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Supplementary Materials: Electron Correlations in
Local Effective Potential Theory
Viraht Sahni, Xiao-Yin Pan and Tao Yang

1. Supplementary Material: Derivation of the General ‘’Quantal Newtonian” Second Law

We provide here the derivation of the ‘’Quantal Newtonian” second law of Equation (16)
corresponding to the time-dependent Schrödinger equation of Equation (15). We rewrite the
Hamiltonian as

Ĥ(t) = −1
2 ∑

i
∇2

i +
1
2 ∑′

i,j

1
|ri − rj|

+ ∑
i

[
v(yi)−Φ(yi)

]
+ ∑

i
ω̂

[
yi; A(yi)

]
, (S1)

where

ω̂

[
y; A(y)

]
=

1
2

A2(y)− iΩ̂(y), (S2)

Ω̂(y) =
1
2

[
∇ ·A(y) + 2A(y) ·∇

]
, (S3)

with y = rt; yi = rit. In general, the wave function may be written as Ψ(Xt) = ΨR(Xt) + iΨI(Xt),
where ΨR(Xt) ≡ ΨR(t) and ΨI(Xt) ≡ ΨI(t) are its real and imaginary parts. On substituting the
wave function into the Schrödinger equation of Equation (15), we have

i
∂ΨR(t)

∂t
− ∂ΨI(t)

∂t
=

{
− 1

2 ∑
i
∇2

i + ∑
i

[
v(yi)−Φ(yi)

]
+

1
2 ∑′

i,j

1
|ri − rj|

+ ∑
i

ω̂

[
(yi)A(yi)

]}(
ΨR(t) + iΨI(t)

)
. (S4)

Equating the real parts of Equation (S4) yields

∑
i

[
v(yi)−Φ(yi)

]
+

1
2 ∑′

i,j

1
|ri − rj|

+
1
2 ∑

i
A2(yi)

+
1

ΨR(t)
∂

∂t
ΨI(t) =

1
ΨR(t)

{
1
2 ∑

i

[
∇2

i ΨR(t)− Ω̂ΨI(t)
]}

. (S5)

On differentiating Equation (S5) with respect r1α, where r1α is the α coordinate of r1, and then
multiplying both sides by [ΨR(t)]2, we obtain

∂

∂r1α

[
v(yi)−Φ(yi) +

1
2 ∑

j=2

1
|ri − rj|

+
1
2

A2(yi)

+
1

ΨR(t)
∂

∂t
ΨI(t)

]
[ΨR(t)]2

=
1
2 ∑

i
∑
β

[
ΨR(t)

∂3ΨR(t)
∂r1α∂r2

iβ
− ∂ΨR(t)

∂r1α

∂2ΨR(t)
∂r2

iβ

]
(S6)

−∑
i

∑
β

[
ΨR(t)

∂

∂r1α

(
Aiβ

∂ΨI(t)
∂riβ

)
− Aiβ

∂ΨI(t)
∂riβ

∂ΨR(t)
∂r1α

]

−1
2 ∑

i
∑
β

[
ΨR(t)

∂

∂r1α

(
ΨI(t)

∂Aiβ

∂riβ

)
−ΨI(t)

∂Aiβ

∂riβ

∂ΨR(t)
∂r1α

]
.
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Now since

1
4

∂3ΨR(t)ΨR(t)
∂riβ∂riβ∂r1α

=
1
2

∂2ΨR(t)
∂r2

iβ

∂ΨR(t)
∂r1α

+
∂ΨR(t)

∂riβ

∂2ΨR(t)
∂riβ∂r1α

+
1
2

ΨR(t)
∂3ΨR(t)

∂riβ∂riβ∂r1α
, (S7)

the first term of the right side in Equation (S6) can be written as

1
4

∂3ΨR(t)ΨR(t)
∂riβ∂riβ∂r1α

− ∂

∂riβ

[
∂ΨR(t)

∂r1α

∂ΨR(t)
∂riβ

]
=

1
2

ΨR(t)
∂3ΨR(t)

∂riβ∂riβ∂r1α
− 1

2
∂ΨR(t)

∂r1α

∂2ΨR(t)
∂r2

iβ
. (S8)

Thus, Equation (S6) is

∂

∂r1α

[
v(y1)−Φ(y1) +

1
2

A2(y1) +
1
2 ∑

j=2

1
|r1 − rj|

+
1

ΨR(t)
∂

∂t
ΨI(t)

]
[ΨR(t)]2

= ∑
i

∑
β

[1
4

∂3ΨR(t)ΨR(t)
∂r1α∂2riβ

− ∂

∂riβ

(∂ΨR(t)
∂r1α

∂ΨR(t)
∂r1α

)]
(S9)

−∑
i

∑
β

[
ΨR(t)

∂

∂r1α

(
Aiβ

∂ΨI(t)
∂riβ

)
− Aiβ

∂ΨI(t)
∂riβ

∂ΨR(t)
∂r1α

]
−1

2 ∑
i

∑
β

[
ΨR(t)

∂

∂r1α

(
ΨI(t)

∂Aiβ

∂riβ

)
−ΨI(t)

∂Aiβ

∂riβ

∂ΨR(t)
∂r1α

]
.

Similarly we have the following equation for the imaginary part of the wave function ΨI(t):

∂

∂r1α

[
v(y1)−Φ(y1) +

1
2

A2(y1) +
1
2 ∑

j=2

1
|r1 − rj|

+
1

ΨI(t)
∂

∂t
ΨR(t)

]
[ΨI(t)]2

= ∑
i

∑
β

[1
4

∂3ΨI(t)ΨI(t)
∂r1α∂2riβ

− ∂

∂riβ

(∂ΨI(t)
∂r1α

∂ΨI(t)
∂riβ

)]
(S10)

−∑
i

∑
β

[
ΨI(t)

∂

∂r1α

(
Aiβ

∂ΨR(t)
∂riβ

)
− Aiβ

∂ΨR(t)
∂riβ

∂ΨI(t)
∂r1α

]
−1

2 ∑
i

∑
β

[
ΨI(t)

∂

∂r1α

(
ΨR(t)

∂Aiβ

∂riβ

)
−ΨR(t)

∂Aiβ

∂riβ

∂ΨI(t)
∂r1α

]
.

Using the fact that

∂

∂r1α

(
1

ΨR(t)
∂

∂t
ΨI(t)

)
[ΨR(t)]2 − ∂

∂r1α

(
1

ΨI(t)
∂

∂t
ΨR(t)

)
[ΨI(t)]2

=
∂

∂t

(
ΨR(t)

∂

∂r1α
ΨR(t)−ΨI(t)

∂

∂r1α
ΨR(t)

)
, (S11)
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Then on summing Equations (S9) and (S10) and operating by N ∑σ1
∫

dXN−1 on the resulting
equation, we have that

N ∑
σ1

∫
dXN−1

[
∂

∂r1α

(
v(y1)−Φ(y1)

+
1
2

A2(y1) +
1
2 ∑

j=2

1
|r1 − rj|

)]
|Ψ(t)|2

+N ∑
σ1

∫
dXN−1 ∂

∂t

(
ΨR(t)

∂

∂r1α
ΨI(t)−ΨI(t)

∂

∂r1α
ΨR(t)

)
= N ∑

σ1

∫
dXN−1 ∑

β

[
1
4

∂3|Ψ(t)|2
∂r1α∂2r1β

− ∂

∂r1β

(
∂ΨR(t)

∂r1α

∂ΨR(t)
∂r1β

+
∂ΨI(t)

∂r1α

∂ΨI(t)
∂r1β

)]

+N ∑
σ1

∫
dXN−1 ∑

β

[
−ΨR(t)

∂

∂r1α

(
A1β

∂ΨI(t)
∂r1β

)
+ A1β

∂ΨR(t)
∂r1α

∂ΨI(t)
∂r1β

(S12)

+ΨI(t)
∂

∂r1α

(
A1β

∂ΨR(t)
∂r1β

)
− A1β

∂ΨI(t)
∂r1α

∂ΨR(t)
∂r1β

]
+N ∑

σ1

∫
dXN−1 ∑

β

[
−ΨR(t)

∂A1β

∂r1β

∂ΨI(t)
∂r1α

+ ΨI(t)
∂A1β

∂r1β

∂ΨR(t)
∂r1α

]

+N ∑
σ1

∫
dXN−1

{
∑
j=2

∑
β

[
1
4

∂3|Ψ(t)|2
∂r1α∂2rjβ

− ∂

∂rjβ

(
∂ΨR(t)

∂r1α

∂ΨR(t)
∂rjβ

+
∂ΨI(t)

∂r1α

∂Ψi(t)
∂rjβ

)]

+ ∑
j=2

∑
β

[
−ΨR(t)

∂

∂r1α

(
Aiβ

∂ΨI(t)
∂rjβ

)
+ Aiβ

∂ΨR(t)
∂r1α

∂ΨI(t)
∂rjβ

+ΨI(t)
∂

∂r1α

(
Ajβ

∂ΨR(t)
∂rjβ

)
− Ajβ

∂ΨI(t)
∂r1α

∂ΨR(t)
∂rjβ

]
+ ∑

j=2
∑
β

[
−ΨR(t)

∂Aiβ

∂rjβ

∂ΨI(t)
∂r1α

+ ΨI(t)
∂Ajβ

∂rjβ

∂ΨR(t)
∂r1α

]}
.

As the wave function and its derivative vanish at infinity, the last term of Equation (S12) vanishes
on integration over drjβ. The second and third terms of Equation (S12) may be rewritten as

∑
β

[
−ΨR(t)

∂

∂r1α

(
A1β

∂ΨI(t)
∂r1β

)
+ ΨI(t)

∂

∂r1α

(
A1β

∂ΨR(t)
∂r1β

)

+ A1β

(
∂ΨR(t)

∂r1α

∂ΨI(t)
∂r1β

− ∂ΨI(t)
∂r1α

∂ΨR(t)
∂r1β

)
− ΨR(t)

∂A1β

∂r1β

∂ΨI(t)
∂r1α

+ ΨI(t)
∂A1β

∂r1β

∂ΨR(t)
∂r1α

]
(S13)

= ∑
β

{
∂A1β

∂r1α

[
ΨI(t)

∂ΨR(t)
∂r1β

−ΨR(t)
∂ΨI(t)

∂r1β

]
+

∂

∂r1β

[
A1β

(
ΨI(t)

∂ΨR(t)
∂r1α

−ΨR(t)
∂ΨI(t)

∂r1α

)]}
.

In turn Equation (S13) can be expressed in terms of the paramagnetic current density jp(y) as

kα(yjpA) = ∑
β

[{
∇α(r)Aβ(y)

}
jpβ(y) +∇β

{
Aβ(y)jpα(y)

}]
, (S14)
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where

jp(y) = −
i
2
[
∇r′ −∇r′′

]
γ(r + r′; r + r′′, t)

∣∣∣∣
r′=r′′=0

, (S15)

and γ(rr′t) is the single-particle density matrix.
Finally, to address the first term of Equation (S12), we note that the kinetic ‘’force” z(y) is defined

by its component as

zα(y) = 2 ∑
β

∂

∂rβ
tαβ(y), (S16)

where tαβ(y) is the kinetic energy density tensor defined in terms of the single-particle density matrix
γ(rr′t) as

tαβ(y) =
1
4

[
∂2

∂r′α∂r′′β
+

∂2

∂r′β∂r′′α

]
γ(r′r′′t)

∣∣
r′=r′′=r. (S17)

On substituting the complex form of the wave function into the expression for γ(rr′t), the tensor
may be written as

tαβ(y) =
N
2 ∑

σ

∫
dXN−1

[
∂

∂rα
ΨR(rσ, XN−1t)

∂

∂rβ
ΨR(rσ, XN−1t)

+
∂

∂rα
ΨI(rσ, XN−1t)

∂

∂rβ
ΨI(rσ, XN−1t)

]
. (S18)

Employing Equations (S14)–(S16), we obtain Equation (S12) in terms of the various ‘’forces” to be

ρ(y)∇
[
v(y) +

1
2

A2(y)−Φ(y)
]
− eee(y) + z(y) + d(y)

+k(yjpA) +
∂

∂t
jp(y) = 0, (S19)

where the ‘’forces” eee(y), d(y) are defined in the text.
In terms of the physical current density j(y) which is

j(y) = jp(y) + ρ(y)A(y), (S20)

the terms kα(yjpA) may be written as

kα(yjpA) = kα(yjA)−∑
β

[
ρ(y)Aβ∇α Aβ + Aβ∇β(ρ(y)Aα)

+ρ(y)Aα∇β Aβ

]
. (S21)

Additionally, since the continuity equation is

∇ · j(y) + ∂ρ(y)
∂t

= 0, (S22)

we have

∂

∂t
jp(y) =

∂

∂t
[
j(y)− ρ(y)A(y)

]
=

∂

∂t
j(y) + A(y)∇ · j(y)− ρ(y)

∂A(y)
∂t

. (S23)



Computation 2016, 4, 30; doi:10.3390/computation4030030 S5 of S5

Employing Equations (S21) and (S23), Equation (S19) is

ρ(y)
[
∇v(y) + E(y)

]
− eee(y) + z(y) + d(y) + A(y)∇ · j(y)
+k(yjA)−∑

β

∇β

[
ρ(y)A(y)Aβ(y) = 0, (S24)

with E(y) = −∇Φ(y)− ∂A(y)
∂t .

The last three terms of Equation (S24) contain the vector potential A(r) and can be afforded a
physical interpretation as the sum of the external Lorentz ‘’force” `(y) and a contribution i(y) to the
internal ‘’force”. The Lorentz ‘’force” is

`(y) = j(y)× B(y), (S25)

so that with B(y) = ∇×A(y), we have

`α(r) = ∑
β

[
jβ(y)∇α Aβ − jβ∇β Aα

]
. (S26)

The contribution of the magnetic field to the internal ‘’force” i(y) is defined by its components as

iα(y) = ∑
β

∇β Iαβ(y), (S27)

where
Iαβ(y) =

[
jα(y)Aβ(y) + jβ(y)Aα(y)

]
− ρ(y)Aα(y)Aβ(y). (S28)

Hence, the sum

`α(y) + iα(y) = kα(yjA)−∑
β

∇β

[
ρ(y)Aα(y)Aβ(y)

+∑
β

Aα(y)∇β jβ(y). (S29)

Thus, Equation (S24) may be written as the ‘’Quantal Newtonian” second law of
Equations (16)–(19).

For the model noninteracting fermion system in the same external field F ext(y) and
possessing the same basic variables {ρ(y), j(y)}, a similar proof obtained by writing the orbitals
as φj(y) = φR

j (y) + iφI
j (y) then leads to the corresponding ‘Quantal Newtonian’ second law of

Equations (22) and (23).
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