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Abstract: Periodic foundations for seismic isolation are getting increasing attention in the field of
civil engineering. Initial stresses due to the vertical loads from the upper structures exist in periodic
foundations. In the present paper, attenuation zones of two-dimensional periodic foundations
including the effect of vertical loads are studied by the weak form quadrature element method.
Comparisons with existing results in special cases without the effect of vertical loads are conducted
to validate the proposed method, and good agreement is found. A comprehensive parametric
study is conducted to investigate the effects of vertical loads on the attenuation zones. Moreover,
frequency-domain and time-domain response analyses of a two-dimensional periodic foundation
with finite unit cells are conducted to verify the theoretical results. The results show that bound
frequencies of the attenuation zones, corresponding to the vibration mode of the core, are affected
by vertical loads. It is also found that vertical loads shift the complete attenuation zones to lower
frequencies and reduce the attenuation coefficients in the attenuation zones.
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1. Introduction

As a new kind of seismic isolation technique, periodic foundations possess good seismic isolation
performance due to the unique dynamic characteristic of attenuation zones (AZs) [1–5]. Seismic waves
with frequencies in the AZs will be attenuated effectively in the periodic foundations [6,7]. Based
on the generation mechanism of AZs, periodic foundations can be divided into Bragg scattering
periodic foundations and locally-resonant periodic foundations [8–10]. The former enjoy AZs where
the corresponding wavelength is of the same order of the geometric size of the unit cells of the periodic
foundations. The latter possess AZs with the sizes of unit cells two-orders smaller than the relevant
wavelength, providing a possibility to isolate seismic waves with dominant frequencies lower than
20 Hz [11,12].

The two-dimensional (2D) periodic foundation, which is composed of periodic arrays of heavy
core cylinders coated with soft material in stiff matrix, is a typical locally-resonant periodic foundation.
Jia and Shi [13] firstly proposed the application of 2D locally-resonant periodic foundations in seismic
isolation and systematically the effect of geometric and material parameters on the AZs by using
the finite element method. According to the numerical simulation of seismic responses of six-story
reinforced concrete frame structures, with a 2D periodic foundation and aseismic rubber bearings,
in [13], it is found that the 2D periodic foundation can reduce the seismic response more effectively than
the aseismic rubber bearings. Using the finite element method, Cheng and Shi [14] investigated the
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effect of the reinforcing ratio in a concrete matrix, in which it is shown that the effect of the reinforcing
ratio in a concrete matrix on the AZs is negligible. Thus, a reinforced concrete matrix can be simplified
as plain concrete to determine AZs. More recently, Yan et al. [15] conducted a free field test of a 2D
periodic foundation that was made of periodic arrays of iron coated with rubber in concrete matrix,
where it was found that the 2D periodic foundation can effectively mitigate the dynamic response of
the upper structure for vibration excitations within its AZs.

Periodic foundations, as a type of foundation, are required to support vertical loads due
to heavy upper structures. According to the previous research in the aseismic rubber bearings,
the seismic isolation performance of aseismic rubber bearings can be affected significantly by the
vertical loads [16,17]. However, the effect of vertical loads on AZs of 2D periodic foundations has
not been studied, which will lead to the discrepancy between the designed and actual AZs of 2D
periodic foundations.

In this paper, the weak form quadrature element method is applied to study the AZs of 2D periodic
foundations, including the effect of vertical loads. It should be pointed out that wave propagation in
layered periodic foundations and 2D periodic foundations are different. Longitudinal waves (P waves)
and shear waves (SH and SV waves) are decoupled in layered periodic foundations. However, P waves
and SV waves are coupled in the plane of the cross section of 2D periodic foundations. The remaining
sections are organized as follows: The computational methods are given in Section 2. In Section 3,
a validation study of the present method is conducted by comparison with existing results in special
cases, without the effect of vertical loads. In Section 4, the effects of vertical loads on the range of AZs
and the attenuation coefficients are investigated. In addition, dynamic responses of a 2D periodic
foundation with finite unit cells are analyzed. Finally, some conclusions are provided in Section 5.

2. Computational Method

Figure 1 shows the cross section of a 2D periodic foundation with vertical loads. The foundation
was made of periodic arrays of square steel cylinders coated with rubber in a concrete matrix, where
the length of the cylinders in the y-direction was assumed to be infinite. Hence, wave propagation in
the periodic foundation could be reduced to a 2D problem. A typical unit cell can be defined, as shown
in Figure 1, where the side length of square cylinder is l, the thickness of coating layer is tk, and the
periodic constant is a. According to the periodic structure theory [18], wave propagation in periodic
structures can be investigated by the dynamic analyses of a typical unit cell. In the present paper,
the materials of the cores, the coating layers, and the matrix were assumed to be linearly elastic and
isotropic. Furthermore, for simplicity, the effect of vertical loads from the upper structure was reduced
as homogeneous initial stress, σ0

zz, in the 2D periodic foundation.
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Figure 1. Cross section of a 2D periodic foundation and its typical unit cell. 
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According to the weak form quadrature element method, the typical unit cell can be decomposed
into several quadrature elements [19]. Let u and w be the displacement components in the x- and
z-directions, respectively. Thus, the strain energy of the quadrature element e can be expressed as

U(e) =
x

Ω(e)

1
2

(
εTEε+ ε∗Tσ0ε∗

)
dxdz =

∫ 1

−1

∫ 1

−1

(
A(e) + A0(e)

)
dξdη, (1)

where Ω(e) is the area in the x-z plane of the quadrature element e, ε =
[

∂u
∂x

∂v
∂y

∂v
∂x + ∂u

∂y

]T
is the

strain vector, E = E
1−ν2

 1 ν 0
ν 1 0
0 0 (1 − ν)/2

 in which

{
E = E

1−ν2

µ = ν
1−ν

, E is the Young modulus, ν is the

Poisson ratio, ε∗ =
[

∂u
∂z

∂w
∂z

]T
, σ0 =

[
σ0

zz 0
0 σ0

zz

]
, A(e) is the strain energy density of the linear

strains, and A0(e) is the strain energy density due to the initial stress terms, respectively.
By using the quadrature and differentiation scheme in the weak form quadrature element

method [20–22], Equation (1) can be obtained as

U(e) =
1
2

d(e)T(
K(e) + K0(e)

)
d(e), (2)

where d(e), K(e) and K0(e) are the nodal displacement vector, stiffness matrix and geometric stiffness
matrix of the quadrature element e, respectively.

The potential energy of external loads and the kinetic energy of the quadrature element e can be
written as

W(e) = −
∫

∂Ω(e)
uTf ds = −d(e)TF(e), T(e) =

1
2

·
d
(e)T

M(e)
·
d
(e)

, (3)

where F(e) and M(e) denote the nodal force vector and the mass matrix of the quadrature element e,
respectively; the superposed dot denotes derivative with respect to the time.

Applying the Hamilton’s principle, δ
∫ t2

t1
∑
e

(
U(e) + W(e) − T(e)

)
dt = 0, gives the dynamic

equations of the typical unit cell

M
¨
d + (K + K0)d = F, (4)

A harmonic wave with angular frequency ω and wave vector k = (kx + iεx)ex + (kz + iεz)ez

is considered, where the real parts kx and kz of the wave vector are phase constants in the x-
and z-directions, respectively; the imaginary parts εx and εz are attenuation coefficients in the x-
and z-directions, respectively. By applying the Bloch theorem, periodic boundary conditions can
be obtained

dr = e−εxaeikxadl , dt = e−εzaeikzadb,
Fr = −e−εxaeikxaFl , Ft = −e−εzaeikzaFb,

(5)

where the subscripts r, l, t and b refer to the nodes on the right, left, top and bottom edges of the
typical unit cell, respectively. From Equation (5), it can be clearly seen that e−εxa and e−εza quantify
the attenuation of nodal displacement and nodal force between the opposite edges in the x- and
z-directions, respectively.

Combining Equations (4) and (5) yields

[
K(k) + K0

(k)− ω2(k)M
] di

dl
db

 =

 0
0
0

, (6)
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where K(k), K0
(k), and M are the corresponding stiffness matrix, geometric stiffness matrix, and mass

matrix of the typical unit cell, respectively, after considering the periodic boundary conditions. It should
be noted that the mass matrix is independent of the wave vector [23].

The dispersion curves of in-plane waves (coupled P and SV waves) in 2D periodic foundations
can be constructed from Equation (6) by finding eigenfrequencies ω for a given wave vector in the
first irreducible Brillouin zone without attenuation coefficients (i.e., k = kxex + kzez). On the other
hand, the attenuation coefficients εx and εz can be determined from Equation (6) for a given angular
frequency ω.

3. Validation of Computational Method

Two examples were studied to verify the present method by comparison with the available results
in special cases without the effect of vertical loads.

3.1. AZ of 2D Bragg Scattering Periodic Structure

Using the finite difference method, Liu et al. [24] studied the AZs of a 2D Bragg scattering periodic
structure that was made of periodic Pb inclusions in rubber matrix, which is a special case of the
present work by taking the core and the coating layer as the Pb inclusion. The mass density and elastic
coefficients C11 and C44 of Pb were 11,600 kg/m3, 72.1 GPa, and 14.9 GPa, respectively. The mass
density and elastic coefficients C11 and C44 of rubber were 1300 kg/m3, 680k Pa, and 40k Pa, respectively.
Figure 2 shows the dispersion curves calculated by the present method and the finite difference method,
where the filling ratio of Pb in the typical unit cell was 0.36. In Figure 2, the horizontal ordinate
represents wave vectors along the boundary of the first irreducible Brillouin zone, and the vertical
ordinate represents wave frequencies. Each pair of wave vector and frequency corresponded to a
wave propagation mode. For waves with frequencies in the shaded area in Figure 2, there were no
corresponding wave propagation mode, which means that these waves were forbidden in the periodic
structure. Thus, the frequency range of the shaded area was named as AZ. The solid lines and scatters
in Figure 2 represent the results obtained by the present method and the finite difference method,
respectively. It can be seen from Figure 2 that the AZs determined by the present method matched
well with those by the finite difference method.

Appl. Sci. 2019, 9, x FOR PEER REVIEW 4 of 12 

where ( )K k , 0 ( )K k , and M  are the corresponding stiffness matrix, geometric stiffness matrix, 
and mass matrix of the typical unit cell, respectively, after considering the periodic boundary 
conditions. It should be noted that the mass matrix is independent of the wave vector [23]. 

The dispersion curves of in-plane waves (coupled P and SV waves) in 2D periodic foundations 
can be constructed from Equation (6) by finding eigenfrequencies ω for a given wave vector in the 
first irreducible Brillouin zone without attenuation coefficients (i.e., x x z zk k= +k e e ). On the other 
hand, the attenuation coefficients xε  and zε  can be determined from Equation (6) for a given 
angular frequency ω. 

3. Validation of Computational Method  

Two examples were studied to verify the present method by comparison with the available 
results in special cases without the effect of vertical loads. 

3.1. AZ of 2D Bragg Scattering Periodic Structure 

Using the finite difference method, Liu et al. [24] studied the AZs of a 2D Bragg scattering 
periodic structure that was made of periodic Pb inclusions in rubber matrix, which is a special case 
of the present work by taking the core and the coating layer as the Pb inclusion. The mass density 
and elastic coefficients C11 and C44 of Pb were 11600 kg/m3, 72.1 GPa, and 14.9 GPa, respectively. The 
mass density and elastic coefficients C11 and C44 of rubber were 1300 kg/m3, 680k Pa, and 40k Pa, 
respectively. Figure 2 shows the dispersion curves calculated by the present method and the finite 
difference method, where the filling ratio of Pb in the typical unit cell was 0.36. In Figure 2, the 
horizontal ordinate represents wave vectors along the boundary of the first irreducible Brillouin zone, 
and the vertical ordinate represents wave frequencies. Each pair of wave vector and frequency 
corresponded to a wave propagation mode. For waves with frequencies in the shaded area in Figure 
2, there were no corresponding wave propagation mode, which means that these waves were 
forbidden in the periodic structure. Thus, the frequency range of the shaded area was named as AZ. 
The solid lines and scatters in Figure 2 represent the results obtained by the present method and the 
finite difference method, respectively. It can be seen from Figure 2 that the AZs determined by the 
present method matched well with those by the finite difference method. 

0

2

4

6

8

10

 Present
 Liu et al. (2007)

Γ

Fr
eq

ue
nc

y 
(ω

 a
/c

t)

ΓX M
Wave vector (1/m)

AZ

 
Figure 2. Dispersion curves of in-plane waves in a 2D Bragg scattering periodic structure. 
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3.2. AZ of 2D Locally-Resonant Periodic Foundation

The finite element method (FEM) has been extensively used in the study of periodic
structures [25–27]. In the present paper, the matrix, coating layers, and square cores were made
of concrete, rubber, and steel, respectively, and whose material parameters are listed in Table 1. We set
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the geometric parameters mentioned in Section 2 as a = 2 m, tk = 0.2 m and l = 1 m. Figure 3 shows
the dispersion curves of in-plane waves in the 2D locally-resonant periodic foundation, where the
continuous lines represent results obtained by the present method and the solid circles represent results
given by the FEM. It can be seen from Figure 3 that the AZ ranged from 4.69 to 7.49 Hz. Moreover,
agreement in terms of the range of the AZ by the above two methods was good, which validates the
present method again.

Table 1. Material parameters.

Materials Mass Density
ρ (kg/m3)

Young Modulus E
(GPa) Poisson Ratio v

Steel 7850 210 0.330
Rubber 1300 1.37 × 10–4 0.463

Concrete 2300 25 0.330
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4. Results and Discussion

4.1. Periodic Foundation with Infinite Unit Cells

Figure 4 shows the dispersion curves in the 2D locally-resonant periodic foundation in Section 3.2,
where the initial stress due to the vertical loads was taken as σ0

zz = −40 kPa. Figure 5 shows the mode
shape of frequencies A1, A2, B1, and B2. Combing Figures 3–5, it can be found that the unit cell was
symmetric in terms of both the geometric and mechanical aspects, without considering the effect of
vertical load. Thus, the bound frequencies of the AZ, which were corresponding to the vibration modes
of the steel core in the x- and z- directions, were identical. However, after including the effect of vertical
loads, the bound frequency corresponding to the vibration modes of the steel core in the x-direction
decreased more than that in the z-direction, which led to the discrepancy between the AZ bounded by
A1 and B1 and that by A2 and B2, as shown in Figure 4. For vibration modes of the steel core in the
x-direction, there were two AZs below 10 Hz, which were 4.24~6.09 and 8.44~9.58 Hz, respectively.
For vibration modes of the steel core in the z-direction, there was only one AZ below 10 Hz, which was
4.37~6.85 Hz. According to the definition of complete AZ, the complete AZ with σ0

zz = −40 kPa was
4.37~6.09 Hz, which was lower and narrower than that without vertical load.
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The width of the complete AZ was defined as WAZ = UBF − LBF, where UBF and LBF are the
upper- and lower-bound frequencies of the complete AZ, respectively. The influence of the initial
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stress on the complete AZ is shown in Figure 6. It could be found that both the LBF and UBF decrease
as the compressive initial stress increases. Moreover, the decrease of the UBF was more than that
of the LBF, resulting in the decrease of WAZ. The reason is that the stiffness of the unit cell to resist
displacement in the x-direction was reduced more than that in the z-direction. It resulted in the UBF,
corresponding to the vibration mode of the steel core in the x-direction, being more sensitive to the
change of compressive initial stress.
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Figure 7 shows the attenuation coefficients in complete AZs with different initial stresses. It can
be seen from Figure 7a that the complete AZ became lower and narrower with the increase of
the compressive initial stress, which was in accordance with the results in Figure 6. In addition,
the attenuation coefficients in the complete AZ decreased with the increase of the compressive initial
stress. From Figure 7b, it can be further seen that the compressive initial stress mainly affected the
attenuation coefficients below the center frequency of the complete AZ.
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4.2. Periodic Foundation with Finite Unit Cells

In previous sections, attenuation zones, including the effect of vertical load, were studied by
assuming that the 2D periodic foundation consisted of infinite unit cells in both the x- and z-directions.
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In the engineering field, the thickness of a foundation is limited, and its length and width are quite
larger than its thickness in most cases. Hence, we considered a periodic foundation with five unit cells
in the z-direction and infinite unit cells in the x-direction, as shown in Figure 8. In order to reduce
the computational work, periodic boundary conditions, dr = dl and Fr = −Fl , were applied to the
edges of unit cells in the x-direction. Displacement excitation was applied to the bottom edge of the
five-unit-cell periodic foundation, and the top edge was assumed to be free.
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4.2.1. Frequency-Domain Dynamic Responses

The average frequency response function (AFRF) was defined as AFRF = 20 log10(δo/δi), where
δi and δo are the average displacement excitation of the bottom edge and the average displacement
response of the top edge of the periodic foundation, respectively. The excitation frequency varied
from 0.01 to 12.01 Hz with a step of 0.05 Hz. Figure 9 shows the AFRFs of the five-unit-cell periodic
foundation under SV waves. It should be noted that the steel core moved in the x-direction under
SV waves. It can be seen from Figure 9 that the frequency ranges with significant attenuation of the
excitation agreed very well with the AZs obtained in Figures 3 and 4.
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Figure 10 shows the AFRFs of the five-unit-cell periodic foundation under P waves, where the
steel core moved in the z-direction. It can be seen from Figure 10 that the frequency ranges with
significant attenuation were in accordance with the findings in Section 4.1, for both the case with initial
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stress and without initial stress, which again verifies the results for the 2D periodic foundation with
infinite unit cells.
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4.2.2. Time-Domain Dynamic Responses

To further verify the frequency-domain response analyses, a harmonic SV wave
u = sin(2π f · t) (mm) was considered as excitation to the bottom edge of the five-unit-cell periodic
foundation, where f is the frequency of the excitation and the time interval is taken as ∆t = 1/(80 f ).
Figure 11 shows the averaged dynamic responses of the top edge of the periodic foundation under
SV wave, with f = 4.3 Hz. It is noted that the AZ for SV waves of the periodic foundation without
initial stress was 4.69~7.49 Hz, and those with initial stress σ0

zz = −40 kPa were 4.24~6.09 Hz and
8.44~9.58 Hz. The excitation frequency f = 4.3 Hz was inside the AZs with initial stress σ0

zz = −40 kPa,
but outside the AZ without initial stress. It can be seen from Figure 11 that the averaged dynamic
response, of the top edge of the periodic foundation, with initial stress σ0

zz = −40 kPa was significantly
smaller than that without initial stress.
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with f = 4.3 Hz.

Figure 12 shows the averaged dynamic responses of the top edge of the periodic foundation under
SV wave with f = 7 Hz. Note that the excitation frequency f = 7 Hz was inside the AZ without initial
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stress but outside the AZs with initial stress σ0
zz = −40 kPa. According to the results in Figure 7a,

the attenuation coefficient at f = 7 Hz was quite small in the AZ without initial stress. It can be seen
from Figure 12 that the averaged dynamic response of the top edge of the periodic foundation without
initial stress was slightly smaller than that with initial stress σ0

zz = −40 kPa, which supports both the
theoretical analyses and the frequency-domain response analyses.
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5. Conclusions

Combining the weak form quadrature element method and the Bloch theorem, the effect of
vertical loads on AZs of 2D locally-resonant periodic foundations were studied by simplifying the
effect of vertical loads as initial stresses. The present method was validated with existing results in
special cases. By the theoretical analyses of a periodic foundation with infinite unit cells and the
dynamic analyses of a periodic foundation with finite unit cells, the following conclusions could
be drawn:

(1) For the case without considering the effect of vertical loads, the AZs of 2D locally-resonant
periodic foundations for P waves and SV waves are identical. For the case including the effect of
vertical loads, AZs for SV waves are more sensitive to the change of vertical loads than those for
P waves.

(2) The complete AZ is of lower frequency and its width is narrower when the effect of vertical
loads is considered. That implies that the width of the designed complete AZ, without including the
effect of vertical loads, is overestimated.

(3) Vertical loads weaken excitation attenuation in the complete AZ, especially for excitation with
frequencies below the center of the complete AZ.

It should be noted that one of the limitations of the present study was the reduction of vertical
loads into uniformly-distributed initial stresses. Since the effect of vertical loads are mainly localized
near the columns in the ground floor, one of the possible improvements of the present study is
numerical analysis of the effect of vertical loads in practical engineering application, by using the FEM
and the weak form quadrature element method.
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