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Abstract: Infection with severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) results in
varied clinical outcomes, with virus-induced chronic inflammation and tissue injury being associated
with enhanced disease pathogenesis. To determine the role of tissue damage on immune populations
recruitment and function, a mathematical model of innate immunity following SARS-CoV-2 infection
has been proposed. The model was fitted to published longitudinal immune marker data from
patients with mild and severe COVID-19 disease and key parameters were estimated for each clinical
outcome. Analytical, bifurcation, and numerical investigations were conducted to determine the
effect of parameters and initial conditions on long-term dynamics. The results were used to suggest
changes needed to achieve immune resolution.
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1. Introduction

Infection with severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) results
in varied individual coronavirus disease 2019 (COVID-19) outcomes ranging from asymp-
tomatic to mild, severe, and fatal disease. The mechanisms responsible for the COVID-19
pathogenesis are not fully understood, but studies suggest that severe outcomes are driven
by virus-induced reconfiguration of the innate immune system, which results in inflam-
mation and tissue injury [1,2]. In severe and fatal SARS-CoV-2 infections, transcriptomic,
epigenomic, and proteomic analyses revealed widespread dysfunction of peripheral innate
immunity, aberrant interferon-related responses, recruitment of hyperactive macrophages
and of functionally altered neutrophils, and the suppression of adaptive immunity (such as
B-cells and T-cells function) [1,3,4]. Interferon-induced proinflammatory states stimulate un-
controlled complement activation and development of neutrophil extracellular traps (NETS),
both of which induce overproduction and uncontrolled release of proinflammatory markers
in a process known as cytokine storm [5,6], seen in other inflammatory diseases such as
endotoxemia [7] and acute respiratory distress syndrome (ARDS)–complicated sepsis [8].

In general, inflammation can be viewed as a robust physiological process in which
the body’s innate immune system provides protection from adverse environmental factors.
This process occurs while the immune system tries to resolve homeostatic perturbations
initiated within the body (in autoimmune disease) or through external stimuli (bacteria,
viral infections, injury, etc.) [9] with the goal of maintaining the structural integrity of
tissues and organs [10]. Successful innate immune response is initiated within minutes and
resolved within hours, with the affected tissues and immune populations returning to their
homeostatic state [9]. Conversely, chronic inflammation results in continual recruitment
to the tissue of neutrophils, macrophages, and inflammatory mediators whose activity
persists for weeks, months or even years [9,11,12]. The persistent proinflammatory state
induces further damage and recruitment of more inflammatory mediators. Several studies
examined the differences in proinflammatory cellular and cytokine populations in patients
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with mild and severe COVID-19 disease [13–16]. Data in [13] showed elevated levels of
proinflammatory (IL-6, IL-2, and IFN-γ) and anti-inflammatory cytokines (IL-10), elevated
levels of neutrophils and reduced levels of CD8 T-cells in patients with severe compared
to those with mild COVID-19 disease. Similarly, [15] found elevated neutrophils levels,
elevated IL-6 levels, and reduced levels of CD8 T-cells and CD4 T-cells in patients with
severe or critical compared to those with moderate COVID-19. Elevated anti-inflammatory
cytokines levels (IL-10) in severe disease was reported in [16], as well. Last, the neutrophil-
to-CD8 T-cell ratio (N8R) has emerged as an early prognosis method for identifying severe
COVID-19 disease [13], with high N8R ratio being indicative of severe outcomes [15,17,18].

While data exists for the magnitude of immune cells and proinflammatory mediators
in different disease outcomes, little is known about the mechanistic interactions between
these populations, and about the role that feedback, interpopulations effects and regula-
tions play on overall disease outcomes. In this paper, we develop a mathematical model
of interactions between neutrophils, macrophages, pro- and anti-inflammatory markers
and CD8 T-cells and use it to tease out mechanisms responsible for COVID-19 pathogene-
sis. Previously, mathematical models have investigated human inflammation following
physical injury [19–21], cancer [22,23], lung infections [10], rheumatoid arthritis [24,25],
atherosclerosis [26], H. pylori [27], diabetes [28], and nonspecific pathogens [29–35]. Specif-
ically, mathematical modeling of viral infections with pathogens such as influenza [36–40],
hepatitis B [41–44], SARS-CoV [45,46], and SARS-CoV-2 [47–56] have investigated the
role of immune responses in disease resolution or inflammation. Some of these studies
highlighted the importance of cytokine production and neutrophil function in modulating
disease pathogenesis.

In our study, we do not explicitly model the dynamics of SARS-CoV-2 infection, and in-
stead only model the resulting inflammation. We consider interactions between neutrophils
(active and apoptotic), macrophages, proinflammatory mediators, anti-inflammatory medi-
ators and CD8 T-cells. We use the model to investigate the neutrophil responses to tissue
damage caused by SARS-CoV-2 infection and to determine the mechanisms leading to
resolution or inflammation. Moreover, we fit the model to longitudinal data from mild
and severe COVID-19 infections to identify resolution or inflammation-specific parameters,
such as the neutrophil-to-CD8 T-cell ratio. These results can inform interventions.

2. Materials and Methods
2.1. Mathematical Model

To determine the mechanistic interactions that lead to increased inflammation in severe
COVID-19 infections, we develop a mathematical model of immune responses which
extends on a previous model of nonspecific inflammation published in [30]. Briefly, we
model the interaction between active and apoptotic neutrophils n(t) and a(t), macrophages
m(t), proinflammatory mediators c(t), anti-inflammatory mediators g(t), and CD8 T-cells
e(t) over time t, as follows. We assume that, following SARS-CoV-2 infection, epithelial
tissue gets damaged according to function

f (t) = H(Aπ − t) sin2(pt), (1)

where

H(Aπ − t) =

{
1 if t < Aπ/p
0 if t > Aπ/p,

(2)

as in [30]. Function Equation (1) accounts for A repeated cycles of tissue damage occurring
every 2π/p days as a result of inflammatory processes triggered by SARS-CoV-2 infection
(see Figure 1A for a schematic of a single A = 1 tissue damage cycle and Figure 1B for a
schematic of four A = 4 tissue damage cycles for p = 1).
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Figure 1. Tissue damage. Theoretical model of tissue damage f (t) given by Equation (1) for (A) a
single cycle of damage A = 1 and (B) four cycles of damage A = 4.

The physical damage to tissue results in release of cytokines that further enhance
an inflammatory response. While there are a number of proinflammatory cytokines and
mediators produced in response to tissue damage or viral infection (IL-1, IL-6, IL-8, TNF-α,
among others [57]) we model them through a single proinflammatory population c(t),
which is produced at rate α f (t) and decays at per capita rate γc. This proinflammatory
population recruits neutrophils and macrophages at the site of the inflammation. As in [30],
we ignore neutrophil activation and differentiation and assume that activated neutrophils
n(t) are recruited at rate αc and macrophages are recruited at rate αm, respectively. Active
neutrophils die and transform into apoptotic neutrophils a(t) at rate νg(t), proportional to
regulatory factors g(t) (in our model, the anti-inflammatory cytokine IL-10). Both active and
apoptotic neutrophils contribute to increased production of proinflammatory mediators.
Here, however, we only incorporate the contribution of apoptotic neutrophils, who undergo
necrosis at rate γa, leading to damage of healthy tissue and hence further accumulation of
proinflammatory factors c(t) [11,58], as necrosis leads to release of toxic chemicals from
internal granules [11,58–60]. We model this by adding a Hill-type production term with a
Hill coefficient of two, kaγaa(t)2/(a(t)2 + β2

a), into the proinflammatory population c(t),
which saturates at high a(t) levels. Here, βa is the concentration of neutrophils required
for half-maximal release of proinflammatory mediators and ka is the maximal level of
proinflammatory population recruited after tissue damage.

We assume that macrophages m(t) are recruited in response to proinflammatory
mediators c(t) at rate αm, die at per capita rate γm, and contribute to the removal of
apoptotic neutrophils through phagocytosis at rate φ. Recognition of apoptotic neutrophils
by macrophages is thought to reprogram them to release anti-inflammatory signals, which
recruit anti-inflammatory populations g(t) at rate kg. We assume that the anti-inflammatory
population is present at low levels sg/γg at the time of the infection, with sg being the
production rate and γg the per capita decay rate.

Lastly, we consider that the CD8 T-cell population e(t) is present in the epithelium at
base level se/γe, where se is the production and γe is the per capita death rate. Following
viral infection, CD8 T-cells expand to become cytotoxic T-cells at rate αe, proportional to the
antigen-presenting cell concentration (in this case macrophages, m(t)). The expansion is
suppressed in the presence of regulatory factors g(t), in a density dependent manner with
1/βe being the the concentration of regulatory factors where the effect is half-maximal.
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A diagram of our model is given in Figure 2 and the model equations are

dn
dt

= αcc− νgn,

da
dt

= νgn− γaa− φma,

dm
dt

= αmc− γmm,

dc
dt

= α f (t) + kaγa

(
a2

β2
a + a2

)
− γcc,

dg
dt

= sg + kgφma− γgg,

de
dt

= se +
αem

1 + βeg
− γee,

(3)

subject to initial conditions n(0) = n0, a(0) = a0, m(0) = m0, c(0) = c0, g(0) = g0,
and e(0) = e0.
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Figure 2. Network diagram for the mathematical model given in Equation (3).

2.2. Clinical Data

Longitudinal average and standard deviation values for total neutrophils, CD8 T-
cells, and IL-10 were collected from 27 patients with mild and 13 patients with severe
COVID-19 disease at days tj ∈ T = {2, 5, 8, 11, 14, 17} post hospitalization and previously
published in [13]. Neutrophils and CD8 T-cells were measured in cells ×109/L and IL-10
was measured in pg/mL (see Figure 3, red points and red error bars).

Figure 3. Data fitting results. Dynamics of variables defined by model Equation (3) over time for
parameters in Tables 1 and 2 versus immunological data (red circles) in (A) mild and (B) severe
COVID-19 infections. Time represents days post hospital admission. Error bars represent mean
± standard deviation where total neutrophil and CD8 T-cell data are given in ×109/L and IL-10 data
in pg/mL as in [61].
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2.3. Parameter Estimation

We use literature values for some of the parameters to reduce the model’s degrees of
freedom and allow for better estimation of the remaining parameters (see Table 1). The re-
ported half-life of neutrophils is t1/2,a = 6–10 h [62]. We use a half-life of ten hours in
our model, which corresponds to a decay rate γa = ln(2)/t(1/2),a = 1.66 per day. Simi-
larly, the reported half-life of alveolar macrophages is two weeks [63], corresponding to
decay rate γm = ln(2)/t(1/2),m = 0.05 per day. Nonactivated CD8 T-cell have a lifespan
of 34 days [64], however, in the presence of antigen they expand into cytotoxic T-cells,
who are short lived [65] with decay rate γe = 0.5 per day [44,66]. The IL-10 lifespan is
2.7–4.5 h [67]. Here, we assume a lifespan of 3.8 h, corresponding to a decay rate γg = 6.2
per day. Last, all proinflammatory mediators have a short half-life [68]. We use IL-6 in
our model, whose half-life of 15 h [69], to obtain a decay rate γc = 1.1 per day. We as-
sume that the initial neutrophils, CD8 T-cells and IL-10 are given by the hospitalization
admission data, and we split the neutrophil data between active and apoptotic neutrophils
n(0) = a(0) = 0.5× (n + a)data in both mild and severe cases. The initial macrophage
number is m(0) = 0.3× 109 per L, corresponding to monocyte data upon hospital ad-
mission in [13]. Last, cytokine initial condition is set arbitrarily to c0 = 1× 109 per L.
We assume equilibrium conditions before hospitalization, hence the recruitment rates are
se = e(0)γe and sg = g(0)γg. The initial tissue damage is set at A = 1 for the mild cases
and A = 4 for the severe cases with p = 1 in both groups. All other parameters are chosen
arbitrarily to be βe = βa = 1 cells, αm = 0.7 macrophages/(proinflammatory cells×day),
kg = 15 anti-inflammatory cells/ (apoptotic neutrophils) and ka = 0.6 anti-inflammatory
markers/(apoptotic neutrophils). A summary of fixed parameters is given in Table 1.

Table 1. Fixed parameter values and initial conditions.

Parameter Description Mild Severe Reference

γe Decay rate of CD8 T-cells 0.5/day 0.5/day [64]
γc Decay rate of proinflammatory mediators 1.1/day 1.1/day [69]
γg Decay rate of IL− 10 6.2/day 6.2/day [70]
γm Decay rate of alveolar macrophages 0.05/day 0.05/day [63]
γa Rate of necrosis of apoptotic neutrophils. 1.66/day 1.66/day [62]
A Cycles of tissue damage 1 4 −
α Tissue damage magnitude 1 1 −

αm Macrophage recruitment rate 0.7 0.7 −
βa Neutrophils where proinflam. release is half-max. 1 1 −
βe Reg. cells where CD8 T-cell response is half-max. 1 1 −
sg T regulatory cells recruitment rate g(0)γg g(0)γg −
se CD8 T-cells recruitment rate e(0)γe e(0)γe −
kg Anti-inflammatory production rate 15 15 −
n0 Initial concentration of active neutrophils 0.5 × data 0.5 × data [13]
a0 Initial concentration of apoptotic neutrophils 0.5 × data 0.5 × data [13]
m0 Initial concentration macrophages 0.3 × 109/L 0.3 × 109/L [13]
c0 Initial concentration proinflammatory mediators 109/L 109/L −
g0 Initial concentration anti-inflammatory mediators data data [13]
e0 Initial concentration of CD8 T-cells data data [13]
ka Max. level of proinflam. pop. recruited after damage 0.6 0.6 −

We assume time t = 0 in our model is the day of hospital admission and estimate the
remaining parameters θi = {αe, φ, ν, αc}, by fitting the solution of model Equation (3) to
IL-10, CD8 T-cells, and total neutrophil data given in [13] for mild and severe COVID-19
patients, where i ∈ {mild, severe}. Using the f minsearch algorithm in Matlab, we minimize
the objective function
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J(θi) =
1

max
tj∈T
{(n + a)data(tj)}

∑
tj∈T

(
(n + a)(tj, θi)− (n + a)data(tj)

)2
1/2

+
1

max
tj∈T
{edata(tj)}

∑
tj∈T

(
e(tj, θi)− edata(tj)

)2
1/2

+
1

max
tj∈T
{gdata(tj)}

∑
tj∈T

(
g(tj, θi)− gdata(tj)

)2
1/2

,

(4)

where n(tj, θi), a(tj, θi), g(tj, θi), e(tj, θi) are the theoretical solutions of model Equation (3)
at times tj for parameters θi; (n + a)data(tj), gdata(tj) and edata(tj) are the neutrophil,
IL-10 and CD8 T-cell data at times tj as given in [13], and tj ∈ T = {2, 5, 8, 11, 14, 17}
days post hospitalization. The best parameters estimates are given in Table 2.

Table 2. Best parameter estimates from fitting model Equation (3) to data from mild and severe
COVID-19 cases.

Parameter Description Mild Severe

αe CD8 T-cells expansion rate 1.2× 10−2 1.6× 10−8

φ Rate at which macrophages engulf neutrophils 4.1× 10−3 3.3× 10−4

ν Rate of neutrophil apoptosis 0.35 0.46
αc Neutrophil recruitment rate 3.44 4.28
ssq Sum of squares 2.84 4.14

2.4. Semirelative Sensitivity Analysis

We conduct a formal semirelative sensitivity analysis of system Equation (3) with

respect to the fitted parameters. Briefly, we let Xθ(t) =
∂X
∂θ

(t) be the sensitivity curves of

X(t) = {n(t), a(t), m(t), c(t), g(t), e(t)} with respect to θ ∈ {αc, φ, ν, αe}. Then θXθ(t) are
the semirelative sensitivity curves of X(t) with respect to θ, which measure the change
of X(t) when parameter θ is doubled at time t. The corresponding sensitivity equations
with respect to parameters θ are presented in Appendix A, Equations (A1)–(A4), and the
corresponding semirelative curves are presented in Figures A3 and A4.

3. Results
Asymptotic Analysis Results

To determine the equilibrium solutions of model Equation (3), we assume that the
initial tissue damage stimulus has been eliminated, and hence set α = 0.

Proposition 1. Model Equation (3) has a single equilibrium S1 when

αc < 2βaγc
1
ka

√
αm

γm

φ

γc
ka + 1 (5)

and three equilibria S1, S2, and S3 when

αc > 2βaγc
1
ka

√
αm

γm

φ

γc
ka + 1. (6)

Proof. We set dX̄
dt = 0 for X̄ = {n̄, m̄, c̄, ḡ, ē} in Equation (3) and solve for components of

vector X̄ in terms of ā. This yields the following expressions
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n̄ =
ā3(γaγgαmφka) + ā

(
ā2 + β2

a
)
γcγmγgγa

ā3(γaαmνkgφka) + (ā2 + β2
a)γcγmνsg

,

m̄ =
αm

γm

γaka

γc

ā2

(ā2 + β2
a)

,

c̄ =
γaka

γc

ā2

(ā2 + β2
a)

,

ḡ =
sg

γg
+

αm

γm

γakgφka

γcγg

ā3

(ā2 + β2
a)

,

ē =
se

γe
+

ā2(αeαmγaγgka)

ā3(γeαmβeγakgφka) + (ā2 + β2
a)γeγcγm(sgβe + γg)

.

(7)

Next, we solve for ā by substituting c̄ and m̄ into

dā
dt

= αc c̄− (γa ā + φm̄ā) = 0.

Simplifying yields

0 = ā

[
ā2(γaγcγm + kaφαmγa)− ā(αckaγaγm) + β2

aγaγcγm

]
, (8)

which has one solution
ā1 = 0, (9)

when

αc < 2βaγc
1
ka

√
αm

γm

φ

γc
ka + 1,

and three solutions

ā1 = 0,

ā2,3 =
αcγmka ±

√
γm
√

α2
c γmk2

a − 4β2
aγ2

c γm − 4αmβ2
aγcφka

2(γcγm + αmφka)
,

(10)

when

αc > 2βaγc
1
ka

√
αm

γm

φ

γc
ka + 1. (11)

Since {n̄, m̄, c̄, ḡ, ē} are positive when ā is positive, we obtain that a single equilibrium
solution called no-inflammation equilibrium exists when condition Equation (5) holds,

S1 = (0, 0, 0, 0,
sg

γg
,

se

γe
).

Conversely, three equilibria solutions exist when condition Equation (6) holds. They are S1
(as before) and

S2,3 = (n̄, m̄, ā, c̄, ḡ, ē)2,3

given by Equations (7) and (10) and called chronic inflammation equilibria. This concludes
our proof.

Proposition 2. The no-inflammation equilibrium S1 exists and is locally asymptotically stable for
all parameters.
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Proof. The Jacobian associated with system Equation (3) at equilibrium point
S = (n̄, ā, m̄, c̄, ḡ, ē) is

J(S) =



−νḡ 0 0 αc −νn̄ 0
νḡ −γa − φm̄ −φā 0 νn̄ 0
0 0 −γm αm 0 0

0 2γakaβ2
a

ā
(ā2 + β2

a)
2 0 −γc 0 0

0 kgφm̄ kgφā 0 −γg 0

0 0
αe

1 + βe ḡ
0 − αeβem̄

(1 + βe ḡ)2 −γe


. (12)

The corresponding characteristic equation at the no-inflammation equilibrium point

S1 = (n̄1, ā1, m̄1, c̄1, ḡ1, ē1) = (0, 0, 0, 0, sg/γg, se/γe)

is

det(J(S1)− λI6) = (λ + γe)(λ + γg)(λ + γc)(λ + γm)(λ + γa)(λ +
sgν

γg
) = 0,

with eigenvalues λ1 = −γa < 0, λ2 = −γc < 0, λ3 = −γe < 0, λ4 = −γg < 0,

λ5 = −γm < 0, and λ6 = −
sgν

γg
< 0. Therefore, the no-inflammation equilibrium is always

locally asymptotically stable.

Proposition 3. One of the chronic inflamation equolibria is always unstable and the other is locally
asymptotocally stable when condition (6) holds.

Proof. The characteristic equation for the chronic-inflammation equilibria Si, i ∈ {2, 3} is

det(J(Si)− λI6) = (λ + γe)(λ
5 + A1λ4 + A2λ3 + A3λ2 + A4λ + A5) = 0,

where

A1 = ḡiν + m̄iφ + γa + γc + γg + γm,

A2 = m̄iνφ(ḡi − kgn̄i) + ḡi(γa + γc + γg + γm)ν + (m̄iφ + γa)(γc + γg + γm) + γc(γg + γm) + γgγm,

A3 = m̄iνφ(ḡi − kgn̄i) + ḡi(γa + γc + γg + γm)ν + m̄iφ(γc + γg + γm) + γa(γc + γg + γm)

+ γc(γg + γm) + γgγm,

A4 = ḡim̄i(γcγg + γcγm + γgγm)νφ + m̄iγcγm(γgφ− kgνφn̄i) + ḡi(γaγc(γg + γm) + γmγg(γa + γc)νφ

+ γaγcγgγm −
β2

a
(āi + β2

a)
2 (2αmγa(ḡiν− kgn̄iν + γg)φ + ḡiγcγgm̄iνφ + ḡi(γcγm + γgγm)νφ

− γcγmkgm̄in̄iνφ + ḡi(γaγcγg + γaγcγm + γaγgγm + γcγgγm)ν + m̄iγcγgγmφ + γaγcγgγm),

A5 = ḡiγcγgγmν(m̄iφ + γa) + 2
āi ḡiβ

2
a

(β2
a + ā2

i )
2
(āiαmγgφ− αc)γaν.

(13)

By Routh-Hurwitz conditions, we have eigenvalues with negative real parts (and hence
local asymptotoc stability for S2,3) if and only if the Hurwitz matrices Hi for i = {1, . . . , 5}
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H1 =
[
A1
]
,

H2 =

[
A1 A3
1 A2

]
,

H3 =

A1 A3 A5
1 A2 A4
0 A1 A3

,

H4 =


A1 A3 A5 0
1 A2 A4 0
0 A1 A3 A5
0 1 A2 A4

,

H5 =


A1 A3 A5 0 0
1 A2 A4 0 0
0 A1 A3 A5 0
0 1 A2 A4 0
0 0 A1 A3 A5

,

(14)

have positive determinants. This simplifies to ∆1 = det(H1) = A1 > 0 which is always true,
∆2 = det(H2) = A1 A2 − A3 > 0, ∆3 = det(H3) = A3∆2 − A1(A1 A4 − A5) > 0, and ∆4 =
det(H4) = A4∆3 − A5(A1 A2

2 − A1 A4 − A2 A3 + A5) > 0, and ∆5 = det(H5) = A5∆4 > 0
which happens for ∆4 > 0 and

αc > āiαmγgφ +
(β2

a + ā2
i )

2

2ā2
i (m̄iφ + γa)β2

a

γcγmν

αmφ
. (15)

Solving Equation (14) is cumbersome, so we will present numerical results for the stability
of the chronic-inflammation states S2 and S3 from here on.

4. Numerical Results
4.1. Parameter Variability Between Disease Outcomes

Using the data fitting approach described above, we obtained good fits of model
Equation (3) to data from patients with mild disease (Figure 3A) and severe disease (Figure 3B).
In Table 2, we present the parameter estimates corresponding to the best fits. The neutrophil
apoptosis rate ν is higher in severe compared to mild cases, ν = 0.46/(anti-inflam × day)
compared to ν = 0.35/(anti-inflam × day), which implies that the change in neutrophil phe-
notype is disease status dependent. Similarly, neutrophil recruitment rate αc is larger in the
severe compared to the mild cases, αc = 4.28 neutrophils/(proinflamm × day) compared
to αc = 3.44 neutrophils/(pro-inflamm × day), respectively. By contrast, the rate at which
macrophages remove apoptotic neutrophils φ is lower in the severe compared to the mild
cases, φ = 3.3× 10−4 neutrophils/(macrophage× day) compared to φ = 4.1 × 10−3 neu-
trophils/(macrophage × day), respectively. The biggest difference between the two groups,
however, is in the recruitment of CD8 T-cells, with the severe patients’ recruitment rate being
six order of magnitude lower than the mild patients’ recruitment rate, αe = 1.6× 10−8 CD8
T-cells/(macrophage× day) compared to αe = 1.2× 10−2 CD8 T-cells/(macrophage × day),
respectively. We observe different long-term dynamics between mild and severe cases for total
neutrophils n(t) + a(t), proinflammatory mediator c(t) and macrophages m(t), with these
populations asymptotically reaching extinction (no-inflammation equilibrium state) in the
mild case and persisting at positive levels (chronic-equilibrium state) for severe case (see
Figure 4). By contrast, data fitting predicts that the equilibria values for CD8 T-cell and IL-10
populations settle close to the populations’ initial conditions (which correspond to the first
mild and severe CD8 T-cell and IL-10 clinical data points, respectively). Hence, as seen in the
data, the CD8 T-cell equilibrium value is 2.4-times higher in mild patients, ēm = 0.31× 109/L,
compared to severe patients, ēs = 0.13× 109/L. Conversely, as seen in the data, the IL-10
equilibrium value is 36% lower in mild patients ḡm = 3.9 pg/mL compared to the severe
patients, ḡs = 6.1 pg/mL (see Figure 4).



Appl. Sci. 2023, 13, 2409 10 of 21

Figure 4. Long-term dynamics. Dynamics of model Equation (3) over 100 days for parameters for
(A) mild and (B) severe COVID-19 infections.

4.2. Bifurcation Analysis

The stability analysis shows bistable behavior between the no-inflammation and
chronic-inflammation states when conditions Equations (11) and (14) hold. To determine
the parameter space where bistability exists and its relationship with the estimated mild
and severe parameters we constructed αc and φ bifurcation diagrams. In both diagrams,
we start with parameters and initial conditions estimated from severe cases and vary
αc and φ, respectively. Figure 5 shows that, for low neutrophil recruitment rates αc < 3.67,
only the no-inflammation equilibrium exists and is stable. This range includes the mild
case αc = 3.44 value (see Figure 5, green line). For larger neutrophil recruitment rates
αc > 3.67, we obtain bistability of the no-inflammation and chronic-inflammation equilibria.
The range includes the severe case αc = 4.28 value (see Figure 5, red line). The dynamical
transition happens at the bifurcation point αcritical

c = 3.67. These results suggest that when
starting with the severe outcome setup, we only need to lower neutrophil recruitment rates
to speedup the resolution of inflammation, independently of the other biological processes.

Figure 5. The αc bifurcation diagram. Stable (solid black curves) and unstable (dashed black curves)
population equilibria for varied αc for (A) total neutrophils n̄ + ā, (B) IL-10 ḡ, and (C) N8R (n̄ + ā)/ē.
The green and red lines are the αc values from the mild and severe cases, αm

c and αs
c.

Conversely, Figure 6 shows that, for low macrophage phagocytosis rates φ < 0.047, we
obtain bistability of the no-inflammation and chronic-inflammation equilibria. For higher
macrophage phagocytosis rates φ > 0.047 we obtain that only the no-inflammation equilib-
rium exists and is stable. The transition happens at the bifurcation point φcritical = 0.047.
Unlike the αc bifurcation diagram, however, we note that both the mild and severe φ values
are in the bistable region (see Figure 6, green and red lines) suggesting that the reso-
lution of inflammation seen in the mild case is dependent on other parameters and/or
initial conditions.
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Figure 6. The φ bifurcation diagram. Stable (solid black curves) and unstable (dashed black curves)
population equilibria for varied φ for (A) total neutrophils n̄ + ā, (B) IL-10 ḡ, and (C) N8R (n̄ + ā)/ē.
The green and red lines are the φ values from the mild and severe cases, φm and φs.

4.3. Basin of Attraction

We next determine the basins of attraction for the no-inflammation and chronic-
inflammation equilibrium states. For simplicity, we assumed that all parameters and initial
conditions are given in Tables 1 and 2 (severe case), fixed αc = αcritical

c = 3.67 and var-
ied activated neutrophils and anti-inflammatory mediators initial conditions (g0, n0) ∈
{0.1 < g0 < 1, 0 ≤ n0 ≤ 20}. Under these assumptions, we find a large basin of at-
traction for the chronic-inflammation equilibrium state S3 = (n̄3, ā3, m̄3, c̄3, ḡ3, ē3) where
n0 > 2 and g0 > 1.2 and a small basin of attraction for the no-inflammation equilibrium
state S1 = (n̄1, ā1, m̄1, c̄1, ḡ1, ē1) = (0, 0, 0, 0, sg/γg, se/γe) for small g0 and n0 values (see
Figure 7A). This means that for low initial anti-inflammatory markers, the inflammation is
resolved when few active neutrophils are recruited and inflammation persists otherwise.
We further investigate how the basin of attraction for the no-inflammation equilibrium S1
changes when we fix g0 = 0.1 pg/mL and vary both the initial activated neutrophils num-
ber 0 ≤ n0 ≤ 20 and the macrophage phagocytosis rate 10−5 < φ < 0.1. We find that for
high macrophage phagocytosis rate φ, the no-inflammation equilibrum state is an attracting
set for all 0 ≤ n0 ≤ 20, while for low macrophage phagocytosis rate φ the no-inflammation
equilibrium state is an attracting set only when the initial activated neutrophil level is small
(see Figure 7B).

Figure 7. Basin of attraction. Attracting asymptotic solutions n̄ + ā for (A) different initial condition
n0 and g0 (B) g0 = 0.1, different initial condition n0 and changing parameter φ. We fix αc = 3.67
neutrophils/(macrophage × day) and all other parameters are as in Tables 1 and 2 (severe case). Note
that g0 and φ are plotted on log scale.
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4.4. The Role of Tissue Damage on Immune Resolution

All the stability results presented above assumed that the tissue damage function
can be ignored by setting α = 0. To determine how relaxing this condition affects dy-
namics we investigate the short- and long-term behavior of total neutrophils n(t) + a(t)
and proinflammatory cytokines c(t) when we vary (i) the frequency of oscillations p ∈
{1, 10, 0.1}, (ii) the number of tissue damage cycles A ∈ {1, 10, 0.1}, and (iii) the mag-
nitude effect that tissue damage has on the proinflammatory cytokine recruitment rate
α ∈ {1, 10, 0.1}. We start with parameters and initial conditions in Tables 1 and 2 (severe
case), and φ = 0.046 < φcritical , which results in resolution of inflammation for the
baseline assumptions p = A = α = 1. We then increase or decrease one of the tissue
damage parameters {p, A, α} while leaving the other two unchanged. We find that the
frequency of oscillations p has no significant effect of the short- and long-term n(t) + a(t)
and c(t) dynamics (see Figure 8A). The number of tissue damage cycles A, however, has
a significant effect on the length of inflammation, with many rounds of tissue damage
resulting in prolonged inflammation which persists for longer than 100 days for A = 10
(see Figure 8B, red curves) and is resolved in 50 days for A = 1 (see Figure 8B, black curves).
The long-term dynamics, however, do not change with the no-inflammation equilibrium
state being reached regardless of A. Last, the magnitude of tissue damage, α, has a transient
effect of both n(t) + a(t) and c(t) dynamics. In particular, a large α = 10 leads to a large
transient increase in both total neutrophils and proinflammatory markers over the first
20 days (see Figure 8C, red curves), while a small α = 0.1 has a low overall effect (see
Figure 8C, blue curves). Interestingly, the transient effect is prolonged for low α and decays
faster for high α.

Figure 8. Dynamics for different f (t) functions. Dynamics of model Equation (3) over 100 days for
(A) p = 0.1 (blue line), p = 1 (black line), p = 10 (red line); (B) A = 0.1 (blue line), A = 1 (black line),
A = 10 (red line); and (C) α = 0.1 (blue line), α = 1 (black line), α = 10 (red line). The other
parameters are given in Table 1 and Table 2 (severe case) and φ = 0.047.
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4.5. Neutrophils-to-CD8 T-Cell Ratio

One marker commonly used for deciding disease severity is the nuetrophils-to-CD8
T-cell ratio, N8R [13,15]. In the context of COVID-19 pathogenesis, the reported N8R
median for mild cases is 9.0 (ranges 5.9–14.0) in [15], while the reported N8R median for
severe cases is 15.7 (IQR: 9.7–24.6) in [15] and 44.1 (range 39.8–49.4) in [13]. In our model,
the N8R ratio at time t is given by

N8R =
n(t) + a(t)

e(t)
. (16)

For mild cases, nuetrophils-to-CD8 T-cell ratio peaks 3.25 days after hospital admis-
sion to N8R = 13.1 and decays to zero in the long-run. By contrast, for severe cases,
the nuetrophils-to-CD8 T-cell ratio starts at N8R = 41 at the time of hospital admission and
settles at N8R = 38 in the long-run.

5. Discussion

In this paper, we developed a mathematical model of innate immunity following
SARS-CoV-2 infection that describes neutrophils recruitment into the lungs following
epithelial tissue damage and investigates their role in inducing disease resolution or in
enhancing disease pathogenesis. We studied the model analytically and numerically and
determined that it exhibits monostable and bistable kinetics, where the monstable state
corresponds to immune resolution and the bistable state corresponds to tradeoff between
immune resolution and chronic-inflammation. We fitted the model to immune marker data
from patients with mild and severe COVID-19 disease published in [61]. We estimated
several key parameters for each clinical outcome group and determined the immune-
specific differences between the groups. We examined the effect on the systems’ long-term
behavior of parameters and initial conditions and used the results to derive markers of
chronic-inflammation and immune resolution.

Diversity in clinical outcomes following SARS-CoV-2 infection is attributed to hetero-
geneity in immune responses who, in turn, are influenced by individuals’ age, ethnicity, sex
and the presence of comorbidities [71]. Delayed and ineffective innate immunity leads to
increased neutrophil recruitment in the blood, neutrophil infiltration into the lungs, changes
in neutrophil phenotype, and/or formation of neutrophil extracellular traps [3,12,72–74], all
of which have been associated with poor disease outcomes. To address the role of neutrophils
of different phenotypes, we modeled two neutrophil subpopulations, activated n(t) and
apoptotic a(t). Using the model, we examined the differences in total neutrophil levels at
hospitalization n0 + a0, the estimated neutrophil activation rate αc, and the estimated neu-
trophil apoptotosis rate ν when the model is fitted to immune population data from mild and
severe clinical outcomes. We found higher values for all three markers with initial neutrophils
having the biggest increase (2.3-times higher), compared to neutrophil activation (1.5-times
higher), and phenotype change (1.3-times higher) in severe cases compared to mild cases.
Data fitting indicated that the parameter space corresponding to severe disease outcomes is
associated with the bistable kinetics of our model, while the parameter space corresponding to
mild clinical outcome is associated with the monostable kinetics of our model (Figure 4). One
dimensional bifurcation diagrams with respect to neutrophil recruitment rate αc (Figure 5)
and two-dimensional bifurcation diagrams with respect to αc and initial activated neutrophils
n0 (Figure 7B) showed that lowering neutophil recruitment and/or the neutrophil activation
can lead to immune resolution. One way to accomplish that is by understanding how comor-
bidities or pre-existing conditions affect neutrophil functionality, recruitment, are inherent
dysregulation [75] as done in other diseases [12,76,77].

In our model, one way to control neutrophil activity is through recruitment of
macrophages m(t) which, in turn, enhance neutrophil apoptosis at rate φ. Data fitting
showed decreased neutrophil apoptosis rates (12.4-times lower) in severe compared to
mild cases. One dimensional bifurcation diagrams with respect to φ showed that increasing
macrophage induced neutophil apoptosis can lead to immune resolution (Figure 6).
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A common feature for severe COVID-19 clinical outcomes is the production of high
levels of proinflammatory cytokines (such as IL-6), which in our model were generically
combined under the cytokine population c. Paradoxically, IL-10, which is classified as an
anti-inflammatory cytokine, is also elevated in severe cases [61]. To determine its role on
overall immune dynamics, we considered an anti-inflammatory population g(t) in our
model, modeled its effect on neutrophil phenotype change and on lowering the recruitment
of CD8 T-cells, and fitted it to IL-10 data. We found that the magnitude of anti-inflammatory
population at hospital admission g0 is 1.5-times higher in severe compared to mild cases.
Using bifurcation analyses we investigated how changes in g0 affect the results. We found
that lowering g0 allows for immune resolution for a larger n0 parameter space (Figure 7A).
This suggests that IL-10 fails to suppress the inflammation in COVID-19, a result seen in
other inflammatory diseases [78,79].

An inefficient or delayed innate immune response to SARS-CoV-2 affects adaptive
immune response priming, which can lead to long-term immune conditions and or fatali-
ties [71]. In our model, we only consider the CD8 T-cell population e(t), which is primed by
antigen presenting cells (macrophages m(t) in our case) and inhibited by anti-inflammatory
mediators (IL-10 g(t) in our case). We fitted the model to CD8 T-cell data from mild and
severe cases, and found that the recruitment rate αe is extremely low in the severe cases
(six order of magnitude lower than in the mild cases). Using these results we calculated
the neutrophil-to-CD8 T-cell ratio, which has been used in other studies as a severity
marker [80–82]. We found that in mild cases N8R peak to N8R = 13.1, 3.25 days after
hospital admission and decay to zero in the long-run. By contrast, in severe cases the N8R
start at N8R = 41 at the time of hospital admission and settle at N8R = 38 in the long-run
(Figure 4). Interestingly, we predict that these different results are heavily determined by
the low recruitment rate of CD8 T-cells in severe cases, rather that differences in neutrophil
levels between the two clinical outcomes.

Our study has several limitations. First, we do not explicitly model SARS-CoV-2
dynamics and instead model the inflammatory response following SARS-CoV-2-induced
epithelial tissue damage. We use a functional response with oscillatory dynamics and
fixed frequency, magnitude, and number of oscillations to model tissue damage (Figure 1).
We investigated the dependence of the results on the changes in magnitude, frequency,
and number of oscillations. We found that increased cycles of tissue damage result in
prolonged inflammation, and higher tissue damage induces larger neutrophil recruitment
in the short term, but neither of these factors affect long-term kinetics (Figure 8). More
information is needed to determine whether this functional form is indicative of viral-
induced tissue damage and early (before hospital admission) virus data would be necessary
for a better description of virus-immune system feedback. Second, during data fitting, we
made a number of adhoc assumptions that can affect our estimates. Moreover, the fits to
limited data may lead to uncertainties in our estimates. To address that, we conducted
semirelative sensitivity analyses (Appendix A), which showed that αc and ν have strong
effect on neutrophil, macrophage and proinflammatory populations and weak effect on
the anti-inflammatory and CD8 T-cell populations (Figures A2 and A4) and φ and αe have
weak effect on all populations (Figures A1 and A3). Last, we considered a half-life of two
weeks for macrophages [63]. Several studies have suggested a much longer half-life of
3 weeks–4 months [83,84], which may affect transient (but not long-term) dynamics.

6. Conclusions

In conclusion, we developed a mathematical model of neutrophil dynamics follow-
ing infection and hospitalization with COVID-19. We fitted the model to the data and
determined conditions needed for immune resolution.
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Appendix A

We conduct a formal sensitivity analysis on the system of equations given in Equation (3).

We let
{

nφ, aφ, mφ, cφ, gφ, eφ

}
=

{
∂n
∂φ

,
∂a
∂φ

,
∂m
∂φ

,
∂c
∂φ

,
∂g
∂φ

,
∂e
∂φ

}
be the sensitivity curves with

respect to φ. The corresponding sensitivity equations with respect to parameter φ are

dnφ(t, φ)

dt
= αccφ − ν

(
gnφ + ngφ

)
,

daφ(t, φ)

dt
= ν

(
gnφ + ngφ

)
− γaaφ − φmaφ − φamφ −ma,

dmφ(t, φ)

dt
= αmcφ − γmmφ,

dcφ(t, φ)

dt
= 2aaφ

γakaβ2
a

(β2
a + a2)2 − γccφ,

dgφ(t, φ)

dt
= kg

(
φmaφ + φamφ + ma

)
− γggφ,

deφ(t, φ)

dt
= −αe

βemgφ

(1 + βeg)2 + αe
mφ

(1 + βeg)
− γeeφ

(A1)

Using the parameters in Tables 1 and 2 (severe case) we plotted the semirelative curves
given by (φnφ, φaφ, φmφ, φcφ, φgφ, φgφ) which showed low effect of φ on all populations
(see Figure A1).

Figure A1. Semi-relative sensitivity curves with respect to φ.
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We let
{

nαc , aαc , mαc , cαc , gαc , eαc

}
=

{
∂n
∂αc

,
∂a
∂αc

,
∂m
∂αc

,
∂c
∂αc

,
∂g
αc

,
∂e

∂αc

}
be the sensitivity

curves with respect to αc. The corresponding sensitivity equations with respect to the
parameter αc are

dnαc(t, αc)

dt
= αccαc + c− ν(gnαc + ngαc),

daαc(t, αc)

dt
= ν(gnαc + ngαc)− γaaαc − φ(maαc + amαc),

dmαc(t, αc)

dt
= αmcαc − γmmαc ,

dcαc(t, αc)

dt
= 2aaαc

γakaβ2
a

(β2
a + a2)2 − γccαc ,

dgαc(t, αc)

dt
= kgφ(maαc + amαc)− γggαc ,

deαc(t, αc)

dt
= −αe

βemgαc

(1 + βeg)2 + αe
mαc

(1 + βeg)
− γeeαc .

(A2)

Using the parameters in Tables 1 and 2 (severe case) we plotted the semirelative
curves given by (αcnαc , αcaαc , αcmαc , αccαc , αcgαc , αcgαc) which showed large effect of αc
on the neutrophil, macrophage and proinflammatory populations and weak effect on
anti-inflammatory and CD8 T-cell populations (see Figure A2).

Figure A2. Semirelative sensitivity curves with respect to αc.

We let
{

nαe , aαe , mαe , cαe , gαe , eαe

}
=

{
∂n
∂αe

,
∂a
∂αe

,
∂m
∂αe

,
∂c
∂αe

,
∂g
αe

,
∂e

∂αe

}
be the sensitivity

curves with respect to αe. The corresponding sensitivity equations with respect to the
parameter αe are
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dnαe(t, αe)

dt
= αccαe − ν(gnαe + ngαe),

daαe(t, αe)

dt
= ν(gnαe + ngαe)− γaaαe − φ(maαe + amαe),

dmαe(t, αe)

dt
= αmcαe − γmmαe ,

dcαe(t, αe)

dt
= 2aaαe

γakaβ2
a

(β2
a + a2)2 − γccαe ,

dgαe(t, αe)

dt
= kgφ(maαe + amαe)− γggαe ,

deαe(t, αe)

dt
= −αe

βemgαe

(1 + βeg)2 +
αemαe + m
(1 + βeg)

− γeeαe .

(A3)

Using the parameters in Tables 1 and 2 (severe case), we plotted the semirelative
curves given by (αenαe , αeaαe , αemαe , αecαe , αegαe , αegαe) which showed low effect of αe on all
populations (see Figure A3).

Figure A3. Semi-relative sensitivity curves with respect to αe.

We let
{

nν, aν, mν, cν, gν, eν

}
=

{
∂n
∂ν

,
∂a
∂ν

,
∂m
∂ν

,
∂c
∂ν

,
∂g
ν

,
∂e
∂ν

}
be the sensitivity curves

with respect to ν. The corresponding sensitivity equations with respect to the parameter ν are

dnν(t, ν)

dt
= αccν − νgnν − νngν − ng,

daν(t, ν)

dt
= νgnν + νngν + ng− γaaν − φ(maν + amν),

dmν(t, ν)

dt
= αmcν − γmmν,

dcν(t, ν)

dt
= 2aaν

γakaβ2
a

(β2
a + a2)2 − γccν

dgν(t, ν)

dt
= kgφ(maν + amν)− γggν,

deν(t, ν)

dt
= −αe

βemgν

(1 + βeg)2 + αe
mν

(1 + βeg)
− γeeν

(A4)

Using the parameters in Tables 1 and 2 (severe case), we plotted the semirelative curves
given by (νnν, νaν, νmν, νcν, νgν, νgν) which showed large effect of ν on the neutrophil,
macrophage, and proinflammatory populations and weak effect on anti-inflammatory and
CD8 T-cell populations (see Figure A4).
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Figure A4. Semirelative sensitivity curves with respect to ν.
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