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Goddard, Shultz and Bassett, 1969, On membrane diffusion with near equilibrium reaction. 

𝐺(𝑍) = ඨ 𝑍ହ1 + 𝑍ଶ (S1) 

𝑍 = 𝜎1 + 𝐾௘௤𝐶஺଴ (S2) 

𝑍 = 𝜎1 + 𝐾௘௤𝐶஺௅ (S3) 

𝜎 = 𝐾௘௤𝐶் 𝐷஺஼𝐷஺  (S4) 

Kreuzer and Hoofd, 1970, Facilitated diffusion of oxygen in the presence of hemoglobin. 𝐸ଵ = 12𝛼ଶ𝐷஺஼𝐷஺ ቆ𝑘௙𝐶஼଴𝐷஺ 𝐽஺𝛼 + 𝑘௥𝐶஺஼଴ − 𝑘௙𝐶஺଴𝐶஼଴ቇ (S5) 

𝐻ଵ = 12𝛽ଶ𝐷஺஼𝐷஺ ቆ𝑘௙𝐶஼௅𝐷஺ 𝐽஺𝛽 + 𝑘௥𝐶஺஼௅ − 𝑘௙𝐶஺௅𝐶஼௅ቇ (S6) 

Yung and Probstein, 1973, Similarity considerations in facilitated transport. 𝛼 = 𝐶்𝐶஼଴ (S7) 

𝜂 = ൬𝐶஼𝐶஼଴ − 1൰𝜅  (S8) 

𝜂௅ = ൬𝐶஼௅𝐶஼଴ − 1൰𝜅  
(S9) 

∆= 𝐷஺஼𝐷஺ 𝐾௘௤𝐶் (S10) 

𝜂ଵ = 𝐵 ൥1 +෍ 𝜀ଷ௡(3𝑛)(3𝑛 − 1)(3𝑛 − 3)(3𝑛 − 4) × …3 × 2ஶ
௡ୀଵ ൩ 

+𝐶 ൥𝜀 +෍ 𝜀ଷ௡ାଵ(3𝑛)(3𝑛 + 1)(3𝑛 − 2)(3𝑛 − 3) × …3 × 4ஶ
௡ୀଵ ൩ (S11) 

𝐵, 𝐶 are two expansion coefficients to be determined by BC’s. 𝛽 = 𝜅ିଵ𝜀 − 𝛼𝜖ିଵ/ଷ𝜅ିଶ/ହ (S12) 𝜀 = ሾ1 + 𝜅(1 − 𝑥ᇱ)ሿ(𝜖𝜅ଶ)ିଵ ଷൗ  (S13) 
Smith, Meldon, Colton, 1973, An analysis of carrier facilitated transport. 𝐽஺,௟௜௡௘௔௥௜௭௘ௗ∗ = 11 + ൫𝐹௘௤ − 1൯ ቈϒ ቆ𝜆଴෪𝐿 ቇ + 1ϒቆ𝜆௅෪𝐿 ቇ቉ (S14) 

ϒ = 𝑘௙𝐶஺௅ + 𝑘௥𝑘௙𝐶஺଴ + 𝑘௥ (S15) 
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𝐺଴(0) − 2𝑁ଵ ቆ𝜆଴𝜆଴෪ቇ଼ (𝐽஺∗)ଶ + 13𝑁ଵ𝑁ଶ ቆ𝜆଴𝜆଴෪ቇଶ 𝐺଴ଶ(0) 
+14𝑁ଵ ൜1 − 𝑁ଶሾ1 − 𝑁ଷ𝐺଴(0)ሿଶൠ ൝ሾ1 − 𝑁ଷ𝐺଴(0)ሿ ቆ𝜆଴𝜆଴෪ቇହ 𝐽஺∗𝐺଴(0)ൡ = ቆ𝜆଴𝜆଴෪ቇଷ 𝐽஺∗ 1ሾ1 − 𝑁ଷ𝐺଴(0)ሿ (S16) 

𝐺௅(0) + 2𝑀ଵ ቆ𝜆௅𝜆௅෪ቇ଼ (𝐽஺∗)ଶ − 13𝑀ଵ𝑀ଶ ቆ𝜆௅𝜆௅෪ቇଶ 𝐺௅ଶ(0) 
−14𝑀ଵ ൜1 − 𝑀ଶሾ1 +𝑀ଷ𝐺௅(0)ሿଶൠ ൝ሾ1 +𝑀ଷ𝐺଴(0)ሿ ቆ𝜆௅𝜆௅෪ቇହ 𝐽஺∗𝐺௅(0)ൡ = ቆ𝜆௅𝜆௅෪ቇଷ 𝐽஺∗ 1ሾ1 +𝑀ଷ𝐺௅(0)ሿ (S17) 

𝑁ଵ = 𝑘௙𝜆଴෪ହሾ𝐶஺଴ − 𝐶஺௅ሿൣ1 + 𝐹௘௤൧ൣ𝑘௙𝐶஺଴ + 𝑘௥൧/(𝐷஺஼ଶ𝐿) (S18) 𝑁ଶ = 𝐷஺𝑘௙𝑘௥𝐶் 𝐷஺൫𝑘௙𝐶஺଴ + 𝑘௥൯ଶ൘  (S19) 

𝑁ଷ = 𝑘௙ଶ𝑘௥𝐶்𝜆଴෪ଷሾ𝐶஺଴ − 𝐶஺௅ሿൣ1 + 𝐹௘௤൧ 𝐷஺൫𝑘௙𝐶஺଴ + 𝑘௥൯ଶ𝐿൙  (S20) 

𝑁ସ = 𝑘௙ଶ𝑘௥𝐶்𝜆଴෪ଷൣ1 + 𝐹௘௤൧ 𝐷஺൫𝑘௙𝐶஺଴ + 𝑘௥൯𝐿൘  (S21) 𝑀ଵ = 𝑘௙𝜆௅෪ହሾ𝐶஺଴ − 𝐶஺௅ሿൣ1 + 𝐹௘௤൧ൣ𝑘௙𝐶஺௅ + 𝑘௥൧/(𝐷஺஼ଶ𝐿) (S22) 𝑀ଶ = 𝐷஺஼𝑘௙𝑘௥𝐶் 𝐷஺൫𝑘௙𝐶஺௅ + 𝑘௥൯ଶ൘  (S23) 

𝑀ଷ = 𝑘௙ଶ𝑘௥𝐶்𝜆௅෪ଷሾ𝐶஺଴ − 𝐶஺௅ሿൣ1 + 𝐹௘௤൧ 𝐷஺൫𝑘௙𝐶஺௅ + 𝑘௥൯ଶ𝐿൙  (S24) 

𝑀ସ = 𝑘௙ଶ𝑘௥𝐶்𝜆௅෪ଷൣ1 + 𝐹௘௤൧ 𝐷஺൫𝑘௙𝐶஺௅ + 𝑘௥൯𝐿൘  (S25) 

Basaran et al., 1989, Facilitated Transport with Unequal Carrier and Complex Diffusivities. 𝛿 = 𝐷஺஼𝐷஺  (S26) 

𝜎 = 1𝐾𝑇 (S27) 

𝛾଴ = 1𝑇 (S28) 

𝛾ଵ = 𝐶஺௅തതതത𝑇  (S29) 

𝜂଴ = 𝜎 + 𝑑𝛾଴ (S30) 𝜂ଵ = 𝜎 + 𝑑𝛾ଵ (S31) 𝜔 = (𝑙𝑛(𝜂଴) − 𝑙𝑛(𝜂ଵ))(𝜂଴ − 𝜂ଵ)ିଵ (S32) 

𝑝଴ = −𝜎𝛿 𝜎ଶ + 𝛾଴𝛾ଵ + (𝛾଴+𝛾ଵ)𝜎𝜂଴𝜂ଵ  (S33) 

𝑝ଵ = 𝜎𝛿 − 𝜂଴𝜂ଵ (S34) 𝑝ଶ = 𝜂଴𝜂ଵ (S35) 

𝜌 = (𝜂଴ିଵ + 𝜂ଵିଵ)2  (S36) 



 S3 of S3 

 

Morales-Cabrera et al., 2002, Approximate Method for The Solution of Facilitated Transport 
Problems in Liquid Membranes. 𝐴௅ = ൤ 𝜑ோ𝜑௅𝑡𝑎𝑛ℎ(𝜑ோ) + 𝜑ோ𝑡𝑎𝑛ℎ(𝜑௅)൨ ቈ൬𝐶஺ଵതതത + 𝛼ோ𝜑ோଶ + 𝛽ோ𝜑ோଶ൰ 1𝑐𝑜𝑠ℎ(𝜑ோ)− ൬1 − 𝛼௅𝜑௅ଶ − 𝛼ோ𝜑ோଶ൰ 𝑡𝑎𝑛ℎ(𝜑ோ)𝜑ோ + 𝛽௅𝜑௅ଶ − 𝛽ோ𝜑ோଶ቉ (S37) 

𝐴ோ = 𝜑௅𝜑ோ 𝐴௅ − 1𝜑ோ 𝛼௅𝜑௅ଶ + 𝛼ோ𝜑ோଶ (S38) 𝐵௅ = 1𝑐𝑜𝑠ℎ(𝜑௅) ൤𝐴௅𝑠𝑖𝑛ℎ(𝜑௅) + ൬1 − 𝛼௅𝜑௅ଶ + 𝛽௅𝜑௅ଶ൰൨ (S39) 𝐵ோ = 1𝑐𝑜𝑠ℎ(𝜑ோ) ൤−𝐴ோ𝑠𝑖𝑛ℎ(𝜑ோ) + ൬𝐶஺ଵതതത + 𝛼ோ𝜑ோଶ + 𝛽ோ𝜑ோଶ൰൨ (S40) 𝛼௅ = 𝜙ଶ ൤൬ 1𝑟஼ + 1𝐾𝑟஺஼൰ 𝐽஺ഥ ൨ (S41) 𝛼ோ = 𝜙ଶ ቈቆ𝐶஺ଵതതത𝑟஼ + 1𝐾𝑟஺஼ቇ 𝐽஺ഥ቉ (S42) 𝛽௅ = −𝜙ଶ ൤𝐶஼ି ଵതതതതത + 𝑇஼𝑟஼ + 𝑇஺஼𝐾𝑟஺஼൨ (S43) 𝛽ோ = −𝜙ଶ ቈ𝐶஺ଵതതത𝐶஼ଵതതത + 𝐶஺ଵതതത𝑇஼𝑟஼ + 𝑇஺஼𝐾𝑟஺஼቉ (S44) 𝑟஺஼ = 𝐷஺஼𝐷஺  (S45) 𝑟஼ = 𝐷஼𝐷஺ (S46) 

 


