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Abstract: In this paper, the effect of gain or loss on the dynamics of rogue waves is investigated
by using the complex Ginzburg-Landau equation as a framework. Several external energy input
mechanisms are studied, namely, constant background or compact Gaussian gains and a ‘rogue gain’
localized in space and time. For linear background gain, the rogue wave does not decay back to the
mean level but evolves into peaks with growing amplitude. However, if such gain is concentrated
locally, a pinned mode with constant amplitude could replace the time transient rogue wave and
become a sustained feature. By restricting such spatially localized gain to be effective only for a finite
time interval, a ‘rogue-wave-like’ mode can be recovered. On the other hand, if the dissipation is
enhanced in the localized region, the formation of rogue wave can be suppressed. Finally, the effects
of linear and cubic gain are compared. If the strength of the cubic gain is large enough, the rogue
wave may grow indefinitely (‘blow up’), whereas the solution under a linear gain is always finite.
In conclusion, the generation and dynamics of rogue waves critically depend on the precise forms of
the external gain or loss.
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1. Introduction

The propagation and dynamics of wave envelopes under the competing physical effects of
dispersion, cubic nonlinearity, gain, and loss are applicable to many disciplines in physical science.
The complex Ginzburg-Landau equation serves as a useful model and has been studied extensively [1].
Many modes of a variety of properties have been established, ranging from localized pulses to fronts
or kink type structures.

Recently, rogue waves have been studied intensively as extreme and rare events in physics.
Rogue waves will enhance our understanding of physical phenomena in many applied settings,
ranging from maritime risk of large amplitude oceanic waves to modern technological advances in
optics [2–6]. The most widely employed theoretical model is probably the nonlinear Schrödinger
equation (NLSE), where the Peregrine breather represents a mode localized in both space and time.
The simplest canonical form of the NLSE consists of second order dispersion and cubic nonlinearity,
and no energy gain or loss is accounted for.

Extensions to incorporate the presence of a potential or gain/loss mechanisms have been pursued
in the literature. For a single component NLSE with variable dispersion and nonlinearity but with
linear gain or loss, a similarity variable transformation can be applied to reduce the problem to one
with homogeneous properties. Deducing rogue wave modes then becomes feasible [7]. For the case of
a potential trap, one relevant physical situation is Bose-Einstein condensate and the corresponding
analytical description is then the Gross-Pitaevskii equation [8]. Both ‘bright’ (elevation) and ‘dark’
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(depression) rogue wave modes are possible and their interactions with the trapping potential exhibit
intriguing relations. Such coupled evolution equations with varying nonlinearities can also be utilized
to produce rogue wave modes with trajectories which can be controlled [9]. Besides the NLSE,
several other nonlinear evolution systems, e.g., the Lugiato-Lefever equation (LLE) [10], have also
been employed as analytical models in studying dissipative rogue waves. LLE is applicable to optical
systems with time-delay feedback, e.g., lasers with saturable absorbers. One remarkable difference
between the conservative NLSE and the dissipative LLE is the formation of two-dimensional rogue
waves. Due to the balance between dissipation and nonlinearity in LLE, formation of two-dimensional
rogue waves can overcome collapse dynamics [10–12]. Similar two-dimensional extreme events can
also be generated in dissipative chemical reaction-diffusion systems, which is far from equilibrium [13].

From the experimental viewpoint, unexpectedly large amplitude signals had been actively
investigated for optical waveguides. As illustrative examples, large amplitude waves can be detected
during soliton explosions for fiber lasers at a critical pump power level [14]. Similar waves can also
be induced by long-range chaotic multi-pulse interactions in a fiber laser based on a topological
insulator-deposited microfiber photonic device [15]. Indeed, rogue waves can be generated via
nonlinear soliton collision in multiple-soliton state of a mode-locked fiber laser through real time
spatio-temporal intensity measurements [16]. The complex Ginzburg-Landau equation has been
utilized to provide an instructive model for understanding the dynamics of such localized pulses [17].
More precisely, ‘spiny solitons’ can chaotically generate spikes of large amplitude and short duration.
These spikes resemble rogue waves and have profiles, spectra, and autocorrelation functions different
from other pulses studied earlier in the literature [18]. Such dissipative solitons with extreme spikes
may occupy a significant portion of the parameter space of the cubic-quintic complex Ginzburg-Landau
equation [17]. Bifurcation diagrams demonstrate the existence of both periodic and chaotic modes in
the dynamics of motion. In fluid mechanics, rogue waves have been studied using both experimental
and computational approaches as well [19,20].

The main goal of this work is to pursue a joint theoretical-computational study on the dynamical
evolution of localized pulses under the influence of gain/loss. Following our earlier work [21], we term
a linear/cubic gain applied locally as a ‘hot spot’. To obtain localized modes, energy dissipation should
occur in the bulk of the waveguide through a linear loss. The objective is to trace the evolution of a
rogue wave (or a localized pulse) in the presence of these external energy inputs/losses. On extending
another work [22], two hot spots in a symmetric configuration might also be considered. Asymmetric
patterns generally tend to be unstable.

Theoretically, we consider the complex Ginzburg-Landau equation,

iAt + Axx + σ|A|2 A = i
[
β+ γ(x, t) + α(x, t)|A|2

]
A (1)

where σ and β are real constants representing the coefficient of cubic nonlinearity and the constant
background linear gain (or loss, if β < 0), respectively. The real functions γ(x, t) and α(x, t) model the
variable linear gain and cubic gain respectively. These gain functions may depend on space and time.

Before proceeding further, a remark on the roles of the coordinates is in order. If the right hand
side vanishes, Equation (1) will reduce to the conventional NLSE. In fluid mechanics, t and x will
stand for slow time and group velocity coordinate, respectively [23–26]. In optics, they represent
propagation distance and retarded time for optical fibers [3] and may both be spatial variables in
the case of diffraction [27]. In plasma physics and Bose-Einstein condensates, t and x also have a
connection in terms of time and space [28,29]. In this paper, we shall take t and x in the sense of
temporal and spatial coordinates. Given these diverse fields of applications, the interpretation in
different physical disciplines must be exercised with proper caution.
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The goal of this work is to examine computationally how various kinds of gain or loss may affect
the generation and dynamics of rogue waves. The Peregrine breather

uPB = ρ exp
(

iσρ2t
)1−

2
(
1 + 2σρ2ti

)
σρ2

(
x2 + 2σρ2t2 + 1

2σρ2

)
 (2)

of the nonlinear Schrödinger equation (NLSE)

iut + uxx + σ|u|2u = 0 (3)

is employed as the initial condition and the evolution in the dissipative medium described by
Equation (1) is studied. More precisely, the waveform at a negative time instant (t < 0), where the
rogue wave is undergoing the growing phase, is taken as the initial condition.

The structure of this paper can now be explained. The effect of background gain on the dynamics
of rogue waves is discussed in Section 2. In Section 3, a Gaussian gain localized in space is considered.
An extension to a gain localized in space and time, i.e., a ‘rogue gain’, is pursued in Section 4.
Conclusions are drawn in Section 5.

2. Effect of Background Gain/Loss

2.1. Preliminary Theoretical Considerations

Theoretically, Equation (1) is a variable coefficient nonlinear Schrödinger equation which has
been studied extensively in the literature [30–33]. Most works focus on the case where the variable
coefficients are functions of time (t) only [30], while some concentrate on the case of spatial dependence
(x) alone [32]. As illustrative example, for the case of constant gain/loss γ = α = 0, β = constant,
in Equation (1), a simple transformation B = A exp(−βt) will map Equation (1) to

iBt + Bxx + σ exp(2βt)|B|2B = 0

which can be handled by standard conversion to the constant coefficient case [30]. For this special case,
the rate of dissipation or growth of the total intensity is given by(∫ ∞

−∞
|A|2dx

)
t
= 2β

∫ ∞

−∞
|A|2dx

If gain/loss is absent, it is possible to treat theoretically an NLSE with variable coefficients as
general functions of both space and time [33], i.e., (gn, n = 1, 2, 3 as arbitrary functions)

iΨt + g1(x, t)Ψxx + g2(x, t)Ψ2Ψ* = g3(x, t)Ψ

through a sequence of similarity transformations.
If gain/loss is present, such a similarity transformation for a general variable coefficient case is

feasible only if the amplification/attenuation functions take on special forms, e.g., polynomials [34].
Hence, the present computational investigations might serve two purposes. Firstly, stability and
robustness of these similarity solutions can in principle be tested. Secondly, more general forms of
gain/loss functions can be handled as well.

2.2. Linear Background Gain/Loss

We shall first consider the simplest case where the medium possesses only a linear background
loss or gain β, i.e., the variable linear gain and cubic gain functions vanish. When Equation (1)
experiences a small loss (β < 0) globally, a rogue wave can still exist, but the maximum is reached
at a later time as compared to the evolution governed by the NLSE (Equation (3)). The maximum
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attained by the rogue wave is also lowered, e.g., 1.7 for special choice of parameters as compared to 3.0
of the Peregrine breather of the NLSE [2,3] (Figure 1a). Conversely, a small gain (β > 0) will trigger a
pulsating mode with growing peaks. As compared to the Peregrine breather, the wave reaches the
peak amplitude before t = 0 and attains an amplitude greater than 4.1 (Figure 1b). Due to the presence
of the gain, the spatially localized pulse does not decay back to the constant background plane wave,
but instead evolves into multiple peaks with increasing amplitude.
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Figure 1. Effect of linear background loss or gain (σ = 1, γ ≡ α ≡ 0): (a) β = −0.1; (b) β = 0.1.

2.3. Cubic Background Gain

Next, we consider the combined effect of cubic background gain and linear background loss
(β < 0), or analytically, α(x, t) = α0 and γ ≡ 0. When the cubic gain is small, a rogue wave can still
be observed and attains a maximum greater than that of the case with linear loss only (Figure 2a).
However, for larger cubic gain α0, the growing peaks will eventually cause the solution to break down.
This highlights the difference between linear and cubic amplification rates.

For specific values of amplitude, plane wave solutions exist but are unstable under the presence
of dissipation. Mathematically,

Acw =

√
−β
α0

exp
(

i
−βσ
α0

x
)

is a stationary plane wave in the focusing regime. From linear stability analysis, it can be shown that
the plane wave is modulationally unstable (Figure 2b). Recently, the role of baseband modulation
instability in the generation of rogue waves was established for several integrable systems [35–37].
In other words, rogue waves can be triggered from a plane wave by a long wave disturbance [36,37].
Starting from the following initial condition, (Acw is the background continuous wave)

A(x, 0) = Acw + b0 exp(iKx)Acw

localized modes can be observed (Figure 2c). With a larger baseband increment (Figure 2b), rogue wave
modes can be generated in a shorter time period (Figure 2d) [36]. Some structures with waveforms
similar to a second order rogue wave can be observed at approximately t = 6.6.
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Figure 2. (a) Effect of cubic background gain at σ = 1, β = −0.1, γ ≡ 0 and α0 = 0.01. (b) Modulation
instability gain spectrum at σ = 1, β =−0.01, γ≡ 0 and α0 = 0.01 (red dashed line); α0 = 0.002 (blue solid
line). (c) Rogue wave generated from the plane wave by a baseband disturbance at σ = 1, β = −0.01,
γ ≡ 0, α0 = 0.01, K = 0.1, b0 = 0.05. (d) For a system with a larger baseband increment, rogue-wave-like
objects appear sooner. Parameters are the same as (c) except α0 = 0.002.

3. Gain Localized in Space

The effect of a Gaussian gain localized in space is considered next. We utilize the terms
‘linear/cubic gain’ which more precisely would mean respectively, according to Equation (1), as ‘gain
from external input proportional to the first/cubic power of the amplitude (A) but modulated in space (x) and
time (t) by the function γ(x, t)/α(x, t)’.

3.1. Linear Gain

Consider a linear gain function localized in space but independent of time as described by a
Gaussian function in x, i.e.,

γ(x, t) =
γ1

ε
√
π

exp
(
− x2

ε2

)
(4)

where ε represents the ‘width’ of the Gaussian function and the parameter γ1 measures the maximum
for a fixed ε. This gain will not lead to indefinite growth as it is balanced by the background loss β < 0.

This localized gain can compensate for the loss in the bulk of the medium and shorten the delay
in reaching the maximum due to the background dissipation. For the numerical example as shown
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in Figure 3, this maximum is attained at t ≈ 0.4 (Figure 3a), which is sooner than the time necessary
(at t ≈ 0.8 in Figure 1a) for the case without the Gaussian gain. Obviously, a greater maximum can be
attained as compared to the case with background loss only (Figure 1a). With a fixed total gain but a
greater maximum net gain, i.e., an amplification function corresponding to a smaller ε, the peak of the
rogue wave increases.
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Figure 3. Effect of linear gain localized in space (σ = 1, β = −0.1, ε = 0.1, α ≡ 0): (a) simulated result of
a rogue wave and (b) the net gain at γ1 = 0.1; (c) simulated result of a pinned mode and (d) the net
gain at γ1 = 0.2.

Emergence of a Pinned Mode

However, when the gain is large enough, a pinned mode localized in space with a stationary
waveform will become the dominant feature (Figure 3c). There are two possible scenarios for the
generation of a pinned mode, namely, a sufficiently large total gain γ1 or a sufficiently small ε. For a
fixed γ1, a smaller ε gives a sharper peak with greater maximum gain in Equation (4). When the
maximum gain is large enough, the rogue wave absorbs the energy and grows into a pinned mode
(Figure 3c). From our numerical results, the pinned mode tends to be a very narrow pulse. Resolution
may be an issue and adaptive grids should perhaps be employed in future studies.
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3.2. Cubic Gain

Similarly, consider a cubic gain function localized in space as given by,

α(x, t) =
α1

ε
√
π

exp
(
− x2

ε2

)
(5)

where the gain is in competition with the background loss β < 0. For a sufficiently large cubic
gain, the rogue wave will not subside. Instead, a finite number of peaks with decaying maximum
displacements follow the major peak (Figure 4). When the gain is further increased, more peaks are
generated and the maximum amplitude increases. Eventually, the cubic gain will cause the wave
amplitude to attain indefinitely large amplitude, provided that α1 is sufficiently large. This blow up
occurs at a relatively small gain parameter α1 which is reasonable as the growth rate is cubic.
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4. Gain Localized in Both Space and Time

Finally, the effect of a gain localized in both space and time is considered. Instead of using a
two-dimensional Gaussian gain, we consider a ‘rogue gain’. The amplification rate is localized in both
the temporal and spatial domains, which is similar in nature to the rogue wave itself. More precisely,
we consider

u0(x, t) =

√(
σ0x2 + 2σ2

0t2
)2

+ 10σ2
0t2 − 3σ0x2 + 9

4(
σ0x2 + 2σ2

0t2 + 1
2

) (6)

which is the amplitude of a Peregrine breather as given in Equation (2), with the coefficient of cubic
nonlinearity replaced by σ0 and the background amplitude ρ is normalized to unity.

4.1. Linear Gain

Consider the following linear gain function

γ(x, t) = γ2u0(x, t) (7)

where γ2 is a scaling constant. The net background gain as u0 decays to unity is given by γ2 + β and
the maximum gain 3γ2 + β is attained at the origin. The value of the parameter σ0 determines the rate
of change in the gain function only. For a smaller σ0, the gain function increases to the maximum value
more rapidly.
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Recovery of a Rogue Wave from a Pinned Mode

Remarkably, by restricting the net linear gain to a short period of time only, the rogue wave can
be recovered from the otherwise pinned mode discussed in the previous section. The idea is illustrated
here with the numerical example discussed in Figure 3c,d. By choosing a net gain profile (Figure 5b)
with the same maximum gain and background loss as that of Figure 3d, the pinned mode formed by
the spatially localized gain of Figure 3c is destroyed. A rogue wave can thus be recovered by a ‘rogue’
gain function (Figure 5a).
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Formation of Breather from Localized Gain with Negligible Background Loss

In the special case where the net gain exists only in a spatially localized region (Figure 5d),
the rogue wave evolves into a Kuznetsov-Ma soliton pulsating in the time domain (Figure 5c). In other
words, when the background loss goes to zero asymptotically (γ2 = −β), the localized gain near the
origin will trigger the rogue wave to evolve into a breather propagating in the temporal domain instead
of decaying back to the background. A pulsating mode with growing peaks can also be observed in a
system with constant background gain as discussed in Section 2. The result here shows that a gain
function restricted to a finite region can have a similar effect but the growth in amplitude ceases once
the gain vanishes.
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Suppression of a Rogue Wave

As discussed in Section 2, a background loss can lower the amplitude of the rogue wave and delay
its formation. If the dissipative effect is further enhanced through a ‘rogue loss’ in the region where the
Peregrine breather should form, the formation of rogue wave is suppressed (Figure 6a,b). We should
emphasize that the effect of the background loss is essential. Consider an alternative system, where the
dissipation exists only in the localized region, i.e., γ2 is taken as negative and the background loss
is balanced by β > 0 (Figure 6d). Although there is a localized loss, the rogue wave can still survive.
As compared to the case with constant background loss (Section 2), the peak of the rogue wave still
maintains a relatively high value. This highlights the importance of a constant background loss in
the suppression of a rogue wave. Furthermore, the two minima in Equation (6) form two extrema in
localized gain due to the negative sign of γ2. As a result, two peaks are generated and follow the rogue
wave to form a triangular train of rogue waves (Figure 6c).
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rogue waves at β = 0.1, γ2 = −0.1, σ0 = 1 and (d) the net gain at t = 0.

Excitation from Continuous Waves

Alternatively, we test the impact of a ‘rogue gain’ on the dynamical properties of continuous
waves. A continuous wave of NLSE is first taken as the initial condition in the computations [37]. In the
focusing regime (σ > 0), where the Peregrine breather exists in the context of NLSE, a triangular train
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of peaks with waveform similar to rogue waves is generated (Figure 7a). However, in the defocusing
regime of NLSE (σ < 0), where the Peregrine breather normally is not permitted, similar pulses cannot
be generated. The ‘rogue gain’ gives rise to a small amplitude peak which does not decay back
to the background immediately (Figure 7b). Instead, the peak splits into two soliton-like beams.
Similar entities are observed in systems with nonlinearity and dispersion management [38].
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4.2. Cubic Gain

Similarly, consider a ‘rogue-like’ cubic gain function given by

α(x, t) = α2u0(x, t) (8)

where α2 is a scaling constant. The effect of the cubic gain is much stronger than that of the linear
gain. As a result, many features discussed for the case of linear gain do not hold for the current setting
with cubic gain. For instance, the wave amplitude still blows up, even when the gain is restricted
to the ‘rogue’ region only. This is in great contrast to the linear gain case when the rogue wave can
be recovered from a pinned mode under a rogue gain. Secondly, trains of rogue waves cannot be
generated from continuous waves of the NLSE. The perturbed continuous waves do grow indefinitely
(‘blow up’), through a rapid increase of intensity.

5. Conclusions

The generation and dynamics of rogue waves in a dissipative medium governed by a complex
Ginzburg-Landau equation have been investigated. Localized modes in systems with dissipation or
gain have been pursued actively over the years. Dissipative defect modes can be found in optical
lattices imprinted in focusing or defocusing cubic nonlinear media [39]. Solitons can also be amplified
in the presence of external energy input, e.g., an appropriate gain given to a spatial soliton in a
quadratic nonlinear medium may lead to redistribution of energy among various modes [40]. From a
general perspective in the studies of solitons, insight and understanding in the generation and stability
of solitons have been achieved through these nonlinear Schrödinger and complex Ginzburg-Landau
equations [29].

A computational approach was adopted here to study the robustness of the Peregrine breather
in a dissipative system. Several forms of the gain function were considered, namely, a constant
background gain, a Gaussian gain localized in space, and a ‘rogue gain’ localized in both space and
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time. Moreover, both linear and cubic gain functions were studied. In most cases, the gain was
balanced by a background loss. Although ingenious transformations can provide analytical models
of rogue waves, one drawback in performing such transformations is that these variable coefficients
may have to fulfill certain conditions [30–34]. As a result, the exact form of the gain cannot be arbitrary.
The merit of a numerical approach is that there is no such restriction on the form of external energy
input. The computational studies should enable us to obtain further insight into the problem.

For the simplest case where the linear gain or loss is constant throughout the domain, the gain (loss)
increases (decreases) the maximum amplitude attained by the rogue wave and shortens (lengthens)
the time necessary to reach the maximum. Moreover, a constant background gain will feed energy
into other disturbances associated with the rogue wave, leading to multiple peaks with increasing
amplitude subsequent to the occurrence of the rogue wave.

Secondly, a Gaussian gain localized in space with a constant background loss was considered.
Rogue waves gain energy and grow into a pinned mode provided that the maximum linear gain is
sufficiently large. However, the rogue wave can be recovered by restricting the localized gain to a
finite time interval which we termed a ‘rogue gain’. Furthermore, in the focusing regime, such ‘rogue
gain’ can generate trains of ‘rogue-wave-like’ entities from a continuous wave initial condition.

On the other hand, the formation of rogue wave is suppressed if the dissipation is sufficiently
strong in the localized region. Both the background and local dissipative effects are essential to destroy
the rogue wave. The mere existence of loss in the localized region, where the rogue wave evolves,
may not be sufficient to annihilate it and thus the dynamics is indeed intriguing.

Both linear and cubic gains were investigated. Analytically, it is then obvious that the latter will
overwhelm the former if the amplitude is large enough. When the cubic gain is sufficiently strong,
the rogue wave will grow indefinitely and will cause the governing equation and the solution to break
down. For scenarios with linear growth only, several peaks with increasing maximum can be formed
but the amplitude remains finite.

In the present work, the cubic nonlinearity was taken as a positive constant but further exotic
combinations of dispersion, nonlinearity, gain, and loss functions will constitute challenging issues
for researchers. The role of dispersion management in the dynamics of rogue wave in a dissipative
medium remains to be investigated [38]. Secondly, coupled systems where the gain and loss are
balanced between the cores can be considered in the future [41]. Furthermore, the sandwich effect
of a linear and quintic gain (or loss) on the cubic gain can be studied too [41–43]. The effect of an
oscillatory gain or loss can be investigated [43,44]. Finally, the effect of an asymmetric gain or two hot
spots can be pursued [22]. Computational studies of rogue waves have been actively pursued both
from theoretical perspectives and in application settings [45,46]. Although we focus on computational
studies on robustness here, other approximation techniques like adiabatic approximation might also
be valuable [47–51]. A simplified version for the case of weak energy input and comparisons with
numerical simulations are discussed in Appendix A. Further efforts on studies of rogue wave systems
with gain/loss will definitely be fruitful in the future.
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Appendix A

The adiabatic approximation is a commonly used scheme in estimating properties of wave
dynamics or propagation through slowly varying media. While an elaborate analysis might be
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involved, the case of weak gain or loss can be illustrated through a combination of theoretical and
numerical approaches here. For this purpose we consider

iAt + Axx + σ|A|2 A = iµβ0 A (A1)

where µ << 1 will denote a weak gain/loss depending on the sign of β0. We assume that the wave
dynamics will then be governed by a conventional rogue wave, uPB given by the Peregrine breather
(Equation (2)) multiplied by a slowly varying envelope of the form exp(µz0t) for a complex z0, i.e.,

A = exp(µz0t) uPB. (A2)

Substituting this into the governing equation and retaining terms of order µ only, we get

Re(z0) = β0. (A3)

Numerical simulations with the actual governing equations as in the main text and direct
evaluation using the adiabatic approximation Equation (A2) will now be compared (Figure A1).
The absolute percentage errors at certain time instances are shown in Table A1. The results are in good
agreement and the errors match the order of perturbation.
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Figure A1. Comparisons between the adiabatic approximation of the amplitude and results from a
direct numerical simulation: Energy loss with β0 = −1 and µ = 0.05, (a) the adiabatic approximation
given by Equation (A2) and (b) direct numerical simulation; Energy gain with β0 = 1 and µ = 0.05,
(c) the adiabatic approximation and (d) direct numerical simulation; The maximum amplitudes
obtained from the adiabatic approximations and direct simulations are in good agreement.
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Table A1. The amplitude of the wave packet at x = 0, |A(0,t)|: Comparisons between the approaches
of adiabatic approximations and direct numerical simulations.

µ β0 t Adiabatic Approximation of
|A(0,t)| by Equation (A2)

Numerical Approximation of
|A(0,t)| by Simulation

Absolute
Percentage Error

0.05 −1 0.5 2.18 2.15 1.4%
0.05 −1 1 1.53 1.47 4.08%
0.05 1 0.5 2.29 2.33 1.72%
0.05 1 1 1.7 1.79 5.03%
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