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Abstract: The tapping-mode atomic force microscope (TM-AFM) is widely used today; however,
improper matching between the operating medium and the sampling time may lead to inaccurate
measurement results. The relationship between the damping coefficient and the steady state of
the TM-AFM microcantilever is investigated in this paper using multiple stability theory. Firstly,
the effects of changes in dimensionless linear damping coefficients and dimensionless piezoelectric
film damping coefficients on the motion stability of the system are examined using bifurcation
diagrams, phase trajectories, and domains of attraction. Subsequently, the degrees of effect of the
two damping coefficients on the stability of the system are compared. Finally, the bi-parametric
bifurcation characteristics of the system under a specific number of iterative cycles are investigated
using the bi-parametric bifurcation diagram in conjunction with the actual working conditions, and
the boundary conditions for the transition of the system’s motion from an unstable state to a stable
state are obtained. The results of the study show that to ensure the accuracy and reliability of the
individual measurement data in 500 iteration cycles, the dimensionless linear damping coefficient
must be greater than 0.01014. Our results will provide valuable references for TM-AFM measurement
media selection, improving TM-AFM imaging quality, measurement accuracy and maneuverability,
and TM-AFM troubleshooting.

Keywords: atomic force microscope; microcantilever beam; damping coefficient; multiple stability;
dynamic parameter matching

1. Introduction

Atomic force microscopy (AFM) is widely used to image the surface morphology of
polymers, ceramics, glass, and biological cells [1–3]. It has three common operation modes:
contact, non-contact, and tapping [4–6]. The core component of AFM is a microcantilever
beam [7]. The tapping mode is preferred for experiments involving biological samples in
liquids. The TM-AFM is the most widely used atomic force microscope [8–10].

The accuracy of TM-AFM is limited to the angstrom level due to various factors [11,12].
Mathematical modeling can account for these factors as dynamic parameters in the system.
The proper matching of dynamic parameters is important to avoid complex dynamics and
long steady-state times.

In the past 30 years, researchers have conducted extensive research on the dynamic
characteristics of the TM-AFM microcantilever beam system from various perspectives.
Based on the JKR (Johnson–Kendall–Roberts) contact model, Berg et al. [13] proposed
an interaction model that considers the adhesion effect between the tip and the tested
sample. Water et al. [14] analyzed a special mathematical map that exhibits square root
singularities, which directly leads to an infinite series period-doubling bifurcation in the
system. Roman et al. [15,16] discussed the three-dimensional characteristic modes of
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both tip and tuning fork tips in TM-AFM microcantilever beams, and summarized their
interaction with samples as well as their nonlinear dynamics when moving in liquid
environments. Kiracofe et al. [17] measured the vibration of a TM-AFM microcantilever
beam in air and water using a scanning laser Doppler vibrometer (Polytec MSA-400 Micro
System Analyzer from Polytec Gmbh, Waldbronn, Germany.)

Gmbh, Waldbronn, Germany. Wei Zheng et al. [18–20], based on the JKR contact model,
provided energy loading and unloading curves under tip–sample interaction conditions to
study energy dissipation caused by adhesion, plastic deformation, liquid bridge formation,
and air-damping effects. However, the effect of changes in the damping coefficient on the
steady-state behavior of the TM-AFM cantilever has not been analyzed from a multiple
stability perspective.

The purpose of this paper is to investigate the impact of the damping coefficient on
the steady-state behavior of a TM-AFM microcantilever beam through extensive numerical
simulations. We also aim to uncover the underlying mechanism by utilizing various
stability-related theories and methods. Our objective is to identify the optimal range for the
damping coefficient, which is a crucial dynamic parameter during TM-AFM motion. This
will serve as a valuable reference for improving imaging quality, measurement accuracy,
operability, and troubleshooting potential faults associated with the TM-AFM system.

This paper is organized as follows: Section 2 introduces the mechanical model and
motion of the TM-AFM microcantilever beam system. Section 3 analyzes the effect of linear
damping coefficients on the motion stability of the system. Section 4 analyzes the effect of
the pressure film damping coefficient on the stability of the system and compares it with
the effect of the linear damping coefficient. Section 5 analyzes the effect of the coupled
action of the dual damping parameters on the stability of the system and determines the
boundary conditions for the transition of the system’s motion from an unstable to a stable
state. Finally, Section 6 discusses the results and summarizes the whole paper.

2. The Physical Model and Its Dynamic Equations

The working principle of TM-AFM is illustrated in Figure 1. The physical model of the
microcantilever beam system is commonly represented as a spring-mass-damping system,
as depicted in Figure 1b. Meanwhile, its equation of motion can be expressed as [21,22]

m
..
x + c1

.
x + cs

.
x + k1x + k2x3 = FvdM(z) + FCas(z) + f cos ωt, (1)

where x,
.
x, and

..
x denote the displacement, velocity, and acceleration of the microcantilever

beam in units of m, m/s, and m/s2, respectively. During motion, apart from external
excitation f cosωt, the microcantilever beam system is also affected by van der Waals force
FvdM, linear spring force, nonlinear spring force (compensating for the linear spring force,
equivalent stiffness is expressed in k2), linear damping force, extruded film damping force
(compensating for the linear damping force), and Casimir force FCas [21,23–25]. z denotes
the distance from the tip of the microcantilever beam to the surface of the sample to be mea-
sured, assuming that the distance between the tip samples when the microcantilever beam
is at rest is l0, then z = l0 + x(t). To facilitate the study of the dynamic characteristics of
the cantilever beam, we introduce dimensionless state space Equation (2) for the cantilever
beam system.{ .

x = y
.
y = −ry − bx − hx3 + e

(a+x)8 − d
(a+x)2 −

p
(a+x)3 y + β

(a+x)4 + g cos(Ωτ).
(2)

The dimensionless displacement and velocity are represented by x and y, respectively.
The dimensionless linear damping coefficient is denoted as r, while b and h represent di-
mensionless linear and nonlinear stiffness, respectively. The strength of the dimensionless
Hamaker repulsion potential is represented by e, and the strength of the dimensionless
Hamaker attraction potential is represented by d. The dimensionless Casimir force strength
is represented by β. The damping coefficient of the extruded film is represented by p in a
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dimensionless form. The amplitude of external excitation is represented by g in a dimen-
sionless form. The frequency ratio is represented by Ω (Ω = ω/ωn), where Ω is the external
excitation frequency and ωn is the natural vibration frequency of the microcantilever beam
system. The equilibrium distance between the tip of the microcantilever beam and the
surface of the measured sample under a static state is represented by a.
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Figure 1. The schematic diagrams of the TM-AFM: (a) microcantilever schematic diagram; (b) physical
model of the tip represented by a mass-spring-damper system.

Since, in this paper, we mainly study the effect of damping (including equivalent linear
damping and extruded air-film damping) on the motion stability of the TM-AFM microcan-
tilever beam system, we only explain the derivation process of the motion parameters r
and p here.

In general, the linear damping coefficient c of the spring oscillator can be obtained by
the measured method or the finite element integration method, but due to the tiny size
of the microcantilever beam, it is difficult to obtain the linear damping coefficient c of the
microcantilever beam by the measured method. Therefore, the finite element integration
method is used to obtain the linear damping coefficient c of the microcantilever beam of
the continuum microcantilever beam of the first-order mode of the formation function as
follows [7,18].

φ(y1) = cos β1 − cosh β1y1 + r1(sin β1y1 − sinhβ1y1), (3)

where y1 denotes the distance from the reference point on the axial beam to the fixed end of
the left end of the microcantilever beam, y1max = l, l denotes the length of the microcantilever
beam, β1 = π

l , r1 = sin β1l−sinhβ1l
cos β1l+cosh β1l . Let the relative displacement of the microcantilever

beam concerning the base at the left end be x1(y1,t), the damping coefficient per unit length
of the microcantilever beam be c0, and the energy dissipated by the simplified spring
oscillator in one cycle of motion be equal to the energy loss in one cycle of motion of the
continuum microcantilever beam, i.e.,∫ l

0

∫ φ(y1)E

−φ(y1)E
c0

∂x1(y1, t)
∂t

dx1dy1 =
∫ φ(l)E

−φ(l)E
c1

∂x1(l, t)
∂t

dx1, (4)

the equivalent linear damping of the spring oscillator can be found to be

c =
c0l

φ2(l)
. (5)
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The relationship between the quality factor of the spring-loaded vibrator system and the
equivalent linear damping is given by

Q =
mωn

c
, (6)

after the dimensionless process, the dimensionless linear damping coefficient is

r =
1
Q

. (7)

When the tip of the microcantilever beam is close to the surface of the sample to be
measured, the vibration of the tip leads to the existence of radial and axial relative motion
between the tip and the sample to be measured, x2 and y2; it is necessary to take into
account the tip and the sample to be measured between the extrusion of the gas film on
the microcantilever beam system of the damping force. The microcantilever beam tip is
equivalent to the spherical surface; at this time, it is assumed that only the microcantilever
beam tip is subjected to the extrusion of the film force, and the rest of the microcantilever
beam of the medium is regarded as an ideal fluid, as shown in Figure 2.
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micro cantilever beam system.

The squeezing number τc determines the compressibility of the air film, which in the
TM-AFM microcantilever beam system can be expressed as [26]

τc =
12µe f f ωl2

s

Paz2 , (8)

where µeff is the effective medium gas viscosity coefficient, ls is defined as the characteristic
length of the moving object in the flow field, where the characteristic length ls is approxi-
mately equal to the diameter of the tip-equivalent sphere, Pa is the ambient pressure, and
Pa is related to the kinetic viscosity η and the Knudsen number kn as follows [27]:

µe f f =
η

1 + 9.638k1.159
n

, (9)

and the squeezing membrane force on the tip needs to satisfy the nonlinear Reynolds
equation [28]:

∂

∂y2
(z3P

∂P
∂y2

) +
∂

∂x2
(z3P

∂P
∂x2

) = 12µe f f
∂(P z)

∂t
, (10)

P is the pressure distribution on the tip surface, P = Pa + ∆P, and ∆P is the bias pressure
caused by squeezing the air film.
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The pressure gradient upward of the negligible cantilever beam, Equation (10) can be
simplified to obtain

∂2P
∂x2

2
=

12µe f f

z3
∂z
∂t

(11)

Integrate Equation (11) in the direction of the radius of the sphere and introduce the
boundary conditions: x = ±R, P = Pa; x = 0. This yields the bias pressure caused by
squeezing the gas film ∆P

∆P = −
6µe f f

z3 (R2 − z2)
dz
dt

. (12)

Then, integrating Equation (12) along the sphere yields the resistance of the extruded air
film at the tip of the microcantilever beam as

Fs =
∫ 2R

0

∫ R

−R
∆Pdx2dy2 = −

16R4µe f f

z3
dz
dt

, (13)

which yields the equivalent extruded membrane damping coefficient

cs =
16R4µe f f

z3 . (14)

In the dimensionless process, the equilibrium distance parameters lb = (3/2)(2D)1/3,
D = BR/(6k1) , B is defined to denote the Hamaker attraction potential constants, and
finally, we obtain the dimensionless extruded film damping coefficient

p =
16µe f f R7

mωnl3
b

. (15)

The dynamic parameters of the system are fixed as follows: a = 1.6, b = 0.05, h = 0.35,
d = 0.1481, e = 0.0001, β = 0.002, g = 0.2, Ω = 1. In the following work, except for the change
of parameters r and p, the other parameters in Equation (2) remain unchanged. Please
note that the detailed derivation process of the dimensionless state-space equation and the
selection process of parameters are shown in references [21,22]. To avoid repetition, they
are not repeated here.

3. Effect of Linear Damping on System Stability

From the analysis in Section 1, we know that the TM-AFM microcantilever beam
system is affected by both linear damping force and squeeze film damping force during
motion. To analyze in detail the degree of effect of the two kinds of damping forces on the
motion stability of the system, in Sections 3 and 4, we temporarily weaken the physical
properties of the system to discuss its mathematical properties, and adopt fixing one kind
of damping force and varying the other to discuss the two kinds of forces separately, and in
this section, we make p = 0.006.

3.1. No Dimensional Damping Coefficient Changes

Equation (2) is an iterative equation. We introduce the concept of the number of
iteration cycles M here, which represents the time it takes for the system to transition from
a resting state to an investigative state. When given that M = 500 iteration cycles and the
initial values (x0, y0) = (0, 0), with r equal to 0.001, 0.003, and 0.005, respectively, Figure 2
shows the phase trajectory diagrams and Poincaré cross-sections of system (2).

After analyzing Figure 3, it can be observed that for a given cycle number M = 500,
the motion stability of system (2) gradually increases with an increase in the damping
coefficient. It is worth noting that even though the error during the cycle in the phase
trajectory diagram of system (2) is already tiny when r equals 0.003, which cannot be
identified solely based on the phase trajectory diagram and requires reliance on the Poincaré
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cross-section, for micro- and nano-measurements using TM-AFM, this tiny error will be
amplified by the optical lever principle and detected by the photoelectric displacement
sensor, resulting in increased measurement errors.
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Figure 3. Phase trajectories and Poincaré cross sections of system (2) with different r values:
(a,d) r = 0.001, system (2) exhibits an extremely unstable state of motion; (b,e) r = 0.003, system
(2) shows a motion state of period 19, and its stability is improved; (c,f) r = 0.005, the motion state of
system (2) is stable and the motion is period 1.

To further analyze the evolution law of system (2)’s stability as the damping coefficient
changes, with r being taken as the independent variable, Figure 4 shows the bifurcation
diagram of system (2) when r ∈ (0, 0.01).
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It can also be observed from Figure 4 that as r gradually increases, the number of
bifurcations in the bifurcation diagram decreases gradually and consequently enhances the
motion stability of system (2).
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The iterative cycle is repeated 500 times, with the initial value point set as
(x0, y0) = (0.0), r ranging from 0.001 to 0.008 with a step size of 0.001. The attractive
domains of system (2) in the x ∈ (−0.5, 0.5), y ∈ (−0.5, 0.5) space as shown in Figure 5.
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When r = 0.005, although the initial value point is located in the suction basin of period
1 as shown in Figure 5e, the space occupied by the suction basin of period 1 is not large,
and there are several ribbon-like quasi-periodic suction basins outside the suction basin
of period 1; therefore, system (2) has relatively poor anti-interference ability. Additionally,
considering that the variation in r between Figure 5a–h is 0.001, there is a very fast evolution
speed of the attraction domain in space from Figure 5a–e, resulting in obvious changes in
the image of the attraction domain; however, from Figure 5f–h, there is a slow evolution
speed for the attraction domain in space and almost no change in shape or area for the
central part of the attraction basin during period 1. The speed at which the suction basin
nears its initial value point evolves and can also be used to evaluate system stability: faster
evolution indicates a higher likelihood for changes in where this initial value point lies
within its corresponding suction basin and thus suggests an unstable motion state for this
system; conversely, slower evolution rates indicate greater stability for both their respective
suction basins and the corresponding system motion states.

3.2. The Number of Iteration Cycles Changes

The analysis results in Section 3.1 are obtained on the premise that the number of
iteration cycles is fixed; that is, the long-term properties of the motion characteristics of
system (2) are not considered. However, the long-term nature and behavior of a motor
system are important components of system stability. It is meaningless to discuss the
stability of the system without considering the time scale. In this section, we will analyze
the number of iterative cycles, that is, the relationship between the motion time and the
motion stability of system (2), in combination with the conclusion of the motion stability of
system (2) above.

When the number of iteration cycles is 300 and r takes values of 0.006, 0.007, and
0.009, respectively, the attraction domains are shown in Figure 6a–c. When the number of
iteration cycles is 1000 and r is equal to 0.003 and 0.004, respectively, the attraction domains
are shown in Figure 6d,e.
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The number of iteration cycles has a direct relationship with the motion stability of
system (2), as shown in Figure 6; the more iteration cycles, the closer system (2) is to a
stable state; conversely, the fewer the number of iteration cycles, the worse the stability of
system (2).
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According to Figure 5, as system (2) approaches a stable state, the rate of evolution
in its attraction region slows down; whereas according to Lyapunov stability correlation
theory, under certain parameter conditions, the smaller the Lyapunov exponents of system
(2), the more stable it becomes. By referring to the M-Lyapunov exponents diagram and
Poincaré cross-section, we can determine the number of iteration cycles required for system
(2) to reach a steady state given these parameter conditions.

Figure 5 has already shown that when M ≥ 500 and r ≥ 0.006, system (2) is in a stable
state. Now, let us take r = 0.001 as an example to determine the number of iteration cycles
M required for system (2) to become stable, as shown in Figure 7.

Based on the analysis in this chapter, we conclude that when fixing p = 0.006, a low
linear damping coefficient will result in the system taking longer to reach stability, while a
high linear damping coefficient allows the system to enter the steady state relatively faster.
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Figure 7. When r = 0.001, the M-Lyapunov exponents diagram and Poincaré cross-section diagrams
of system (2): (a) the M-Lyapunov exponents diagram, λi (i = 1, 2, 3) denote Lyapunov exponents,
indicated by blue, red, and yellow lines, respectively, and λ3 is constant equal to 0; at points (b,c),
respectively, are equivalent to the Poincaré cross-section diagrams at 4000 and 4500, indicating that
system (2) remains unstable; (d) the Poincaré cross-section diagram is observed at M = 5000, the
motion state of the system stability.

4. Effect of Extrusion Film Damping on System Stability

In Section 3, we found that system (2) reaches a steady state when p = 0.006, M = 500,
and r ≥ 0.006. In this section, we fix the linear damping coefficient r = 0.008 and analyze
its effect on the motion stability of system (2) by varying the dimensionless piezoelectric
membrane damping coefficient p. Figure 8 shows the bifurcation diagram of system (2)
when p ∈ (0, 0.01).
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Figure 8. p ∈ (0, 0.01), bifurcation diagram of system (2).
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Comparing Figures 4 and 8, Figure 8 seems to contain a ring surface time-period
bifurcation, and the appearance of such bifurcation characteristics is often accompanied by
a change in the system kinematic characteristics, i.e., the squeezed membrane damping
force may affect not only the stability of the system but also the kinematic characteristics of
system (2). To further determine the type of bifurcation, the number of iterative cycles M
was increased to 1000, and the phase trajectories of system (2) are plotted when M is equal
to 500 and 1000, respectively, and p = 0.001 to analyze whether the dimensionless squeezed
membrane damping coefficient p affects the dynamics of the system, as shown in Figure 9.
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Figure 9. Bifurcation diagram and phase trajectories of system (2): (a) bifurcation diagram of system
(2) for M = 1000, p ∈ (0, 0.01); (b) phase trajectory of system (2) for M = 500, p = 0.001; (c) phase
trajectory of system (2) for M = 1000, p = 0.001.

Comparing Figures 8 and 9a, it can be seen that when the number of iterative loops is
increased, the “multiplicative bifurcation point” is shifted to the left significantly, and it
is obvious that if the parameter p affects the dynamics of the system, the position of the
“multiplicative bifurcation point” will not be affected by the number of iterative loops.
Therefore, the cyclic surface multiplicative bifurcation is not included in Figure 8. By
comparing Figures 9b and 9c, the above conclusion can also be confirmed.

In summary, piezo membrane damping, like equivalent linear damping, does not
affect the final dynamics of system (2), and the low piezo membrane damping coefficients
will likewise result in the system taking longer to stabilize.

Furthermore, in Figure 4’s bifurcation diagram, the maximum span of the vertical
coordinate is 0.215, while in Figure 8, the maximum span of the vertical coordinate is
0.00138, i.e., the maximum span of the longitudinal coordinate in Figure 4 is 155.8 times the
maximum span of the longitudinal coordinate in Figure 8, which is the same conclusion
as that obtained by the energy dissipation method. That is, we prove the corresponding
conclusion of the energy dissipation theory with the multiple stability theory.

5. Effect of the Coupled Action of Double Damping Parameters on the Stability of
the System

The analytical process in Sections 3 and 4 weakens the physical properties of damping,
but in real working conditions, the equivalent linear damping and pressure film damping
are coupled with each other, i.e., the change of one parameter is accompanied by the change
of the other parameter, so in this section, we analyze the effect of the coupling effect of the
dual damping parameters on the stability of the system.

By associating Equations (6), (7) and (15) and introducing dimensionless quantities, the
relationship between the dimensionless linear damping coefficient r and the dimensionless
piezoelectric membrane damping coefficient p is obtained as

p = r·
16µe f f R7

l3
b

, (16)
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and from Equation (16), r is positively correlated with p. Under the premise that the material
and structure of the microcantilever beam are fixed, R and lb are constant, but when r is
changed, i.e., the medium changes, the effective medium gas–viscosity coefficient µeff will
likewise change, so r is nonlinearly related to p. Combining the relevant experimental data
in references [21,22], we introduce here the quadratic nonlinear fitting relationship curves
L1 and L2 for p and r,

L1 : p = −0.98r2 + 0.198r, L2 : p = 0.79r2 + 0.022r. (17)

The two-parameter bifurcation diagram in the parameter plane of system (2) r × p
when r ∈ (0, 0.1), p ∈ (0, 0.01), and the number of iterative cycles M = 500 is shown in
Figure 10.
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In Figure 10, the black dashed line p = 0.006 is equivalent to Figure 4, and the blue
dashed line r = 0.008 is equivalent to Figure 8. Meanwhile, we add the fitting curves L1
and L2 as auxiliary lines in Figure 10. It is worth noting that the magnitude of the effective
medium gas–viscosity coefficient µeff is not only related to the medium, but the air pressure
and temperature also make it change, and at the same time, due to the coupling relationship
between the dimensionless linear damping coefficient r and the dimensionless piezoelectric
film damping coefficient p, in Figure 10, system (2) has real physical significance only in
the region wrapped by L1 and L2, while region A has actual physical significance.

To further analyze the coupling relationship between r and p, and to find the boundary
conditions for system (2) to reach a steady state of motion under the condition of a fixed
number of iterative loops, Figure 10 is locally enlarged (the part of the black dashed box in
Figure 10), i.e., we obtain the two-parameter bifurcation diagram of system (2) in the r × p
parameter plane at r ∈ (0, 0.02), and p ∈ (0, 0.002), which is shown in Figure 11a.

In Figure 11a, we can see the bifurcation characteristics of system (2) in the r × p
parameter plane, and at the same time, we obtain the boundary conditions for the transition
of the motion state of system (2) from an unstable to a stable state under the condition of
M = 500, i.e., the intersection point Q of the period 2 region in the positive direction and L2,
at which time, the coordinate of the point Q is (r, p) = (0.01014, 0.00031).

In addition, Figure 11a is further enlarged to obtain the two-parameter bifurcation
diagram of system (2) in the r × p parameter plane for r ∈ (0, 0.006) and p ∈ (0, 0.0001) as
shown in Figure 11b, and in Figure 11b, we can observe that there are obvious hierarchical,
branching repetitive, and scaling properties in the two-parameter inverse bifurcation
diagram. At the same time, we can observe the trajectories of the system evolving from an
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unstable to a stable state, and observing these trajectories, can help us to understand how
system (2) searches for stability in the parameter space.
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6. Discussion and Conclusions

Combined with the physical significance of system (2), the first-order resonant angular
frequency of a microcantilever beam is usually (1000~20,000) Hz, and the corresponding
vibration period is (0.0003~0.0060) s, which depends on whether or not there is a coating or
using the coating material that is not used. According to the analysis in Section 3, we know
that when p = 0.006, the motion state of system (2) can be stabilized in (0.15~3) s (M = 500)
if r = 0.006; if r = 0.001, it takes (1.5~30) s (M = 5000) to be stabilized. When measuring the
surface shape of an object under test, the TM-AFM needs to measure thousands of feature
points. However, if measuring each feature point requires several seconds or even tens
of seconds of stabilization time to ensure accurate and reliable measurement data, such
inefficiency may not meet the requirements of practical working conditions.

Finally, we can conclude the following by combining the coupling nature of the
double damping parameters under the actual working conditions and the found boundary
conditions that to ensure the accuracy and reliability of the single measurement data in
500 iteration cycles, the value of the dimensionless linear damping coefficient r must be
greater than 0.01014.

The paper studies the effect of the damping coefficient on the motion characteristics
of the TM-AFM microcantilever beam system using multiple stability theory. By keeping
the number of iteration periods constant and varying the dimensionless linear damping
coefficient and the dimensionless piezoelectric membrane damping coefficient, we found
that increasing the dimensionless linear damping coefficient or increasing the dimensionless
piezoelectric membrane damping coefficient can shorten the time required for the system
to transition from an unsteady to a stable state under the given parameter conditions. In
addition, we obtained the boundary conditions for the transition of the system from the
unstable state to the stable state by using the bifurcation diagram of the dual damping
parameter coupling. Finally, after considering the actual operating conditions of the TM-
AFM, we conclude that the dimensionless damping coefficient of the operating medium of
the TM-AFM microcantilever beam must be greater than 0.01014 to ensure the accuracy
and reliability of the measured data in 500 iteration cycles. The research findings presented
in this paper provide valuable references for media selection in TM-AFM measurements,
enhancing imaging quality, measurement accuracy, and troubleshooting.

Based on Equation (2), it is evident that there are numerous dynamic parameters
present in system (2). The multiple stability theory discussed in this paper can be effectively
used to analyze the impact of these dynamic parameters on the distinctive properties of
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system motion. In the future, we intend to conduct additional research to explore these
topics in greater detail.
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