strength exponent, b′f , was
equal to −0.093, whereas the fatigue ductility exponent, c′f , was −0.684.

According to the Universal Slopes method, USM, [54], the coefficients σ′f and ε′f could be

correlated to the monotonic tensile properties, such that σ′f = 0.623σ0.832
uts E0.168 = 1865.87 MPa

and ε′f = 0.0196ε0.155(σuts/E)−0.53 = 0.2291, with the exponents b′f and c′f being constants
of −0.09 and −0.69, respectively. Comparing strain-life parameters estimated using the
USM method, one can verify that the USM was non-conservative (16.53%) with respect
to σ′f ; however, it was conservative in the estimation of ε′f (52.07%). With regards of the
exponents, a good agreement was observed, with relative errors of only around 3.23 and
8.82% for b′f and c′f , respectively.

Recently, Meggiolaro, and Castro [55] compared different estimation methods for the
prediction of strain-life parameters. Accordingly, the outcomes, strain-life parameters,
estimated regression based on the average values, and monotonic properties were very
poor. In order to improve the estimation of strain-life parameters, Meggiolaro and Castro
suggested an estimation model based on the median of individual parameters given
the probability of distribution. The median model, MM, is suitable for a large range of
materials, since it was developed based on 724 different steel grades, 81 aluminum alloys,
and 15 titanium alloys. In a comparison with other estimation models, the MM model
was shown to be more reliable for higher values of applied strain amplitude; however,
for longer lifetimes, the MM model was less conservative than the USM model. Recently,
the MM model was applied for Ti alloy components printed using electron beam melting,
EBM, being shown to be conservative for longer lifetimes, but with a good fit with higher
strain amplitude ranges [56].In the case of steels, the MM model suggests b′f = −0.09,
ε′f = 0.45, and c′f = −0.59, and σ′f = 1.5σuts, which resulted in σ′f = 1916.00 MPa. From a
comparison with the experimental strain-life parameters, σ′f remained non-conservative
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(19.66%); however, the estimation of ε′f was improved, with an error around 5.86%. The
relative error of c′f was even higher (13.74%).

Table 5. Parameters of Coffin–Manson and Basquin models (Equation (2)) obtained from the linear
regression model.

Basquin MSE σ′f [MPa] b′f εa,t(2N f = 2) 2N f ,t εa,t(2N f ,t) 2N f ,lc→hc

0.172 1601.15 −0.093 [%] [reversals] [%] [reversals]

Coffin-Manson MSE ε′f [%] c′f 30.49 1043 0.8243 2.40 × 105
0.010 47.80 −0.684

Figure 7 illustrates the Morrow, Basquin, and Coffin–Mason models in green, red, and
blue lines, respectively. An estimation of the value for the transition from monotonic to low-
cycle fatigue resistance was calculated for a limit value of strain amplitude corresponding to
2 reversals, εa,t(2N f = 2), 30.49%. Moving to the transition point, the value corresponding
to 2N f ,t was 1043 reversals, whose strain amplitude, εa,t(2N f ,t), was 0.8243%. After this
point, the plastic deformation effect decreased rapidly, and the fatigue life began to be
governed by the component of elastic strain. When a transition region was defined from
low-cycle to high-cycle, when the plastic strain reaches values inferior to 0.01%, according
to the CMB model, the transition-life from low-cycle to the high-cycle regime, 2N f ,lc→hc,
was estimated to be 2.40 × 105 reversals.

σf
′  = 1601 MPa

bf
′ = -0.093

R2 = 0.705

εf
′ = 0.4780

cf
′  = -0.684

R2 = 0.984

Figure 7. Coffin–Manson and Basquin fatigue models for uniaxial strain-controlled conditions of
51CrV4 steel.

5.4. Strain Energy Density Curves

The fatigue analysis method based on the strain energy density is another way to
predict fatigue life. Using the total strain energy density parameters it is possible to assess
fatigue resistance in longer lives. Figure 8 presents the fatigue-life curve considering the
total strain energy density, and the plastic strain energy density as a function of the number
of reversals.
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κt = 252.01 MJ/m3

αt = -0.3917

ΔW0+ = 0.490 MJ/m3

R2= 0.940

κp = 237.46 MJ/m3

αp = -0.3901

R2= 0.945

Figure 8. Total and plastic strain energy densities at the half-life, as a function of the number of
reversals to failure.

From a qualitative point of view, the slopes of both models were very similar, which
indicates a strong influence of the dissipative energy from plastic deformation. As the
fatigue life was increased, the gradient of the models tended to diverge due to the influence
of the parameter ∆W0+. ∆W0+ induces a residual resistance associated with the fatigue
limit of the material, and it was determined using the elastic strain energy computed for
tensile stress. In the case of steel 51CrV4, the fatigue limit was estimated by considering
0.5% of the ultimate tensile strength, corrected using a load-type factor of 0.85.

From a quantitative analysis of the regression parameters, the similarity of the expo-
nents αp = −0.391 and αt = −0.392 was expected. The differences in the coefficients κp
and κt were of little significance, around 6.07%; that is, only 6.07% of the strain energy
density was from the elastic strain energy density. For both models, a good fit was exhibited
using the coefficient of determination, R2 = 0.945 and R2 = 0.940. For a fatigue limit,
σa,lim = 446.95 MPa, a elastic strain energy density, ∆Wo+, of 0.49 was obtained MJ/m3. For
a value 10% superior than ∆Wo+, an infinite fatigue life, 2N f ,90%, of 1.09× 107 reversals was
found. For this fatigue life, the dissipated plastic energy, ∆Wp, was 0.421 MJ/m3, which
corresponds to a value of about 99.83% less than κp. Table 6 summarizes the regression
parameters obtained using least-squares methods for both the plastic strain energy density
and total strain energy density models.

Table 6. Parameters of Equations (4) and (5) obtained from the linear regression model.

κp (MJ/m3) αp κt (MJ/m3) αt
∆Wo+

(MJ/m3) σa,lim (MPa) 2N f ,90% ∆Wp(2N f ,90%)

237.46 −0.391 252.81 −0.392 0.490 446.95 1.09 × 107 0.421

It is interesting to mention the effect of the chemical composition on the strain-life fatigue
behavior. For example, with the presence of a spring steel with a higher carbon content,
the yield strength, σ02, was typically higher, and hence a longer life was associated with the
elastic strain component, and vice versa [19]. Quantitatively, this phenomenon was visible
in the transition lifetime value, 2Nf ,t, which was normally higher for lower values of σ02.
Additionally, as σ02 decreased, the plastic strain density, ∆Wp, tended to increase.
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5.5. Hardening Parameters

Isotropic and kinematic hardening parameters were determined. The unconstrained
optimization model presented in Equation (24) was used to determine the regression
parameters of the hardening models.

Regarding the isotropic saturation rate parameter, b̂∞, it is advisable to determine it
according to the recommendations in [29,57]. Assuming a response parameter estimated as
ŷi = 1 + exp(−b̂∞,ipi) and yi = Ri/R∞, Figure 9 shows the normalized maximum stress
variation throughout the cyclic test up to the half-life in the scheme presented in [29]. The
average curve and the respective 1- and 2-times standard deviations are presented. The
experimental results showed a good behavior throughout the entire test in all applied
strain ranges.

Comparing the average curve with the data obtained experimentally, we can see
that there is a large variation between the average curve and the experimental data. This
difference was greater in the initial test cycles. However, for higher strain gamma levels,
the regression curve tends to describe the isotropic hardening behavior, as presented by the
experimental data. Regarding the threshold saturation zone, it appears that there was not
an exact saturation value for the experimental data, and therefore the isotropic model was
unable to predict the real phenomenon.The value found by the optimization procedure
was 0.8397, which is consistent with the values usually found for a wide range of materials,
between 50 and 0.5 [57].

Regarding the variation of the amount of cyclic softening, Equation (20) was used to
determine R∞,max. The amount of change in the size of the stabilized yield strength surface
for a given deformation, R∞, was normalized using the yield strength, R∗∞. Thus, we defined
the response, which was estimated as ŷi = R̂∗∞,max

(
1− exp

[
k̂0(εa,i − ε̂0)

])
and yi = R∗∞ =

|R∞,i|/σy,i. The monotonic yield strength, σy, considered was given by the arithmetic mean
between σp and σ02. The regressors R∞,max, k0 and ε0 were determined according to the
unconstrained optimization scheme, with side bounds encompassing a pool permissible
solution for the initial design vector of regressors, x = {R∞,max, k0, ε0}. The optimal solution
was assumed to be that which had the lowest value of the objective function.

Figure 9. Evolution of the normalized maximum stress during the cyclic test, until half of the total
life was reached. Assessment of the isotropic model given by Chaboche using the estimators.

Figure 10 presents the regression obtained using the power model of Equation (20).
According to Figure 10, the material began to exhibit a cyclic softening behavior for higher
strain amplitudes than the threshold ε̂0 = 0.2120%. Comparing the corresponding stress
for ε̂0 with the cyclic proportional stress value σ′p, and cyclic yield strength, σ′y, resulted
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in differences of only 0.33 and 14.43%, respectively. The amount of softening tended to
increase for strain amplitudes around 0.7 and 0.9%. This increase was given by a multi-
plicative factor, k0 = −466.01. For higher strain amplitude levels than 0.9%, the softening
gradient decreased significantly, until it stabilized. The limiting value obtained using the
optimization procedure was R̂∗∞,max = 27.92%, which corresponds to −260.90 MPa. This
value, R̂∗∞,max, corresponds to a strain amplitude level of 30.49%, which is the strain level
for a lifetime of 2 reversals, as previously shown in Table 5. Table 7 presents the parameters
determined for the isotropic hardening model.

𝑘0 = - 466.01

ε0 = 0.2120%

𝑅∞,𝑚𝑎𝑥 - 260.90 MPa

RRMSE = 8.674 %

Figure 10. Evolution of the amount of cyclic softening with the total strain amplitude applied.

Once the parameters of the isotropic hardening model had been determined, we
determined the parameters of the kinematic hardening of the Chaboche model. The
parameters Ci and γi were determined by fitting the Equation (16) to the cyclic Ramberg-
Osgood Equation (13). The fitting model followed an unconstrained numerical optimization
scheme using the least-squares method, such that the objective function needed to be
minimized according to the optimization problem in Equation (24). The initial solution was
generated using a pseudo-random number generator named Mersenne Twister, which is a
32-bit twisted GFSR random number generator MT19937 [58,59]. The side bounds for the
parameters Ci and γi were set to limits of 10−7 and 107. The Ramberg-Osgood fit curve,
y, was defined up to the limiting condition defined by the strain amplitude for 1 cycle.
Different Chaboche models with 1, 2, 3, and 4 back stresses were used and compared in
terms of the objective function value. The non-linear models with 4 back stresses and the
model with 3 non-linear and 1 linear back stresses were the ones that obtained the best
results. Owing to Chaboche’s statement that 3 non-linear back stresses are sufficient to
describe the initial hardening zone, and because only 1 linear back stress is used to describe
the hardening for large strains, the model with 3 non-linear and 1 linear stresses was
considered.Table 7 presents the values of the parameters obtained for this model. Using the
values obtained in Ci and γi, we verified that the model was coherent with other works;
that is, C1 > C2 > C3 and γ1 > γ2 > γ3 and Ci > γi.

Table 7. Hardening parameters that defined the Chaboche isotropic and kinematic hardening model.

σy (MPa) R∞ (MPa) b∞ σ′
y (MPa) nα C1 (MPa) γ1 C2 (MPa) γ2 C3 (MPa) γ3 C4 (MPa)

938.79 −260.90 0.8397 578.49 4 83,773.67 582.52 16,778.05 101.71 3013.29 15.97 854.52
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Notice that in Figure 11-right, there was a good agreement between the evolution of
decomposition components of the back stress with Chaboche’s model assumptions. The
back stresses α1 and α2 made a greater contribution to the initial hardening of the model up
to 2% plastic deformation. On the other hand, α3 contributed gradually until a value of 18%
plastic strain, saturating from there. Last, the linear component, α4, increased linearly from
0% to 30%, and then α4 had a higher contribution in the large strain region. Figure 11-left
compares the decomposition of the evolution of the cyclic yield stress, σy, given by the sum
of the back stress, α, with the size of the elasticity limit surface, R′y, validating the fit of the
Chaboche model to that of Ramberg-Osgood.

σy
′  + Ry

′

αt

′

Figure 11. Evolution of the decomposition components of the back stress, total back stress, and the
sum between the total back stress and size of the elasticity limit surface up to 30% plastic strain.

5.6. Cyclic Elasto-Plastic Response

The elasto-plastic cyclic response was compared with the experimental results obtained
in the cyclic tests. A simulation for each strain amplitude level applied in the experiments
was performed up to the number of failure cycles. The kinematic model was compared
with the cyclic Ramberg-Osgood model and the experimental results. Then, the isotropic
model was combined with the kinematic model, and the numerical results were compared
with the experimental results.

Figure 12 compares the hysteresis loops for stabilized cyclic conditions obtained from
the numerical and experimental models. Additionally, Figure 12 also presents a comparison
of the Ramberg-Osgood curve with the maximum stress levels observed using the Chaboche
kinematic hardening numerical model and considering the cyclic kinematic hardening
properties in Table 7. In general, the maximum stress obtained from the Chaboche model
showed a slight deviation in relation to the Ramberg-Osgood curve. This deviation tended
to be higher as the strain amplitude was decreased. Additionally, from the comparison
between the numerical and experimental outcomes, differences in the plastic strain energies
were observed.

Regarding the transient behavior, this was analyzed considering all the numerical
hysteresis cycles, and the experimental and stabilized cycles, as shown in Figure 13. The
cyclic behavior shown in Figure 13 was obtained by considering the cyclic hardening model
combined with the properties shown in Table 7. The three levels of the strain amplitude
shown were 0.5% (small), 0.9% (medium), and 1.5% (large). Comparing the strain tests with
0.5 and 1.5%, it was observed that the numerical model was able to predict the maximum
and minimum stress levels for both the first hysteresis loop and for the stabilized hysteresis
loop. However, for an applied strain amplitude of 0.9%, a deviation was verified for both
the first and for the stabilized hysteresis loop. This deviation is also observed in Figure 12,
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with the maximum stress of the hysteresis loop being lower than predicted by the Ramberg-
Osgood curve. Since the isotropic hardening parameters were average values obtained for
the test strain ranges, the deviation observed in Figure 13 for εa = 0.9% was to be expected.
With respect to the area developed by the plastic work, the Chaboche hardening model
developed a greater dissipative energy, being more conservative in the fatigue analysis.

Figure 12. Comparison of the numerical results given by Chaboche kinematic hardening model,
experimental data, and cyclic Ramberg-Osgood model for steady-state cyclic conditions under various
strain amplitudes.

Figure 13. Comparison of the numerical results given by the combined hardening model and
experimental data for the first hysteresis loop and the steady-state cyclic conditions.

Another way of analyzing the evolution of isotropic hardening is the evaluation of
the evolution of the maximum stress in each cycle, as represented in Figure 14. Figure 14
shows, in illustrative terms, a comparison o the numerical model results obtained using
the combined Chaboche model. Experimentally, the softening gradient was greater up to
approximately 5% of the total life. For normalized lifetimes greater than 10%, there was an
almost linear softening, up to a normalized lifetime of 50%. Comparing the experimental
data with the numerical results, it can be observed that, only as the strain amplitude
increased did the lifetime associated with the stabilized behavior also tend to be higher.
In the case of 0.5%, stabilization occurred to 20%, while for 0.9% stabilization occurred to
approximately 50%. However, for a 1.5% applied strain amplitude, stabilization would
occur for values greater than 50%.
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Figure 14. Comparison between the evolution of the maximum stress amplitude up to 50% of the
total lifetime, obtained from the experiments and numerical outcomes.

As a way of evaluating the deviation of the numerical model with respect to the
experiments, the variation of the relative error is shown in Figure 15. In order to evaluate
the maximum relative error observed throughout the tests, the instant corresponding to
50% of the total failure lifetime was assumed as a reference value. This approach allowed
us to understand that, for the applied strain ranges, the maximum relative errors occurred
up to a lifetime of 10%, with error values that could vary between −10.0% and 5.0%. For
lifetimes greater than 10%, the error was compressed into a range of −2.5 to 2.5%.

Figure 15. Comparison between the relative error in the evolution of the maximum stress amplitude
up to 50% of the total life obtained from the experiments and numerical outcomes.

6. Conclusions

51CrV4 steel, with applicability in the railway components of the crossing nose and the
frog of the turnout, was analyzed in terms of its fatigue resistance under strain-controlled
conditions. The material showed a cyclic softening behavior, characteristic of high-strength
steels. The criterion of 50% of the total life was considered, both for determination of the
fatigue resistance properties and in determination of the Ramberg-Osgood cyclic elasto-
plastic hardening curve parameters, resulting in n′ = 0.0954 and K′ = 1393 MPa (values very
similar to the coefficient K for monotonic loading). With respect to the resistance curves,
strain-life and energy-life approaches were considered. Application of the linear-squares
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method of the linearized power model was considered, resulting in a strain-life approach
of σ′f = 1601 MPa, ε′f = 0.4780, b′f = −0.093, and c′f = −0.684. Applying the same method

for the total strain energy density curves resulted in a κt = 257 MJ/m3, αt = −0.3917, and a
∆W0+ = 0.490 MJ/m3, which corresponds to a fatigue limit of 447 MPa.

Cyclic curve datasets were used to determine the kinematic and isotropic hardening pa-
rameters using unconstrained optimization procedures with a maximum convergence error
of 1.00 × 10−5. A kinematic hardening model with 3 non-linear plus 1 linear kinematic pa-
rameters was determined to be the best fitting model, with C1 = 83,773.67 MPa, γ1 = 582.52,
C2 = 16,778.05 MPa, γ2 = 101.71, C3 = 3013.29 MPa, γ3 = 15.97, and C4 = 854.52 MPa. Re-
garding the isotropic hardening parameters, these were obtained separately using uncon-
strained optimization and considering the least squares method. The value of the saturation
rate was obtained using the normalized method of the maximum stress variation in each
cycle, such that b∞ = 0.8397. The saturation value of the yield surface size was estimated
using a model that takes into account its variation as a function of the applied strain
amplitude, resulting in R∞ = −260.90 MPa.

The isotropic and kinematic hardening properties of the Chaboche model were used
in the material numerical modeling, to validate them in relation to the experimental re-
sults. Initially, kinematic hardening properties were assigned in a purely kinematic model,
for comparison with the Ramberg-Osggod stabilized loop results. The yield stress of
the kinematic Chaboche model was assumed to be the cyclic stress determined using
Ramberg-Osgood, σ′f = 578.49 MPa. The results regarding the hysteresis loop were satis-
factory. Afterward, numerical experiments were carried out considering the kinematic
hardening model combined with the isotropic hardening model, for comparison with the
experimental results. The deviation of the numerical model in relation to the behavior
of the material obtained in the experiments was quantified, taking a value of 50% of the
lifetime as a reference. It was found that the largest deviations occurred up to 20% of the
total failure life of the material in a range of −10 to 5%, approximately.

As a result, the material properties determined in this investigation can be considered,
not only in the analysis of crossing noses for railway infrastructure, but also in notched
components, where local analyses based on elasto-plastic deformation and energy theories
have more importance. In addition to contributing to the enrichment of the existing
literature on the analysis of strain-life fatigue and cyclic plasticity hardening with the
collected dataset, in the future, these datasets could be used for numerical analysis and
also be correlated with other fatigue analyses, considering distinct tempering temperatures
suitable for the spring steel 51CrV4.
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