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Abstract: There is often obvious particle breakage for silica sand under high-stress, which will lead
to the bearing capacity reduction and excessive settlement of the foundation. This paper focuses on
the particle breakage characteristics of marine silica sand from the East China Sea under high-stress
conditions. A series of conventional triaxial tests for silica sand, including consolidated drained (CD)
and consolidated undrained (CU) shear tests, were conducted under the confining pressures in the
range of 2–8 MPa to investigate the breakage rule during the shearing process. The developments
of particle breakage index Br with axial strain ε1 and volumetric strain εv present hyperbolic and
linear trends, respectively. A hyperbolic model was adopted to describe the relationship of Br and
ε1 and the corresponding model parameters were obtained. The particle breakage index also has a
good correlation with the input work per unit volume under various average stresses, regardless
of the stress history. Furthermore, the relationship between the fractal dimension and the particle
breakage was studied based on the particle size distribution curve. It is concluded that the fractal
dimension increases in an up–convex hyperbolic trend with the increase of particle breakage index.
The dividing radius for whether the silica sand particles exhibit the fractal features is determined
as approximately 0.4 mm. This is anticipated to provide reference and supplementary test data for
analyzing sand constitutive models/environments regarding particle crushing.

Keywords: marine silica sand; mechanical characteristics; particle breakage; fractal distribution;
evolution

1. Introduction

Silica sand is widely distributed in the offshore area of the East China Sea and is
the main engineering material for offshore foundations. It is commonly believed that
particle breakage often occurs when silica sands are subjected to high stress [1–8]. The
soil at the tip of a deep pile foundation in an offshore oil drilling platform or at the
bottom of rockfill dams may bear a high load, with the stress level sometimes reaching
approximately 10 MPa [9]. Due to changes in the initial stress state or the groundwater
pressure, the earth pressure and water pressure generated by these large loads will cause
more particle breakage in silica sand [10,11]. Moreover, continuous particle breakage causes
the gradation of silica sand in offshore foundations to change continuously [12,13], affecting
its compressibility [14], dilatancy [15], critical state [16], and other mechanical properties,
thus significantly changing the engineering characteristics of foundations, and ultimately
directly affecting the design scheme of offshore foundation engineering and the safety of
the project [17,18].
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In the past few decades, various laboratory tests have been conducted to study the me-
chanical properties of silica sand and the evolution process of particle breakage, including
ring shear tests [19,20], direct shear tests [21,22], one-dimensional compression tests [23,24],
isotropic compression tests [25–27], conventional triaxial tests [28], true triaxial tests [29],
cyclic tests [30–32], and creep tests [33]. Several studies have investigated the effect of
particle breakage on the mechanical properties of sand. Kikumoto et al. [34] found that in
the e–lgp′ plane, the critical-state line moved downward with an increase in the particle
breakage index. Through triaxial tests, Carrera et al. [35] found that an increase in particle
breakage may lead to an upward movement of the critical-state line. Bandini et al. [36]
found that particle breakage in the triaxial shear process led to translation and rotation of
the critical-state line; however, the critical-state friction angle did not change. Yu et al. [37]
conducted a triaxial test on pre-crushed silica sand and found that particle breakage caused
the critical-state line on the e–lgp′ plane to shift downward and rotate counterclockwise,
while on the q–p′ plane, all the critical-state points were on the initial critical-state line;
however, the critical-state points varied with particle breakage under different drainage
conditions. Silica sand particle breakage is related to factors such as the particle mineral
composition, particle shape, effective stress path, and pore water pressure [38,39], and the
characteristics of particle breakage can be typically explained by the fractal theory [40,41]
and energy theory [42]. Afshar et al. [43] conducted several compression tests using X-ray
and scanning electron microscopy and found that in the process of particle breakage, the
sphericity and aspect ratio of fine silica sand decreased continuously, and the fractal con-
dition of large granular silica sand ceased. Zhao et al. [44] found that when the particle
size of Leighton Buzzard sand is lower than a certain value, regardless of the assumed
shape, the characteristic dimension is proportional to the corresponding particle size, and
the fractal dimension of the sand remains constant. In offshore foundation engineering
applications, stress is a key parameter when considering particle breakage. However,
most of the above studies analyzed the amount of particle breakage when the sample was
loaded to the failure or critical state and rarely discussed the intermediate development
process of particle breakage along specific stress paths [45]; that is, the influence of particle
breakage on the strength parameters of the loading process (such as the peak strength of the
softened material) could not be truly reflected. Hence, it is necessary to study the evolution
of the particle-crushing process and its correlation with the mechanical properties of the
silica sand.

Currently, research on particle breakage during the shear process of silica sand is
limited. Existing studies have generally focused on the evolution process of the particle
breakage of calcareous sand [46] and rockfill [47] under general stress conditions. Whether
the crushing theory based on the above materials under general stress conditions can be
applied to describe the particle-crushing evolution process of silica sand under high-stress
conditions requires further verification. Owing to the strict conditions of high-stress triaxial
tests, experiments on the evolution of the particle breakage of silica sand under high-stress
conditions are lacking, thus, limited theoretical research on the evolution model of the
particle breakage of quartz sand under high-stress conditions. In addition, the fractal
characteristics of silica sand under different drainage conditions, particularly high stresses,
have not been thoroughly studied.

In this study, a GDS high-stress triaxial test system was used to conduct shear tests on
consolidated drained (CD) and consolidated undrained (CU) silica sand specimens at high
stresses to investigate the effects of stress level, axial strain, and drainage conditions on
the degree of particle breakage. The evolution law of the particle breakage of silica sand
during shearing was analyzed, and the parameters of the particle breakage model of silica
sand were obtained. The evolution of the fractal dimension in the particle-breaking process
was discussed, and the relationship between the volume deformation, fractal dimension,
input work, and particle breaking was studied.
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2. Materials and Methods
2.1. Triaxial Test Equipment

A British GDS high-stress environment triaxial test system (HPETTS) was used, as
shown in Figure 1. The test system was mainly composed of GDSLAB data acquisition soft-
ware (GDSLab v2.5.4.42), a channel data acquisition board, a pressure/volume controller, a
500 kN VIS load frame, and a three-axis pressure chamber. The three-axis pressure chamber
comprised an upper shaft pressure chamber and a lower confining pressure chamber, and
the maximum bearing capacity can reach 32 MPa. In addition to the test chamber, the
high-stress triaxial test system was equipped with control and data acquisition systems.
The control system includes an axial pressure controller, a confining pressure controller,
and a reverse pressure controller. Both systems can apply pressures of up to 32 MPa with
an accuracy of 0.001%. The stress and volume changes were recorded every second using
the data acquisition system. The measuring range of the confining pressure and reverse
pressure volume controller was 0–16 MPa, and the measuring range of the axial pressure
volume controller was 0–32 MPa. The sensor and data conversion device of the high-stress
triaxial test system automatically collected the test data for the deviatoric stress q, effective
axial pressure, effective confining pressure, pore pressure u, volume change, and axial
strain ε1.
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Figure 1. GDS high-stress triaxial test system.

2.2. Test Material and Condition

Sand samples were obtained from Pingtan, Fujian province, near the East China Sea,
and the geographic location is shown in Figure 2. The main component of the Fujian sand is
quartz. An image of the silica sand sample is shown in Figure 3a. Silica sand has a uniform
shape and smooth surface, similar to the characteristics of Leighton Buzzard sand [38,44],
Ottawa sand, and Toyoura sand. Figure 3b shows the initial particle size distribution (PSD)
curve of the silica sand. Fujian sand was sieved into five-grain groups: d1 (0.5–0.6 mm),
d2 (0.6–0.7 mm), d3 (0.7–0.8 mm), d4 (0.8–0.9 mm), and d5 (0.9–1 mm). Silica sand was
then prepared according to the principle of equal proportion. This ensured that the initial
particle composition of each sample was identical. Table 1 lists the physical characteristics
of the silica sand.
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Figure 2. The collection point of sand samples is located on Pingtan Island, Pingtan County, Fuzhou
City, Fujian Province, adjacent to the East China Sea. (a) East China Sea, (b) Pingtan Area.
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Figure 3. (a) Image of silica sand sample. (b) Particle size distribution curve of silica sand under
initial condition.

Table 1. Properties of silica sand.

Property Value

Specific gravity, Gs 2.65
Average grain size d50: mm 0.75
Coefficient of uniformity, Cu 1.45

Curvature coefficient, Cc 0.96
Maximum void ratio, emax 0.78
Minimum void ratio, emin 0.55

Particle size range, mm 0.5–1.0

2.3. Test Program

Triaxial compression tests under two different drainage conditions (CD and CU tests)
were conducted to study the influence of drainage conditions on the mechanical properties
and particle breakage of silica sand. A sample with an initial relative density of 75% (dense
sand) was prepared using the drop sand method (a reconstruction method that simulates
the free-falling behavior of natural objects). The mass of the sand was predetermined,
and all the samples prepared had a diameter of 50 mm and a height of 100 mm. Before
the triaxial compression test, to ensure that the sand sample was fully saturated, it was
subjected to ventilation saturation for 3 h and water head saturation for 10 h. A reverse
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pressure was applied step-by-step to 500 kPa in increments of 50 kPa for reverse pressure
saturation, ensuring that Skempton’s B value after the saturation test was greater than 0.97.
To prevent the rubber film from being punctured by the corners of silica sand samples
under high-pressure conditions, a rubber film with a thickness of 1 mm was adopted.
The application of this method to a structural sample can be referred to in [8]. A total of
32 high-pressure triaxial shear tests were conducted, as listed in Table 2 (εv is the volumetric
strain, D is the fractal dimension, and W is the input work per unit volume), R2 is the
correlation coefficient, and the larger the R2, the higher the degree of coincidence. To
quantify particle breakage after compression, all the tests were performed in increments
of 2, 4, 6, and 8 MPa when the specified average effective stress range was 2–8 MPa, and
the strain shear rate in the test was 0.05%/min. To analyze the change in the particle
breakage during the shearing process, parallel tests with axial strains of 5%, 10%, 15%, and
20% were conducted in each confining pressure test, and the corresponding PSD curves
were obtained by performing a sieving analysis.

Table 2. Test program and results of high-stress triaxial tests.

Test (No.) Type of Shear Termination
Axial Strain (%)

σ3
(MPa) Br W (MJ/m3) D R2

TCD-1 CD 5 2 0.040 0.160 0.170 0.940
TCD-2 CD 10 2 0.065 0.319 0.390 0.975
TCD-3 CD 15 2 0.079 0.480 0.550 0.981
TCD-4 CD 20 2 0.097 0.584 0.667 0.970
TCD-5 CD 5 4 0.070 0.367 0.302 0.983
TCD-6 CD 10 4 0.109 0.707 0.691 0.988
TCD-7 CD 15 4 0.130 1.074 0.895 0.981
TCD-8 CD 20 4 0.160 1.323 1.142 0.976
TCD-9 CD 5 6 0.077 0.577 0.519 0.989

TCD-10 CD 10 6 0.013 1.116 0.916 0.988
TCD-11 CD 15 6 0.175 1.713 1.244 0.986
TCD-12 CD 20 6 0.208 2.129 1.387 0.976
TCD-13 CD 5 8 0.099 0.776 0.763 0.975
TCD-14 CD 10 8 0.015 1.538 1.239 0.994
TCD-15 CD 15 8 0.206 2.384 1.514 0.990
TCD-16 CD 20 8 0.248 2.987 1.928 0.980
TCU-1 CU 5 2 0.057 0.176 0.197 0.923
TCU-2 CU 10 2 0.062 0.234 0.319 0.964
TCU-3 CU 15 2 0.067 0.290 0.611 0.978
TCU-4 CU 20 2 0.071 0.341 0.917 0.987
TCU-5 CU 5 4 0.073 0.413 0.143 0.959
TCU-6 CU 10 4 0.084 0.518 0.517 0.973
TCU-7 CU 15 4 0.091 0.617 0.839 0.982
TCU-8 CU 20 4 0.099 0.734 0.967 0.983
TCU-9 CU 5 6 0.093 0.651 0.287 0.960

TCU-10 CU 10 6 0.105 0.798 0.727 0.960
TCU-11 CU 15 6 0.114 0.935 0.964 0.973
TCU-12 CU 20 6 0.119 1.121 1.144 0.971
TCU-13 CU 5 8 0.103 0.879 0.477 0.962
TCU-14 CU 10 8 0.119 1.061 0.865 0.971
TCU-15 CU 15 8 0.123 1.234 1.048 0.972
TCU-16 CU 20 8 0.129 1.484 1.158 0.976

3. Results and Analysis

To study the influence of the stress level, drainage condition, strain termination
point, and other factors on the particle crushing characteristics of silica sand, several high-
pressure triaxial tests were conducted under CD and CU conditions. After the tests, the
corresponding particle size distribution curves were obtained through the sieving analysis.
Considering the high workload involved in the tests, the initial relative compactness was
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set to Dr = 75%, with four pressure levels of 2, 4, 6, and 8 MPa. Two drainage conditions
were set for each stress level. To measure the amount of particle breakage during shearing,
corresponding parallel tests were performed under different stress levels. The test was
stopped at the termination strain point ε1 = 5%, 10%, 15%, and 20%, and the particle
breakage index at the termination strain points was calculated. Table 2 presents the detailed
test data.

3.1. Examining Similarity of Parallel Specimens

The degree of particle breakage can be reflected by the change in the particle scale.
However, due to the lack of a method for monitoring the change in the particle scale during
the test process, the method of testing the parallel sample was used to study the evolution
of particle crushing with loading. Several samples with the same initial state were loaded
to different axial strains along the same stress path, and then the grading curves under
the corresponding axial strains were obtained through indoor screening. By comparing
the changes in the grading, the specific particle breakage was obtained under the current
axial strain. Figure 4 shows the ratio of the deviatoric stress to the average effective stress
under confining pressure q/p′–axial strain ε1 relationship curve. The graph shows that
the difference of q/p′–ε1 curves under a CD test for different termination strains is small,
except when σ3 = 2 MPa and 8 MPa, axial strain of ε1 = 5% corresponding to the extreme
difference for q/p′ of 13.4% and 14.7%, respectively, and the extreme differences for other
confining pressures and strains are between 3% and 9%. The reason for this difference
is that in the triaxial drained tests, a small difference in the volumetric strain can lead to
a large difference in the effective confining pressure, resulting in a large deviation in the
stress–strain curves. Therefore, the stress–strain difference of the parallel specimens in
the CD test is acceptable. Overall, the extreme differences of q/p′ for the parallel tests are
all less than 15%, indicating that the repeatability of the CD test is good at different axial
strain termination points under different confining pressures. For the CU test, the four
curves under σ3 = 4 MPa have the largest extreme difference of 9.2% when ε1 = 5%, and the
range of the other conditions is 1.2–7.2%, indicating that the CU test with different strain
termination points under different confining pressures has good repeatability.
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Figure 4. Relationships between q/p′ and ε1 with various confining pressures. (a) CD tests,
(b) CU tests.

Figure 5 shows the effective stress paths under different confining pressures during
the CD and CU tests. The hollow circles in the figure represent the points at which the axial
strains were 5%, 10%, 15%, and 20%. The peak strength points under different confining



J. Mar. Sci. Eng. 2023, 11, 1825 7 of 21

pressures are between the particle breakage measurement points and close to the axial
strain when the test was stopped.
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Figure 5. Stress paths under various confining pressures. (a) CD tests, (b) CU tests.

3.2. Mechanical Properties of Silica Sand

Figure 6a shows the deviatoric stress–axial strain relationship curves of silica sand.
The deviatoric stress and initial modulus increase with an increase in the confining pressure.
When σ3 = 2 MPa, the q – ε1 curve shows a softening characteristic, and the deviatoric
stress reaches a peak value at ε1 of 6%, then gradually decreases, but still does not reach
a stable critical state even at ε1 = 20%. When σ3 ≥ 4 MPa, the q – ε1 curves of the sand
showed different degrees of strain hardening; that is, the deviatoric stresses increase with
the increase in the axial strain. The greater the confining pressure, the more evident the
hardening feature for the stress–strain curve. Figure 6b shows the deviatoric stress–axial
strain relationship curves obtained from the CU tests. The deviatoric stress increases with
the increase in the confining pressure, and the strain at the peak point gradually advances.
With the increase in the axial strain, the deviatoric stress curves under different confining
pressures all show a strain-softening behavior.
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Figure 6. Relationships between q and ε1 under various confining pressures. (a) CD tests, (b) CU tests.

Figure 7a shows the volumetric strain–axial strain (εv − ε1) relationship curves for
different confining pressures; shear contraction is positive, and shear expansion is negative.
As shown, the sample undergoes a second phase change at σ3 = 2 MPa, in which the sample
presents reduced volume first, followed by shear expansion. With the increase in the axial
strain, the sample again exhibits shear contraction. The corresponding axial strains of the
two phase-change points in the diagram are 2.5% and 15.9%, respectively. When σ3 > 2 Mpa,
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the sand sample was subjected to shear contraction with an increase in the axial strain;
the greater the confining pressure, the more significant the shear contraction. Figure 7b
shows the pore pressure in the CU test and axial strain relationship curve. From the graph,
when σ3 = 2 Mpa, the pore pressure is positive initially, and it reached a maximum at
ε1 = 1%, and then began to decrease, gradually decreasing to a negative value, reaching a
minimum at ε1 = 12.8% and then increasing. Similar to the CD test, two-phase transitions
can be observed in the test process, indicated by black circles. When σ3 > 2 Mpa, with an
increase in the axial strain, the pore pressure increases rapidly in the early stage and is
always positive in the shear process; the greater the confining pressure, the higher the pore
pressure. Under different confining pressures, the pore pressure, after reaching the peak
deviatoric stress, gradually tended to be flat but continued to increase gradually.

J. Mar. Sci. Eng. 2023, 11, x FOR PEER REVIEW 9 of 23 
 

 

  

(a) (b) 

Figure 7. Relationships of 
v  − 

1  and u − 
1  with various confining pressures. (a) CD tests, (b) 

CU tests. 

Figure 8 shows the relationship between the void ratio e of silica sand samples and 

the effective mean stress p′ under different confining pressures. It can be seen that the void 

ratio gradually decreases with the increase of mean effective stress during the consolida-

tion compression process, and a steep drop does not occur. The decrease in void ratio is 

commonly due to compaction and particle breakage, and particle breakage is the main 

factor leading to a sharp drop in the e–lgp′ curve [37,48]. Therefore, it is inferred from the 

curve’s characteristics that the particle breakage during consolidation is extremely small 

and can be ignored. 

 

Figure 8. Void ratio versus mean effective stress during consolidation. 

The relationship between the void ratio e and the mean effective stress p′ is expressed 

in Equation (1): 

0.187
0.579 0.015 ln( )

1 0.187

p
e

 +
= − 

+
 (1) 

  

0 5 10 15 20
2

0

2

4

6

8

10

12

 v
 /

 %

1 / %

 3= 2MPa

 3= 4MPa

 3= 6MPa

 3= 8MPa

Primary phase transition point

Secondary phase transition point

−

CD tests

0 5 10 15 20

u
 /

 k
P

a

1 / %

 3= 2MPa

 3= 4MPa

 3= 6MPa

 3= 8MPa

Primary phase transition point

Secondary phase transition point

−2000

        0

  2000

  4000

  6000

  8000

  10,000

CU tests

0.1 1 10
0.52

0.54

0.56

0.58

0.60

0.62
 3 = 2MPa

 3 = 4MPa

 3 = 6MPa

 3 = 8MPa

V
o

id
 r

at
io

 e

Mean effective stress p (MPa)

R2=0.993

Figure 7. Relationships of εv − ε1 and u − ε1 with various confining pressures. (a) CD tests,
(b) CU tests.

Figure 8 shows the relationship between the void ratio e of silica sand samples and the
effective mean stress p′ under different confining pressures. It can be seen that the void
ratio gradually decreases with the increase of mean effective stress during the consolidation
compression process, and a steep drop does not occur. The decrease in void ratio is
commonly due to compaction and particle breakage, and particle breakage is the main
factor leading to a sharp drop in the e–lgp′ curve [37,48]. Therefore, it is inferred from the
curve’s characteristics that the particle breakage during consolidation is extremely small
and can be ignored.

J. Mar. Sci. Eng. 2023, 11, x FOR PEER REVIEW 9 of 23 
 

 

  

(a) (b) 

Figure 7. Relationships of 
v  − 

1  and u − 
1  with various confining pressures. (a) CD tests, (b) 

CU tests. 

Figure 8 shows the relationship between the void ratio e of silica sand samples and 

the effective mean stress p′ under different confining pressures. It can be seen that the void 

ratio gradually decreases with the increase of mean effective stress during the consolida-

tion compression process, and a steep drop does not occur. The decrease in void ratio is 

commonly due to compaction and particle breakage, and particle breakage is the main 

factor leading to a sharp drop in the e–lgp′ curve [37,48]. Therefore, it is inferred from the 

curve’s characteristics that the particle breakage during consolidation is extremely small 

and can be ignored. 

 

Figure 8. Void ratio versus mean effective stress during consolidation. 

The relationship between the void ratio e and the mean effective stress p′ is expressed 

in Equation (1): 

0.187
0.579 0.015 ln( )

1 0.187

p
e

 +
= − 

+
 (1) 

  

0 5 10 15 20
2

0

2

4

6

8

10

12

 v
 /

 %

1 / %

 3= 2MPa

 3= 4MPa

 3= 6MPa

 3= 8MPa

Primary phase transition point

Secondary phase transition point

−

CD tests

0 5 10 15 20

u
 /

 k
P

a

1 / %

 3= 2MPa

 3= 4MPa

 3= 6MPa

 3= 8MPa

Primary phase transition point

Secondary phase transition point

−2000

        0

  2000

  4000

  6000

  8000

  10,000

CU tests

0.1 1 10
0.52

0.54

0.56

0.58

0.60

0.62
 3 = 2MPa

 3 = 4MPa

 3 = 6MPa

 3 = 8MPa

V
o

id
 r

at
io

 e

Mean effective stress p (MPa)

R2=0.993
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The relationship between the void ratio e and the mean effective stress p′ is expressed
in Equation (1):

e = 0.579− 0.015× ln(
p′ + 0.187
1 + 0.187

) (1)

3.3. Evolution of PSD Curves with Axial Strain

Figure 9 shows the distribution of the particle size before and after the test under dif-
ferent confining pressures. Under the high-pressure conditions, the fine particles produced
by the crushing of each sample increased significantly. With the increase in the axial strain,
the content of large particles decreased while that of the small particles increased, and the
greater the axial strain or confining pressure, the more significant this phenomenon was.
The grading of the samples changed to a wide particle size distribution.
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Figure 9. Particle size distribution curves after triaxial tests. (a) CU test under σ3 = 2 MPa, (b) CU
test under σ3 = 4 MPa, (c) CU test under σ3 = 6 MPa, (d) CU test under σ3 = 8 MPa, (e) CD test
under σ3 = 2 MPa, (f) CD test under σ3 = 4 MPa, (g) CD test under σ3 = 6 MPa, and (h) CD test under
σ3 = 8 MPa.

To quantify the particle breakage degree of silica sand under high stresses, this study
adopted the particle breakage index theory proposed by Hardin [42], as shown in Figure 10.
The particle breakage index, Br is given by Equation (2):

Br =
Bt

Bp
=

S<ABCD>

S<ABCF>
(2)

where Bt is the area enclosed by the initial and shear grading curves, and Bp is the area
enclosed by the initial grading curve and a straight line with a particle size of 0.074 mm.
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Figure 10. Particle breakage index definition proposed by Hardin [42].

Based on the definition of the particle breakage index Br proposed by Hardin, that is,
Equation (2), the relationship curves between the Br and the axial strain ε1 of silica sand in
the CD and CU tests were plotted, as shown in Figure 11. The particle breakage index Br
increases with increasing axial strain. The particle breakage index Br of the CU test under
each confining pressure is between the range of the values of Br for σ3 = 2–4 MPa under the
CD test. When σ3 = 2 MPa, the difference in particle breakage index in the shear process of
the CD and CU tests is small. The difference in the particle breakage index between the
CD and CU tests increases with the axial strain and confining pressure when σ3 > 2 MPa,
that is, the particle breakage index of the CD test is significantly higher than that of the CU
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test. This is mainly because the positive pore pressure produced in the CU test reduces the
effective stress, thereby inhibiting particle breakage. The higher the confining pressure, the
greater the positive pore pressure, and the greater the difference in the particle breakage
under different drainage conditions.
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Figure 11. Relationship between Br and ε1 under various confining pressures applied in the CD and
CU tests. (a) CD test (b) CU test.

3.4. Correlations between Relative Breakage and Input Work and Volumetric Strain

Particle breakage in the shearing process of silica sand is due to the continuous work
of the external forces on the material, and this process is irreversible; therefore, there is
a good correspondence between the particle breakage index and input work. The total
input work was mainly converted into the work consumed by particle breakage, frictional,
and particle rearrangement. In this study, the input work W per unit volume is defined as
follows [49]:

W =
∫

(p′dεv + qdε1) (3)

where p′ is the effective mean stress, εv is the volumetric strain increment, q is deviatoric
stress, and ε1 is the axial strain.

Figure 12 shows the relationship between the particle breakage index of all the samples
and the input work per unit volume. Without considering the influences of the stress level,
stress path, and end-strain point, the particle breakage index shows a hyperbolic nonlinear
increase with increasing input work. The relationship between the particle breakage index
Br and input work W per unit volume is given by Equation (4):

Br =
W

χw + ζwW
(4)

where W is the unit volume input work (MJ/m3 or MPa). The method of input work is like
Equation (3).

The particle breakage index Br is the derivative of the unit volume of input work,
which is the initial tangent modulus of W = 0, that is kBr0 .

1
χW

=
dBr

dW
= lim

W→0

1
χW + ζWW

, kBr0 (5)

When W approaches infinity, the maximum particle crushing rate can be obtained
using the limit of Br, that is kBru :

1
ζW

= lim
W→∞

W
χW + ζWW

, kBru (6)
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Figure 12. Relationship between the particle breakage index and input energy.

In the equation, the material parameters χW and ζW are 5.19 and 2.73, respectively,
kBr0 is the reciprocal of χW , and kBru is the reciprocal of ζW .

Figure 13 shows the relationship between the particle breakage index and the volu-
metric strain of silica sand. Regardless of the stress level, stress path, and end-strain point,
the particle breakage index increased linearly with the increase in the volumetric strain.
This relationship has also been observed in triaxial tests on rockfills under drainage con-
ditions [46], calcareous sand drainage triaxial tests [45], and silica sand compression tests
with different stress paths [38]. The slope of the fitted curve in this study was greater than
the value (0.018) adopted by Wu et al. [8] for dense specimens. This is because the particle
coordination number (the number of accessible particles around the particle) increases with
relative compactness, and this effect reduces the average contact force on the silica sand
particles. The relationship between the particle breakage index and the volumetric strain of
silica sand can be expressed as follows:

Br = 0.038 + 2.0εv (7)
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3.5. Evolution Law of Particle Breakage of Silica Sand

The particle breakage evolution law of geotechnical materials is nonlinear, with an
increase in the axial strain during soil shearing. The particle breakage evolution law
proposed by several researchers can be applied to the analysis of rockfills [47] and calcareous
sands [46]. However, whether it can be applied to silica sand, how to select the relevant
model parameters, and whether the fracture evolution process of silica sand under high
pressures can be reasonably described remains to be verified. Therefore, based on the test
results of all the samples in this study, we found that the particle breakage and the axial
strain of the silica sand soil exhibited a good hyperbolic relationship. The relationship
between the particle breakage index and the axial strain of silica sand soil can be expressed
as follows:

Br =
εa

1/RB0 + εa/Br
(8)

Here, εα is the axial strain, Br is the maximum particle breakage index produced
under the current confining pressure, and RB0 represents the initial growth rate of particle
breakage when εα = 0. The expressions for these two physical quantities are as follows:

RB0 = c1
(

p′/pa
)c2 (9)

Br =
p′

Apa + p′
Br (10)

Here, c1 and c2 are the material parameters; Pa is the standard atmospheric pressure;
A is a dimensionless parameter; and Br is the final particle breakage index, representing
the final degree of particle breakage that can be produced under extremely high confining
pressure and continuous loading conditions. For the Hardin particle breakage index, it
is believed that when sand is subjected to sufficient pressure, particles of any size will
eventually break into particles with a size lower than 0.075 mm, which means that Br = 1.

Figure 14 shows the fitting effect of the particle breakage model. In both the CD and
CU tests, the particle breakage model results are in good agreement with the test results,
indicating that the model can accurately describe the particle breakage change process of
silica sand at high stresses under CD and CU conditions. The model parameters c1, c2, and
A of silica sand soil were 0.43, 0.38, and 96.8, respectively, as listed in Table 3.
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Table 3. Parameters of the particle breakage model.

c1 c2 A Br R2

0.43 0.38 96.8 1 0.997

3.6. Effect of Particle Breakage on Fractal Dimension

The compaction and crushing of the silica sand particles can be considered an energy-
dissipation process with self-similar characteristics [50]. Therefore, the fractal theory was
applied to describe the particle size distribution of the silica sand after compaction. Based
on the associated particle number and the characteristic scale [51], the basic definition of a
fractal can be obtained as follows:

Md(x < d)
MT

= (
d

dmax
)

3−D
(11)

where D is the fractal dimension, Md is the particle mass with a radius less than r, MT is the
total mass, and dmax is the dimension of the largest particle.

Figure 15 shows the fractal distribution of the silica sand samples under different
stress levels. Table 2 presents the fractal dimensions. The fractal dimension in each graph
increases with an increase in the fine particle content, and the fractal characteristics become
more evident with an increase in the termination strain. For silica sand grains, the PSD
curves show self-similarity at high stresses owing to particle breakage.

Figure 16 shows the fractal distribution of silica sand samples under different effective
mean stresses. Under the same effective confining pressure conditions, the fractal degree of
the CD tests is obviously greater than that of the CU tests for the cases of σ3 > 2 MPa. This
is because the confining pressures in the CD tests for σ3 > 2 MPa are higher, causing the
fractal dimension to extend in a larger direction.

Figure 17 shows the curve of the particle breakage index and fractal dimensions
of silica sand samples under different stress ratios. As shown in the figure, the fractal
dimension gradually increases with an increase in the relative particle crushing amount,
exhibiting hyperbolic characteristics consistent with the results of the one-dimensional
compression test of the silica sand. The crushing strength of particles depends on their size
and coordination number, and the dominance of the coordination number on the particle
size makes silica sand particles exhibit fractal characteristics in essence and have real
fractal dimensions [44]. The force distribution of the large particles with high coordination
numbers is uniform, and the probability of breakage is significantly lower than that of
small particles with low coordination numbers. Therefore, particle breakage is dominant
in smaller particles, satisfying the fractal condition and continuously protecting larger
particles [43]. In the shearing process, with an increase in the axial strain, the increase in
the relative fractal dimension of the particles decreases to zero (i.e., the limiting fractal
dimension). The relationship between the particle breakage index and the fractal dimension
is expressed as follows:

D =
Br

0.192Br + 0.056
− 0.606 (12)

Figure 18 shows the particle size distribution of silica sand under different stress levels.
As shown, with an increase in the stress level, the particle size distribution of the silica sand
changes from a uniform distribution to a uniform gradient distribution. The higher the
stress level, the greater the shift in the particle size distribution curve toward the direction
of a greater uniform gradient.
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Figure 15. Relationship between lg[M(δ < d)/MT] and lg(d/dmax) at different axial strains. (a) CD
test under σ3 = 2 MPa, (b) CU test under σ3 = 2 MPa, (c) CD test under σ3 = 4 MPa, (d) CU test
under σ3 = 4 MPa, (e) CD test under σ3 = 6 MPa, (f) CU test under σ3 = 6 MPa, (g) CD test under
σ3 = 8 MPa, and (h) CU test under σ3 = 8 MPa.
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Figure 16. Relationship curves of lg[M(δ < d)/MT] and lg(d/dmax) with various confining pressures.
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Figure 18. Particle size distributions of silica sand under different stress levels.

The fractal dimension was measured using the relationship between the number of
particles and their sizes. The particle radius r is equivalent to the radius of a sphere with
the same particle volume, and N is the number of particles. The relationship in logarithmic
coordinates is expressed as follows:

3lg(r) + lgN(> r) ∝ (3− D)lg(r) (13)

Figure 19 shows the fractal distribution of the particle sizes of silica sand at different
stress levels. The line with a 3D slope in the figure represents the fractal case of a particle.
The silica sand particles exhibited self-similarity under different drainage conditions, and
the fractal dimension increased with an increase in the particle breakage index. Some large
particles with limited fragmentation terminated the particle fractal condition, and it was
determined that the dividing line between silica sand particles with fractal characteristics
and those without fractal characteristics was approximately 0.4 mm, similar to the results
of the 1D compression test of Leighton Buzzard sand (LBS) reported by Zhao et al. [38].
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Figure 19. Fractal distributions for silica sand under different stress levels.
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Figure 20 shows a histogram of the particle content of silica sand particles with a
radius of no more than 0.4 mm (r ≤ 0.4 mm) obtained from the high-stress triaxial test of
CD and CU. Clearly, the content w of a particle with a radius r ≤ 0.4 mm increases with the
increase of the confining pressure σ3 when the drainage conditions are the same. When the
confining pressure is σ3 = 2 MPa, the difference of sand particle content w with r ≤ 0.4 mm
between the CD test and the CU test is small; they are 11.95% and 14.52%, respectively.
With the increase of confining pressure, the sand particle content w with r ≤ 0.4 mm in the
CD test obviously increases, while the content w in the CU test gradually increases. This is
attributed to the different effective stresses generated under different drainage conditions.
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Figure 21 shows the relationship between the fractal dimensions of the particles with
a radius less than 0.4 mm and the fine particle content. Clearly, the fractal dimension
increases with the increase in the silica sand particle content (ω ≤ 0.4), the slope of the
curve is linear, and the linear growth form is independent of the stress path and stress level.
The fitting line is expressed as follows:

D = 0.477 + 0.041ω≤0.4 (14)

Figure 21. Relationship between the fractal dimension and the fine particle content (r < 0.4 mm).
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4. Conclusions

In this study, high-stress triaxial shear tests were conducted on silica sand, and the
evolution law of particle breakage during shearing under different drainage conditions
was obtained. The relationship between the particle breakage and fractal dimension during
shearing was studied. The conclusions obtained from the tests are as follows:

• In the CD and CU tests, the particle breakage index Br of silica sand increased with
increasing confining pressure and axial strain. However, the particle breakage index in
the CD test was more evidently affected by the confining pressure and shearing process,
whereas that in the CU test exhibited relatively small changes and was generally lower
than that in the CD test, mainly because the pore water pressure generated in the
CU test reduced the effective stress, thus significantly inhibiting the influence of the
confining pressure on particle breakage.

• In the high-stress shearing process, the particle breakage of silica sand increased with
an increase in the axial strain in a hyperbolic form, and a mathematical model was
developed to describe the change in the particle breakage index of silica sand under
CD and CU conditions. A hyperbolic model was proposed to describe the relationship
between the particle breakage index amount and the input work per unit volume
under different drainage conditions.

• An up-convex hyperbolic model was proposed to correlate all the test results of the
fractal dimension and relative fragmentation. The fractal feature terminated at the
radius of the particles that were broken to a certain extent. The dividing line between
silica sand particles with the fractal features and those without the fractal features was
approximately 0.4 mm. For particles with radii less than or equal to 0.4 mm, the fractal
dimension increased linearly with increasing particle content.
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