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Abstract: Long-duration aerodynamic pressure fluctuation in high-speed railway tunnels in the
post-train stage causes fatigue damage to tunnel structures and facilities. It increases the risk of
accidents and requires in-depth research. This complex phenomenon is caused by the superposition
of multiple pressure waves generated successively when a train enters/leaves a tunnel. In this study,
the spatial–temporal distribution of the pressure state (SDPS) model was developed, and general
equations describing the transient pressure state distribution were given. Furthermore, a prediction
method for extreme pressures in tunnels and a fast calculation program were proposed based on the
SDPS model. The proposed model was verified using field measurements. Using the SDPS model, the
worst conditions of pressure fluctuations in tunnels were analyzed. The results show that most of the
maximum positive and negative pressures are symmetrical around the midpoint of the tunnel axis
and appear alternately around it. When the train/wave velocity ratio M ≤ 0.8 and the train/tunnel
length ratio ε ≤ 0.8, the dimensionless position of the maximum peak-to-peak pressure region was
concentrated in the region of [0.33,0.67] in the tunnel, indicating the location of potential fatigue
damage. The proposed model is helpful in building safe and sustainable transportation systems.

Keywords: high-speed railway tunnel; pressure wave; maximum pressure; maximum peak-to-peak
pressure; fatigue failure; safe transportation systems

1. Introduction

As a high-speed train travels through a tunnel, pressure waves are generated due
to the restricted airspace within the tunnel and the compressibility of the air. When the
train nose and tail enter or leave a tunnel, the local flow and cross-section dramatically
change, successively causing four pressure wave systems (PWSs) at the portals of the
tunnel. With the reciprocating propagation, reflection, and superposition of pressure waves,
long-duration and large-amplitude pressure fluctuations are generated inside tunnels
and act on the tunnel and train surface, producing alternating loads. It affects the crack
initiation and propagation in the structure [1]; causes high-cycle fatigue damage to train
structures [2,3], tunnel structures [4–6], and pressure-bearing tunnel facilities (including
fire doors, control boxes, signal lights, etc.) [3,7,8]; and leads to vibration discomfort for
passengers [9], threatening the safety of transportation systems [10,11]. For example, in
1999, influenced by long-term aerodynamic loads, a block of lining detached from the
Rebunhama high-speed railway tunnel in Japan, which caused train derailment and the
cancellation of 51 subsequent trains [1,12]. More importantly, compared with the train
passing stage, pressure fluctuation in the post-train stage (after a train exits from a tunnel)
has a longer duration and slower attenuation as there is no interaction between the wave
and the train [13], but the pressure amplitude is similar or even higher. For example, after a
train left a 2812-m-long tunnel at a speed of 300 km/h, the maximum pressure fluctuation
in the tunnel was up to 5 kPa. Additionally, it lasted over 60 s before decaying to 50% of
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the amplitude, which is almost twice the train passing time of 36 s [8,14]. Similar results
were found in field measurements [15], scaled-model experiments [13], and numerical
simulations [4,16]. Additionally, Du et al. [1] found that damage accumulation in the
post-train stage is approximately equal to that during the train-passing stage, indicating
that the aerodynamic effects in the post-train stage cannot be ignored. Currently, several
researchers have discussed the spatial distribution of extreme pressure in tunnels during
train passage [17–19]. However, research concerning pressure changes in the post-train
stage is still limited, and the spatial–temporal distribution law of extreme pressure is
not clear. Therefore, it is necessary to investigate the spatial–temporal distribution of
the typical pressure (extreme pressure and maximum peak-to-peak pressure) after train
passage, revealing the locations of potential accidents caused by fatigue failure in tunnels.

The research methods for investigating pressure waves in tunnels include field mea-
surements [8,14,18,20], moving model tests [13,21,22], numerical simulations [4,23], and
theoretical analysis [24–26]. However, field measurements and moving model tests are
usually expensive and limited by the existing test conditions, and numerical simulations
with three-dimensional models consume a lot of computing resources and time [23,27–29].
Additionally, the above methods are all difficult when trying to meet the needs of rapid
decision-making with the lowest resource consumption, especially in engineering design.

Theoretical analysis is useful for predicting pressure waves in tunnels. As the length
of a tunnel is obviously longer than the tunnel’s hydraulic diameter, and the propagation
time of the pressure in the cross-section is much less than that along the tunnel, it exhibits
typical one-dimensional geometric and kinematic characteristics. In the post-train stage
especially, only the pressure wave continuously propagates, reflects, and superposes in the
tunnel. Therefore, a one-dimensional theoretical model has been proposed to obtain the
pressure characteristics in the tunnel. Based on this, semi-theoretical and semi-empirical
equations are proposed in combination with on-site tests or moving model measurements
to describe the initial waveform of the entry compression wave with variations in time or
space, written as p(t) and p(x), respectively [30,31]. The one-dimensional model has been
validated using field measurements [13,14] and numerical simulations [32], but it still has
some deficiencies. First, due to the evolution and superposition of the pressure waves, the
pressure varies with time and space simultaneously, which is more accurately described as
p(x, t). Second, the equations in the one-dimensional model need to calculate the pressure
of any point at any time from the flow and pressure states of the adjacent positions at the
previous moment using 1D finite volume methods [33,34] or 1D finite difference [15,35],
which requires lots of iterative calculations. At the same time, it is notable that the pressure
state of any point in the tunnel is the sum of the state influenced by each pressure wave
individually at a given time, which is independent of the state of adjacent positions at the
previous moment. Thus, based on the principle of superposition, it is possible to develop
more accurate equations to describe the pressure state changes over time and space ps(x, t)
without iterative calculations.

Based on the superposition of four PWSs in a tunnel, a one-dimensional model,
referred to as the spatial–temporal distribution of the pressure state (SDPS) model, is
proposed, and equations are first proposed to describe the transient pressure state at any
point in a tunnel ps(x, t). To identify the extreme pressure in the post-train stage, a spatial–
temporal prediction method and a calculation program are proposed. Additionally, two
dimensionless quantities, namely the train/wave velocity ratio M and the train/tunnel
length ratio ε, are proposed to describe the operating conditions based on dimensionless
analysis. Then, the dimensionless spatial–temporal distribution characteristics of the
extreme parameters (including the maximum positive pressure (MPP), the maximum
negative pressure (MNP), and the maximum peak-to-peak pressure region (MPPR)) under
different cases were analyzed, indicating the location of potential fatigue failure in tunnels.
This study is helpful when attempting to understand the spatial–temporal distribution of
pressure in a tunnel and to identify regions that have a high risk of fatigue failure at an
early stage.
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2. Spatial–Temporal Evolution of Pressure Waves in a Tunnel

The generation, propagation, reflection, and superposition mechanism of complex
pressure waves in tunnels are shown in Figure 1. It shows the pressure time histories
at 140 m from the entrance and the associated wave diagram when a 201.4-m-long train
passes through a 1005-m-long tunnel at a speed of 300 km/h (the local velocity of sound c is
336 m/s) [36]. The solid and dashed lines represent the compression and expansion waves,
respectively, which are generated when the train enters/leaves the tunnel. The train nose
entry/exit generates a compression wave propagating throughout the tunnel, resulting in a
pressure increase (corresponding to the labels 1, 6–7, 10–12, 17–20, and 25–28 in Figure 1).
At the same time, the train tail entry/exit generates an expansion wave causing a pressure
drop (corresponding to the labels 3, 5, 8–9,13–16, 21–24, and 29 in Figure 1). Both the
compression wave and the expansion wave propagate backward and forward in the tunnel
at the local velocity of sound c. Each time the pressure wave reaches the tunnel portals, it
reflects backward, and the reflected wave is out-of-phase with the incident one [18]. As
pressure waves can be described by linear equations, the principle of superposition is
applicable [37,38]. That is, the pressure change caused by two or more pressure waves is
the sum of the change caused by each wave individually.

Figure 1. Pressure time histories at 140 m and associated wave diagram for a 201.4-m-long train
passing through a 1005-m-long tunnel at 300 km/h (adapted from Liu et al. [36]).

In this paper, the complex pressure waves are divided into four categories. As shown
in Figure 2, according to the time sequence, the first is nose-entry-induced PWS, which
includes the train nose-entry-induced compression wave and its reflected waves. The
second one is the tail entry-induced PWS, including the tail-entry-induced expansion wave
and its reflected waves. The third is the nose-exit-induced PWS, which contains the nose-
exit-induced compression wave and its reflected waves. The last is the tail-exit-induced
PWS, containing the tail-exit-induced expansion wave and its reflected waves [39,40].

In addition, the passage of the train nose and tail, represented by the green dashed
lines and solid lines in Figure 1, also causes a pressure decrease and increase, respectively,
due to the induced pressure pulse (PP) [41,42]. The difference between PWS and PP is that
PWS propagates to and fro with the velocity of sound c while PP does not reflect and moves
with the train speed of vtr. It is reported that PPs also have effects on the location of extreme
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pressure during train passage [18,19]. As shown in Figure 2b, pressure fluctuates in two
stages, namely the passing stage and the post-train stage. The pressure fluctuation during
train passage is caused by the superposition of two entry-induced PWSs and two PPs
induced by the end of the train while the significant pressure fluctuations in the post-train
stage consider the superposition of four PWSs (two more exit-induced PWSs) and two
PPs. Different superimposed times and locations of the PWSs lead to different spatial
distributions of extreme pressure in the tunnel [43].

Figure 2. Schematic of pressure fluctuation in two stages: (a) Four pressure wave systems induced by
a high-speed train entering/exiting from a tunnel; (b) Pressure fluctuation of the passing stage and
post-train stage. (adapted from Liu et al. [36]).

3. Analytical Method for Spatial–Temporal Prediction of the Extreme Pressure

To investigate the wave effects in tunnels in the post-train stage, an analytical approach
is proposed based on a one-dimensional unsteady compressible flow model.

3.1. Assumptions

1. The tunnel is simplified as a long, even, and straight tunnel without shafts, and its
cross-sectional area is constant [44];

2. Since the propagation time of the pressure wave in the cross-section is far less than
that along the tunnel, the pressure fluctuation in the tunnel cross-section is ignored;

3. The pressure wave is generated at the moment when the train enters or leaves the
tunnel, and the wave celerity is approximately the velocity of sound and remains
constant during propagation [42];

4. The much weaker wavelet, which is generated by the interaction between pressure
and the train/tunnel system during train passage, is neglected when analyzing the
location of the extreme pressure in the post-train stage.
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3.2. Spatial–Temporal Distribution of Pressure State Model
3.2.1. Distribution of Pressure State Influenced by Press Wave Systems

Take the nose-entry-induced PWS as an example; as shown in Figure 3, with the tunnel
entrance as the origin, the coordinate system was established along the tunnel as the x-axis.
x = 0 and x = Ltu correspond to the tunnel entry and exit, respectively (Ltu is the tunnel
length). The initial time t = 0 was recorded as the arrival of the train nose at the tunnel
entrance, xw is the position where the pressure wave reaches the tunnel, and ps represents
the pressure state, which is recorded as 1 for a pressure rise and −1 for a pressure drop. For
example, when a compression/expansion wave sweeps a point, its pressure state would be
+1/−1, accordingly, and remains stable until the next disturbance (PWS or PP) reaches; nw
is the reflected times of the wave at the tunnel port after its generation.

Figure 3. Schematic of pressure wave propagation and the associated distribution of pressure state:
(a,c,e) nw = 0; (b,d,f) nw = 1. (ps: pressure state; nw: the reflected times of the wave at the tunnel port;
xw: the location of pressure wave; Ltu: tunnel length; vtr: train speed; c: the velocity of sound).

As shown in Figure 3a,c,e, when the train nose enters the tunnel (t = 0), the nose-
entry-induced compression wave generates and moves from the tunnel entry (xw = 0) to
the tunnel exit (xw = Ltu), and the corresponding nw is 0. As shown in Figure 3c, after
being swept by the compression wave, the pressure rises, ps = 1; the pressure state remains
unchanged before the wave, ps = 0.

When the compression wave reaches the tunnel exit (t = Ltu/c), it reflects and then
propagates as an expansion wave, and nw becomes 1, as shown in Figure 3b,d,f. After being
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swept by the expansion wave, the pressure decreases, and ps = −1. Before the wave, the
pressure state remains and is considered to be influenced by the previous compression
wave, and ps = 1, as shown in Figure 3d.

The expansion wave propagates to the tunnel entry at the velocity of sound c; it reaches
the entry (t = 2Ltu/c) and reflects as a compression wave; nw becomes 2. As shown in
Figure 4c, the pressure rises after the compression wave, where ps = 1; before the wave, the
pressure state remains and is considered to be influenced by the previous expansion wave,
where ps = −1.

Figure 4. Schematic of pressure state distribution under different nw: (a) nw = 0, (b) nw = 1, (c) nw = 2,
(d) Schematic of sign function (nw: the reflected times of the wave at the tunnel port; ps: pressure
state; xw: the location of pressure wave; Ltu: tunnel length; c: the velocity of sound).

Based on the propagation and reflection characteristics of the PWS, the propagation
cycle of PWS is 2Ltu/c. Due to the periodicity of PWS, the pressure state fluctuation in the
tunnel is classified into three categories: nw = 0, nw is odd, and nw is even. Figure 4 shows
the spatial distribution of pressure state ps(x) in the tunnel when nw = 0, 1, and 2.

As shown in Figure 4, the spatial distribution of the pressure state in the tunnel ps(x)
should be described using a piecewise function. It is notable that, as shown in Figure 4c,d,
ps(x) can be regarded as the sign function f (x) = sgn(x) with different propagation
directions. f (x) = sgn(x) returns 1 for a positive number, 0 for the number zero, and −1
for a negative number.

sgn(x) =


1, x > 0
0, x = 0
−1, x < 0

(1)

As shown in Figure 4c, when nw = 2 (represents the cases when nw is even), ps(x) can
approximately be described by f (x) = sgn(xw − x), but modifications are needed in the
case of x = xw.
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The first correction term is based on f (x) = δ(x− a), as it returns 1 when x = a;
otherwise, it returns 0. When a = 0 especially, f (x) = δ(x) returns 1 when x = 0; otherwise,
it returns 0.

δ(x− a) =
{

1, x = a
0, x 6= a

(2)

In this situation, the correction term is f (x) = δ(x− xw) in the cases when nw is even,
which only returns 1 when x = xw.

It is notable that the difference between Figure 4b,c is ps(xw). In Figure 4c, ps(xw) = 1,
represents point xw being swept by a compression wave and encountering a pressure rise.
While in Figure 4b, nw = 1 (represents the cases when nw is odd), ps(xw) = −1. It illustrates
that point xw is being swept by an expansion wave and encounters a pressure drop. Then,
the corresponding correction term is f (x) = −δ(x− xw) for the cases where nw is odd,
which returns −1 when x = xw.

The difference between Figure 4a,c is ps(x) when x > xw. Then, the second correction
term is based on f (x) = H(x), which returns 1 for x > 0 and 0 for x < 0.

H(x) =
{

1, x > 0
0, x < 0

(3)

In this situation, the correction term is f (x) = H(x− xw), which returns 1 when x > xw.
In brief, the spatial distribution of the pressure state along the tunnel ps(x) is as follows:

ps(x) = sgn(xw − x) + (−1)nw δ(x− xw) + δ(nw)H(x− xw) (4)

where f (x) = sgn(xw − x) is the main body of the function, and the other two terms are the
correction terms. f (x) = (−1)nw δ(x− xw) modifies the value of ps(xw) so that when x = xw,
it returns −1 when nw is odd and returns 1 when nw is even. f (x) = δ(nw)H(x− xw) only
modifies the case with, and returns 1 for x > xw, which is consistent with the actual situation.

Additionally, nw and xw vary with time t and need to be described using a piecewise
function. For the nose-entry-induced PWS, nw(t) is as follows:

nw(t) =


0, 0 ≤ t < Ltu

c
1, Ltu

c ≤ t < 2Ltu
c

2, 2Ltu
c ≤ t < 3Ltu

c
· · · · · ·

(5)

Thus, one of the piecewise functions, the floor function f (x) = [x], is introduced. It
gives the largest integer less than or equal to x. Then, nw(t) is given by the following:

nw(t) =
[

ct
Ltu

]
(6)

For example, when Ltu
c ≤ t < 2Ltu

c , then 1 ≤ ct
Ltu

< 2, the corresponding nw is 1.
For the nose-entry-induced PWS, the position of the pressure wave in the tunnel xw (t)

is given by the following:

xw(t) =


ct, nw(t) = 0
2Ltu − ct, nw(t) = 1
ct− 2Ltu, nw(t) = 2
4Ltu − ct, nw(t) = 3
· · · · · ·

(7)

With the help of the floor function, it is rewritten as follows:

xw(t) = (−1)nw(t)
(

ct− 2
[

nw(t) + 1
2

]
Ltu

)
(8)
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Substitute nw = 0, 1, 2, 3, . . . into Equation (8), then Equation (7) is obtained.
This is the calculation of the nose-entry-induced PWS; those for other PWSs are

deduced in the same way.

3.2.2. Distribution of Pressure State Influenced by Pressure Pulses

As shown in Figure 5, xp represents the position where the PP reaches the tunnel at
time t. The train nose and its induced PP move from t = 0 to t = Ltu/vtr (the moment when
train nose reaches the exit). The train-tail-induced PP moves from t = Ltr/vtr (when the tail
enters the tunnel, where Ltr is train length) to t = (Ltu + Ltr)/vtr (when the tail reaches the
exit). After the passage of the train nose, the pressure decreases due to the induced PP,
ps = −1. After the passage of the train tail, the pressure increases, and the corresponding ps
is 1. Subscripts 1 and 2 correspond to the PP caused by the train nose and tail, respectively.

Figure 5. Schematic of ps distribution caused by pressure pulses: (a) ps distribution influenced by
nose-induced pressure pulses, (b) ps distribution influenced by tail-induced pressure pulses, (c) ps

distribution influenced by 2 pressure pulses (nw: the reflected times of the wave at the tunnel port; ps:
pressure state; xp1: the location of pressure pulse induced by train nose; xp2: the location of pressure
pulse induced by train tail; Ltu: tunnel length; vtr: train speed).

The distribution of the pressure state influenced by PP should also be described using
a piecewise function. Then, f (x) = H

(
xp − x

)
is used, and f (x) = δ

(
x− xp

)
supplements

the condition when x = xp. For example, the distribution influenced by nose-induced PP is
as follows: {

psp1
(x, t) = −H

(
xp1(t)− x

)
− δ
(
x− xp1(t)

)
xp1(t) = vtrt

(
0 ≤ t ≤ Ltu

vtr

) (9)

where xp1(t) shows the path of the nose-induced PP. psp1
(x, t) returns −1 when x ≤ xp1 ,

indicating a pressure drop after the passage of the train nose.
Figure 5c shows that the superposition of the two PPs is a relatively low-pressure

region around the train and moving with the train speed; it is consistent with the field
tests [14] and numerical simulations [45]. Figure 5 shows that for any point in the tunnel,
its pressure decreases after the nose passage and increases after the tail passage, which is
consistent with the tests [46] and simulations [47].
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3.2.3. General Equations of Pressure State Distribution in the Tunnel

Equations (9)–(14) describe the situation where, at time t, the PWS or PP reaches xwi
or xpi m away from the tunnel entrance. pswi

(x, t) or pspi
(x, t) show the spatial–temporal

distribution of the pressure state influenced by PWS or PP. The subscript of i = 1, 2, 3, . . . is
used to distinguish different PWSs and PPs.

Specifically, in Equations (10)–(13), nw calculates the reflected times of the wave as
the pressure wave state (propagates as a compression wave or an expansion wave) and
propagation direction changes with different nw. xwi (t) describes the propagation path
of PWS, and (−1)nw1 (t) describes the wave propagation direction varied with nw. As
mentioned in Section 3.2.1, the first term in the equation of pswi

(x, t) describes the pressure
state distribution approximately; the second term modifies the case when x = xw; and
the third term modifies the initial pressure state distribution when nw = 0. Additionally,
t0 and t1 are used to describe the PWSs, which are generated at different times. For the
nose-entry-induced PWS, it generates when the train nose enters the tunnel (t = 0), the
tail-entry-induced PWS generates when the train tail enters the tunnel (t = Ltr/vtr), the
nose-exit-induced one generates when the nose leaves the tunnel (t = Ltu/vtr), and the
tail-exit-induced one appears when the tail exits from the tunnel (t = (Ltu + Ltr)/vtr).

(1) Nose-entry-induced PWS
psw1

(x, t) = sgn(xw1(t)− x) + δ(x− xw1(t))(−1)nw1 (t) + δ(nw1(t))H(x− xw1(t))

xw1(t) = (−1)nw1 (t)
(

ct− 2
[ nw1 (t)+1

2

]
Ltu

)
nw1(t) =

[
ct

Ltu

] (10)

(2) Tail-entry-induced PWS
psw2

(x, t) = sgn(x− xw2(t))− δ(x− xw2(t))(−1)nw2 (t) − δ(nw2(t))H(x− xw2(t))

xw2(t) = (−1)nw2 (t)
(

c(t− t0)− 2
[

nw2 (t)+1
2

]
Ltu

)
nw2(t) =

[
c(t−t0)

Ltu

]
t0 = Ltr

vtr

(11)

(3) Nose-exit-induced PWS

psw3
(x, t) = sgn(x− xw3(t)) + δ(x− xw3(t))(−, , , 1)(t)nw3

+ δ(nw3(t))H(xw3(t)− x)

xw3(t) = (−1)nw3 (t)
((

2
[

nw3 (t)
2

]
+ 1
)

Ltu − c(t− t1)
)

nw3(t) =
[

c(t−t1)
Ltu

]
t1 = Ltu

vtr

(12)

(4) Tail-exit-induced PWS


psw4

(x, t) = sgn(xw4(t)− x)− δ(x− xw4(t))(−1)nw4 (t) − δ(nw4(t))H(xw4(t)− x)

xw4(t) = (−1)nw4 (t)
((

2
[ nw4 (t)

2

]
+ 1
)

Ltu − c(t− t0 − t1)
)

nw4(t) =
[

c(t−t0−t1)
Ltu

] (13)

In Equations (9) and (14), xpi (t) describes the moving path of the PP induced by the
train nose/tail, and the subscript i = 1, 2 is used to distinguish the PP induced by the train
nose/tail. For the nose-induced PP, its influence starts from the moment when the train
nose enters the tunnel (t = 0) to the moment when the train nose exits the tunnel (t = Ltu/vtr).
For the tail-induced PP, it generates from the moment when the train tail enters the tunnel
(t = Ltr/vtr) to the moment when the tail exits from the tunnel (t = (Ltu + Ltr)/vtr). pspi

(x, t)
describes the pressure state distribution in the tunnel influenced by PP, and the first term
on the right describes the pressure state distribution ps(x) accurately, except for the case of
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x = xp, then the second term on the right supplements the condition of x = xp, as mentioned
in Section 3.2.2.

(5) PP induced by the train nose is represented by Equation (9).
(6) PP induced by the train tail

{
psp2

(x, t) = H
(

xp2(t)− x
)
+ δ
(
x− xp2(t)

)
xp2(t) = vtrt− Ltr

(
Ltr
vtr
≤ t ≤ Ltu+Ltr

vtr

) (14)

As mentioned before, the principle of superposition applies to linear equations, such
as Equations (9)–(14). Thus, for the point at x0 m away from the entrance, its pressure state
ps(x0, tk) at time tk can be calculated as follows:

ps(x0, tk) =
j

∑
i=1

pswi
(x0, tk) +

j

∑
i=1

pspi
(x0, tk) (15)

where j represents the number of the influential PWSs and PP induced by train ends. In
this paper, j is set as 4 for PWS and 2 for PP.

Then, the pressure of the measuring point is calculated as follows:

P(x0, tk) = ps(x0, tk) f (α) (16)

where f (α) is determined using field measurements (such as train speed, blocking ratio,
wave attenuation coefficient, etc.) [5,48] and research on pressure amplitude during train
passage [24–26].

3.2.4. Definition of the Extreme Pressure and Pressure Regions

According to the time sequence, Equations (9) and (12), Equations (13) and (14) do not
coincide in time. Thus, the maximum and minimum values of ps are ±4. The condition
where ps could reach ± 4 is called the worst condition.

In the post-train stage, ps = 4 represents that during a short time, the pressure in the
tunnel rises continuously due to the influence of the successive compression waves from
four PWSs, as shown in labels 17–20 in Figure 1. ps = −4 indicates that in a short time, the
pressure continuously decreases under the influence of the successive expansion waves
from the four PWSs, as shown in labels 13–16 in Figure 1. In the worst condition, the region
where ps could reach 4 is called the positive pressure region, and those with ps = −4 are
called the negative pressure regions, where the positive and negative pressure amplitudes
are greater than the other region of the tunnel.

The intersection of the positive and negative pressure regions is the peak pressure
region, where the pressure fluctuates greatly. MPP is the point where the pressure rises
for the longest time in the positive pressure region. MNP is the point with the longest
pressure drop time in the negative pressure region. MPP and MNP are also called extreme
pressure. The MPPR is the region with MPP and MNP as the endpoints, indicating where
the maximum peak-to-peak pressure (the largest difference between the positive and
negative pressure peaks) would appear after train passage. It is usually the place with
serious fatigue damage due to the largest alternating load.

Owing to the attenuation during wave propagation, only the superposition of the
influential pressure waves (with less attenuation) is considered in this study. European
standards EN 14067-5 [49] indicate that in the post-train stage, the pressure fluctuation is
still significant for a period (≤10 Ltu/c). Thus, in this study, for the entry-induced PWS,
nw ≤ 10, for the exit-induced PWS, nw ≤ 4.

3.2.5. Prediction of Extreme Pressure in the Tunnel and Calculation Program

The proposed SDPS model applies to cases with different pressure states; here, we
mainly focus on the distribution of extreme pressures under the worst conditions (where
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the superimposed pressure state can reach +4 or −4). As shown in Figure 6, first, four
parameters (Ltu, Ltr, vtr and c) are used to describe the investigated case and qualitatively
judge whether the case is the worst condition. Second, if it is the worst condition, the
pressure region, MPP, MNP, and the MPPR, which are caused by the superposition of the
PWSs or PPs, are identified by calculating Equations (9)–(15). Finally, the occurrence time
and location of the extreme pressure are the output.

Figure 6. Flowchart of spatial–temporal prediction of the extreme pressure in a tunnel.

Based on the previous equations, a fast and accurate calculation program was devel-
oped using Python. The code of the calculation program is provided in the Supplementary
Materials. The program could assist users in obtaining the calculated results within several
seconds, which is much faster than the traditional method [23,27–29]. It is suitable for
various situations, such as design, operation, and maintenance. It also has no special
requirements for computer hardware. A common personal laptop can run this program.
In addition, its accuracy has been verified using field measurements, as described in
Section 4.1.

3.3. Dimensional Analysis

The dimensional analysis provides insight into the spatial–temporal prediction of
extreme pressure in a tunnel, identifies nondimensional parameters, and obtains general
results. The appearance of MPP and MNP is caused by the superposition of PWSs. As the
time difference between entry-induced PWS and exit-induced PWS is Ltu/vtr (corresponds
to the train passing time in the tunnel), and between nose-induced PWS and tail-induced,
PWS is Ltr/vtr (corresponds to the passing time of train body). The characteristic time of
pressure wave propagation in the tunnel is Ltu/c. The location and time of the extreme
pressure in the tunnel are x and t, respectively. Thus, the issue concerning their position
and time of appearance involves six variables, which are Ltu, Ltr, vtr, c, x, and t, but only two
fundamental dimensions, length L and time T. According to Buckingham’s π theorem [50],
6 − 2 = 4 dimensionless products are determined, as shown in Equations (17)–(20).

M =
vtr

c
=

Ltu
c

Ltu
vtr

(17)
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ε =
Ltr

Ltu
(18)

x∗ =
x

Ltu
(19)

t∗ =
t

Ltu
c

(20)

The train/wave velocity ratio M is the ratio of the train speed to the local velocity of
sound and represents the relative magnitude of the pressure wave propagation time Ltu/c
and the characteristic time of the train passing through the tunnel Ltu/vtr. The train/tunnel
length ratio ε is the ratio of the train length to the tunnel length. The dimensionless position
of the extreme pressure x* indicates the relative position of extreme pressure in the tunnel.
The dimensionless time of the extreme pressure t* is the ratio of the appearance time t to
the characteristic time of pressure wave propagation Ltu/c.

Therefore, the relationship between the six variables can be given by the following:

x∗ = F(M, ε) (21)

t∗ = F(M, ε) (22)

where the symbol F only represents a relationship, not a specific function. Equations (21)
and (22) show that the dimensionless location and time of extreme pressures in a tunnel are
related to M and ε, and M and ε could be used to describe the different operating conditions.
If the dimensionless quantities of M and ε are used to describe the conditions in Figure 6,
then the dimensionless results would be obtained accordingly.

In addition, the frequency of the pressure fluctuation in the post-train stage can be
calculated as Equation (23), which is related to fatigue damage.

f =
1
T

=
c

2Ltu
(23)

4. Results and Discussion
4.1. Validation of the Proposed SDPS Model

A 201.4-m-long CRH2C passes through two tunnels at a speed of 300 km/h. The
tunnel lengths are 1005 m and 2812 m, and the local velocity of sound is 336 m/s (1 standard
atmospheric pressure, 283.15 K) [14]. Pressure-measuring points are deployed along the
tunnel in the longitudinal direction in the field measurements, the measuring point intervals
in the middle section of the 1005-m-long and 2812-m-long tunnels were 100 m and 200 m,
respectively. Relative error (RE) is introduced to quantify the differences between the
predicted and measured results [51]:

RE =

∣∣xpre − xmea
∣∣

Ltu
× 100% (24)

where xpre is the predicted locations of the extreme pressure, and xmea is the measured results.
As shown in Figure 7, in the 2812-m-long tunnel, the measured MPP and MNP

both appear at 1400 m from the entrance, and the predicted MPP and MNP appeared at
1450.99 m and 1361.01 m, respectively. The REs were 1.81% and 1.39%, respectively.

As for the 1005-m-long tunnel, the measured MPP appeared at 500 m from the entrance
at 15.70 s, and the predicted MPP appeared at 518.58 m at 15.49 s. The measured MNP
appeared at 500 m at 18.45 s, and the predicted MNP appeared at 486.42 m at 18.92 s. The
REs of the spatial distribution of MPP and MNP were 1.85% and 1.35%, respectively. The
difference between the measured and predicted occurrence times is less than 0.5 s, and
it is mainly from the position difference between the measured point and the predicted
point of the SDPS model. The difference would be further reduced if the measured data at
the predicted location (518.58 m and 486.42 m) were available. In general, the predicted
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results were in good agreement with the measured results and proved the validity of the
SDPS model.

Figure 7. Comparison between the proposed SDPS model and field tests in two tunnels (MPP:
maximum positive pressure, MNP: maximum negative pressure).

4.2. Spatial Distribution of the Extreme Pressure

Based on the SDPS model, the distribution of the extreme pressure and typical pressure
regions under different cases (described by M and ε) were analyzed. Since the flow issue
with a high Mach number would involve shock waves, this paper only investigated the
pressure wave propagation with M ≤ 0.8. As the train lengths in operation in China are
approximately 200 m and 400 m, the three-dimensional effect should be considered for
pressure fluctuations in tunnels within 50 m of the tunnel portals [52,53]. Therefore, ε is no
more than 0.8 in the SDPS model.

Based on the dimensionless analysis, the dimensionless location and the time of
the appearance of extreme pressure are associated with M and ε. Figure 8a,b depict the
dimensionless spatial distribution of the MPP and MNP with M and ε as the abscissa,
respectively (ε = 0.05, 0.1, 0.15, . . . . . . , 0.8 and M = 0.05, 0.1, 0.15, . . . . . . , 0.8). x* = 0
corresponds to the tunnel entry, and x* = 1 corresponds to the tunnel exit. The results show
that the MPP and MNP are distributed in the region x* ∈ [0.33,0.71], and 99.2% of them are
concentrated in the region x* ∈ [0.33,0.67].

Figure 9 shows the change in the location of the MPP and MNP with variations in
M and ε (M ≤ 0.8, ε ≤ 0.8). The locations of the MPP and MNP are indicated by the dark
and light one of the same colors, respectively. As shown in Figure 9, most of the MPPs
and MNPs are symmetrical about the midpoint of the tunnel axis and appear alternately
around it. This is because the MPP and MNP are mostly determined by the superposition
of four PWSs. While in several cases, the determination of the MNPs needs to consider
the influence of the PPs caused by the train tail. It results in the asymmetry in the location
of the MPP and MNP, as shown in Figure 9a. For example, when M = 0.15 and ε = 0.2,
the MPP appears at the midpoint of the tunnel axis x* = 0.5 while the MNP appears at the
position of x* = 0.67, showing asymmetry.

In addition, in the post-train stage, the MPP is found to be determined by the superpo-
sition of PWSs, and MNP is related to the PWS and PP, which are similar to that during
train passage [18,19].
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Figure 8. Distribution of the normalized location of the extreme pressure under different conditions
(M ≤ 0.8, ε ≤ 0.8): (a) from the point of the train/wave velocity ratio M; and (b) from the point of the
train/tunnel length ratio ε.

Figure 9. Change in the location of the maximum positive and negative pressures with different
train/wave velocity ratios M and train/tunnel length ratios ε: (a) ε = 0.1–0.4, M ≤ 0.8; (b) ε = 0.5–0.8,
M ≤ 0.8; (c) M = 0.1–0.4, ε ≤ 0.8; and (d) M = 0.5–0.8, ε ≤ 0.8.
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4.3. Fatigue Damage: Distribution of the Maximum Peak-to-Peak Pressure Region

As shown in Figure 10a–d, when ε ∈ [0.1, 0.4] (passing through a tunnel longer
than 500 m), the MPPR is located in the region of [0.33,0.67]. As seen from Figure 10e–h,
when ε ∈ [0.4,0.8], the MPPR is located in the region of [0.33,0.71]. When M ∈ [0.1,0.4]
(corresponding to vtr < 500 km/h), the MPPR is located in the region of [0.38,0.71]; when
M ∈ [0.4,0.8], the MPPR is located in the region of [0.33,0.67]. Thus, MPPR is mainly located
in the region x* ∈ [0.33,0.67], indicating the most probable location of accidents caused
by fatigue failure. As there are some pressure-bearing facilities in the tunnel, such as fire
doors, control boxes, and signal lights, it is suggested to reinforce the tunnel lining and
facilities and avoid placing auxiliary facilities in the MPPR.

Figure 10. Distribution of the maximum peak-to-peak pressure region under different train/wave
velocity ratios M and train/tunnel length ratios ε (M ≤ 0.8, ε ≤ 0.8): (a) ε = 0.1; (b) ε = 0.2; (c) ε = 0.3;
(d) ε = 0.4; (e) ε = 0.5; (f) ε = 0.6; (g) ε = 0.7; and (h) ε = 0.8.
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In addition, Figure 10 shows that when M = 0.5 with ε = 0.1–0.8 (the corresponding train
speed is approximately 600 km/h), and when M = 0.25 with ε = 0.1–0.5 (the corresponding
speed is approximately 300 km/h), both the MPP and MNP appear at the midpoint of
the tunnel axis in the worst conditions. This result indicates that under the conditions
calculated above, no matter how long the tunnel is, the midpoint of the tunnel axis is the
worst pressure fluctuation point in the tunnel associated with failure damage.

5. Conclusions

This paper focused on the spatial–temporal distribution of extreme pressures in high-
speed railway tunnels and its long-term effects on the safety of the transportation system
in the post-train stage. Based on the evolution and superpositions of pressure waves, a
one-dimensional model referred to as the spatial–temporal distribution of the pressure state
(SDPS) model is developed, and equations are first proposed to describe the pressure state
variation with time and space in the tunnel. Based on the SDPS model, a spatial–temporal
prediction method for the extreme pressure in a tunnel and a calculation program are
developed, which can greatly reduce the calculation cost and time in the tunnel design
stage. Finally, the dimensionless spatial distribution of the extreme parameters (MPP,
MNP, and MPPR) in the tunnel under different working conditions is analyzed using
dimensionless operation parameters (train/wave velocity ratio M and train/tunnel length
ratio ε). The main conclusions are summarized as follows:

(1) The pressure wave in the tunnel follows the principle of wave superposition, which
can be calculated quickly with the SDPS model proposed in this study. The proposed
model was verified by the field measurements, and the relative errors of the predicted
and measured MPP and MNP are between 1.35% and 1.85%.

(2) In the post-train stage, the MPP is determined by the superposition of PWS, and
MNP is related to PWS and PP. When the MPP and MNP are only determined by the
superposition of the PWSs, they are symmetrical about the midpoint of the tunnel
axis and appear alternately around it. Otherwise, it would result in asymmetry in the
location of the MPP and MNP.

(3) When M ∈ [0.1, 0.8] and ε ∈ [0.1, 0.8], the dimensionless positions of the MPP, MNP,
and MPPR are concentrated in the middle region of the tunnel (x/Ltu ∈ [0.33, 0.67]);
meaning that the tunnel lining and facilities should be strengthened in the MPPR
of the built tunnel to prevent fatigue failure. In the future, avoid placing pressure-
bearing tunnel facilities (such as fire doors, control boxes, signal lights, etc.) in the
MPPR to extend the life span of tunnel facilities.

It should be noted that due to the three-dimensional effect, the SDPS model may need
to be modified within 50 m of the tunnel entrance, which will be discussed in the future.
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Nomenclature/Abbreviations

c the velocity of sound (m/s)
Ltr train length (m)
Ltu tunnel length (m)
M train/wave velocity ratio
nw the reflected times of the wave at the tunnel port at t time
p pressure (Pa)
ps pressure state
pswi pressure fluctuation state of the measuring point influenced by pressure wave

(i = 1, 2, 3, . . . )
pspi pressure fluctuation state of the measuring point influenced by pressure pulse

(i = 1, 2, 3, . . . )
t time (s)
vtr train speed (m/s)
xwi position of the pressure wave in a tunnel (i = 1, 2, 3, . . . )
xpi position of the pressure pulse in a tunnel (i = 1, 2)
xpre predicted location of the extreme pressure
xmea measured location of the extreme pressure
ε train/tunnel length ratio
superscript* dimensionless variables
SDPS spatial–temporal distribution of the pressure state
MPP maximum positive pressure
MPPR maximum peak-to-peak pressure region
MNP maximum negative pressure
PP pressure pulse
PWS pressure wave system
RE relative error
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