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Abstract: Ultrafast laser physics continues to advance at a rapid pace, driven primarily by the
development of more powerful and sophisticated diode-pumping sources, the development of new
laser materials, and new laser and amplification approaches such as optical parametric chirped-pulse
amplification. The rapid development of high average power cryogenic laser sources seems likely to
play a crucial role in realizing the long-sought goal of powerful ultrafast sources that offer concomitant
high peak and average powers. In this paper, we review the optical, thermal, thermo-optic and
laser parameters important to cryogenic laser technology, recently achieved laser and laser materials
progress, the progression of cryogenic laser technology, discuss the importance of cryogenic laser
technology in ultrafast laser science, and what advances are likely to be achieved in the near-future.

Keywords: ultrafast lasers; diode-pumped; cryogenic lasers; high-peak-power lasers;
high-average-power lasers

1. Introduction and History of Cryogenic Lasers

The history of the development of cryogenic lasers may roughly be divided into two distinct eras,
which we refer to as the historical and the modern. The historical era covers the early use of cryogenic
technology to effect the demonstration of new solid-state lasers, and was focused on the spectroscopic
and lasing properties using flashlamp optical pumping, while in the modern era, the advent of diode
optical pumping and the increased understanding of the physical properties of laser crystals has led
to a comprehensive approach to the development of cryogenic lasers. The comprehensive approach
embraces not just the spectroscopic and lasing properties, but includes all of the physical properties
needed to successfully design and demonstrate advanced cryogenic laser devices. Such properties
include mechanical, thermal, thermo-optic and optical properties such as the index of refraction as
well as the crystal dispersion properties. Other defining features of the modern era are the maturation
of open and closed cycle cryogenic cooling methods and the rapid development and availability of
powerful diode laser sources for pumping solid-state lasers.

In 1991, the first demonstration of a liquid nitrogen (LN2) cooled diode-pumped Yb:YAG laser
was reported by Lacovara et al. [1], and we rather arbitrarily define the year of publication of that
paper as the start of the modern era, because it combined cryogenic-cooling with a diode-pumped
Yb:YAG laser crystal. Some may argue or imply that the development of cryogenic lasers in the modern
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era is really nothing new, simply because cryogenically-cooled lasers were first demonstrated in the
early years of the development of solid-state lasers and there exist a number of early cryogenic laser
patents. Such arguments however ignore the reality that during the historical period all cryogenic
lasers were flashlamp-pumped with concomitant large heat generation in the solid-state laser crystal,
significantly reducing the effectiveness of cryogenic-cooling. In addition, the modern era has as its
goal the demonstration of cryogenic laser technology whose average power scaling is well-understood
and is firmly grounded in the detailed measured properties of a number of key laser host physical
parameters. The long-sought goal of laser physicists, engineers, and designers to produce near
diffraction-limited output lasers while operating at very high average powers and efficiency, and
whose output parameters are invariant to average power, is now being realized. It is important to
emphasize and acknowledge the countless individual contributors whom have made this goal a reality,
spanning both the historical and modern periods of together almost seven decades. It is gratifying
that the promise of cryogenic lasers, articulated in an article one decade ago [2] and another 8 years
ago [3], is beginning to be realized. Yet it is also exciting to contemplate that we have only just begun
to realize the vast potential of cryogenic lasers, and that could not be more true than in the nascent
field of cryogenic ultrafast lasers.

This article discusses cryogenic laser technology, with a particular emphasis on the application of
that technology to the development of ultrafast lasers. The intersection of cryogenic and ultrafast laser
technologies will undoubtedly provide powerful new laser sources capable of producing extraordinary
associative peak and average powers in the near future. We refer to these new lasers as HAPP (High
Average and Peak Power) lasers.

1.1. The Historical Era

Good reviews of the use of cryogenic-cooling in the development of solid-state lasers have been
presented by members of our group [2], the Massachusetts Institute of Technology (MIT) Lincoln
Laboratory laser group [3], and by the laser group at Q-Peak [4]. Of particular note are the works of
Keyes and Quist [5] whom used a GaAs diode laser to pump a U3+:CaF2 laser (the first diode-pumped
laser), wherein both the diode laser and the laser crystal were cryogenically-cooled, the pioneering
Ti:Al2O3 work of Moulton [6] which demonstrated increased power output using a liquid nitrogen
cooled (at 77 K) crystal, an effect that was attributed to the increased Al2O3 thermal conductivity,
and the development of a number of tunable laser materials by Moulton [7–10]. The pioneering
work of Schulz and Henion [11] whom demonstrated 350 W of output power from a liquid-nitrogen
cooled Ti:Al2O3 crystal, over 200 times what could be obtained at room temperature, is particularly
noteworthy since those researchers were the first to our knowledge to carefully examine the crucial role
materials properties such as thermal conductivity, thermal expansion coefficient, and the thermo-optic
coefficient (dn/dT) play in substantially reducing thermal aberrations and stresses as temperature is
lowered from room temperature to 77 K in sapphire. An evaluation of the data available at the time,
summarized in Table I of [11], revealed that the thermal conductivity of Al2O3 increased from 0.33 to
10 W/(cm¨K) as temperature was lowered from 300 K to 77 K, a greater than 30 times improvement.
The thermo-optic coefficient decreased from 12.8 ˆ 10´6/K at 300 K to 1.9 ˆ 10´6/K, a factor of 6.7,
while the thermal expansion coefficient decreased from 5 ˆ 10´6/K at 300 K to 0.34 ˆ 10´6/K at 77 K,
a factor of 14.7. In cooling the Ti:Al2O3 laser to 77 K, the authors were able to demonstrate about a
200 times decrease in the thermo-optical refractive index changes. Other early references of note include
the demonstration of a tunable phonon-terminated Ni2+:MgF2 laser by Johnson, Guggenheim, and
Thomas [12] at Bell Telephone Laboratories in 1963, and the development of a compact liquid nitrogen
cooled system that produced CW emission from Nd3+:YAG laser crystal as well as an ABC-YAG laser
crystal [13]. In Europe, an early cryogenic Ho:YAG laser was demonstrated in 1975; an output of 50 W
was achieved with liquid nitrogen cooling [14].

In addition to laser demonstrations, cryogenic cooling has previously been used in spectroscopic
solid-state laser crystal investigations to help elucidate the physics, energy level structure, and
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determine energy level assignments, for many rare-earth and transition metal activator ions. The laser
crystal books by Kaminskii [15,16] are particularly noteworthy, documenting many of the Stark level
structures and energy assignments in use today at room temperature, 77 K, and in some cases down to
liquid He temperature at about 4 K. Those publications are very useful resources that include historical
spectroscopic and laser investigations from around the world, including many from Russia and former
Soviet Republics whose many contributions were not fully acknowledged until after the dissolution of
the Soviet Union in 1991.

Early cryogenic laser patents were issued in the United States to Bowness [17] for a liquid nitrogen
cooled ruby laser, and to McMahon [18] for a cryogenically-cooled ruby laser. Other early cryogenic
work in the United States was performed at Sanders Associates (now BAE Systems, Inc., Arlington,
VA, USA), in Nashua, NH.

1.2. The Modern Era

The genesis of our cryogenic laser program was the publication of the Schulz and Henion paper
in 1991 [11]. Starting in 1995, we investigated whether or not the favorable laser and thermal effects
exhibited by Ti:Al2O3 might not be operative in other laser crystals as well, and in particular for
the well-developed laser material Y3Al5O12. After a thorough literature search, we found enough
high quality previously published thermal conductivity and thermal expansion coefficient data to
begin to at first examine thermal and stress induced changes in undoped YAG, with a view towards
understanding the detailed ramifications of lowering the temperature from room temperature to 77 K.
That work led to the award and completion of a Phase I Small Business Innovation Research (SBIR)
contract in 1997, with the Final Report published in 1998 [19]. Work completed prior to and during that
contract led to three publications [20–22] during 1997 and 1998 in which the average power scaling
behavior and the reduction of thermally-induced aberrations were thoroughly explored and quantified
for the first time using a unified theoretical framework. In [20], we were the first group to use a finite
element thermal and stress analysis code with continuously variable materials parameters (thermal
conductivity, thermal expansion coefficient, and the elastic parameters Young’s modulus and Poisson’s
ratio, as a function of temperature), to simulate the expected performance of solid-state YAG amplifiers
at 77 K. The continuously variable thermal and elastic parameters were generated by good fits to the
data existing at the time. Applying the theory to Nd:YAG and Yb:YAG lasers, we showed that the
previous results obtained for Ti:Al2O3 lasers [11] could indeed be emulated using other oxide laser
hosts such as YAG, and that very favorable, but non-linear, scaling to very high average powers could
be obtained by operating YAG at 77 K. We also showed for the first time that when a continuously
varying thermal conductivity is employed in the finite-element simulations, non-quadratic temperature
profiles are obtained.

In addition to exploring the scaling properties of cryogenically-cooled YAG lasers, in [20] we also
explored how thermally-induced aberrations vary with temperature, and showed that without taking
the thermo-optic effect into account, approximately a factor of 10 improvement could take place by
operating at 77 K, due to the deduction of the thermal profile by an increased thermal conductivity,
and by the near elimination of stress-optic effects. We also lamented the apparent lack of thermo-optic
(β = dn/dT) data for YAG and other optical materials as temperature is lowered from 300 to 77 K, but
pointed out that the expected trend of β towards zero as temperature is lowered would further increase
the reduction in thermo-optic effects in cryogenic lasers. The basic principles of low thermo-optic
effects in the host YAG were correctly predicted in this article, confirming our previous conjecture
that YAG and other oxide laser host crystals would behave very much like the oxide crystal Ti:Al2O3

demonstrated experimentally previously [11].
The publication of the first accurate YAG thermo-optic coefficients by Fan and Daneu in 1998 [23]

enabled us to further extend our results to include β, and in the following papers in 1998 [21,22], we
presented the first comprehensive theoretical description of the expected reduced thermal distortion at
77 K in YAG for rod amplifiers, and nonlinear thermal and stress effects in YAG slabs, as well as the
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scaling behavior. The results presented in [20–22] assumed an undoped host YAG thermal conductivity
variation with temperature, and did not include a description of the reduction in thermal conductivity
in certain materials as the lasing ion dopant density increases. This effect will be further explored
later in this article. During 1998 Fan et al. [24] presented the first experimental confirmation, using
a 940 nm diode-pumped Yb:YAG crystal, that cooling the Yb:YAG crystal to 77 K resulted in a large
reduction in thermo-optic effects, as well as a CW power output of 40 W. Further confirmation of the
large reduction in thermal effects, in Nd:YAG, was provided in 2004 by Glur et al. [25].

In 2005 we published an article further confirming the trends discussed in the aforementioned [2].
To provide confirmation that the same general behavior of the thermal conductivity, thermal expansion
coefficient, and dn/dT could be expected in other crystals, we showed additional literature data. For
the thermal conductivity, we showed data for LiF, MgO, Al2O3, C, YbAG, LuAG, and YAG, all of
which displayed significant increases at temperatures were lowered to 77 K and below. As expected,
the behavior of the thermal conductivities for undoped crystals is dominated by the specific heat
Cv, which theoretically increases as approximately the inverse of the absolute temperature between
300 and 77 K. It is not surprising that fluoride and oxide hosts display the same general trend. For the
thermal expansion data, we plotted data for seven different crystals, including the recently published
data of the MIT Lincoln Lab group [23,26], all of which could be seen converging towards a value close
to zero at low temperatures. For the thermo-optic coefficient dn/dT, we used the MIT data as well
as literature data found for both axes of Al2O3, ZnSe, Ge, and Si. In all cases substantial decreases
in dn/dT were found as temperature is lowered. These results showed conclusively that the same
trends for the thermal conductivity, thermal expansion coefficient, and dn/dT were apparent across
a wide sampling of crystals. In addition to examining critical laser materials parameters, our paper
also presented for preliminary cryogenic absorption cross-section data for Yb:YAG, measured between
300 and 77 K, and later presented in a more detailed publication [27]. Previously, absorption coefficients
for Yb:YAG at 300 and 77 K were presented in [24]. A significant finding of that work was that at
77 K the 940 nm pump band doubled in intensity and narrowed, but remained broad enough for
pumping with conventional diode pump sources. For quasi-three-level Yb materials like Yb:YAG
that display finite ground-state laser absorption at room temperature, cryogenic-cooling also results
in 4-level performance at 77 K, reducing the pump density needed to achieve transparency from a
significant value to almost zero. We point out here that the large increase in the stimulated-emission
cross-section from a value of about 1.8 ˆ 10´20 cm2 at room temperature [1] to 1.1 ˆ 10´19 cm2 at
80 K [3] by approximately a factor of 6 reduces the saturation fluence and intensity by the same factor,
thus positively affecting the extraction and overall efficiencies that may be achieved. To achieve good
amplifier extraction efficiency the incident amplifier fluence must take a value of at least 2 times the
saturation fluence, and for Gaussian beams must be even higher [28]. A much smaller saturation
fluence enhances the likelihood of being able to operate below the damage threshold fluence while at
the same time achieving efficient extraction efficiency.

Also in 2005, an impressive paper that for the first time measured the detailed thermo-optic
properties of a large sampling of laser crystals from 300 to 80 K (Y3Al5O12 (YAG), Lu3Al5O12 (LuAG),
YAlO3 (YALO), LiYF4 (YLF), LiLuF4 (LuLF), BaY2F8 (BYF), KGd(WO4)2 (KGW), and KY(WO4)2 (KYW))
was published by the MIT Lincoln Laboratory group [29]. Measurements of the thermal diffusivity,
specific heat at constant pressure, thermal conductivity, thermal expansion coefficient, optical path
length thermo-optic coefficient, and the thermo-optic coefficient dn/dT were presented. This article
also reported measurements of the thermal diffusivity and thermal conductivity for Yb doped samples
of Y3Al5O12, YAlO3, and LiYF4 as well, and identified the doping density as an important parameter
to consider in the design of cryogenic lasers. Further materials properties measurements by this group
have appeared in subsequent publications. In [3], additional thermo-optic measurements are provided
for ceramic and single-crystal YAG, GGG, GdVO4, and Y2O3. Spectroscopic data are also presented for
Yb:YAG and Yb:YLF. A third publication [30] provides thermo-optic data for the sesquioxide ceramic
laser materials Y2O3, Lu2O3, Sc2O3, as well as for YLF, YSO, GSAG, and YVO4.
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The modern cryogenic laser period began with the publications of the first experimental
cryogenic Yb:YAG laser [1], and a significantly performance-enhanced Ti:Al2O3 laser [11], both in
1991. Subsequent theoretical and experimental work in the years 1995–1998 confirmed that not only
can enhanced laser properties be obtained by cryogenic-cooling, but that dramatic reductions in
thermo-optic distortion and enhanced mechanical properties can be realized as well. Thermo-optic
properties were not emphasized in the historical era, where the focus was mainly on laser physics,
kinetics, and spectroscopy. Thus in our opinion, what is new is that that in the modern era, laser
physicists, designers, and engineers have for the first time fully appreciated that the entire set of
physical crystal properties (optical, laser kinetics, thermal, thermo-optic, and elastic) must be taken
into account to effect successful laser outcomes. Appreciation of this reality has and will continue to
drive the demonstration of much higher average power lasers, as well as HAPP lasers, in the future.
The concurrent work of our group and that at the MIT Lincoln Laboratory has solved the longest
standing problem in the development of solid-state lasers: the near-elimination of deleterious thermal
effects. This point cannot be emphasized enough. The manipulation of the thermo-optic properties of
solid-state laser hosts through the use of cryogenic-cooling has been proven capable of providing both
high average power and near-vanishing thermally-induced aberrations. This results in output beams
whose divergence and transverse beam size are virtually constant, without the use of any external
beam correction. Beam-parameter independent lasers are highly desirable for harmonic generation, as
well as for many other scientific, commercial, and military applications.

In addition to the development of other oxide lasers, and in particular the development of Yb
based lasers, cryogenic-cooling has advanced the performance of Ti:Al2O3 ultrafast laser technology as
well. Unlike Yb materials like Yb:YAG, Yb:LuAG, Yb:Lu2O3, Yb:YLF, and others which all have small
quantum defects and thus minimal heat loads, for Ti:Al2O3 lasers, where optical-pumping usually
takes place near 532 nm, the quantum defect for lasing near the peak of the gain profile near 790 nm
is about 33%, a value > 3–5 times that of typical Yb based materials. The large heat load of Ti:Al2O3

however can be largely be mitigated by cooling the sapphire-based material to 77 K where the thermal
conductivity is dramatically larger, and by the substantial reductions in the thermal expansion and
thermo-optic coefficients [11]. The first use of a Ti:Al2O3 cryogenically-cooled amplifier was reported
in [31]; the second-stage amplifier, pumped with 25 W of 527 nm power from doubled Nd:YLF lasers,
was cooled to 125 K, resulting in an increase of the thermal focal length from 0.45 to 5.6 m, by a factor
of about 125. This approach has been discussed and used by a number of researchers [32–35]. The use
of cryogenic-cooling in ultrafast lasers will be further discussed later in this article.

2. Review of Cryogenic-Cooling Benefits

In this section we review the many benefits that accrue from the implementation of
cryogenic-cooling in solid-state lasers. We begin by first examining in Section A. the origin of thermal
aberrations in solid-state lasers, in B. the most important crystal thermal parameters: the thermal
conductivity k, followed by the thermal expansion coefficient α, and the thermo-optic coefficient
β = dn/dT. In C. we discuss crystal elastic parameters and in D. crystal spectroscopic, kinetic,
optical, lasing, nonlinear, and dispersion parameters. We also discuss the motivations for the critical
examination of the functional dependence of each parameter on absolute temperature.

2.1. Thermal Aberrations in Solid-State Lasers

Crystalline solid-state lasers are optically-pumped devices. The first solid-state laser,
demonstrated by Maiman [36], was a flashlamp-pumped ruby laser. Xe and Kr flashlamps and
other similar sources, still in use today for some applications, were the pump source of choice
for many decades of the twentieth century, and beginning in the 1980’s their dominance has been
slowly eroded as narrow band diode pump sources of increasing power have become available.
Diode laser technology has developed rapidly and today is the pumping source of choice for most
applications, with only the specific cost (Monetary Unit/Watt) preventing its adoption in the highest
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power applications. Typical Xe flashlamps used in inertial confinement fusion (ICF) applications
produced output irradiances with black-body temperatures near 9000 K or more, and with spectral
outputs spanning the range of 150 to 1700 nm. Due to the finite number of Nd absorption bands and
the continuous nature of the black-body radiation, the absorption efficiency was poor, with most of
the Xe pump radiation being deposited in the pump chamber housing the lasing element, even for
typical Nd:Glass compositions where the absorption bands were significantly wider than say Nd:YAG.
For the absorbed light, ratios of inversion to heat density were typically only 1.5, hence for every
joule of inversion energy produced, 0.67 joules of heat were generated as well. Nd lasers dominated
the development landscape, and Yb based lasers were largely ignored due to their poor absorption
efficiency. The low repetition rate of ICF laser systems may largely be attributed to the use of flashlamp
pump sources. As of this writing, the conversion from flashlamp-pumping to diode-pumping is well
under way and accelerating, and modern diode-pumped lasers, many based upon Yb crystalline
materials, produce only about 80 mJ of heat energy per joule absorbed, a decrease when compared
to Nd:Glass laser systems of a factor of over 8. The reduction in the amount of heat generated is
greater than two orders of magnitude when the poor absorption of Xe flashlamp radiation is taken
into account.

Thermal aberrations are produced in laser crystals by the production of heat, primarily from the
optical-pumping process, by stimulated-emission, and by fluorescence. In some crystals, upconversion,
two-photon absorption, non-unity quantum efficiencies, and other effects may also provide additional
heating. The total index change ∆nT in an isotropic (anaxial) laser crystal due to temperature changes
may be written as the sum of three terms:

∆nT “ ∆nβ ` ∆nα ` ∆nS (1)

where ∆nβ is due to the thermo-optic coefficient β, ∆nα due to the thermal expansion coefficient,
and ∆nS is produced by the stresses (or equivalently the strains) in the crystal. For a laser rod whose
barrel is maintained at a constant temperature, the proportional optical phases ∆φr,ϕ in the radial
(r) and azimuthal (ϕ) directions due to thermal heating producing a temperature change ∆T can be
written [21]

∆φr,φ “
2π

λ
¨∆nr,φL

“

ˆ

2π

λ

˙

¨

ˆ

Q0

4 k

˙

““

β` 4n3
0α¨C0

‰

¨ r2
0 ´

“

β` 2n3
0 α Cr,ϕ

‰

¨ r2‰ ¨ L
(2)

In Equation (2), L is the crystal length, n0 the index of refraction, Q0 the uniform heat density, k
the thermal conductivity, r0 the rod radius, and C0, Cr, and Cϕ are photoelastic constants. It can be
seen that the phase varies quadratically with the radius r. It is also clear that if α = β = 0, the phases
∆ϕr,ϕ would be zero for all r, regardless of the value of Q0. Equation (2) results from the plane-strain
approximation in which the aspect ratio of the rod (L/2r0) >> 1. In that approximation, physical
changes in the optical pathlength are ignored. In real amplifiers, bulging of the rod faces occurs,
an effect that is directly attributable to the thermal expansion coefficient. A similar equation can be
derived for the plane stress case ((L/2r0) << 1), typical of active-mirror or thin disk amplifiers:

∆φr,ϕ “
2π

λ
¨∆nr,φL

“

ˆ

2π

λ

˙

¨

ˆ

Q0

4 k

˙

““

β` 4n3
0α¨C0

‰

¨ r2
0 `

“

pn0 ´ 1qα pν` 1q ´ 2n3
0 α Cr,φ

‰

¨ r2‰ ¨ L

(3)

For the plane-stress case of Equation (3), by inspection again we see that if α = β = 0, the phases
∆φr,ϕ are again zero.In rare cases, most notably for certain Nd:Glass laser compositions with negative
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values of β, and when stress-induced index changes can be ignored, one can achieve ∆nT “ 0. We can
write Equation (1), ignoring the stress term, as

∆nT “ ∆nβ ` ∆nα “ rβ` pn0 ´ 1qαs∆T (4)

Thus the index variation and resulting phase can be identically zero if

S “ pβ` pn0 ´ 1qαq “ 0 (5)

This is the condition for athermal operation, and was first employed in connection with the
development of Nd laser phosphate glasses for high-peak-power inertial confinement fusion laser
systems to reduce thermal distortion [37].

For cryogenic-cooling, we employ a different strategy. While our goal is to achieve ∆ϕ = 0, for
most crystals finite values of α, β, ν, and E at 77 K allow us to simply approach that condition. As
we will see in the following paragraphs, the most successful strategy to date is to reduce the thermal
aberrations to residual levels by exploiting the favorable scaling of critical parameters by reducing
the operating temperature to the cryogenic regime, which we define here as <150 K. There are a few
crystalline cases in which condition Equation (5) can be approached or satisfied over some temperature
range. For Nd:YLF lasers for example, it is well known that one can exploit the negative value of
β using the a-axis (σ) transition at 1047 nm. More recent measurements [29] of β for the c and a
axes of the uniaxial crystal YLF show that negative values of β for both axes persist even down to
100 K, allowing the condition Equation (5) to be approached across the entire temperature range for
both axes, with Sπ = ´1.88 ˆ 10´6/K and Sσ = 1.81 ˆ 10´6/K at 300 K. At 100 K, one finds that
Sπ = ´0.31 ˆ 10´6/K and Sσ = 0.56 ˆ 10´6/K, so condition Equation (5) is even more closely
approached at 100 K. Another rare example is the closely related material LuLF, a uniaxial crystal
which also possesses the property that β is negative for the c and a axes [29], however as temperature
is lowered both axes become increasingly negative down to about 170 K where β begins to increase,
the opposite of YLF in which β increases as temperature is lowered. Calculations show that at a
temperature near 250 K, Equation (5) can be satisfied identically. As we will see in the data we examine
later in this article, for most crystals parameters k, β, and α scale favorably as temperature is lowered
such that thermal aberrations nearly vanish.

For the case where the prime motivation is to eliminate or reduce aberrations to residual levels,
we can define two figures-of-merit Γ as follows:

ΓT “
k

α β ηh
T (6)

ΓS “
k p1´ νq

α E ηh
T (7)

Figure of merit ΓT addresses changes in the index of refraction due to temperature gradients,
and ΓS the change in the index due to stress (or strain) effects. To reduce thermal aberrations, we
wish to maximize the value of ΓT . This is achieved by maximizing the value of k to minimize the
thermal gradients, minimizing the values of α and β, and by minimizing the amount of heat generated
by minimizing the value of the total heat fraction ηh

T . The heat fraction is formally defined as the
fraction of the absorbed light converted to heat. It includes contributions from the quantum defect,
fluorescence, and stimulated-emission. Yb based materials are particularly attractive for producing low
ηh

T values, due to the lack of concentration-quenching, excited-state absorption, and upconversion,
processes that plague other laser materials like Nd:YAG or Nd:YVO4, and Nd:YLF for example. For
Yb based laser materials such as Yb:YAG, we have published a detailed kinetics model [38] that allows
the simple calculation of ηh

T . The model recognizes two distinct heating mechanisms, the first due to
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Boltzmann heating (or cooling), and the second due to the photon related processes of fluorescence
and stimulated-emission. In general, the heat fraction for Yb:YAG is defined by the equation

ηT
h “

QB
h `QP

h
QA

“ A` Bηex ` C p1´ ηexq (8)

where QA is the total absorbed power density, QB
h the Boltzmann heat density, and QP

h the photon
heat density. The quantities A, B, and C are constants and ηex is the laser extraction efficiency. The
constants A, B, and C are associated with Boltzmann heating or cooling, stimulated-emission, and
fluorescence respectively. For complete laser extraction only the first and second terms contribute,
since the fluorescence is zero, whereas for no laser extraction the first and third terms contribute. In
most cases the extraction efficiency is between those two limits, and Equation (8) allows the simple
calculation of the total heat load when both stimulated-emission and fluorescence are operative.

Equation (7) is the figure of merit for considering stress effects only. It arises naturally from the
consideration of the stresses generated in laser crystals due to thermal gradients. For a rod amplifier,
using the plane-strain approximation [21], the stresses can be calculated from the well-known equations

σrr “
Q0

16Ms

´

r2 ´ r2
0

¯

(9)

σϕϕ “
Q0

16Ms

´

3r2 ´ r2
0

¯

(10)

σzz “
Q0

8Ms

´

2r2 ´ r2
0

¯

(11)

and for a slab amplifier in the plane-strain approximation, from [22]

σxx “ σzz “
Q0

2Ms

ˆ

2y2 ´
t2

12

˙

(12)

Equations (9)–(12) show that the obtained stress is proportional to the heat density and inversely
proportional to Ms, a quantity known as the materials parameter, and expressed as

Ms “
k p1´ νq

αE
(13)

The materials parameter is then a mixture of thermal and elastic constants. To reduce the stress
one wants to maximize the value of Ms , and that is the motivation for the use of the figure of merit
ΓS. To minimize stress contributions to the change in the index of refraction, the appropriate strategy
is to maximize k, minimize α, E, and ηT

h , and minimize the value of ν. While other similar figures
of merit have been used [3], we prefer our approach where the contributing factors to the change in
index of refraction from purely thermal effects and thermally-induced stress are clearly separated. If
desired, however, after eliminating duplicate parameters (k and α in Equations (6) and (7)) we can
write a simple overall multiplicative figure-of-merit Γ as

Γ “ ΓT¨ ΓS Ñ
k p1´ νq

α Eβηh
“

MS
β¨ηh

(14)

Laser materials with the highest figure of merit therefore should have a large value for MS, and
minimum values for β and ηh.



Appl. Sci. 2016, 6, 23 9 of 74

2.2. Thermal Parameters

2.2.1. Thermal Conductivity

Thermal conductivity k is a very important laser design parameter, and understanding its’
dependence on temperature and dopant density is crucial to implementing cryogenic laser designs. We
first examine the standard quadratic equation used for determining the CW temperature distribution
in a rod or slab laser [21,22]. For a slab laser the temperature T(y) as a function of slab thickness is
given by

T pyq “ T0 ´
Q0y2

2k
(15)

The slab center temperature is T0, Q0 is the (assumed uniform) heat power density, k the thermal
conductivity, and y the distance from the slab center, where 0 ď y ď (t/2) and t is the slab thickness.
Newton’s law of cooling is used as he boundary condition at y = ˘t/2.To reduce the temperature
differential between the center and the edge of the slab, important in reducing the thermal aberrations,
we want to reduce or eliminate the thermal gradient given by

dT
dy
“ ´

Q0

k
y (16)

From Equation (16) we see that reducing the thermal gradient is equivalent to reducing the ratio
(Q0/k). Reducing the heat fraction in a laser material reduces Q0; the other way to reduce the gradient
is to increase k. Both of these strategies are used in modern diode-pumped lasers; for diode-pumped
Yb lasers in particular, heat fractions are much reduced when compared to older materials such as
Nd:YAG, Nd:YLF, or Nd:YVO4. Here we recount how cryogenic-cooling has been used to obtain much
larger k values. We can also see from Equation (16) that for flashlamp-pumped lasers where Q0 values
can be an order of magnitude or two larger than the modest values obtained with diode-pumped
lasers, thermal gradients are very much larger.

Thermal aberrations can be substantially reduced by using diode-pumping to reduce the heat
fraction, and cryogenic-cooling to increase k. In Equation (15), the thermal conductivity is treated as a
constant, independent of temperature or doping density. One can include the temperature dependence
using a number of methods. We may write the CW heat equation for an infinite slab element as

´
d

dy

„

k pTq ¨
dT
dy



“ Q0 (17)

As we will explore later in this article, theoretically the thermal conductivity varies approximately
as (1/T) in the region of interest from room temperature to 77 K. We can write a simple relationship for
the thermal conductivity dependence on T as

k pTq “ k0¨
TA
T

(18)

where k0 is the thermal conductivity at ambient temperature TA = 300 K. Substituting in Equation (16)
and integrating results in the analytical solution

T pyq “ T0¨Exp
ˆ

´
Q0y2

2k0TA

˙

(19)

This equation allows the computation of the temperature in any slab in which the thermal
conductivity varies as (1/T). It should be noted that, as first reported in [20], the equation is then
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no longer quadratic. The derived equation satisfies the boundary condition that T(y = 0) = T0. For
y = ˘t/2, we find the edge temperature Te:

Te “ T0¨Exp
ˆ

´
Q0t2

8k0TA

˙

(20)

Equation (20) allows the calculation of the edge temperature, knowing T0. Often Te is fixed at
room temperature by a temperature controlled water chiller, or by liquid nitrogen (LN2), and in that
case Equation (20) may be used to calculate the slab center temperature T0. It should be noted that as
expected, for small Q0, Equation (20) can be expanded in a Taylor series. Keeping only the first term,
we find

T pyq “ T0

ˆ

1´
Q0y2

2k0TA

˙

“ lim
pT0{TAqÑ1

T0 ´
Q0y2

2k0
¨

„

T0

TA



“ T0 ´
Q0y2

2k0
(21)

or the equation reverts to the k = constant case. For any finite value of Q0, the temperature, and thus
the thermal aberrations are not quadratic with y, and thus not correctable using a simple lens. From a
practical standpoint, for lower values of Q0, this effect can be ignored.

Equation (19) may be differentiated, to find the temperature gradient

dT
dy
“ ´

„

T0

TA



¨

„

Q0

k0



y¨ Exp
ˆ

´
Q0y2

2k0TA

˙

(22)

Here we see that reducing the ratio (Q0/k0) is required in this case as well to reduce the thermal
profile, except that in this more realistic case, the decrease in the thermal gradient is faster that in the
standard case. Figure 1 shows calculation results from the standard Equations (15) and (19) derived
here. Temperature as a function of the slab thickness coordinate y is shown for three cases of heat
density, 500, 1500, and 2500 W/cm3, and for a slab edge temperature of 300 K. Note that we assume
that Equation (18) is valid above room temperature as well. The same plot is shown in Figure 2 for
an edge temperature of 80 K. The thermal conductivity is scaled according to Equation (18), and was
assumed to be 0.112 W/(cm¨K) at 300 K, and 0.424 W/(cm¨K) at 80 K. The difference between the
standard model and ours is small at 500 W/cm3 and below, whereas at the largest heat densities of
1500 and 2500 W/cm3, the difference strongly increases. For 300 K, the difference between the two
models for 2500 W/cm3 amounts to 23.2 K; for 80 K the difference is 6.10 degrees. The fundamental
reason for the temperature increase using our model is the decrease in the thermal conductivity that
occurs as one moves towards the slab center where the temperature is maximum. This effect is ignored
in the standard model. As the ambient or cooling temperature decreases to 80 K, the enhanced thermal
conductivity for all temperatures reduces the difference between the two models.

We have solved the CW heat equation, ignoring the z-dependence, for rod elements as well, and
find the following similar equation:

T prq “ T0¨Exp
ˆ

´
Q0r2

4TA

˙

(23)

For cases in which the thermal conductivity does not vary as (1/T), but with a power of T (1/Tb)
for example, we can still obtain an analytical solution, albeit a transcendental one. The solution for a
slab with b > 1 is

T pyq “
T0

«

Q0 pb´ 1q y2

2 k
¨

T1´b
0
TA

ff

1
1´ b

(24)
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whereas before T0 is the temperature for y = 0, and TA is the ambient temperature. For y = t/2, we can
find the edge temperaure Te, as

Te “
T0

«

Q0 pb´ 1q t2

8k
¨

T1´b
0
TA

ff

1
1´ b

(25)

This equation is transcendental in T0, and may be solved numerically for any edge temperature
for T0 after Q0, b, k, and TA are specified.
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2.2.2. Thermal Conductivity Standard Debye Model

Using the kinetics theory of gases, applied to a phonon gas, and the Debye specific heat theory [39],
the thermal conductivity k in its simplest form can be written as

k “
1
3

Cvs Λ “
1
3

Cv2
s τ (26)

where C is the specific heat at constant volume, per unit volume. C is obtained from the relationship

C “ CV ρ (27)

Here CV is the specific heat per unit volume per unit mass and ρ the mass density. Note that for
dielectric crystals, the specific heats for constant volume and pressure are normally assumed to be
equal (CV “ CPq. vs is the mean phonon speed in the crystal, and Λ is the phonon mean-free path. vs

can be calculated for any crystal using the sound speeds for the acoustic transverse and longitudinal
waves, vt and vl respectively, and accounting for the fact that there are twice as many transverse as
longitudinal waves, from

vs “

«

1
3

˜

2
v3

t
`

1
v3

l

¸ff´1{3

(28)

The transverse and longitudinal sound speeds may be calculate using the elastic coefficients, or
equivalently for anaxial crystals, the bulk and shear moduli and the mass density. For YAG (Y3Al5O12)
and YbAG (Yb3Al5O12), which we will discuss later in this paper, a recent publication [40] provides
values for vt and vl , as well as for the bulk and shear moduli, Poisson’s ratio, Pugh’s ratio, and
Young’s modulus.

τ is the phonon relaxation time, which for undoped crystals is the Umklapp relaxation time. In
the Debye approximation, the total phonon energy can be expressed as

S pωq “
„

9nNA ρ

M



¨

«

h̄
ω3

D

ff

¨

ż ωD

0

ω3
»

—

–

e

h̄ω
kBT ´ 1

fi

ffi

fl

dω (29)

n is the number of atoms in the crystal chemical formula, NA Avogadro’s number, M the molecular
mass/mole, h̄ Planck’s constant divided by 2π,ωD the Debye frequency, kB the Boltzmann constant,
ω the angular phonon frequency, T is the absolute temperature and ρ the mass density. The derivative
of Equation (29) with respect to temperature yields the specific heat per unit volume:

C “
dS pωq

dT
“

„

9nNAρ

M



¨

«

h̄2

kB
2ω3

DT2

ff

¨

ż ωD

0

ω4e

h̄ω

kBT
»

—

–

e

h̄ω

kBT ´ 1

fi

ffi

fl

2 dω (30)

The Debye frequency is related to the Debye temperature θD through the relationship

θD “
h̄ωD

kB
(31)
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If we define the ratios x = h̄ω{kBT and xD “ h̄ωD{kBT, divide by ρ, and paramaterize
Equation (29), we find the standard Debye expression for the specific heat [39]:

CV “

„

9nNA
M



¨

ˆ

T
θD

˙3
¨

ż xD

0

x4ex

rex ´ 1s2
dx (32)

where x is integrated from 0 to xD.
There are two often-used limits to Equation (32). For large temperature values (T >> θD), the

exponential function may be expanded in a Taylor series, with the result being the constant

CV “
3nNAkB

M
(33)

This result is known as the Dulong-Petit law. As an approximation to the Debye model, the
following equation is often used for any T [41]:

CV “

„

9nNAkB
M



¨
1

1`
5

4π4

ˆ

θD
T

˙3 (34)

If we take the limit as T Ñ 0, we find the following equation

CV »

ˆ

12π4

5

˙

¨

ˆ

nNAkB
M

˙„

T
θD

3
(35)

This equation correctly predicts the T3 dependence of the specific heat for low temperatures, and
is known as the Debye-T3 law.

In Figure 3, we show a plot of CV for the undoped laser material Y3Al5O12, as a function of
temperature. We used Equation (32) for calculating CV using the Debye model, and the YAG Debye
temperature of 760 K [29]. Also shown are published data for YAG [29], as well as the approximate
results obtained using Equation (34). The Debye model matches the experimental data fairly well,
while the approximate model over estimates the specific heat for temperatures starting at about 180 K.

Rather than Equation (26), an alternative approach to calculating the thermal conductivity was
used by Klemens [42], whose model we will discuss in more detail in the next section of this paper.
The following more sophisticated relationship for k can be employed:

k “
1
3

ż

S pωq v2
s τ pωq dω (36)

where S(ω) is defined by Equation (29), and vs and τ have been previously defined. The use of τ(ω)
rather than the mean free path makes it simple to introduce phonon scattering from impurity atoms
introduced into the crystal lattice, as we will review in the following section. If we take S(ω) in the
high temperature limit, we find the following relationship:

S pωq “
3
2

kBω
2

π2v3
s

(37)

where we have used the following expression for the Debye frequency:

ωD “ 2π

„

3nNAρ

M

1{3
¨ vs (38)
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Inserting Equation (37) into Equation (36), and assuming that the phonon speed vs is a constant,
we obtain

k “
kB

2π2vs
¨

ż ωD

0
ω2τ pωq dω (39)

This equation has been used by Klemens [42] to calculate k when scattering defects are doped
into a crystal. It should be noted however that this equation is strictly valid only when T >> θD. For
most laser materials, and particularly in the temperature range of interest here, about 77–300 K, this
condition is violated but nevertheless often used because it can provide analytical results.
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are the calculated values (solid blue line) using Equation (32), the values obtained with the specific
heat approximation of Equation (34) (dashed red line), and the experimental data from [29].

2.2.3. Thermal Conductivity: The Influence of Dopant Density

The thermal conductivity of doped laser materials is strongly affected by the presence of
impurities, and in particular the doping density of lasing ions. Small quantities of dopant ions
have a minimal effect on thermal conductivity, while ever increasing dopant densities degrade the
thermal conductivity in an inverse relationship. This may be seen in Figure 4 wherein we display
the thermal conductivity as a function of absolute temperature for the laser material YAG, for the
undoped case, and for Yb concentrations of 2, 4, 10, 15, and 25 at. %. The 2, 4, and 15 Yb at. % values
are obtained from [29], and the 10 and 25 at. % values are estimated from computer best fits to the
data of [29] for each temperature. If we examine the data at 100 K for example, compared with the
room temperature data at 300 K, we see that for the undoped sample the thermal conductivity value is
0.461 W/(cm¨K), whereas the thermal conductivity for 10 at. % Yb is 0.190 W/(cm¨K), and for 25 at. %
Yb only 0.120 W/(cm¨K). Thus at 100 K the drop in thermal conductivities amount to reductions of
0.41 and 0.26 respectively, when compared to the undoped value. The thermal conductivity at 300 K
for the undoped case is 0.112 W/(cm¨K), and 0.061 W/(cm¨K) for the 25 at. % Yb doping case. Thus if
we compare the undoped cases at 100 K and 300 K, we find the thermal conductivity larger by a factor
of 4.1 at 100 K. For the 25 at. % Yb case however, if we compare the 100 K and the 300 K data, we see
that the thermal conductivity rises by a factor of about 1.97 between 300 and 100 K, but also that the
thermal conductivity at 300 K is smaller by a factor of about 0.545 when compared with the undoped
case at 300 K. Most Yb:YAG lasers use Yb dopings between 2 and 10 at. %. For the 10 at. % Yb case, the
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thermal conductivity at 100 K is larger by a factor of about 2.57, a factor of 1.6 times smaller than the
increase of 4.1 between 300 and 100 K for undoped YAG.
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It has long been known [42] that the mass of a dopant (donor) atom (Yb for example), replacing
an acceptor atom (Y for example) in a crystal lattice results in a decrease in thermal conductivity,
as illustrated in Figure 4. Recently, attempts have been made to further quantify the effect of
donor-acceptor mismatch. It has been demonstrated experimentally, for example, that if the donor
atom mass is well-matched to the acceptor ion, the decrease in thermal conductivity as doping density
increases is minimized. A particularly good example of this is the crystal Yb:Lu2O3, where the
mismatch between Yb and Lu is small. The data are shown in Figure 5, where k is displayed as a
function of absolute temperature for undoped Lu2O3 and for 11 at. % Yb doping [43]. At 306 K, the
difference between the undoped point and the two adjacent 11 at. % Yb-doped points amounts to
an average of only 9.5%. In the region between 96 and 106 K, the doped and undoped k values are
nearly indistinguishable. In Table 1, we show the acceptor minus the donor mass mis-match between
11 common dopants and 10 acceptor atoms. For the case of Yb:Lu2O3 for example the mass-mismatch
between Lu and Yb is only 1.93 amu’s. The data of Figure 5 reflect the close match between Lu and Yb
ions, and high thermal conductivity at 80 K is one of the reasons Yb:Lu2O3 has become a very desirable
high-power laser material. Table 1 also shows that Lu is a very good match for Er and Tm, and that
Ce, Pr, and Nd are very good matches to La. In addition to Lu2O3, two other sesquioxides, Sc2O3 and
Y2O3, have been intensely investigated as newer laser materials. No donor results in a good match
for Y. For Sc, the rare-earths are a very poor mass match, and this is also reflected in the experimental
data. Yb has the worst mis-match, and Er, Tm, and Ho are also poor. The poor mismatches of these
donor-acceptor ions are reflected in the experimental data as well, as shown in Figure 6 where thermal
conductivity is shown as a function of absolute temperature [43,44]. Data are plotted for undoped
hydrothermally-grown and Czochralski-grown undoped Sc2O3, for 2.9 and 9 at. % Yb doping and
for 3 at. % Er doping. As expected from Table 1, there is a strong drop in k for Er and an even worse
drop for Yb, for all temperatures. Another interesting comparison is Yb:YAG with Yb:LuAG. The
mass mismatch for Yb and Y is about ´84.13 amu. For Yb and Lu it is only 1.93 amu. Based on this
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comparison we would expect the mass scattering to be much smaller in Yb:LuAG than in Yb:YAG. We
will see in Section 2.2.7 that as Yb doping increases, the falloff in thermal conductivity for Yb:LuAG is
much smaller than for Yb:YAG.
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Table 1. Donor-Acceptor atomic numbers, weights, and weight differences for common dopants (donors) and acceptors.

Donor At. Number
Acceptor Li Mg Al K Ca Sc Y La Gd Lu

At. Number 3 12 13 19 20 21 39 57 64 71

At. Weight (amu) 6.94 24.31 26.98 39.10 40.08 44.96 88.91 139.91 157.25 174.97

Ti 22 47.87 ´44.87 56.87 ´20.89 ´8.77 ´7.79 ´2.91 41.04 92.04 109.38 127.10
V 23 50.94 ´47.94 59.94 ´23.96 ´11.84 ´10.86 ´5.99 37.96 88.96 106.31 124.03
Cr 24 52.00 ´49.00 61.00 ´25.01 ´12.90 ´11.92 ´7.04 36.91 87.91 105.25 122.97
Co 27 58.93 ´55.93 67.93 ´31.95 ´19.84 ´18.86 ´13.98 29.97 80.97 98.32 116.03
Ni 28 58.69 ´55.69 67.69 ´31.71 ´19.60 ´18.62 ´13.74 30.21 81.21 98.56 116.27
Ce 58 140.12 ´137.12 149.12 ´113.13 101.02 ´100.04 ´95.16 ´51.21 ´0.21 17.14 34.85
Pr 59 140.91 ´137.91 149.91 ´113.93 101.81 ´100.83 ´95.95 ´52.00 ´1.00 16.34 34.06
Nd 60 144.24 ´141.24 153.24 ´117.26 105.14 ´104.16 ´99.28 ´55.33 ´4.33 13.01 30.73
Sm 62 150.36 ´147.36 159.36 ´123.38 111.26 ´110.28 105.40 ´61.45 ´10.45 6.89 24.61
Eu 63 151.97 ´148.97 160.97 ´124.98 112.87 ´111.89 107.01 ´63.06 ´12.06 5.28 23.00
Dy 66 162.50 ´159.50 171.50 ´135.52 123.40 ´122.42 117.54 ´73.59 ´22.59 ´5.25 12.47
Ho 67 164.93 ´161.93 173.93 ´137.95 125.83 ´124.85 119.97 ´76.02 ´25.02 ´7.68 10.04
Er 68 167.26 ´164.26 176.26 ´140.28 128.16 ´127.18 122.30 ´78.35 ´27.35 ´10.01 7.71
Tm 69 168.93 ´165.93 177.93 ´141.95 129.84 ´128.86 123.98 ´80.03 ´29.03 ´11.68 6.03
Yb 70 173.04 ´170.04 182.04 ´146.06 133.94 ´132.96 128.08 ´84.13 ´33.13 ´15.79 1.93
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2.2.4. Thermal Conductivity Temperature Dependence

Many thermal conductivity models use the Debye high temperature limit of Equation (33). Since
then Cv is independent of temperature, the phonon speed is nearly independent of temperature,
and the mean free path is inversely proportional to the temperature T, we find that in the high
temperature region

k2 “ k1¨

ˆ

T1

T2

˙b
(40)

where k2 is the new thermal conductivity at temperature T2 relative to thermal conductivity k1 at
temperature T1, and b = 1. This scaling rule is true only for T >> θD. To test the validity of this rule, we
have tried fitting Equation (40) to the undoped and 4 at. % and 15 at. % Yb data of [29]. The results
are shown in Figure 7. For undoped YAG we have found that the best fit to the data is b = 1.315, a
significant departure from Equation (40) with b = 1. For the 4 at. % Yb data, however, we find b = 1,
and for the 15 at. % Yb data, b = 0.8. It is clear from this data that the exponent b in Equation (38) is
significantly different than 1, a likely consequence of modeling data in the temperature range of about
100–300 K, whilst using a model that is strictly valid for T >> θD. The decreased exponent for the
doped cases, with b decreasing as doping is increased, is very likely due to the change in the Debye
temperature as doping increases. Similar results may be obtained by using an exponential rather than
Equation (40) to fit the data.

Appl. Sci. 2016, 6, 23 17 of 73 

 

2.2.4. Thermal Conductivity Temperature Dependence 

Many thermal conductivity models use the Debye high temperature limit of Equation (33).  
Since then Cv is independent of temperature, the phonon speed is nearly independent of temperature, 
and the mean free path is inversely proportional to the temperature T, we find that in the high 
temperature region ݇ଶ = ݇ଵ ∙ ൬ ଵܶܶଶ൰௕ (40)

where ݇ଶ is the new thermal conductivity at temperature ଶܶ relative to thermal conductivity ݇ଵ at 
temperature T1, and b = 1. This scaling rule is true only for T >> θୈ. To test the validity of this rule, 
we have tried fitting Equation (40) to the undoped and 4 at. % and 15 at. % Yb data of [29]. The 
results are shown in Figure 7. For undoped YAG we have found that the best fit to the data is  
b = 1.315, a significant departure from Equation (40) with b = 1. For the 4 at. % Yb data, however, we 
find b = 1, and for the 15 at. % Yb data, b = 0.8. It is clear from this data that the exponent b in 
Equation (38) is significantly different than 1, a likely consequence of modeling data in the 
temperature range of about 100–300 K, whilst using a model that is strictly valid for T >> θୈ. The 
decreased exponent for the doped cases, with b decreasing as doping is increased, is very likely due 
to the change in the Debye temperature as doping increases. Similar results may be obtained by 
using an exponential rather than Equation (40) to fit the data. 

 
Figure 7. Thermal conductivity of undoped YAG (red), 4.0 (green) and 15.0 (blue) at. % Yb-doped 
YAG as a function of absolute temperature. Data are from [29]; also shown are fits to the data 
showing that the undoped case scales as b = 1.315 (pink), the 4.0 at. % Yb case (black) scales as b = 1, 
and the 15 at. % Yb case (orange) scales as b = 0.8. 

2.2.5. Modeling Thermal Conductivity 

A number of models have been developed to describe the variation in thermal conductivity as 
dopant concentration increases. One of the most successful is due to Klemens [42]. Other contributions 
were made by Slack and Oliver [45] and Holland [46]. A similar model was discussed in [47].  
We follow the treatment of Klemens [42], who defines two relaxation times τ୙ and τୈ as 

Figure 7. Thermal conductivity of undoped YAG (red), 4.0 (green) and 15.0 (blue) at. % Yb-doped YAG
as a function of absolute temperature. Data are from [29]; also shown are fits to the data showing that the
undoped case scales as b = 1.315 (pink), the 4.0 at. % Yb case (black) scales as b = 1, and the 15 at. % Yb
case (orange) scales as b = 0.8.

2.2.5. Modeling Thermal Conductivity

A number of models have been developed to describe the variation in thermal conductivity as
dopant concentration increases. One of the most successful is due to Klemens [42]. Other contributions
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were made by Slack and Oliver [45] and Holland [46]. A similar model was discussed in [47]. We
follow the treatment of Klemens [42], who defines two relaxation times τU and τD as

1
τU

“ Bω2 ,
1

τD
“ Aω4 (41)

The relaxation time τU is associated with Umklapp anharmonic three-phonon scattering, while τD
is the relaxation time for acoustic phonon scattering from dopants or impurities. The equation for τD
is analagous to the Rayleigh scattering of optical photons, which has the same frequency dependence.
The quantity A is a constant that depends on the mass difference between donor and acceptor ions, the
unit cell volume, and the phonon speed. A can formally be written

A “
a3

4πv3
s
¨ δ (42)

In Equation (42), a is the unit cell lattice parameter, vs the speed of sound in the crystal, and δ is
the mass-mismatch variance, given by

δ “
ÿ

i

xi

„

Mi ´M
M

2
(43)

and M is
M “

ÿ

i

xi Mi (44)

The quantity xi is the concentration parameter of the donor atoms, and satisfies the inequality
0 ď xi ď 1. B in Equation (39) is a constant that is proportional to the temperature. For
Umklapp and dopant scattering together, the effective phonon relaxation time τe is calculated using
Matthiessen’s rule:

1
τe
“

1
τU
`

1
τD

(45)

Substituting in Equation (39), and using Equation (41), we find

k “
kB

2π2vs
¨

ż ωD

0

ω2

1
τU
`

1
τD

dω “
kB

2π2vs
¨

ż ωD

0

ω2

Bω2 ` Aω4 dω (46)

We can define a characteristic frequency ω0 using the condition τU pω0q “ τD pω0q where the
impurity scattering time constant is equal to the intrinsic Umklapp time constant. This condition can
be expressed as, using Equation (41):

1
Bω2

0
“

1
Aω4

0
(47)

This may be re-arranged to yield

ω0 “

c

B
A

(48)

Equation (46) may be simplified to give

k “
kB

2π2vsB
¨

ż ωD

0

1

1`
ˆ

A
B

˙

ω2
dω (49)
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The integral is Equation (49) may be solved analytically, yielding

k “
kBω0

2π2vsB
¨ tan´1

ˆ

ωD
ω0

˙

(50)

We now define the intrinsic thermal conductivity k0 by setting A = 0 in Equation (47), and taking
k = k0, the following results:

k0 “
kBωD

2π2vsB
(51)

Dividing Equation (50) by Equation (51), we obtain the result

k “ k0¨

ˆ

ω0

ωD

˙

¨ tan´1
ˆ

ωD
ω0

˙

(52)

By use of Equation (39) and with B being proportional to the temperature T, we can use
Equation (48) to get

ω0 “ K

c

T
δ

(53)

where K is a proportionality constant. We then define a constant ξ as

ξ “
ωD
K

(54)

so thatω0{ωD is expressed as
ω0

ωD
“

1
ξ

c

T
δ

(55)

Substituting Equation (55) into Equation (52) gives the final result:

k “ k0¨

˜

1
ξ

c

T
δ

¸

¨ tan´1

˜

ξ

c

δ

T

¸

(56)

Knowing k0, T, and δ, we can now calculate the thermal conductivity using ξ as a fitting constant.
Turning our attention to the binary laser crystal system YAG and YbAG, we can use Vegard’s Law for
solid solution to write the intrinsic thermal conductivity as

k0 “ kY
0 p1´ xq ` kYb

0 x (57)

whereas before x is the concentration parameter for Yb, and kY
0 and kYb

0 are the zero-doping intrinsic
thermal conductivities of YAG and YbAG respectively.

To obtain k as a function of Yb doping density, at any temperature, we then use the
following relationship:

k “
”

kY
0 p1´ xq ` kYb

0 x
ı

¨

˜

1
ξ

c

T
δ

¸

¨ tan´1

˜

ξ

c

δ

T

¸

(58)

This model has been previously discussed in the Dissertations of Klopp and Fredrich-Thornton [48,49].
At a temperature of 300 K, and using the intrinsic thermal conductivities of YAG and YbAG,

0.111 W/(cm¨K) and 0.070 W/(cm¨K), we obtained the results shown in Figure 8, where the thermal
conductivity is displayed as a function of x, using the value ξ = 100, that visually best fits the
experimental data, obtained from the summary provided in [49]. To simplify the presentation, we
averaged the many values of [49] for YAG (x = 0). Undoubtedly, a nonlinear least squares fit of
Equation (56) to the experimental data would allow a more accurate determination of ξ, however, for
reasons discussed in the next paragraph we have reservations as to the wisdom of such an undertaking.
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While this model qualitatively explains the concentration dependence of k, and of course because
of Equation (57) duplicates the two end point thermal conductivities for YAG and LuAG, it is very
likely that the appearance of accurately fitting the experimental data is illusory, because such a curve
requires more than one constant to be theoretically duplicated. Another aspect of the Klemens model
that is disquieting is that it treats the case where Y acoustic phonons are scattered as Yb ions are
doped into the crystal, where the Yb concentration varies from 0%–100%, but ignores the reciprocal
scattering of Yb ions from Y ions when Y is substituted into YbAG. Also, it is clear that beyond a Yb
doping concentration of 50%, the crystal is predominantly YbAG rather than YAG. It should also be
pointed out that YAG and YbAG have significantly different Debye temperatures of 760 and 575 K
respectively [40]. Because of the interaction between the two crystal lattices, it is unlikely that a
Vegard’s law linear relationship exists that can be used to estimate the values of the Debye temperature
for x values in the range 0 ă x ă 1. The Klemens model uses only a single Debye temperature to
describe the entire range of dopings, and for simplicity makes the assumption that one is operating at
the high temperature limit where T " θD, well beyond the region of interest for room temperature and
cryogenic lasers. We will discuss progress towards an alternative model in the following section.

2.2.6. Extended Thermal Conductivity Model

Using the formalism shown in Section 2.2.5, we have developed an alternative model that splits
the thermal conductivity into two components, kY(x) and kYb(x) whose properties are somewhat
more physical, is symmetric with respect to the interchange of Y and Yb, and that has the reasonable
boundary conditions that as xÑ 0, kYb(x)Ñ 0, and for xÑ 1, kY(x)Ñ 0. The thermal conductivity for
any value of the doping parameter x can then be written as the equations

k “ p1´ xq kY ` xkYb (59)

and

k pxq “ p1´ xq ¨
ˆ

koY
ξY

˙

¨

c

T
δY
¨ tan´1

˜

ξY¨

c

δY
T

¸

` x¨
ˆ

koYb
ξYb

˙

¨

c

T
δYb

¨ tan´1

˜

ξYb¨

c

δYb
T

¸ (60)
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These equations satisfy the aforementioned boundary conditions, are symmetric upon the
interchange of Y and Yb, and are physically reasonable since now a crystal may be viewed as a
solid solution of two separate scattering materials rather than a single crystal with impurity doping
added, and there are now two constants ξY and ξYb that may be adjusted to fit the experimental data.
The quantities koY and koYb are the experimental values of the thermal conductivity of YAG and YbAG.
The mass scattering terms δY and δYb are now given by the expressions

δY “ p1´ xq ¨
„

pMY ´Mq
M

2
; δYb “ x¨

„

pMYb ´Mq
M

2
(61)

where M is given by Equation (44), and MY and MYb are the atomic masses of Y and Yb respectively.
In Figure 9, we shown a fit to the experimental data summarized in [49]. The thermal conductivity

kY goes to 0 for x = 1 and for x = 0, kYb = 0, as expected. The minimum appears to be closer to
x = 0.35 than to x = 0.5 as found in the previous plot, Figure 8, but without a better more consistent
data set, it is difficult to ascertain exactly where it is with any accuracy. The position of the minimum
is determined by how quickly the thermal conductivities decrease as a function of x. The equality of
the two thermal conductivities occurs at x = 0.4.
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function of concentration parameter x for the binary solid solution YAG-YbAG. Data points are taken
from the comprehensive summary found in [49]. Constants used in this plot are ξY = 300 and ξYb = 50.

This new model seems to offer more flexibility with regard to fitting experimental data, however
we view this as only a first step in developing a more comprehensive model that can be used to predict
in advance the thermal conductivities of arbitrary laser crystals. Because the Klemens model that we
started with is only valid for T >> θD, a reasonable next step is to combine the approach described
here with Equation (36), and to solve for the thermal conductivity without approximation, using
numerical methods.
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2.2.7. Other Reported Thermal Conductivity Measurements Including Commonly Used
Ancillary Materials

Since our 2005 paper [2], the measurement of thermal conductivity values has accelerated, with
most common laser materials being tabulated. In this section, we show plots of most of the data
reported in the literature for single-crystal growth. Measurements for ceramic laser materials have not
been included due to their well-known dependence on pore size. We showed previously (Figure 4) the
thermal conductivity of YAG and Yb-doped YAG as a function of temperature and doping density
(Figure 4), and for a number of undoped and Yb-doped sesquioxide laser materials (Figures 5 and 6).
Here we show similar plots for many other laser materials. We start with the biaxial laser material
YALO (YAlO3), where Figure 10 shows thermal conductivity as a function of absolute temperature for
undoped and 5 at. % Yb doped cases. Measurements of k were performed for the a, b, and c crystal
axes [29]. Due to the moderate mass mismatch between Yb and Y (Table 1), the k values for 5 at. % Yb
doping are significantly less than the undoped values. Figure 11 shows k values for undoped YAG and
LuAG [3,29,45], whilst Figure 12 plots the thermal conductivities of YAG and LuAG as a function of
Yb doping density [50] and for undoped and Tm-doped Lu2O3 [51]. These data show that for less than
about 4 at. % Yb Yb:YAG is superior while for greater than 4 at. % Yb:LuAG is the better choice. The
small change in k for Yb:LuAG as doping density increases is due to the very small mass mismatch
between Yb and Lu. Similarly, for Tm:Lu2O3, the mass mismatch between Tm and Lu is very small,
and the thermal conductivity decreases very slowly with Tm concentration. Figure 13 plots k as a
function of absolute temperature for the uniaxial laser material YLF, for undoped and 5 at. % and
25 at. % doped Yb cases [29,30]. The large drop in k for 5 and 25 at. % Yb dopings is a consequence of
the moderate mass mismatch between Yb and Y. Figure 14 shows k for the recently developed undoped
biaxial laser materials BYW, KGW, and KYW [29]. In Figure 15 we show the thermal conductivity
of the important uniaxial ultrafast laser material CaF2, for undoped, 1 at. %, 3 at. % and 5 at. %,
obtained from a number of sources [44,52–54]. It is important to point out that the very rapid drop in
k for increased Yb doping density is partially due to the very large mass mismatch between Ca and
Yb (see Table 1). According to [54], between about 1–3 at. % Yb doping, where k is almost flat from
100–300 K, larger dopings drive the crystal structure towards clustering and increasingly glasslike
behavior, resulting in k values that decrease with decreasing temperature, rather than the increase in k
which we have seen is almost a universal phenomenon with pure crystalline materials. This type of
behavior is also displayed by laser glasses, and other important optical materials often used in ultrafast
laser systems. One reviewer of this paper has pointed out that mass-mismatch may play the lesser
role in this case. Figure 16 for example, shows the thermal conductivity of fused silica (SiO2) [55],
an anaxial optical material, as a function of temperature. It displays a monotonic decrease in k as
temperature is lowered, as expected due to a locally disordered crystal structure that severely limits
the phonon mean free path. In Figure 17 the thermal conductivity values for the GdVO4 c and a axes,
the YSO b-axis, and for GSAG are shown as a function of absolute temperature [3,30].
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YLF for undoped, a (blue) and c axes (green), 5 at. % doped, a (red) and c (black) axes, and 25 at. %
doped a (pink) and c axes (orange) [29,30].
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Figure 15. Thermal conductivity as a function of absolute temperature of the anaxial laser material
CaF2, for undoped (red [52], blue [53], pink [45], yellow [54]), 1 (black [54]), 3 (orange [53], light
blue [54]) and 5 (green [54]) at. % doped Yb cases.
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In cryogenic laser systems the thermal conductivity of optical materials and metals used to 
construct pump chambers can be very important. For convenience, in Figures 18 and 19 we have 
plotted the thermal conductivities for the uniaxial optical material and laser material sapphire (Al2O3) 
and for anaxial Type II a diamond, and for elemental copper, titanium, molybdenum, and aluminum 
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Figure 17. Thermal conductivity as a function of absolute temperature for the a (red [3]) and c (blue [3])
axes of the undoped uniaxial material GdVO4, the b-axis (green) of the biaxial material YSO [30], and
the anaxial material GSAG (pink) [30].

In cryogenic laser systems the thermal conductivity of optical materials and metals used to
construct pump chambers can be very important. For convenience, in Figures 18 and 19 we have
plotted the thermal conductivities for the uniaxial optical material and laser material sapphire (Al2O3)
and for anaxial Type II a diamond, and for elemental copper, titanium, molybdenum, and aluminum
respectively, as a function of absolute temperature.
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vibrations, thermal expansion only occurs when the potential energy of a classical harmonic 
oscillator is expanded to terms of higher order than two, since the quadratic dependence alone 
results in no net thermal expansion. For the thermodynamic volumetric thermal expansion 
coefficient α௏(ܶ), it can be shown that the Grüneisen relationship applies to cubic or isotropic 
materials. This equation relates the Grüneisen constant γீ, the bulk isothermal elastic modulus BT 
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2.3. Thermal Expansion Coefficient

Thermal expansion of crystals can be understood by the realization that in the theory of lattice
vibrations, thermal expansion only occurs when the potential energy of a classical harmonic oscillator
is expanded to terms of higher order than two, since the quadratic dependence alone results in no net
thermal expansion. For the thermodynamic volumetric thermal expansion coefficient αV pTq, it can be
shown that the Grüneisen relationship applies to cubic or isotropic materials. This equation relates the
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Grüneisen constant γG, the bulk isothermal elastic modulus BT and the crystal mass density ρ to the
bulk thermal expansion coefficient according to

αV “
ρCV
BT

¨γG (62)

For isotropic laser materials, the linear thermal expansion α pTq coefficient is related to the bulk
thermal expansion coefficient through:

αV pTq “ 3¨α pTq (63)

Using Equations (62) and (63), we can also write the following relationship for the linear thermal
expansion coefficient:

α pTq “
1
3

KT pTqγGρ pTqCV pTq (64)

where we have used the relationship KT = 1/BT . Finally we can also use the well-known relation for
isotropic materials:

KT “
E

2 p1´ νq
(65)

where E is Young’s modulus, and ν Poisson’s ratio, to arrive at

α pTq “
1
6
γGρ pTqCV pTq ¨

E
p1´ νq

(66)

Because E, ν, and ρ are weak functions of T, α pTq is dominated by the strong functional
dependence of CV pTq on T. This dependence can be seen in the thermal expansion coefficient data
presented later in this section. Since theoretically Cv Ñ 0 as T Ñ 0, at absolute zero the thermal
expansion coefficient is theoretically 0 also. While some data deviate from this simple rule, it is
generally true that as temperature is lowered the thermal expansion coefficient decreases roughly with
the temperature dependence of the specific heat. For simple cubic crystals like YAG, in the temperature
range of interest in this paper, one may approximate the temperature dependence of CV using an
exponential function:

CV pTq “ C0exp
ˆ

´
h̄ω
kBT

˙

(67)

C0 is a proportionality constant equal to

C0 “
1
6
γGρE
p1´ νq

(68)

This approach has been taken in [58], where very good fits to thermal expansion data for YAG
were obtained by fitting the proportionality constant C0 to ceramic and crystalline data.

Reported Thermal Expansion Coefficient Measurements

In Figures 20–27 we display plots of thermo-optic coefficient as a function of absolute temperature
for doped and undoped crystals. We have only included data sets available in the temperature region
of interest in this paper, about 80–300 K, and have not included any single-point measurements, most
of which are available at or near 300 K. Some data shown include ceramic laser materials since ceramic
and single-crystal data are nearly indistinguishable. Except where discussed, all data shown are
for undoped host laser materials, and we have used published fits to the thermal expansion data
where available to generate the plots shown here, Figure 20 shows the thermal expansion coefficient
as a function of absolute temperature over the range 100–300 K for the oxide laser materials YAG,
LuAG, and YALO [29]. YAG and LuAG are both isotropic crystals whereas YALO is biaxial and
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therefore has three principal thermal expansion coefficients. In Figure 21 we show thermal expansion
as a function of temperature for the fluoride materials YLF and LuLF [29], both uniaxial crystals
with two principal axes each. Figure 22 shows thermal expansion data for the biaxial laser materials
BYF, KYW, and KGW, along their b-axes [29]. Figure 23 displays thermal expansion data for the
biaxial laser material YSO b-axis as well as for the isotropic material GSAG [30]. In Figure 24 data are
shown for the uniaxial laser materials YVO4 and GdVO4 [3,30]. Thermal expansion coefficients as
a function of absolute temperature for the undoped isotropic sesquioxide laser materials Sc2O3 [30]
and Y2O3 [59], and the Yb-doped laser materials Yb:Y2O3 [59], Yb:Sc2O3 [59], and Yb:Lu2O3 [59] are
shown in Figure 25. Figure 26 shows thermal expansion data for the isotropic laser material CaF2, for
undoped and 10 at. % Yb doped crystals [59], while in Figure 27 we include some thermal expansion
data for some other common laser and optical materials, uniaxial Al2O3, isotropic MgO, and uniaxial
ZnO [60].
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materials YAG (blue) and LuAG (red) [29], and for the biaxial laser material YALO [29] along the a
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Figure 21. Thermal expansion coefficient as a function of absolute temperature for the uniaxial laser
materials YLF along the a (blue) and c (red) axes [29] and LuLF along the a (green) and c (pink) axes [29].
All data are for undoped crystals.
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Figure 23. Thermal expansion coefficient as a function of absolute temperature for the biaxial laser
material YSO (blue) [30] and the isotropic laser material GSAG (red) [30]. YSO data is reported for the
b-axis, and all data are for undoped crystals.
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Figure 24. Thermal expansion coefficient as a function of absolute temperature for the uniaxial laser
materials YVO4 [30] along the a (pink) and c (green) axes, and GdVO4 along the a (red) and c (blue)
axes [3]. All data are for undoped crystals.
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Figure 25. Thermal expansion coefficient as a function of absolute temperature for the undoped
isotropic sesquioxide laser materials Sc2O3 (blue) [30] and Y2O3 (red) [59], and the 10 at. % Yb-doped
laser material Yb:Y2O3 (green) [59], the 1 at. % Yb-doped material Yb:Sc2O3 (pink) [59], and 1 at. %
Yb-doped material Yb:Lu2O3 (black) [59].
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and the ZnO a and b axes data in Figure 27. In [61] the Grüneisen parameters for YAG and YALO are 
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Figure 27. Thermal expansion coefficient as a function of absolute temperature for the uniaxial laser
materials Al2O3 along the a (red) and c axes (blue) [60], ZnO along the a (black) and c (pink) axes [60],
and for the isotropic laser material MgO (green) [60].

Most of the materials plotted in Figures 20–27 are well behaved in the sense that thermal expansion
values are positive and converge towards 0 as temperature is lowered, in agreement with our previous
discussion regarding Equation (66). In a few cases, however, the thermal expansion can become
negative at lower temperatures, as may be seen in the YALO a-axis data in Figure 20, and the ZnO a
and b axes data in Figure 27. In [61] the Grüneisen parameters for YAG and YALO are discussed, and
the negative thermal expansion coefficient modeled as an additive negative Grüneisen parameter.
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2.4. Thermo-Optic Coefficient Measurements

As with the thermal expansion data of the previous section of this paper, in this section we include
only data where nearly complete data sets are available in most of the temperature range of 80–300 K,
and ignore single temperature point data. Unlike our previous discussion of the thermal conductivity
and thermal expansion coefficient, the theoretical foundation for the thermo-optic coefficient is not
nearly as developed, and we refer the reader to previous publications [2,3,29] for more background
information. In this section, we show in Figures 28–32 the best data sets we were able to find in
the literature, mostly generated at a wavelength of 1064 nm. Other data is available at 632.8 nm for
example, and where 1064 nm data are unavailable, we will present that data here.

Figure 28 shows thermo-optic coefficient data for the oxide laser materials YAG, LuAG, and YALO,
along their principal axes [29]. In Figure 29 we show the very interesting data for the thermo-optic
coefficients of the fluoride laser materials YLF and LuLF [29]. The thermo-optic coefficients for both
materials are negative across the entire temperature range of interest, for YLF in a monotonically
decreasing way as temperature trends towards zero, and in a much more complicated way for LuLF.
The negative value of dn/dT for YLF is often used to minimize thermal aberrations near room
temperature by partially compensating for the positive thermal expansion coefficient. This method
is obviously still helpful but of less utility as temperature is lowered for cryogenic laser operation.
Figure 30 shows the thermo-optic coefficients for YVO4 and GdVO4 [3,30] along their principal axes,
all of which remain positive in the temperature range of interest. The YSO b-axis remains positive
as well [30], as shown in Figure 31, but for CaF2 the thermo-optic coefficient is negative for all
temperatures, for both doped and undoped cases. The data for CaF2 were obtained for a wavelength of
632.8 nm [59], but are included here due to the lack of similar data near 1020 nm. For the sesquioxides,
data are available only for Y2O3 and Sc2O3 [3,30] and shown in Figure 32. While single-point data
near 1030 nm and 300 K and data collected at 632.8 nm are available over the temperature range of
interest [59], we have not included that data here.
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2.5. Elastic Parameters

The elastic parameters Young’s Modulus (E), Poisson’s ratio (ν), the bulk modulus B and the
related moduli K and G have been investigated by a number of researchers. The most comprehensive
study was published by Munro [62] who treated single crystal and ceramic materials with varying
porosity, and whose data for single crystals we include in Table 2, which lists values for E0 (0 K) a,
E(300 K), ν, and B. In [62], the Young’s modulus values were generated for a temperature of absolute
zero, and the values at higher temperatures are determined using the relationship

E pTq “ E0 pT “ 0q ¨ p1´ aTq (69)
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where E is Young’s modulus at temperature T and a is a constant. The bulk moduli values B0 and B at
300 K in Table 2 are taken from [62] as well, with B(T) calculated from the relationship

B pTq “ B0 pT “ 0q ¨ p1´ bTq (70)

Other values in Table 2 were obtained from [40,63]. The Poisson’s ratio values in Table 2 were
either calculated at 300 K using the relationship

ν “
1
2
´

E
6B

(71)

or taken from [40,63].

Table 2. Young’s modulus, bulk modulus, and Poisson’s ratio for selected laser materials.

Elastic
Parameters

E0 p0 Kq
(Gpa)

a
(10´4/K)

E (300 K)
(Gpa)

B0 (0 K)
(Gpa) b (ˆ10´4/K)

B (300 K)
(Gpa) ν

Al2O3 393 1.33 377 241 0.84 235 0.23
CaF - - 110 - - - 0.30

Lu2O3 204 1.03 198 161 0.24 160 0.29
MgAl2O4 278 1.98 262 187 1.97 176 0.25

MgO 310 1.63 295 164 1.23 158 0.19
Sc2O3 229 1.22 221 148 0.98 144 0.24
Y2O3 176 1.37 169 147 1.93 139 0.30
YAG - - 302 - - - 0.24

YbAG - - 257 - - - 0.25
LiYF4 - - 77 - - - 0.33

2.6. Figures of Merit Comparison of Undoped Selected Laser Materials at 300 and 100 K

Table 3 shows a comparison between the same material at 300 and 100 K, and between different
materials, by use of the figures of merit ΓT , ΓS, and Γ, for laser materials for which most or all of the
needed parameters are available in the literature. Most values reported are within a few degrees of
100 or 300 K, and are listed for those values to simplify the presentation. For the heat fraction, here we
assume for simplicity that the only contribution to the heat fraction is the quantum defect between
the pump and lasing phonons, denoted as ηQD

h . Data used in Table 3 were taken from the references
associated to Figures 10–32 as well as Table 2 and its references. It is important to note that the results
shown are for undoped materials only.

Concentrating first on the thermal aberrations figure-of-merit ΓT , we see that for all materials
considered, the figure of merit value is significantly larger at 100 K than at 300 K. This is a consequence
of the increased values of k as temperature is lowered, and reduced values of α and β. The materials
with the largest increase in ΓT between 300 and 100 K are YAG, YLF, YALO, Sc2O3, Y2O3, and Al2O3.
These are the materials that will display the largest reductions in thermal aberrations. The material
with the smallest increase in the figure-of-merit is CaF2. If this simple comparison, we ignore the fact
that additional decreases in thermal aberrations may be achievable by balancing a negative value for β
with the thermal expansion coefficient to achieve an athermal result as described in connection with
Equation (5). YLF and CaF2 for example from benefit from that approach. It should also be appreciated
that adding Yb doping density as an additional parameter, for example, will degrade the expected
increases in ΓT , very significantly in some cases. As we have seen previously in this paper, Lu2O3 and
LuAG have minor decreases in k as doping density increases, whereas for YAG and Sc2O3 the drop in
thermal conductivity as doping density increases is severe. Perhaps the worst case is CaF2 where for
3 or 5 at. % Yb doping the thermal conductivity does not increase at any temperature (see Figure 15).
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Table 3. Thermal Conductivity k, thermal expansion coefficient α, thermo-optic coefficient β, quantum
defect heat fraction ηQD

h , Poisson’s ratio ν, Young’s Modulus E, and calculated Figures of Merit ΓT , ΓS ,
and Γ for selected laser crystals at 100 and 300 K. Absolute values of negative parameter values were
used to calculate figures-of-merit.

Crystal k
(W/(cm¨K)

α
(10´6)
(1/K)

β
(10´6)
(1/K)

ηQD
h ν

E (109)
(gr/cm2)

ΓT (1010)
(W¨K)/cm

ΓS (10´5)
(W¨ cm)/gr

Γ
(W¨ cm)/gr

T
(K)

YAG
0.112 6.14 7.80 0.086 0.24 3.080 2.72 5.23 6.71 300
0.461 1.95 0.90 0.086 0.24 3.080 305.44 67.83 753.7 100

LuAG
0.083 6.13 8.30 0.086 0.25 2.872 1.90 4.11 4.95 300
0.254 2.46 0.70 0.086 0.25 2.872 171.5 31.35 447.86 100

YLF-a
0.053 10.05 ´4.60 0.045 0.33 0.785 2.55 10.00 21.74 300
0.242 3.18 ´0.50 0.045 0.33 0.785 338.23 144.34 453.93 100

YLF-c
0.072 14.31 ´6.60 0.045 0.33 0.785 1.69 9.54 14.45 300
0.337 2.36 ´1.80 0.045 0.33 0.785 176.29 270.81 1504.50 100

YALO-a
0.117 2.32 7.70 0.096 0.23 3.220 6.82 12.56 16.31 300
0.649 ´1.16 1.00 0.096 0.23 3.220 582.79 139.36 1393.60 100

YALO-b
0.100 8.08 11.70 0.096 0.23 3.220 1.10 3.08 2.63 300
0.544 3.24 4.50 0.096 0.23 3.220 388.66 41.82 92.93 100

YALO-c
0.133 8.70 8.30 0.096 0.23 3.220 1.92 3.81 4.59 300
0.776 3.00 1.20 0.096 0.23 3.220 224.54 64.43 536.92 100

Lu2O3
0.114 6.10 7.1 * 0.080 0.29 2.019 3.29 8.22 11.58 300
0.340 2.90 2.3 * 0.080 0.29 2.019 63.72 51.54 224.09 100

Sc2O3
0.147 6.40 8.12 0.088 0.24 2.254 3.21 8.80 10.84 300
0.455 0.75 2.20 0.088 0.24 2.254 313.36 265.66 1207.55 100

Y2O3
0.130 6.30 6.08 0.074 0.30 1.723 4.59 11.33 18.64 300
0.520 0.90 2.40 0.074 0.30 1.723 325.33 156.86 653.58 100

CaF2
0.080 19.20 ´12.70 0.091 0.30 1.122 0.36 2.86 2.25 300
0.390 10.60 ´7.5 * 0.091 0.30 1.122 5.32 25.22 23.79 100

Al2O3-c 0.330 5.15 9.80 0.335 0.23 3.844 1.95 3.83 3.91 300
5.150 0.71 4.05 0.335 0.23 3.844 534.62 433.72 1070.91 100

Al2O3-a 0.360 5.93 12.80 0.335 0.23 3.844 1.42 3.63 2.84 300
3.440 0.90 1.90 0.335 0.23 3.844 600.51 228.55 1202.89 100

(*)—Estimated Values.

For the stress figure-of-merit ΓS, the laser material with the largest increase in figure-of-merit
between 300 and 100 K are YAG, YLF, YALO, and Al2O3. Recall that a large figure-of-merit here means
that the stress values achieved are low. Materials with the lowest increase in ΓS are LuAG and CaF2.
For the combined figure-of-merit Γ, the largest value is achieved with YLF, YALO, and Al2O3. Those
are the materials that display the smallest thermal aberrations concurrent with low stress levels.

It is well-known [63], that the thermal rupture modulus Rm is defined by the equations

ˆ

PR
exγ

L

˙

“ 8π pMSσfq “ 8π¨RR
m (72)

ˆ

PS
exγ

L

˙

“ 12π pMSσfq “ 12π¨RS
m (73)

where Equation (72) applies to rod amplifiers and Equation (73) to slab amplifiers. PR
ex and PS

ex are
the maximum average powers, L the crystal length, MS the material parameter previously defined
by Equation (13), σf is the fracture stress, and RR

m and RS
m are the rupture moduli for rod and slab

amplifiers respectively. The quantity γ is the ratio of heat to inversion density. The fracture stress is in
most cases the stress achieved at the surface of the amplifier, because surfaces are well-known to have
fracture stress values that are in most cases only a fraction of what can be achieved in the bulk. The
presence of defects, inhomogeneities, debris, and cracks induced by polishing on surfaces reduce the
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fracture stress; in some cases such cracks and other irregularities can be removed by etching processes.
As can be seen from Equations (72) and (73), the maximum extractable average power is achieved
when the surface stress is equal to the fracture stress. Because the induced stress in a rod or slab crystal
is in all cases inversely proportional to the material parameter MS, maximizing it will result in the
minimum stresses for any given heat density Q0. Because the stress figure-of-merit ΓS is MS divided
by the constant heat fraction, we see from Equations (72) and (73) that ΓS is then also a measure of
the average power capability of any laser material. This is simply because maximizing MS results in
minimum surface stress, and a small surface stress results in increased average power capability.

In any high average power laser solid-state there is always a tradeoff between wanting to achieve
maximum average power whilst at the same time producing the best possible beam quality. These two
conflicting requirements can be addressed in a global sense using figures-of-merit ΓT

w1 and ΓS
w2 with

weighing factors p0 ď wi ď 1q that assign no importance (0) or highest importance (1) to the thermal or
stress figures-of-merit.

2.7. Spectroscopic, Lasing, Linear and Nonlinear Optical Parameters

Ultrafast laser technology has for many decades been dominated by the laser material Ti:Al2O3,
although other wide-bandwidth materials such as laser dyes, Nd:Glass, Yb:Glass, Cr:BeAl2O4

(Alexandrite), Cr:LiSAF, Cr:LiCAF, and Cr:Mg2SiO4 (Forsterite) have all played a significant role
in the development of ultrafast sources. In the past two decades fiber laser ultrafast sources have
come to the fore as well. In this paper, we are interested in exploring the development of ultrafast
lasers with both high peak and high average power. The rapid development in the past 15 years of
Yb-based ultrafast sources, and the further development of Ti:Al2O3 lasers both seem destined to fill
the performance gap between previous ultrafast sources that demonstrated very high peak powers,
but in general also very low average powers, and those that are required in the modern era. The
almost concurrent development of cryogenic laser technology and the development of new Yb ultrafast
sources heralds the development of a new generation of laser devices that will make possible exciting
advancements in a number of scientific fields.

2.7.1. Spectroscopic and Lasing Parameters

Cryogenic cooling is not just limited to just mitigating thermal effects in solid-state laser media.
Laser kinetics and spectroscopy, as well as many important laser parameters are enhanced as well. Of
all the rare-earth and transition-metal lasing ions that have been investigated, Yb3+ is of particular
interest. Because of the inefficiency of flashlamp pumping, the development of Yb lasers was delayed
until the introduction of laser diode pump sources. Yb based lasers are free of the efficiency limiting
processes of concentration quenching, excited-state absorption, and upconversion that plague many
other solid-state lasers. Figure 33 shows a typical Yb energy level configuration, in this case for the
newer laser material Yb:Lu2O3. Yb has only two manifolds, identified as the ground state manifold
2F7/2, and an 2F5/2 excited state manifold. Most Yb laser have laser transitions near 1029 nm ((1,1) to
(0,3) transition), with some also lasing near 1080 nm ((1,1) to (0,4)) transition. The spectral absorption
of Yb baser materials all display bands in the pump regions located near 940 nm, corresponding
to the (0,1) to (1,2) transition, and the zero-phonon line absorption near 976 nm from the (0,1) to
(1,1) transition.

Diode-pumping Yb:YAG near 940 nm can be accomplished using commercially available diode
arrays and leads to a small heat fraction of about 9%, whilst pumping near 976 nm results in a very
small heat fraction of < about 5%. Some laser materials like Yb:YAG have such narrow linewidths at
969 nm that they cannot be efficiently pumped at cryogenic temperatures [3]. The recent development
of narrow-band Volume Bragg Grating (VBG) diode pump sources at 976 nm does however allow the
pumping of the zero-phonon line for some laser materials at room temperature and broader band Yb
materials at cryogenic temperatures. It is a significant advantage of Yb laser materials that they display
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heat fractions that are only a fraction of the more common Nd based materials, primarily because no
concentration-quenching occurs, and upconversion is absent.Appl. Sci. 2016, 6, 23 39 of 73 
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Another compelling advantage of Yb based laser materials is that at cryogenic temperatures the
finite Boltzmann population of the ground state (1,3) population is effectively eliminated, and thus
the need to intensely pump the material at room temperature just to reach transparency is no longer
necessary. We can write the pump power density ρP needed to achieve transparency at 1029 nm as

ρP “
nd f03hνP

p f03 ` f11q ¨ τf
(74)

In Equation (74), nd is the total Yb ion density, νP the frequency of a pump photon, τ f the upper
level fluorescence lifetime, and f03 and f11 are the Boltzmann occupation factors for the lower laser
terminal level, and for the upper laser level respectively (see Figure 33). This equation follows from
the transparency condition

f11nU “ f03nL (75)

where nU and nLare the total population densities in the upper and lower manifolds respectively.
Calculation shows that for Yb:YAG, for example, to pump 1.0 at. % Yb to transparency at room
temperature requires a pump density of 1.72 kW/cm3 for 940 nm pumping. The 940 nm pump power
needed to reach transparency at 77 K, however, is only 0.33 W/cm3 for 1.0 at. % Yb doping.

For Yb:YAG, the peak stimulated-emission coefficient σe increases by close to a factor of 5 at
77 K while the long metastable lifetime of ~951 µs at room temperature is maintained at cryogenic
temperatures as well. The laser saturation fluence JS

L for Yb:YAG can be calculated from the equation

JS
L “

hνL
f11σ11´03

(76)

Here, from Figure 33, σ11´ 03 is the 11–03 laser transition stimulated-emission spectroscopic
cross-section, and JS

L is inversely proportional to it. For CW and pulsed operation, the saturation
fluence then decreases by a factor of 5 as well, enhancing the power or energy extraction efficiencies
in damage-limited operation. The saturation intensity, found by dividing Equation (76) by the upper
level fluorescence lifetime, decreases by the same factor of 5 as well.

Clearly cryogenically cooling Yb based laser materials at temperatures <150 K leads to laser
performance benefits that cannot be obtained for room temperature operation. Operating at 300 K and
above, a significant fraction of the pump power is needed to just maintain unity gain, and the smaller
stimulated-emission coefficients make damage-limited efficient laser extraction more difficult. CW
cryogenic lasers have the potential to provide diffraction-limited output with distortion-free lasing
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elements and with a high wallplug efficiency (laser output average power divided by electrical input
power to the diode arrays ,greater than 30% using a typical demonstrated optical-optical efficiency
of 55% and a typical 55% efficiency for laser diode sources. As diode laser efficiencies continue to
increase with time, perhaps to greater than 80%, and CW optical-optical efficiencies are improved to as
high as 85%, Yb laser wallplug efficiencies may eventually exceed 70%. These efficiency estimates do
not of course include any ancillary equipment need to operate the laser.

There are other benefits that accrue from cryogenic cooling. The absorption cross-section for
Yb:YAG at the primary pump wavelength of 941 nm increases by over a factor of two. At 77 K, the
doping density can be reduced by about the same factor to achieve the same absorption. Another
important feature of the absorption spectrum at 77 K is that the absorption bandwidth around
941 nm narrows but still remains very broad. Similar absorption improvements are obtained in
other Yb laser materials as well. This is important because the same diode arrays used to pump at
room temperature will work well at 77 K. Lower density, less expensive diode pump sources can also
be used at 77 K for some pumping configurations because a large pump power density is not needed
to reach transparency. Another benefit is that the use of end-caps to suppress the strain-distortion at
the ends of rod amplifiers can be in most cases be eliminated.

2.7.2. Linear and Nonlinear Optical Parameters

The use of cryogenic laser technology to enable the development of advanced laser systems
that have both high peak and high average with excellent beam-quality is an approach that has
now been proven. So far in this paper we have outlined the many reasons to seriously consider the
cryogenic-cooling approach, and have reviewed many of the relevant materials parameters and their
dependence on temperature. The path to high-average-power lasers is now well-mapped, however,
with regard to ultrafast operation we have just begun to develop the technology because many of
the relevant ultrafast parameters for low temperature operation are not known and the database of
such properties is at present very limited. The design of ultrafast laser systems requires a detailed
knowledge of both the nonlinear optical properties of laser crystals as well as other optical materials
used in constructing such systems, and in addition demands a detailed knowledge of the dispersion
properties as well. For ultrafast operation, a detailed knowledge of the linear and nonlinear indices
of refraction are needed to accomplish competent designs. It is fortunate that for most of the laser
materials discussed here, good Sellmeier equations are available in the literature, and are discussed
later in this paper, but readers should appreciate that at the present time most reported measurements
of the index of refraction and available Sellmeier equations are at or near room temperature. Sellmeier
(or Cauchy or Laurent equations) are used to calculate the first, second, third, and fourth-order
dispersion parameters needed to achieve dispersion compensation and balancing in ultrafast laser
systems, and unfortunately relatively few measurements can be found at cryogenic temperatures.
Similarly, the values of the nonlinear index of refraction n2 for various crystals and optical materials
are well-known only at room temperature.

For ultrafast laser systems with pulsewidths down to the picosecond regime, nonlinear effects
such as self-phase-modulation and self-focusing are the principal concerns, and dispersion effects can
be mostly ignored. Below about 5–10 ps, however both nonlinear and dispersion effects must be taken
into account to enable good ultrafast designs. Here we first consider just nonlinear effects, and the
limitations they place on ultrafast system performance.

Nonlinear Effects in Ultrafast Lasers

Other than laser-induced optical damage, a subject that we shall discuss in Section 2.7.3, the
major performance-limiting factor affecting ultrafast performance in solid-state laser systems is the
existence of a finite nonlinear index of refraction n2. Much of the early work on inertial-confinement
fusion involved the use of flashlamp-pumped laser glasses doped with Nd, driven by picosecond
duration Nd:YLF mode-locked oscillators with typical FWHM pulse durations in the range 50–200 ps.
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When scaling such systems to ever larger energy/pulse and peak powers, it was discovered that
whole-beam and small-scale self-focusing, caused by the nonlinear index, were the principal limiting
factors, and managing and reducing such effects was a major design goal. Good summaries of the
understanding and design tools used to design picosecond high-peak-power laser systems may be
found in [37,64]; in addition a very good summary of the most important papers addressing the
phenomena of self-focusing and the design and performance of such systems may be found in [65]. It
should be pointed out that in those early systems dispersion management was not a significant design
issue and CPA was just in its infancy.

For a laser pule traveling through a nonlinear medium, a finite nonlinear index leads to the
temporal phenomena of self-phase-modulation, resulting in a temporally dependent phase modulation.
Spatial phase modulation can lead to whole-beam and small-scale self-focusing [37,64]. In general the
threshold for the formation of small-scale-self-focusing is significantly lower than that for whole-beam
self-focusing. Small-scale self-focusing is caused by either phase or amplitude perturbations of a laser
beam, due to dust particles, index inhomogeneities or inclusions. Such perturbations lead to localized
self-focusing, resulting ultimately in self-trapped filaments that leave permanent “angel hair” tracks
in the laser media. Another source of self-focused filaments is diffraction from hard apertures in the
laser system, principally from the edges of laser amplifiers. If uncontrolled, small-scale-self-focusing
can lead to a large fraction of the system output beam being lost to large-angle scattering in a halo
surrounding the main laser beam. While we will not review in detail the methods for suppressing
small-scale-self-focusing in this article, we mention that the imaging of apodized laser beams, the use
of vacuum spatial filters, and relay-imaging throughout the entire laser system have been found to
be effective tools [37]. Today, the use of the chirped-pulse-amplification (CPA) technique, invented at
The Laboratory For Laser Energetics at the University of Rochester by Strickland and Mourou [66],
in which ultrafast pulses are spectrally stretched to a much longer pulsewidth for amplification, and
then re-compressed at the system output, can be used to largely avoid nonlinear effects as well as take
advantage of a higher damage threshold obtained as pulsewidth increases. Calculating in advance the
susceptibility of an ultrafast system to nonlinear and damage effects is an important part of ultrafast
laser system design, and here we discuss the standard method for doing so.

To manage whole beam and small-scale self-focusing in high peak power laser ultrafast systems, a
knowledge of the nonlinear index n2 and the corresponding nonlinear coefficient γN is essential.
A standard and often-used measure of the severity of nonlinear effects in laser systems is the
B-integral [37,64], formally defined as

B pr, z, tq “ ∆ϕNL pr, z, tq “
2π

λ
¨

ż

γN I pr, z, tq dz (77)

where B is in general a function of the beam radius r, propagation location z, and time t, I(r,z,t) is
the radially, longitudinally, and temporally varying laser intensity, the wavelength λ, and z is the
propagation length parameter. The B-integral is the nonlinear phase accumulation ∆ϕNL pr, z, tq due
to the nonlinear index n2, and in laser systems must be calculated for all optical and gain elements
encountered by the propagating beam. It is customary to calculate the maximum value of the B-integral
where the intensity I is maximum (t = 0). For spatially Gaussian beams, the B-integral value at the
beam edge is typically very small, and only the on-axis value for r = 0 is normally specified. The
same holds true for higher-order super-Gaussian beams where the intensity at the beam edge becomes
insignificant. For any arbitrary spatial beam profile, is easy to use Equation (72) in a computer code
and calculate the B-integral profile at any location in a laser amplifier or system. The nonlinear index
can be calculated using the relationship [37,64]

n2 “
12π2

n02c
¨χp3q (78)
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Here, χp3q is the third-order susceptibility, and both n2 and χp3q are expressed in electrostatic units
(esu). The relationship between n2 and γN is given by the simple formula [37,67]

γN “

ˆ

40π

c
¨ 10´6

˙

¨

ˆ

n2

n0

˙

“

´

4.19 10´3
¯

¨

ˆ

n2

n0

˙

(79)

and γN is expressed in (cm2/W). We note that in some contributions to the laser literature, n2 is often
used to describe γN , a confusing practice since they have distinctly different values and units.

Table 3 below shows reported values of n0, n2 and γN for a number of optical and laser materials
of interest. All reported values are at or near room temperature. In some publications the value of n2

was measured, and in others γN ; Equation (74) was used to provide missing values of either in Table 4.

Table 4. Reported room temperature values of the linear index, nonlinear index and nonlinear
coefficient for a number of important laser crystals and optical materials. Also shown are the crystal
type (SC-Single Crystal, GM-glassy material, or CER-Ceramic), the E-field orientation (Parallel to
specified crystal axis, unspecified, and I-Isotropic), and the measurement wavelength.

Crystal
Type Crystal E Field

Orientation
Wavelength

(nm) n0
n2 (esu)
10´13

γN (cm2/W)
10´16 Reference

SC Al2O3 E||C 1064 1.76 1.30 3.09 [68]
SC Al2O3 E||C 532 1.78 1.40 3.30 [68]
SC Al2O3 E||C 355 1.80 1.60 3.72 [68]
SC Al2O3 E||C 266 1.82 2.60 5.98 [68]
SC Al2O3 E||C 650 1.77 1.36 3.21 [69]
SC Al2O3 E||C 700 1.77 1.33 3.17 [69]
SC Al2O3 E||C 750 1.76 1.32 3.14 [69]
SC Al2O3 E||C 800 1.76 1.31 3.11 [69]
SC Al2O3 E||C 850 1.76 1.30 3.09 [69]
SC Al2O3 E||C 900 1.76 1.29 3.06 [69]
SC Al2O3 E||C 950 1.76 1.28 3.04 [69]
SC Al2O3 E||C 1000 1.76 1.26 3.01 [69]
SC Al2O3 E||C 1050 1.76 1.26 2.99 [69]
SC Al2O3 E||C 1100 1.75 1.24 2.97 [69]
SC LiSAF Unspecified 850 1.39 1.10 3.30 [70]
SC LiCAF Unspecified 850 1.38 1.22 3.70 [70]
SC LiSGAF Unspecified 850 1.39 1.10 3.30 [70]
SC Mg2SiO4 Unspecified 1240 1.64 0.78 2.00 [70]
GM SiO2 I 1064 1.45 0.95 2.74 [71]
GM SiO2 I 527 1.46 1.05 3.00 [71]
GM SiO2 I 351 1.48 1.27 3.60 [71]
GM BK-7 I 1064 1.52 1.46 4.00 [68]
SC YAG I 1064 1.82 2.51 5.78 [72]
SC YAG I 1064 1.82 2.70 6.21 [73]

CER YAG I 1064 1.82 2.49 5.73 [72]
SC YALO E||C 1064 1.91 3.33 7.30 [52]

SC YLF Unoriented
Measurement 1064 1.46 (o)

1.48 (e) 0.60 1.72 [74]

SC LuAG I 1064 2.14 5.50 10.77 [73]
SC Y2O3 I 1064 1.78 5.33 12.54 [73]

CER Y2O3 I 1064 1.78 5.79 13.63 [72]
CER Sc2O3 I 1064 1.85 5.32 12.05 [72]
CER Lu2O3 I 1064 1.83 3.96 9.06 [72]
SC MgO I 1064 1.74 1.61 3.88 [73]
SC MgAl2O4 I 1064 1.72 1.50 3.65 [73]
SC CaF2 I 1064 1.43 0.43 1.26 [73]
SC YVO4 E||C 1080 2.25 8.06 15.00 [75]
SC YVO4 E||A 1080 1.96 8.89 19.00 [75]
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Table 4. Cont.

Crystal
Type Crystal E Field

Orientation
Wavelength

(nm) n0
n2 (esu)
10´13

γN (cm2/W)
10´16 Reference

SC YVO4
Unoriented
Measurement 1064 2.06 (1) 10.62 21.60 [76]

SC GdVO4
Unoriented
Measurement 1064 2.08 (2) 8.34 16.80 [76]

SC KGW E||Nm 800–1600 1.99 9.50 20.00 [77]
SC KGW E||Np 800–1600 2.03 7.27 15.00 [77]
SC KYW E||Nm 1080 2.01 4.80 10.00 [75]
Gas Air I 400 1 0.00128 0.00536 [78]
Gas Air I 800 1 0.00072 0.00301 [78]

(1) , (2): Measurements of γN along c-axis and orthogonal b-axis found to be the same.

Al2O3, LiSAF, LiCAF, LiSGAF, Mg2SiO4, SiO2, YLF, MgO, MgAl2O4, and CaF2 all exhibit rather
small nonlinear index values in the spectral region 800–1100 nm. YAG, YALO, and LuAG display
somewhat larger values, while the sesquioxides Y2O3, Sc2O3, and Lu2O3 show a substantial increase,
followed by the vanadates YVO4 and GdVO4 and the tungstates KGW and KYW which display the
largest nonlinear index values. A much larger nonlinear index for many commonly mode-locked
materials like YVO4, KGW, and KYW makes Kerr lens mode locking easier to achieve, but will provide
challenges to suppress nonlinear effects in scaled up ultrafast systems consisting of multiple amplifiers.
Minimizing B-integral contributions in ultrafast systems utilizing some of these newer materials will
likely force designers to consider thin lasing elements such as thin-disk lasers for some applications,
however, the thinner the lasing element the more troublesome the suppression of parasitics and
amplified-spontaneous-emission, so undoubtedly tradeoffs will need to be made. Also, thin lasing
elements have low gain as well, and require multi-passing of the element for good extraction, thus
increasing the B-integral and negating any advantage.

The system B-integral, Bsys, obtained by adding up the nonlinear phase contributions from all the
laser and optical elements encountered by a beam, is a useful measure of the susceptibility of a system
to small-scale-self-focusing damage. In general, Bsys values of <1.5 radians are very safe, whereas
values greater than about 2.5 are very concerning. While these observations are only generally true,
minimizing the possibility of system damage due to nonlinear effects is very dependent on system
cleanliness and the avoidance of diffraction effects.

In very short-pulse ultrafast CPA systems such as Ti:Al2O3, the generation of pulsewidths
<20–30 fs requires that the accumulation of second, third, and fourth order dispersion phase in
the amplifier portion of the system be compensated, a feat normally accomplished by the use of
compressors that can be adjusted to cancel out second, third, and fourth order phase. In femtosecond
laser systems the accumulation of nonlinear phase due the B-integral is also an important consideration,
and Equation (77) is re-written

B pr, z, tq “ ∆ϕNL pr, z, tq “ 2π¨

ż
ˆ

1
λ

˙

γN I pr, z, tq dz (80)

reflecting the fact that temporal nonlinear phase Fourier maps into spectral phase. Because of the
resulting nonlinear group delay, reducing the B-integral value to <1 has advantages in that the
compensation of small amounts of nonlinear group delay in the compressor can be achieved.

Dispersion Effects in Ultrafast Lasers

The understanding of dispersion is a very important aspect of ultrafast laser technology,
particularly for pulsewidths <about 10 ps, and into the fs and as regimes, and the successful
management of dispersion is prerequisite to the success of ultrafast laser systems. Here, we review the
description of dispersion and apply the formalism to the calculation of the first, second, third, and
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fourth-order dispersion for a number of important laser materials. We first consider the variation of
the linear index of refraction with wavelength or frequency. If we consider an input pulse if field Ein(t)
with spectrum Ain(ω) propagating through a dispersive dielectric crystal, the output pulse can be
written as the Fourier relationship

Eout ptq “
ˆ

1
2π

˙

¨

ż

Ain pωq eiωteiψpωqdω (81)

ω is the angular frequency, and ψ pωq is the spectral phase at frequency ω. Upon passage through
a medium of length L, we can relate the spectral phase to the propagation constant of the medium
β(ω), through

ψ pωq “ ´β pωq ¨ L (82)

It is commonplace [70] to expand both ψ pωq and β pωq about a central frequency ω0 using a
Taylor series approach, resulting in

ψ pωq “ ψ pω0q `
Bψ

Bω
¨ pω´ω0q `

1
2
B2ψ

Bω2 ¨ pω´ω0q
2
`

1
6
B3ψ

Bω3 ¨ pω´ω0q
3
` . . . (83)

or,

ψ pωq “ ψ pω0q `ψ1¨ pω´ω0q `
1
2
ψ2¨ pω´ω0q

2
`

1
6
ψ3¨ pω´ω0q

3
` . . . (84)

β(ω) is then given by

β pωq “ β pω0q `β1¨ pω´ω0q `
1
2
β2¨ pω´ω0q

2
`

1
6
β3¨ pω´ω0q

3
` . . . (85)

and we write in general

ψn “
Bnψ

Bωn , βn “
Bnβ

Bωn (86)

The derivatives are evaluated atω “ ω0, and we also have

ψn “ ´ βn¨ L (87)

β(ω) can also be expressed as

β pωq “
ω n pωq

c
(88)

where c is the speed of light. Using Equation (88) we can then calculate the dispersion parameters βi as

β1 “
dβ
dω

“ n pωq `ω
dn
dω

(89)

β2 “
d2β

dω2 “ 2
dn
dω

`ω
d2n
dω2 (90)

β3 “
d3β

dω3 “ 3
d2n
dω2 `ω

d3n
dω3 (91)

β3 “
d3β

dω3 “ 4
d3n
dω3 `ω

d4n
dω4 (92)

Most index of refraction dispersion equations are expressed in terms of wavelength, rather than
angular frequency. The most common dispersion equation used is the Sellmeier equation, often written
in its’ most general form as

n pλq2 “ A0 `
ÿ

i

Aiλ
2

´

λ2 ´ λ2
i

¯ (93)
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Here n is the wavelength dependent index of refraction, and A0, Ai and λi are fitting constants. In
many cases A0 “ 1, and i is usually ď 4. Another equation often found in the literature is the Laurent
series formula,

n pλq2 “ A` B¨ λ2 `
ÿ

i

Ci

λ2i (94)

where A, B, and Ci are constants, and the index i takes the values 1, 2, 3, and 4. The Cauchy equation is
also often used, which may be obtained by setting B = 0 in Equation (94). For the calculations reported
below in this paper, the appropriate index equation was converted to angular frequency, resulting in
the following frequency dependent Sellmeier equation:

n pωq2 “ A0 `
ÿ

i

Aiωi
2

`

ωi
2 ´ω2

˘ (95)

Table 5 shows calculated values of the index of refraction, the wavelength the values were
calculated at, and the first, second, third, and fourth order dispersion coefficients. In addition,
references are provided to allow interested readers to know what form of the index equation was
used, as well as the values of the constants. We have included crystals and optical materials often
used in ultrafast lasers, including Ti:Al2O3, Cr:LiSAF, Cr:LiCAF, and a number of Yb laser materials.
Some entries in Table 5 have also served as a check on the calculational accuracy. For example, for
BK-7 at 800 nm and fused silica (SiO2) at 800 nm, the calculated dispersion parameter values agree
closely with previously published results [32]. For Ti:Al2O3, the dispersion parameters were calculated
for a Sellmeier equation used for sapphire grown using the heat exchanger method (HEM) [79],
and are similar to previously published results [32], but a one-to-one comparison cannot be made
because the data and Sellmeier equations used in [32] were not revealed. The variation of the index of
refraction with wavelength can also be slightly different depending upon the crystal growth method,
and the corresponding Sellmeier equations will be somewhat different as well, and it is likely that
such differences explain the variation between our calculations and [32]. We have included in Table 5
not only legacy materials like LiSAF, LiCAF, YAG, YALO, and YLF, but also the newer sesquioxide
laser materials Y2O3, Sc2O3, and Lu2O3, and the tungstate materials KGW, KYW, and KYbW. One case
deserves mentioning here: that of Cr:LiSAF. We found published values for the second (21.0 fs2/mm)
and third-order (185.0 fs3/mm) dispersion coefficients for the e-axis [70] that do not agree well with
our results, nor with those found elsewhere [80]. Values in [70] were calculated using the Sellmeier
equations of [81]. We calculated β2 and β3 using both the Sellmeier equations of Peterson [81] and
Payne [82]. While both Sellmeier equations differ substantially from the measured values, the data
of Peterson [81] gave the worst agreement, so in Table 5 we show our calculated values (7.9 fs2/mm)
and (15.7 fs3/mm) obtained using the Payne Sellmeier equation. It has been noted however [80], that
even the Payne Sellmeier equations give results considerably different from the measured results. In
addition, our results differ from the calculated results of [80], where the reported calculated values
using the same Sellmeier equation are (9.7 fs2/mm) and (28.6 fs3/mm). While we have endeavored
to calculate accurate values for the dispersion parameters reported in Table 5, and have checked and
compared our results to other values found in the literature where available, readers should be aware
that coding long and tedious Sellmeier, Cauchy, Laurent, and other equations and their derivatives up
to the fourth order may lead to some inadvertent errors being present.

We conclude this section of the paper by again pointing out that all of the Sellmeier equations
and calculated values for the dispersion parameters are for room-temperature operation. It is now
well-known that the value of the index of refraction at room temperature are diminished at lower
(cryogenic) temperatures by the thermo-optic coefficient dn/dT. Calculation shows that if the change
in index of refraction for YAG for example by integrating the thermo-optic coefficient over the range
300 to 100 K, the index value at 300 K is affected in the third decimal place. For a variation of the
index in the third decimal place, the Sellmeier equation will change as well, and thus will all of the
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dispersion parameters. The same conclusion may be reached for most other crystals as well. It is
then important going forward to obtain measurements of the indices of refraction as a function of
wavelength at cryogenic temperatures.

Table 5. Calculated room temperature values of the linear index and the first, second, third, and fourth
order dispersion parameters for legacy and newer laser crystals of length 1 mm. Also shown are
the operating laser wavelengths, as well as references to allow readers to know what Sellmeier or
alternative index equation was used in the calculations.

Crystal Wavelength (nm) n0
β1

(fs/mm)
β2

(fs2/mm)
β3

(fs3/mm)
β4

(fs4/mm) Reference

Al2O3-(e)
(HEM) 800 1.7540 5928.1 49.9 48.3 ´30.0 [79]

Al2O3-(o)
(HEM) 800 1.7620 5960.6 42.2 48.7 ´36.7 [79]

Al2O3-(e)
(HEM) 1030 1.7477 5912.4 11.9 81.3 ´127.6 [79]

Al2O3-(o)
(HEM) 1030 1.7552 5946.7 7.0 87.9 ´146.4 [79]

LiSAF-(e) 850 1.4054 4709.2 7.9 15.7 ´15.0 [82]
LiSAF-(o) 850 1.4074 4720.0 9.5 28.4 ´1.2 [82]
LiCAF-(e) 760 1.3890 4654.6 23.6 13.6 ´3.3 [83]
LiCAF-(o) 760 1.3899 4659.5 23.1 13.7 ´3.9 [83]

YAG 1060 1.8243 6148.6 60.9 68.3 ´46.9 [84]
YAG 1030 1.8153 6121.7 66.6 66.7 ´41.6 [84]

LuAG 1060 1.8279 6136.5 74.6 45.7 7.3 [85]
LuAG 1030 1.8249 6151.8 64.4 66.1 ´39.3 [85]

YALO-(a) 1040 1.9341 6502.8 93.4 55.5 7.6 [86]
YALO-(b) 1040 1.9258 6473.2 90.3 53.5 7.2 [86]
YALO-(c) 1040 1.9140 6430.1 84.2 49.7 6.3 [86]
YLF-(e) 1020 1.4705 4927.6 21.7 24.2 ´18.7 [87]
YLF-(o) 1020 1.4483 4851.8 18.9 23.3 ´21.3 [87]

YVO4-(e) 1060 2.1661 5947.6 341.1 305.0 69.1 [88]
YVO4-(o) 1060 1.9579 6662.4 191.7 168.5 18.2 [88]

KGW-(Np) 1032 1.9829 6726.0 165.8 129.6 9.1 [48]
KGW-(Nm) 1027 2.0113 6828.7 178.7 139.5 12.6 [48]
KGW-(Ng) 1024 2.0625 7005.8 216.0 141.5 3.5 [48]
KYW-(Np) 1028 1.9690 6673.0 184.4 429.5 21.3 [48]
KYW-(Nm) 1028 2.0073 6814.0 207.2 495.1 26.0 [48]
KYW-(Ng) 1028 2.0514 6972.1 223.8 543.2 28.9 [48]

KYbW-(Np) 1040 1.9932 6772.2 130.5 106.2 ´29.9 [48]
KYbW-(Nm) 1026 2.0365 6897.3 173.2 421.5 56.3 [48]
KYbW-(Ng) 1024 2.0789 7074.3 179.6 307.7 20.9 [48]

Y2O3 1030 1.8889 6386.6 113.9 93.2 ´14.0 [89]
Sc2O3 1030 1.9654 6659.2 124.8 108.6 ´30.4 [89]
Lu2O3 1030 1.9102 5691.4 126.1 100.6 ´15.8 [89]
CaF2 1030 1.4287 4784.1 18.4 20.2 ´14.7 [52]

BK-7, N-BK-7 800 1.5108 5088.8 44.6 32.0 ´10.0 [52]
BK-7, N-BK-7 1030 1.5071 5070.2 25.1 44.7 ´49.8 [52]

SF10 800 1.7112 5836.7 159.2 102.9 33.4 [90]
SF10 1030 1.7030 5766.4 108.1 97.3 ´15.7 [90]
SF11 800 1.7648 6036.4 189.4 124.1 48.3 [52]
SF11 1030 1.7553 5952.9 128.9 113.0 ´7.3 [52]

N-SF14 800 1.7429 5957.1 176.4 117.6 41.6 [52]
N-SF14 1030 1.7337 5879.7 118.3 110.2 ´17.7 [52]

Crystal SiO2 (e) 1030 1.5282 5189.3 0.4 98.8 ´193.5 [91]
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Table 5. Cont.

Crystal Wavelength (nm) n0
β1

(fs/mm)
β2

(fs2/mm)
β3

(fs3/mm)
β4

(fs4/mm) Reference

Crystal SiO2 (o) 1030 1.5342 5162.8 25.8 46.2 ´53.6 [91]
Crystal SiO2 (e) 800 1.5348 5200.6 38.1 50.4 ´43.9 [91]
Crystal SiO2 (o) 800 1.5381 5181.9 45.8 32.1 ´12.0 [91]

Fused Silica
(SiO2) 800 1.4533 4890.5 36.1 27.3 ´11.0 [92]

Fused Silica
(SiO2) 1030 1.4500 4875.7 19.0 40.4 ´49.8 [92]

2.7.3. Optically-Induced Laser Damage

Perhaps the most important parameter in the design of any laser system is the laser-induced
damage threshold (LIDT), the value of fluence, intensity, or average power that if exceeded, will result
in irreversible damage to at least one (usually critical) optical or lasing element in the laser system. If
the weakest component in a laser system has an LIDT that is a fraction of the laser saturation fluence,
one cannot obtain a high overall system efficiency because for high extraction efficiency the input
laser fluence must be at least equal to the saturation fluence, and in the case of Gaussian beams, many
times the saturation fluence [28]. A small saturation fluence is obtained for laser materials with a
large stimulated-emission cross-section (see Equation (76)). Because the LIDT has a laser pulsewidth
dependence that results in picosecond pulses having a smaller damage threshold than nanosecond
pulses, and femtosecond less than picosecond [93], it was a challenge in early ultrafast lasers to be
able to scale laser output due to the limiting value of LIDT’s in the picosecond and particularly in
the femtosecond regime. It was because of those damage limitations, as well as to avoid the type of
nonlinear effects discussed in the aforementioned, that the technique of CPA was invented [66]. Using
CPA, a short femtosecond pulse for example is stretched using diffraction gratings or other means, to
the picosecond regime where damage thresholds are substantially larger, After stretching, the initial
pulse is amplified in a following beam line of amplifiers where the larger pulsewidth allows nonlinear
effects to be avoided or minimized, and where more efficient extraction can be obtained due to the
larger damage threshold. After amplification, the stretched pulse is compressed, in many cases using
a diffraction grating compressor, to restore the pulsewidth close to its’ initial value. Managing the
accumulated dispersion, and compensating for it using certain types of compressor configurations
determines how close to the initial pulse width the final compressed pulse comes.

The literature of LIDT’s is vast. Interested readers that have a need to thoroughly explore the
field may consult the book by Wood [94], as well as the many publications of the Annual Boulder
Damage Symposium (Boulder, CO, USA), a conference that celebrated its 45th year in 2013. The
LIDT of laser and optical materials is a consequence of the many physical mechanisms connected
with the high fields achievable with laser. When intense beams are transmitted through crystals or
glasses, many nonlinear effects such as harmonic generation, self-focusing and self-phase modulation,
nonlinear absorption, excited-state absorption, stimulated Brillouin or Raman scattering, and others
may occur, and contribute to irreversible damage. In addition electron avalanches may occur in the
laser in response to a strong E field, and plasmas may form on a surface or internally. High average
power effects, that are now becoming more and more important, can be caused by absorption and
melting of dielectric crystals or dielectric coatings, and can lead to distortion depolarization, and
ultimately fracture of crystals or other optics. It is a general observation, supported by measurements,
that the LIDT of surfaces are substantially smaller than bulk LIDT’s. LIDT’s are a strong function of the
laser wavelength, with visible and UV LIDT’s much less than those obtained around 1000 nm [93,94].
The pulsewidth dependence of LIDT’s is rather simple in the nanosecond regime, varying as the
pulsewidth to the ½ power [93,94], however for picosecond and femtosecond pulses the dependence is
more complicated [95].
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It is a shortcoming of the present state-of-the-art that high average power effects have received far
less attention than high peak power effects. Now that we are witnessing the advent of laser systems
that have concurrent high and peak average powers, much attention will be focused in the near
future on determining the LIDT’s of laser crystals and optics under very extreme conditions. LIDT’s
at low temperature are scarce and in most cases have not been measured. Recently a publication
reported a reduced damage threshold at cryogenic temperatures relative to the room temperature
value [96]. This in contrast to a number of publications that have reported increased damage thresholds
at cryogenic temperatures [97–99]. Increased laser damage threshold measurement efforts at cryogenic
temperatures are needed to further our understanding of the design of cryogenic laser devices and to
increase our knowledge of the scaling of the damage threshold with temperature.

2.7.4. Spectral and Laser Properties of Traditional and New Laser Materials

The design and performance of ultrafast lasers is critically dependent upon the spectral and laser
properties of the amplifier materials used. We have already, in the aforementioned, discussed the
important nonlinear parameters and the dispersion parameters needed to optimize the performance
of ultrafast lasers. Here, we review the spectral properties of a number of important laser materials,
including a number of legacy ultrafast materials as well as some newer laser materials, all based upon
the Yb3+ lasing ion. A more complete compilation of properties for most Yb based laser materials will
be presented elsewhere [100]; here we show only Yb materials for which both room and cryogenic
temperature data are available. Table 6 shows the laser material, the crystal classification (anaxial (A)
and uniaxial (U)), the absorption span δλabs (FWHM) and wavelength of peak absorption λP

abs, the
absorption bandwidth ∆λabs (FWHM), peak absorption cross-section σP

abs, the wavelength of the peak
stimulated-emission cross-section λP

em, the emission bandwidth ∆λem (FWHM), the value of the peak
stimulated-emission cross-section σP

em, the upper level (2F5/2) fluorescence lifetime τF, the absolute
temperature, and the references from whence the data were taken [3,6,30,101–110].

The three legacy laser materials shown, Ti:Al2O3, Cr:LiSAF, and Cr:LiCAF, are uniaxial and we
show data for the cases E||c and E||a, and at room temperature. While Ti:Al2O3 is often cooled to
near 77 K to reduce thermal aberrations [31,33–35], little data is available in the literature regarding
the spectral properties at that temperature. For Cr:LiSAF and Cr:LiCAF, we were not able to find
any cryogenic data available in the literature. The bandwidths for these materials indicate that for
transform-limited Gaussian pulses, pulsewidths of as short as 4, 6, and 7 fs can be achieved, in the
absence of gain-narrowing.

For the Yb materials Yb:CaF2, Yb:LuAG, Yb:YAG, and Yb:YLF, complete sets of spectral
parameters are available at room temperature and near 77 K, and both are shown in Table 6. We
have also included the recently developed sesquioxide laser materials Yb:Lu2O3, Yb:Sc2O3, and
Yb:Y2O3, but complete data sets are available at present only at 300 K. The first Yb laser material to be
investigated at cryogenic temperature was Yb:YAG [1], but the emission bandwidth is narrow and only
capable of producing Gaussian transform-limited pulses of about 1 ps at 80 K, due to the narrower
gain bandwidth [3]. The material Yb:LuAG, very similar to Yb:YAG, is capable of producing 1.4 ps
pulses. The first Yb:YLF laser operated at cryogenic temperatures was reported in [109]. Yb:YLF is an
interesting ultrafast cryogenic laser material, due to the wide emission bandwidths for both π and σ
polarizations. For E||c and E||a at 300 K, the shortest transform-limited Gaussian pulsewidths that
can be obtained are about 43 and 57 fs at 300 K, and 191 and 55 fs at 79 K. The material is robust and
has relatively high thermal and stress figures of merit (Table 3). The first demonstration of combining
two Yb laser materials together (Yb:YAG and Yb:GSAG) to broaden the gain bandwidth, produced
recompressed shorter pulses of ~1.6 ps duration [110]. Not all of the spectral properties of Yb:GSAG
are known, particularly at room temperature, but we have included the known properties in Table 6.
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Table 6. Spectral properties of legacy and Yb-based ultrafast laser materials at room and cryogenic temperatures.

Crystal Crystal Type δλabs, λP
abs

(FWHM) (nm)
∆λabs (FWHM)

(nm) σP
abs (cm2) (10´20) λP

em (nm)
∆λem (FWHM)

(nm)
σP

em (cm2)
(10´20) τF (µs) Temp (K) Refs

Ti3+:Al2O3
U

455–580

120.0 6.45 790 225.0 3.0 3.2 300 [6,101]493
E||c (π) Peak

Ti3+:Al2O3
U

455–575
122.0 2.79 800 236.0 1.5 3.2 300 [6,101]E||a (σ) 493

Peak

Cr3+:LiSAF
U

600–703
97.7 5.4 850 192.0 4.8 67 300 [102]

E||c
637

Peak

Cr3+:LiSAF
U

593–693
102.3 2.6 850 171.4 1.6 67 300 [102]

E||a
637

Peak

Cr3+:LiCAF
U

585–680
85.8 2.95 763 127.0 1.3 175 300 [102]

E||c
647

Peak

Cr3+:LiCAF
U

580–680
92.7 2.00 763 127.0 0.9 175 300 [102]

E||a
647

Peak

Yb3+:CaF2 A
915–970 53.3 0.83

1030 26.7 0.25 1900 300 [103]979 21.8 0.57

Yb3+:CaF2 A
915–970 53.3 0.88 1033 43.3 0.50

1900 77 [103]980 2.93 1.57 990 10.7 0.83

Yb3+:Lu2O3 A
930–953 11.04 0.80 1033 13.2 1.89

820 300
[104]

978 3.49 3.81 1078 14.3 0.89 [105]

Yb3+:LuAG A
915–945 30.0 0.94

1030 3.4 2.50 950 295
[104]

970 2.75 1.01 [106]

Yb3+:LuAG A
915–945 27.0 1.73

1030 1.1 13.90 950 100
[104]

970 1.10 2.47 [106]

Yb3+:Sc2O3 A
942 26.2 0.87 1041 13.4 1.44

800 300 [107]975 2.4 4.40 1095 10.7 0.33

Yb3+:Y2O3 A
950 5.96 0.87 1031 14.3 1.06

850 300 [107]977 3.97 2.40 1076 15.6 0.42
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Table 6. Cont.

Crystal Crystal Type δλabs, λP
abs

(FWHM) (nm)
∆λabs (FWHM)

(nm) σP
abs (cm2) (10´20) λP

em (nm)
∆λem (FWHM)

(nm)
σP

em (cm2)
(10´20) τF (µs) Temp (K) Refs

Yb3+:YAG A
969 2.8 (300) 3.28

1029 8.5 2.3 951 300 [3,27]941 18.3 (300) 1.22

Yb3+:YAG A
969 0.06 (80) 37.0

1029 1.5 11.0 951 75–80 [3,27]941 12.6 (75) 1.70

Yb3+:YLF
U

960 10.0 1.1
1020 36.0 0.8 2080 300

[3,108]
E||c (π) 992 8.0 0.4 [109]

Yb3+:YLF
U

929–953 25.0 0.3
1020 27.0 0.7 2080 300

[3,108]

E||a (σ) 960 6.0 0.4
[109]971 12.0 0.3

Yb3+:YLF
U

960 < 1 6.8
1020 8.0 1.8 1990 79

[3,108]
E||c (π) 971 < 0.5 1.4 [109]

Yb3+:YLF
U

930–950 21.0 0.8
1020 28.0 1.0 1990 79

[3,108]

E||a (σ) 960 <2 2.4
[109]971 <1 2.8

Yb3+:GSAG A
928–950

22 - - - - - 300 [30,110]946

Yb3+:GSAG A
930–947

17 - 1030 2.4 5.6 - 77 [30,110]943
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Yb:CaF2 has come to the fore recently because of its broad emission bandwidth, resulting in
<100 fs pulsewidths from a mode-locked laser recently [111]. From Table 6, we see that it has a wide
emission bandwidth, particularly at 77 K. The Gaussian transform-limited pulsewidths expected are
59 fs and 37 fs at 300 and 77 K respectively. As we have seen previously in Section 2.6, however,
this laser material has the lowest thermal and stress figures-of-merit (Table 3), potentially limiting
its usefulness as a material for high average power ultrafast systems. As shown in Figure 15, even
for modest Yb doping levels of a few at. %, the thermal conductivity of Yb:CaF2 can be less than the
undoped value at 300 K at temperatures of both 300 and 80 K. As a consequence, the figures of merit
are even worse for Yb-doped CaF2 crystals. Recall that the figures-of-merit shown in Table 3 are for
undoped crystals only. An attractive feature of this material for systems applications is that it has a
very low nonlinear index (Table 4), although such a low value makes Kerr-lens mode-locking much
more difficult.

For the sesquioxide laser materials at room temperature, the expected Gaussian transform-limited
pulsewidths are calculated to be 119, 119, and 109 fs for Yb:Lu2O3, Yb:Sc2O3, and Yb:Y2O3 respectively.
All have relatively good thermal and stress figures-of-merit (Table 3).

3. Hydrothermal Crystal Growth

In this section of our paper, we review the substantial progress we have made utilizing the
hydrothermal method of crystal growth, and in particular in the growth of sesquioxide laser materials.
Interested readers may also consult two recent publications by our group [104,112]. The rare earth
sesquioxides, Sc2O3, Y2O3, and Lu2O3, have emerged as extremely attractive optical materials,
particularly for their potential as high power laser materials. They all possess relatively high thermal
conductivities, high thermal stability, suitably broad absorption bands, a wide transparency range,
and a cubic crystal structure, all of which are very appealing characteristics for solid-state laser hosts.
In particular, Lu2O3 appears especially promising since Lu3+ offers a close size and mass match to
many of the lanthanide dopant ions of interest, allowing the crystals to support high doping levels
with minimal sacrifice of thermal conductivity (see Figure 6). Several recent studies have confirmed
the potential of lanthanide doped Lu2O3 as a versatile high power optical material [113,114]. As such
they make very attractive targets for single crystal growth studies.

The high melting point of Lu2O3 (2450 ˝C) presents significant technical challenges to the growth
of single crystals by classical melt-based methods. Few traditional approaches have gained traction, and
recent efforts in Lu2O3 crystal growth have converged on a few techniques. The micro-pulling-down
method has been used to grow single crystals a few millimeters in diameter with lanthanide doping
targeted for laser applications [115]. The extreme crystal growth demands and promising materials
characteristics of the sesquioxide systems prompted us to develop a unique hydrothermal approach to
the growth of Sc2O3 and Lu2O3 [112]. Hydrothermal crystal growth of these materials can occur in a
closed system at modest temperatures (550–650 ˝C), well below the melting point of the oxides using a
supercritical aqueous hydroxide solution as a transport medium. Many refractory oxides are soluble
under these conditions, and growth can occur either by spontaneous nucleation, or be deposited onto
a seed crystal. The much lower temperature hydrothermal growth of Yb:Lu2O3 [112,116] and other
sesquioxide materials results in the minimization of defects, impurities, crystal strain, color-centers,
and inhomogeneities, all of which are important issues in melt-based growth methods. Comprehensive
reviews of the hydrothermal growth process and its application to the development of new and
promising laser crystals have recently been published [116–118]. In earlier work [104] we presented
the first room temperature absorption cross-section data for hydrothermally-grown Yb:Lu2O3, as well
as the emission cross-sections determined by the method of reciprocity. An image of a recently grown,
faceted, large Yb:Lu2O3 crystal is shown in Figure 34.
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Figure 34. Highly faceted, optically clear, as-grown Yb:Lu2O3 single crystal grown at 700 °C with a  
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3.1. Recent Results For Sesquioxide Laser Materials

3.1.1. Yb:Lu2O3 Absorption Spectroscopy

Our group has recently obtained cryogenic absorption cross-section data for Yb:Lu2O3, with the
results submitted for publication [119]. Figure 35 shows a portion of that data at 298 K and 80 K.
These data were obtained with high spectral resolution down to 0.1 nm, and clearly show that the
zero-phonon line is still not resolved at 80 K. While the absorption band around 900 nm is resolved at
all temperatures, and we see the usual progression of increased cross-section values as temperature is
lowered, the bands at 950 nm and 977 nm are not completely resolved, even at 0.1 nm resolution. Our
analysis shows that the zero-phonon linewidth is <0.1 nm and likely below 0.05 nm. A similar situation
has been found in Yb:YAG where the zero-phonon linewidth was initially measured to be <0.1 nm [27],
and a later measurement yielded a value of 0.05 nm [3]. Due to the narrow linewidth, it is unlikely
that the lower quantum defect associated with the 977 nm line can be obtained in practice, since the
linewidth needed for efficient optical pumping is beyond even the capabilities of recently developed
volume-Bragg-grating (VBG) narrowed diode laser sources. For the 950 nm band, however, there is
an increased cross-section at 80 K, however, when higher-resolution measurements are available the
increase will likely be larger than shown in Figure 35.
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3.1.2. Sm:YAG and Sm:LuAG For The Suppression of Parasitic Oscillations and Amplified
Spontaneous Emission

We have investigated the hydrothermal growth of both Sm:YAG and Sm:LuAG. Sm is a
well-known 1064 nm absorber, and has been used as Sm:Glass and Sm:YAG for some time as a
suppressor of parasitic oscillations and amplified spontaneous emission (ASE). Figure 36 shows a side
view of a Nd:YAG laser rod with an external Sm:YAG cladding layer on the barrel. In the absence of
the Sm:YAG coating, it is well-known that a polished barrel will result in the oscillation of transverse
straight-across surface mode, ring modes, and longitudinal (bulk) parasitic oscillation modes that will
clamp the laser gain. In some cases, a surface parasitic located at the pump beam entrance face will
have the lowest threshold. To eliminate parasitics and minimize ASE, such rods usually have ground
barrels. Grinding of course results in sub-surface fractures that limit the power handling capability
of the rod. A highly-doped layer of Sm:YAG can be used to suppress the parasitics and minimize
ASE losses.Appl. Sci. 2016, 6, 23 53 of 73 
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Our interest in these materials began in 2012 when we demonstrated, for the first time, that we
could grow epitaxial-like layers of Sm:YAG on Nd:YAG substrates [120]. A more recent example of
this is shown in Figure 37. A Nd-doped rectangular cm sized laser crystal was used, and a highly
doped layer of Sm:YAG was successfully grown on all six external surfaces. After layer growth, the
end faces of the crystal are ground to remove the Sm:YAG, and polished and dielectrically-coated to
allow 1064.2 nm lasing. In practice, this type of layer may be grown on any Nd:YAG laser crystal,
and can be used to suppress parasitics and ASE. Previously, other researchers have reported Sm:YAG
clad ceramic Nd:YAG rods [121,122] and disks [123]. In our work, we are primarily interested in
providing a method that can be use on commonly used Czochralski-grown single crystals, without
using expensive methods like diffusion-bonding.

Figures 38 and 39 show the absorption cross-sections as a function of wavelength for Sm:YAG
and Sm:LuAG. We are particularly interested in the region near 1064 nm. To look at the potential of
these materials as parasitics and ASE suppressors, we have compared the two materials in Figure 40,
where we show the normalized cross-sections as a function of wavelength from 1050 to 1100 nm.
The cross-section values for Sm:YAG and Sm:LuAG are nearly identical at 1064.2 (Nd:YAG) and
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1064.4 nm (Nd:LuAG). Sm:YAG and Sm:LuAG, which may be grown as epitaxial layers on Nd:YAG,
and Nd:LuAG, will then be effective parasitic and ASE absorbers for those materials.
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Figure 41 shows the transmission of 1064.2 nm fluorescence from Nd:YAG through a Sm:YAG
doped layer as a function of optical thickness, defined here as the Sm doping density times the
penetration depth. With 5 at. % Sm doping and a thickness of 3 mm, the optical thickness is about
1 ˆ 1019/cm2). From Figure 41 we see that the transmission is about 0.85 for a single pass, and the
absorption for normal incidence rays is about 15%. For a normal incidence reflection from the rod
barrel, the reflection coefficient is 8.5%; a return ray makes two passes of the Sm layer, and the return
intensity is only about 6%. By increasing the doping level even further, to 15 at. %, the one-way
transmission if reduced to ~65%, so for a return normal incidence ray the intensity is only about 0.4%.
Since many ring parasitics and bulk parasitics, however, have incident angles much larger than 90˝, the
absorption depth is much longer, and even relatively low doping levels can be effective in suppressing
parasitics. The use of low doping levels does allow reflections from the barrel surface to be returned to
the gain region of the rod and increase the ASE level, although if the barrel is in contact with water, the
returned ASE is much less. We have successfully doped Sm into YAG with >15 at. % concentration.
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An attractive feature of the Sm:YAG and Sm:LuAG spectra is that they have little absorption
around 808 nm, the main pumping channel used for Nd:YAG. In that regard, for Nd:YAG and
Nd:LuAG Sm:YAG and Sm:LuAG are superior to Cr4+:YAG which has substantial absorption at that
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wavelength and can be partially bleached by the pump diodes. That consideration is particularly
important for transverse-pumping geometries.

For higher average power lasers, placing a Sm absorbing layer directly on the outside surface of
a rod or other lasing crystal geometry may not be the optimum solution, because the absorption of
high densities of heat in the Sm cladding later will result in complicated radially varying temperature
profiles, leading to unwanted stresses in the doped lasing region. The best solution may be to grow an
undoped buffer layer between the lasing and absorbing regions, as well as to have a Sm gradient layer
whose doping is lowest next to the undoped region and highest at the edge. Hydrothermal growth is
capable of producing such gradient doped layers [120].

3.1.3. Dy:YAG and Dy:Lu2O3 For The Suppression of Parasitic Oscillations and Amplified
Spontaneous Emission

We are also investigating hydrothermally-grown Dy:YAG and Dy:Lu2O3 crystals with a view
towards their use as potential parasitics and amplified-spontaneous-emission (ASE) absorbers.
The measured absorption cross-section data are shown in Figures 42 and 43 for Dy:YAG and
Dy:Lu2O3 respectively. Dy:YAG is an interesting laser material that has received attention recently
as a relatively rare example of a direct transition (4F9/2–6H13/2) in the yellow spectral region at
583 nm [124]. Previously, Sm3+, Co2+, Co3+, Cr3+, and Cr4+ in YAG have been evaluated as parasitic
and ASE absorbers for ceramic laser materials at the Nd:YAG wavelength, 1064 nm [125]. Our
interest is in developing parasitic and ASE absorbers that are effective at various Yb wavelengths
around 1030 nm, and that are effective at room temperature and cryogenic temperatures. In
particular, we are interested in absorbers that are effective and can be epitaxially-grown on the
outside surfaces of Yb:YAG and Yb:Lu2O3 laser elements. For Dy:YAG, the absorption cross-sections
at 1030 nm are rather small, 6 ˆ 10´23cm2 at 298 K, and 9 ˆ 10´23 cm2 at 80 K. Even for large
Sm dopings, as a parasitics and ASE absorber this material seems marginal at best. In the case of
Dy:Lu2O3, however, the results are more promising, with the absorption cross-sections at 1033 nm are
6 ˆ 10´22 cm2 at 298 K, and 2 ˆ 10´22 cm2 at 80 K. These cross-sections are roughly an order of
magnitude lower than for Sm:YAG at 1064 nm, however, larger Sm doping densities can make this
crystal useful at room and cryogenic temperatures. It is however likely that for Yb:YAG, either
Cr4+:YAG or Co3+:YAG may be better choices since the absorption cross-sections in those materials,
both of which may be epitaxially grown on Yb:YAG using the hydrothermal method, are much larger
at 1029 nm. A similar conclusion may be reached if Cr4+ and Co3+ are doped into Lu2O3.

A feature of Figures 42 and 43 worth noting is that the absorption cross-sections around 1300 nm
are large, and Dy:YAG can be an effective suppressor of ASE from the 1319 and 1338 nm transitions
in Nd:YAG. Similarly, Dy:Lu2O3 can suppress the 1359 nm transition in Nd:Lu2O3. At 946 nm, both
Dy:YAG and Dy:Lu2O3 have marginal absorption.
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4. Review and Status of Cryogenic Laser Technology

In the past ten years, enormous progress has been made in our fundamental understanding of
cryogenic lasers. Our increased knowledge of the fundamental materials properties of laser crystals at
cryogenic temperatures has enabled the demonstration of ever more powerful cryogenic laser sources.
The already demonstrated compelling performance advantages of cryogenic lasers has led to the
adoption of the technology by many researchers around the world, and have garnered attention in
the commercial and military laser communities as well. While the acceptance of cryogenic lasers in
commercial and military applications has been delayed, due in large part to the need for the acceptance
of cryogens that add complexity and cost, the technology has now been fully embraced by the scientific
community because of the many performance advantages that can be obtained, and the need for HAPP
lasers with near-diffraction-limited beam quality.

4.1. Cryogenic CW Lasers

In this section of the manuscript we will review the progress that has been made in the
development of CW, nanosecond, picosecond, and femtosecond cryogenic laser sources in the modern
era. We begin by first looking at the evolution of Yb:YAG, Yb:YLF, and Yb:CaF2 CW cryogenic lasers;
Yb:YAG and Yb:YLF materials have been used for the highest power CW demonstrations to date.
Figure 44 shows the CW output power obtained from Yb:YAG cryogenically-cooled lasers operating
near 80 K. The corresponding data and references are shown in Table 7 [1,3,4,30,108,109,126–139]. The
first CW Yb:YAG demonstration was by Lacovara [1], who reported 40 W output power. The earliest
demonstration of CW power in excess of 100 W is attributed to [109], whom reported a cryogenic
Yb:YLF laser with output power of 110 W. This was followed by two early high power CW Yb:YAG
cryogenic laser demonstrations at 165 W [126] and 300 W [127] by the MIT cryogenic laser group.
CW cryogenic Yb:YAG lasers with CW output power ě400 W have been reported by a number of
groups, including 455 W [3], 400 W [129], 550 W [130], 500 W [135], and 494 W [138]. The largest CW
power for a Yb:YAG cryogenic laser reported to date, 963 W, was for a Yb:YAG cryogenic oscillator
driven double-passed Yb:YAG preamplifier followed by a Yb:YAG power amplifier demonstrated
by our group [132]. We include Yb:CaF2 here due to a recent high power demonstration with a
quantum-defect of only 1.11% [134].

For Yb:YLF, the highest average power reported to date is 180 W by the MIT cryogenic
laser group [108]. We note that almost all of the CW laser sources included in Figure 44 had
near-diffraction-limited beam-quality with M2 values typically <1.3. The one exception is [129],
which reported multi-transverse-mode operation.
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Table 7. Reported Cryogenic CW Yb:YAG and Yb:YLF Demonstrations From 1998–2015.

Year CW Output Power (W) Laser Material Reference

1998 40 Yb:YAG [1]
2001 110 Yb:YLF [109]
2004 165 Yb:YAG [126]
2005 300 Yb:YAG [127]
2005 75 Yb:YAG [128]
2007 250 Yb:YAG [129]
2007 455 Yb:YAG [3]
2007 400 Yb:YAG [4]
2008 550 Yb:YAG [130]
2009 273 Yb:YAG [131]
2010 180 Yb:YLF [108]
2010 973 Yb:YAG [132]
2011 214 Yb:YAG [133]
2011 123 Yb:YAG [30]
2011 33 Yb:CaF2 [134]
2011 500 Yb:YAG [135]
2012 277 Yb:YAG [136]
2013 200 Yb:YAG [137]
2014 494 Yb:YAG [138,139]

4.2. Other Cryogenic CW Lasers

4.2.1. Ho:YAG Cryogenic Lasers

Other cryogenic CW lasers have been developed recently as well. In [140], the authors describe a
cryogenically-cooled CW Ho:YAG laser pumped by a Tm:Glass fiber laser with output at 1932 nm,
producing 8 W of CW power output at ~2100 nm. In addition, still pumping at 1932 nm, the authors
report 2.5 W of CW output power at 1976 nm, resulting in a very low quantum defect of 2.2%.

4.2.2. Er Cryogenic Lasers

A number of Er based cryogenic lasers have also been reported in the literature [141–147]. A
group at the U.S. Army Research Laboratory has investigated Er:Y2O3 [141,142], Er:Sc2O3 [144], and
Er:YAG [144,145] crystals operated at cryogenic temperatures as potential candidates as eye-safe
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lasers. In [144], a 1530 nm pumped Er:YAG crystal at 78 K was operated quasi-CW, producing 375 mJ
energy/pulse at a 2 Hz repetition rate. The output wavelength was 1618 nm for temperatures <90 K,
and 1645 nm for >110 K. Further results for Er:YAG were later reported in [145], where a careful and
thorough study of the spectroscopic and lasing properties of the material are discussed. Over 25 W
of quasi-CW output power was obtained. A 1525 nm pumped Er:Sc2O3 crystal was demonstrated
to operate at 1558 nm, resulting in a very low quantum defect of only 1.5% [143]. The CW output
power was 3.3 W. An Er:Y2O3 crystal diode-pumped with a 974 nm source was also demonstrated with
output at 2710 nm and CW output of 14 W [142]. One higher average power demonstration has been
discussed in the literature as well, at cryogenic temperatures. A 400 W Er:YAG cryogenic laser has been
described [146] that produced 386 W of CW output power at 1645 nm, 420 W of quasi-CW power, and
was also operated Q-switched. Most of the results described here were obtained in “proof-of-principle
experiments”, using relatively recently developed InGaAsP/InP (1000–1650 nm) diode laser sources
that are not as technologically or commercially as well-developed as InGaAs/GaAs and InGaAs/GaAs
diode sources operating in the 720–850 nm and 900–1100 nm ranges respectively. As a consequence,
beam-quality is seldom mentioned, and that the transverse mode distributions are multi-mode. As
discussed in the aforementioned, most Yb:YAG cryogenic laser sources routinely produce M2 values of
<1.3, and the transverse mode-structure is a single Gaussian mode. This is largely due to the availability
of more advanced high-brightness diode sources.

Figure 45 shows CW and QCW power output against the year demonstrated. The data and
references are summarized in Table 8. While undoubtedly higher CW power outputs will be reported
in the future to address a number of commercial and military applications, at the present time
most cryogenic laser research is centered on the development of high-average-power nanosecond,
picosecond, and femtosecond laser sources.
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Table 8. Reported Cryogenic CW Er and Ho Demonstrations From 2005–2011.

Year CW Output Power (W) Laser Material Reference

2008 9.3 Er:Y2O3 [141]
2008 3.3 Er:Sc2O3 [143]
2009 8 Ho:YAG [140]
2010 400 Er:YAG [146]
2011 25 Er:YAG [144]
2011 14 Er:Y2O3 [142]
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4.3. Cryogenic Nanosecond Lasers

In this section of the manuscript we review the performance of nanosecond cryogenic laser
technology. Figure 46 displays the energy/pulse, repetition rate as a function of average power.
Table 9 tabulates the corresponding date, energy/pulse, repetition rate, average power, pulsewidth,
and reference [30,135,147–153]. A number of techniques are used to generate nanosecond pulses
from cryogenic amplifiers, including acousto-optic or electro-optic Q-Switching, seeded regenerative
amplifiers, and in some case regenerative amplifiers followed by one or more power amplifier stages.
In [147], 6.5 mJ/pulse at 200 Hz and a 10 ns FWHM pulsewidth, 1.5 mJ at 1 kHz with a 10 ns pulsewidth,
and 140 mJ at 100 Hz with a 10 ns pulsewidth were reported, respectively. For this system, a seed
laser was used to drive a regenerative amplifier that in turn drove a 4-pass power amplifier. The
highest average power produced was 14 W. An earlier paper [148] reported the demonstration of
4.6 mJ pulse energy at a 16 kHz repetition rate in an oscillator configuration that incorporated an
acousto-optic Q-switch. The average power produced was 74 W and the pulsewidth 175 nm. Another
lower average power cryogenic laser that produced 120 mJ/pulse at a 500 Hz repetition rate, 60 W
of average power, and a 70 ns pulsewidth is reported in [149] where a cryogenic Yb:YAG oscillator
was used to drive a power amplifier. The cryogenic laser group at MIT, the first to report average
power >100 W, demonstrated a 114 W average power cryogenic oscillator [30,150] that produced
22.8 mJ/pulse at 5 kHz, and with a pulsewidth of 16 ns. The highest average power nanosecond
cryogenic laser reported to date [135] produced 8.5 mJ pulses at a 40 kHz repetition rate for an average
power of 340 W. The pulsewidth produced using an acousto-optic Q-switch was 75 ns.
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Table 9. Reported Cryogenic Q-Switched Yb:YAG Demonstrations From 2005–2011.

Year Energy/Pulse
(mJ)

Repetition
Rate (Hz)

Average Power
(W)

Pulsewidth
(ns) Reference

2005 4.6 16,000 74 175 [148]
2010 6.5 5000 114 15 [147]
2010 1.5 200 1.3 10 [147]
2010 140 1000 1.5 10 [153]
2010 22.8 5000 114 16 [30,150]
2011 4.5 40,000 340 75 [135]
2013 120 500 80 70 [149]
2013 10,100 1 10.1 10 [152]
2014 3050 10 30.5 10 [151]
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Two high energy/pulse, low repetition rate cryogenic nanosecond lasers have been reported in
the literature. The first [151] achieved 3.05 J/pulse at 10 Hz for an average power of 30.5 W and with a
10 ns pulsewidth, using a seeded regenerative amplifier followed by active-mirror pre-amplifier and
power amplifier stages. The largest energy/pulse was demonstrated in connection with the DiPOLE
(Diode-Pumped Optical Laser Experiment) project [152]; 10.1 J/pulse at a 1 Hz repetition rate was
obtained with a 10 ns pulsewidth and producing 10.1 W of average power. The laser can also produce
6.4 J/pulse at 10 Hz repetition rate. This laser system is innovative in that it uses cryogenically cooled
He gas to remove heat from a parallel array of Yb:YAG laser slabs in an arrangement very reminiscent
of the Mercury laser project at Lawrence Livermore National Laboratory (LLNL) in the US, where the
concept of using stacks of aerodynamically shaped slab holders originated [154]. While we have not
specifically discussed the methods of cryogenic-cooling in this article, here we mention that the use of
He at cryogenic temperatures to cool laser crystals is in its infancy. Another innovative way to cool
laser disks and slabs has recently been published [155] that uses a static He layer that separates an
active-mirror amplifier from a copper plate cooled to 77 K using liquid nitrogen. This technique can
eliminate the soldering of laser disks to high thermal conductivity materials such as Cu or CuW, and
substantially increases the lifetime of HR coatings on active-mirror disks that can be degraded from
contact with liquid coolants such as water or liquid nitrogen.

4.4. Cryogenic Ultrafast (Picosecond and Femtosecond) Lasers

In this final section of our paper, we discuss the application of cryogenic laser technology
to enhancing the performance of ultrafast lasers operating in the picosecond and femtosecond
regimes. Cryogenic cooling has been implemented to enhance the performance of Ti:Al2O3 in
recent years [31,33–35], for example, and even commercial companies have begun to incorporate
the technology. The enhancement of Ti:Al2O3 ultrafast systems at present incorporates closed cycle
Gifford-McMahon or pulse tube coolers to reduce thermal focusing, usually in the pre-amplifier stage
of a chirped-pulse-amplification (CPA) system. While the thermal properties of such systems are
improved, dramatic improvements have not been demonstrated, partly because sapphire already
has a large thermal conductivity at room temperature. State-of-the-art Ti:Al2O3 CPA systems have
been limited in average power for quite some time to <100 W. Orders of magnitude increases in the
average power capability of Ti:Al2O3 however may be achieved through the development of powerful
new cryogenic pump lasers, providing kilowatt average power capability. Several current efforts to
produce picosecond high average power cryogenic lasers at the 1 J/pulse level and greater at kHz
repetition rates, discussed later in this section, provide validation to designs capable of producing
high average power nanosecond cryogenic frequency-doubled green lasers with high efficiency, to
be used as pump sources for high-average-power CPA Ti:Al2O3 lasers. At the present time green
pump sources are typically limited to 10–30 Hz repetition rates, although lower peak power systems
can operate at kHz repetition rates as well. To produce HAPP Ti:Al2O3 systems with high peak and
average powers, however, it is likely that all Ti:Al2O3 amplifiers as well as their pump lasers will need
to be cryogenically-cooled.

A second application for cryogenic laser technology for ultrafast lasers is to build strong joule-level
pumps operating with kHz repetition rates, to drive optical parametric chirped-pulse-amplification
(OPCPA) ultrafast systems, recently described as third-generation femtosecond technology [156].
Parametric amplification has garnered much attention recently because it generates only small amounts
of heat and is capable of providing very broad gain bandwidths allowing the production of few-cycle
systems. The development of borate based nonlinear crystals such as BBO and LBO, materials with high
damage thresholds, has considerably aided the development of OPCPA femtosecond lasers. OPCPA
has already produced femtosecond laser performance, and is presently limited by currently available
pump sources. The need for better pump sources has been discussed in the literature [156,157], with
near universal agreement that high average power pumps with very good beam-quality and pulse
durations near ~1 ps and operating in the near-infrared regions are required. Near-infrared sources
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such as Yb operating near 1030 nm are expected to provide fundamental, second, and third harmonic
pumping at high average power, and the recent intensive development of Yb based cryogenic laser
sources seem well-positioned to address this need.

In Table 10, we show reported demonstrations of cryogenic Yb:YAG, Yb:YLF, and Yb:Y2O3 in the
time period 2003 through 2015, and the output parameters that were achieved. We list, in order from
left to right, the year, the crystal type, the pulse energy Ep, repetition rate νr, average power Pav, the
gain bandwith ∆λC (from Table 6), laser operating wavelength λL, the Gaussian transform-limited
pulsewidth δtTL, the seed bandwidth ∆λS, the seed pulsewidth δtTLS, the amplifier bandwidth ∆λA,
the amplifier expected pulsewidth δtTLA, the measured output pulsewidth δtMEAS, the peak power
PP, and the corresponding reference [30,110,132,155,158–169]. Other acronyms found in the Table
are BC (before-recompression), AC (after-recompression), R (cryogenic regenerative amplifier), SHG
(second-harmonic-generation), UC for (not re-compressed), and E for estimated. We also use σ to
denote use of the σ transition in Yb:YLF. The majority of demonstrations listed in Table 10 involve the
use of multi-pass cryogenic Yb:YAG or Yb:YLF amplifiers to boost the peak and average powers of
picosecond laser systems, with most systems targeted for use as pumps in OPCPA femtosecond lasers.
Another application of interest is the generation of table-top X-ray lasers. We also show in Table 10 the
frequency-doubled results, where applicable. Most of the reported cryogenic systems in Table 10 use
the CPA technique to stretch seed pulses so as to obtain a higher damage threshold; in a few cases,
direct amplification was used to avoid the losses and added complexity of CPA systems.

The Gaussian transform-limited pulsewidth δtTL is calculated for cryogenic temperatures near
80 K, and uses the bandwidths taken from Table 6 as well as the operating wavelength of the specific
laser system. The bandwidth of the seed laser, ∆λS, is taken from the referenced paper where provided,
and used to calculated the transform-limited output pulsewidth δtS value supported by that bandwidth.
For the cryogenic multi-pass or regenerative amplifier, the amplifier bandwidth ∆λA measurement
reported in the publication is stated, and again the transform-limited pulse duration δtA supported by
that value is calculated. We then show the reported pulsewidth measurement δtMEAS, allowing one to
ascertain, in the reported stretcher-compressor CPA systems, how closely the obtained pulsewidth
after compression is to the transform-limited value. The transform-limited pulsewidth for Yb:YAG
at 80 K is about 1.04 ps (bandwidth of about 1.5 nm at 80 K), a value that has not yet been closely
approached. This is a consequence of gain-narrowing that takes place in multi-pass amplifiers, and
particularly in regenerative amplifiers where many passes of the gain medium occur. Regenerative
amplifiers can have bandwidths <0.2 nm, so the obtained output pulsewidths tend to be > about 8 ps.
Imperfect compression stretches the pulses even further. A number of techniques have been used
to reduce the effects of gain-narrowing and to provide a seed laser for the demonstrations listed in
Table 10 with broadband pulses entering the regenerative amplifier. In order to obtain pulsewidths in
the femtosecond regime, researchers have sought laser materials with a broader bandwidth at 80 K.
One such material is Yb:YLF, which has a gain bandwidth of about 27 nm and is capable of producing
~100 fs pulses. Table 10 shows that sub-ps pulses have been produced by two groups [155,167]. Other
materials such as Yb:GSAG [30] have been developed as well to drive obtained pulsewidths from Yb
based lasers into the femtosecond regime. Yb:CaF2 has also been recently developed as a promising fs
laser materials, due to a broad bandwidth that remains broad even at 80 K. At room temperature, a
Yb:CaF2 laser is reported with a pulsewidth of 99 fs [111]. A cryogenic laser using the closely related
material Yb:CaNaF2 laser has produced 173 fs pulses [170]. While we have not discussed a number of
promising Yb based laser materials in this paper, choosing to concentrate here only on significant high
average as well as peak power results at cryogenic temperatures, it is clear that Yb lasers are an active
and vibrant research topic today, and that in the near future other newer laser materials will be used to
advance the state-of-the-art.
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Table 10. Reported Yb:YAG, Yb:YLF, and Yb:Y2O3 Cryogenic Picosecond and Femtosecond Demonstrations From 2003–2015.

Year Crystal
Type

Ep (mJ) νr (Hz) Pav (W) ∆λC (nm)
Table 6 λL (nm) δtTL (ps) ∆λS (nm) δtTLS

(ps)
∆λA
(nm)

δtTLA
(ps)

δtMEAS
(ps) PP (W) Ref

2003 Yb:YLF 30 ˆ 10´3 BC 20 3.6 27.0 1017 0.097 15 0.101 5 0.304 0.795 11.64 ˆ 109 [155]
σ 18 ˆ 10´3 AC

2007 Yb:YAG 0.296 ˆ 10´3 80 ˆ 102 24.0 1.5 1029 1.038 1.45 10.7 1.33 11.7 11.7 25.6 ˆ 106 [158]

2007 Yb:YAG 0.99 ˆ 10´3 20 ˆ 103 19.8 1.5 1029 1.038 1.45 10.7 1.33 11.7 11.7 84.6 ˆ 106 [158]

2007 Yb:YAG
SHG

8 ˆ 10´3 BC
10 ˆ 103

0.075
1.5

1029
1.038 17.0 0.092 0.5 3.1

34.5
217.5 ˆ 106 [159]7.5 ˆ 10´3 AC 0.019 515 25.0

1.9 ˆ 10´3

2008 Yb:YAG 3.7 ˆ 10´6 78 ˆ 106 287 1.5 1029 1.038 0.4 3.89 0.3 5.2 5.5 0.67 ˆ 106 [160]

2009 Yb:YAG 3.1 ˆ 10´6
78 ˆ 106 240 1.5 1029 1.038 0.4 3.89

0.3 5.2 8.0 0.39 ˆ 106

[161]
0.2 1.9 6.4 0.26 ˆ 106

SHG 1.8 ˆ 10´6 130 515

2009 Yb:YAG 1.45 BC 10 10.2 1.5 1029 1.038 - - - - 8.5 0.12 ˆ 1012 [162]1.02 AC

2010 Yb:YAG 40 ˆ 10´3 BC 2 ˆ 103 80 1.5 1029 1.038 0.24 6.49 0.10 15.0 - 2.13 ˆ 109 [163]
32 ˆ 10´6 AC

2010
Yb:YAG 15.16 ˆ 10´6

50 ˆ 106
758

1.5
1029

1.038 0.82 1.90 0.16 9.7 12.4 1.23 ˆ 106
[132]

SHG 1.20 ˆ 10´6 60 515 11.8 0.10 ˆ 106

2011
Yb:YAG 8.38 x10´6

50 ˆ 106
419

1.5
1029

1.038 0.82 1.90 0.16 9.7 12.4 0.68 ˆ 106
[164]

SHG 4.02 x 10´6 201 515 12.4 0.32 ˆ 106

2011 Yb:YAG 20 ˆ 10´3 BC 2 ˆ 103 20 1.5 1029 1.038 0.70 2.22 0.24 6.5 14.2 0.915 ˆ 109 [165]
13 ˆ 10´3 AC

2011 Yb:YAG 140 ˆ 10´3 BC 100 10 1.5 1029 1.038 0.55 2.83 0.35 4.45 4.8 20.83 ˆ 109 [166]
100 ˆ 10´3 AC

2011 Yb:YAG 23 ˆ 10´3 UC 5 ˆ 103 115 1.5 1030 1.040 1.0 1.56 0.30 5.2 - 4.4 ˆ 109 (E) [30]

2011 Yb:YAG+ 14.6 ˆ 10´3 BC 5 ˆ 103 60 - 1030 - 1.1 1.42 0.70 2.2 1.6 7.5 ˆ 109 [30]
Yb:GSAG 12 ˆ 10´3 AC

2012 Yb:YLF
10.6 ˆ 10´3 10 ˆ 103 106 27.0 1020 1.038 2.40 0.65 2.20 0.71 0.865 12.3 ˆ 109 [167]σ

2014 Yb:Y2O3 0.70 ˆ 10´3
1 ˆ 103 0.70 14.3 1031 0.109 - - - - - - [168](R) (UC)

2015 Yb:YAG 100 ˆ 10´3 (UC) 250 25.0 1.5 1029 1.038 - - - - - - [169]
2015 Yb:YAG 72 1 72 1.5 1030.5 1.038 1.0 1.57 0.35 4.45 5.9 8.0 ˆ 109 [110]
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Figure 47 shows a plot of the energy/pulse and repetition rate as a function of laser average
power, using the values found in Table 10, for both fundamental and second-harmonic wavelengths.
The energy/pulse varies from typically microjoules at the higher repetition rates (MHz) to large
energy/pulse for low repetition rates. The largest energy/pulse obtained is about 1.02 J at a 10 Hz
repetition rate [162]. For intermediate repetition rates in the kHz regime, some mJ of energy/pulse
are obtained. The average power associated with low repetition rates and large energy/pulse tend to
have average powers <20 W, while kHz repetition rates and intermediate mJ energies tend to be less
than 110 W. The highest average powers tend to be associated with MHz repetition rates and lower
(µJ) energies per pulse. The highest average power, 758 W, was obtained by our group, producing
15.2 µJ/pulse at a 50 MHz repetition rate [132]. The highest green ps average power obtained at
cryogenic temperatures was also demonstrated by our group [164].
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Figure 48 shows the peak power obtained as a function of average power, again using data from
Table 10. Fundamental and second-harmonic values are displayed. The highest peak powers are
produced by YbYLF based devices and the lowest by high repetition rate, low energy/pulse lasers.

Finally, we mention that there are a number of higher energy/pulse high average power cryogenic
laser demonstrations that are currently being developed. One group [139] at DESY has as its goal a
1 J/pulse, 1 kHz, 1 kW, few ps Yb:YAG cryogenic laser device that uses innovative an ASE suppressing
thin disk, and utilizes 12-pass cryogenic amplifiers. This laser also employs the technique of imaging
and vacuum spatial filtering to manage nonlinear effects and produce clean beam profiles, techniques
that were pioneered is the earliest high-peak-power laser systems developed in connection with inertial
confinement fusion [37]. We also mention the work of HiLASE [171,172], where large aperture high
energy/pulse Yb:YAG cryogenically He gas cooled lasers are being developed. In [152] a 10 J/pulse,
10 Hz cryogenic amplifier is already developed, and a 100 J/pulse cryogenic amplifier is expected
to be demonstrated in 2015, while in [173] a 1 J, 1 ps at 120 Hz system in development as part of the
HiLASE program.
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5. Conclusions

In this paper, we have endeavored to summarize the history of cryogenic lasers, review
the most important spectral, thermal, and thermo-optic properties, provide a summary of the
measured parameters at cryogenic temperatures, and to provide a relatively up-to-date snapshot
of the development of CW, nanosecond, picosecond, and femtosecond cryogenic laser development.
Cryogenic laser development has accelerated in recent years, and we believe we have only just begun
to understand all of the benefits the technology brings to the development of advanced sophisticated
laser devices that address a large swath of scientific, military, and commercial applications. In various
sections of this paper we have pointed out the critical need for measurements of key parameters, such
as the nonlinear indices and damage thresholds at cryogenic temperatures, that can have a profound
impact on the scaling of cryogenic laser devices. It is our hope that the cryogenic laser community
will respond to this need in the near future. The development of HAPP lasers that have high peak
and average powers while maintaining near-diffraction-limited beam characteristics, independent of
average power, is now well-underway, and the promise, progress, and prospects of cryogenic lasers
are very bright indeed.
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Slezak, O.; et al. Overview of the HiLASE project: High average power pulsed DPSSL systems for research
and industry. High Power Laser Sci. Eng. 2014, 2, 1–10. [CrossRef]

172. Novák, O.; Miura, T.; Smrž, M.; Chyla, M.; Nagisetty, S.S.; Mužik, J.; Linnemann, J.; Turčičova, H.;
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