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Abstract: We investigate robust fault-tolerant control pertaining to Takagi–Sugeno (TS) fuzzy non-
linear systems with bounded disturbances, actuator failures, and time delays. A new fault model
based on a sampled-data scheme that is able to satisfy certain criteria in relation to actuator fault
matrix is introduced. Specifically, we formulate a reliable controller with state feedback, such that the
resulting closed-loop-fuzzy system is robust, asymptotically stable, and able to satisfy a prescribed
H∞ performance constraint. Linear matrix inequality (LMI) together with a proper construction of
the Lyapunov–Krasovskii functional is leveraged to derive delay-dependent sufficient conditions
with respect to the existence of robust H∞ controller. It is straightforward to obtain the solution
by using the MATLAB LMI toolbox. We demonstrate the effectiveness of the control law and less
conservativeness of the results through two numerical simulations.

Keywords: Takagi–Sugeno (TS) fuzzy models; H∞ control; fault-tolerant control; bounded disturbances

1. Introduction

Since most real-world control systems require nonlinear modelling, it is crucial to
design and develop appropriate controllers for nonlinear systems. Correspondingly, fuzzy
Takagi–Sugeno (TS) models provide an effective way for the complex modelling of nonlin-
ear systems with respect to linear input–output variables and fuzzy sets [1]. Indeed, TS
fuzzy modelling is advantageous for designing and extending linear systems to nonlinear
counterparts in a straightforward manner, which is an important fuzzy control methodol-
ogy [2–4]. Examples of relevant studies include event-triggered control of fuzzy systems
subject to networked delays [5] and delay-dependent stability criteria of TS systems with
time delay [6].

Sampled-data feedback control is a practical method for realizing complex control
schemes in various domains [7]. Driven by a periodic clock, a sampled-data controller
performs sampling of the inputs, changing the states, and updating the outputs on the basis
of the trigger of each clock edge. With the advent of digital technologies, sampled-data con-
trollers demonstrated superiority over other control methods [8]. Over the years, sufficient
stabilization conditions for dynamical systems with sampled-data control through input
delays have been developed ([9–11]). Both stability and control performance requirements,

Computation 2021, 9, 132. https://doi.org/10.3390/computation9120132 https://www.mdpi.com/journal/computation

https://www.mdpi.com/journal/computation
https://www.mdpi.com
https://orcid.org/0000-0002-1384-4099
https://orcid.org/0000-0003-0267-110X
https://orcid.org/0000-0001-6053-6219
https://doi.org/10.3390/computation9120132
https://doi.org/10.3390/computation9120132
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/computation9120132
https://www.mdpi.com/journal/computation
https://www.mdpi.com/article/10.3390/computation9120132?type=check_update&version=2


Computation 2021, 9, 132 2 of 14

such as the H∞ performance constraint, are equally important. In this respect, stabilization
and H∞ control are of interest since H∞ control design allows for the control task to be
formulated as a mathematical optimization problem for devising the controller solution
([11–13]).

On the other hand, a robust control system needs to keep the overall system stable
and maintain a satisfactory performance when component failures occur [14]. In real-
world environments, practical systems are subject to a variety of possible actuator faults,
which include actuator aging, zero shift, electromagnetic interference, and nonlinear dead
zones in different frequency fields. Therefore, it is essential to administer effective fault
tolerance control measures and ensure high performance for dynamical systems. Several
publications ([15,16] and references therein) studied uncertain reliable feedback H∞ control
systems. Recently, Zhang et al. [17] investigated reliable control for fuzzy systems with
time delays and actuator faults. In [18], the feedback-based reliable control of fuzzy systems
with uncertain parameters was examined. Leveraging the Lyapunov stability and integral
inequality methods, sufficient conditions were derived in [19] for stability analysis of fuzzy
systems subject to actuator failures. However, most reliable control techniques are only
implemented in linear fuzzy systems, while nonlinear fuzzy systems are not covered. From
a practical point of view, nonlinearity together with actuator failure is important in fuzzy
modelling.

The rationale of reachable set bounding is to identify an appropriate domain that can
handle all reachable states of a dynamical system with respect to zero initial conditions with
input disturbance conditions [20,21]. Moreover, systems have many real-life uses [22], such
as gain minimization and control synthesis, and aircraft collision avoidance; therefore, it is
significant to examine reachable dynamical systems, and several studies were published
([23,24]). To the best of our knowledge, however, research on sampled-data-based feedback
reliable control with nonlinear TS fuzzy systems having actuator failures and time delays
is yet to be comprehensively examined. This is the motivation of our current study, which
makes the following contributions.

(i) Reachable set bounding and fault-tolerant control design are properly considered for
the first time in nonlinear fuzzy systems with bounded disturbances and actuator
failures.

(ii) On the basis of integral inequality and Lyapunov stability theory, a new set of sufficient
conditions is derived to ensure that the proposed TS fuzzy model is asymptotically
stable while satisfying the H∞ performance index.

(iii) Demonstration and evaluation of effectiveness pertaining to the proposed method
with two numerical simulations.

2. Description of Nonlinear Fuzzy System

A fuzzy local approximation technique can be utilized to construct a simplified fuzzy
model with fuzzy rules [25]. We describe a nonlinear system as

ẋ(t) = f (x(t)) + g(x(t))u f (t) + h(x(t))w(t),

z(t) = fz(x(t)) + gz(x(t))u f (t) + hz(x(t))w(t), (1)

where x(t) ∈ Rnx is the state, u f (t) ∈ Rm is the control input of actuator fault, w(t) ∈ Rnw

is the disturbance, and z(t) ∈ Rnz is the controlled output. f (·), fz(·), g(·), gz(·), h(·) and
hz(·) are nonlinear functions. Disturbance term w̄(t) is assumed to be bounded:

wT(t)w(t) ≤ w̄2, (2)

where w̄ is a positive scalar. Now, we represent nonlinear functions f (x(t)) and fz(x(t)) as:

f (x(t)) = fa(x(t)) + fb(x(t))φ̂(t),

fz(x(t)) = fza(x(t)) + fzb(x(t))φ̂(t), (3)
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where φ̂(t) = [φ̂1(t) φ̂2(t) . . . φ̂s(t)]T . We obtain the following nonlinear system after simple
manipulation. For more details, see [25].

f (x(t)) = f̂a(x(t)) + fb(x(t))φ(t),

fz(x(t)) = f̂za(x(t)) + fzb(x(t))φ(t), (4)

where f̂a(x(t)) = fa(x(t)) + fb(x(t))ELx(t), f̂za(x(t)) = f̂za(x(t)) + fzb(x(t))ELx(t),
EL = [ET

L1 ET
L2 . . . ET

Ls]
T . Then, we can represent nonlinear system (1) as

ẋ(t) = f̂a(x(t)) + g(x(t))u f (t) + h(x(t))w(t) + fb(x(t))φ(t),

z(t) = f̂za(x(t)) + gz(x(t))u f (t) + hz(x(t))w(t) + fzb(x(t))φ(t), (5)

where φ(t) = [φ1(t) φ2(t) . . . φs(t)]T and φi(t) = φ̂i(t)− ELix(t) ∈ R, 1 ≤ i ≤ s.
To model a nonlinear system (5), we constructed a class of TS fuzzy systems with

local nonlinear representation. Plant Rule η: IF v1(t) is Γη1 and v2(t) is Γη2, . . . , vp(t) is
Γηp THEN

ẋ(t) = Aη x(t) + B1ηw(t) + B2ηu f (t) + Gηφ(t),

z(t) = C1η x(t) + D1ηw(t) + D2ηu f (t) + Gzηφ(t), (6)

where Γη j are the fuzzy sets; η = 1, . . . , r. r is the number of IF-THEN rules;
v(t) = [v1(t) v2(t) . . . vp(t)]T ∈ Rp×1 are the premise variables. We can obtain the fi-
nal TS fuzzy model by using fuzzy inference with a singleton fuzzifier, product inference,
and center average defuzzifier techniques as follows:

ẋ(t) =
r

∑
η=1

αη(t)
[
Aη x(t) + B1ηw(t) + B2ηu f (t) + Gηφ(t)

]
,

z(t) =
r

∑
η=1

αη(t)
[
C1η x(t) + D1ηw(t) + D2ηu f (t) + Gzηφ(t)

]
, (7)

where αη(t) =
wη(υ(t))

r
∑

η=1
wη(υ(t))

, with wη(υ(t)) =
p

∏
j=1

βη j(υj(t)), βη j(υj(t)) is the member-

ship grade of υj(t) in Γη j and
r
∑

η=1
wη(v(t)) > 0, wη(v(t)) ≥ 0, η = 1, 2, . . . , r. Matrix

Āη = Aη + ∆Aη(t) is a time-varying matrix that denotes parametric uncertainty indicated
by
[
∆Aη(t)

]
= Dη Mη(t)

[
Naη

]
where Dη and Naη are known matrices with appropriate

dimensions, and Mη(t) is an unknown time-varying matrix with Lebesgue measurable ele-
ments bounded by MT

η (t)Mη(t) ≤ Iη . As such, we formulate System (7) with uncertainty

ẋ(t) =
r

∑
η=1

αη(t)
[
Āη x(t) + B1ηw(t) + B2ηu f (t) + Gηφ(t)

]
,

z(t) =
r

∑
η=1

αη(t)
[
C1η x(t) + D1ηw(t) + D2ηu f (t) + Gzηφ(t)

]
. (8)

We denote the reachable set pertaining to the System (8) as:

<x = {x(t) ∈ Rn|x(t) and ω(t)satisfy (8) and (2)}. (9)

Given a positive-definite symmetric matrix P > 0, we define ellipsoid ε(P) that bounds
reachable set (9) as:

ε(P) = {x|xT Px ≤ 1, x ∈ Rn}. (10)
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In this study, we formulate a control law with minimal H∞ performance index in
such a way that the closed loop control is robustly stable. As such a reliable fuzzy control
law u f (t) is defined as u f (t) = Fu(t), where F is the actuator fault matrix. The sampled-
data control input represented by variable time delay appears in the form [26,27] u(t) =
ud(tl) = ud(t− (t− tl)) = ud(t− τ(t)), tl ≤ t ≤ tl+1, τ(t) = t− tl , where ud is a discrete-
time control signal and time-varying delay 0 ≤ τ(t) = t − tl is piecewise linear with
derivative τ̇(t) = 1, for t 6= tl where tl is the sampling instant. Consider sampling interval
τl = tl+1 − tl that may vary but is bounded. As such, τ(t) ≤ tl+1 − tl = τl ≤ τM for all
tl , where the maximal upper bound of sampling interval τl is τM. On the basis of what
is mentioned above, the sampled-data control input is u(t) = Kx(tl) with a time-varying
piecewise continuous delay τ(t) = t− tl . As a result, the fuzzy rule for overall control is in
the following form:
Control Rule η: IF υ1(t) is Γη1 and υ2(t) is Γη2, . . . , υp(t) is Γηp THEN u f (t) = FKη x(t−
τ(t)), η = 1, 2, . . . r, where Kη is the control gain matrix. We can use the fuzzy inference
with a singleton fuzzifier, product inference, and center average defuzzifier method to
derive the following final control output:

u f (t) =
r

∑
η=1

αη(t)[FKη x(t− τ(t))]. (11)

Introducing the fuzzy inference method for control law (11), we can represent System (8) as

ẋ(t) =
r

∑
η=1

αη(t)
[
Āη x(t) + B1ηw(t) + B2η FKη x(t− τ(t)) + Gηφ(t)

]
,

z(t) =
r

∑
η=1

αη(t)
[
C1η x(t) + D11ηw(t) + D12η FKη x(t− τ(t)) + Gzηφ(t)

]
, (12)

where τ(t) is the time delay that is able to satisfy the condition 0 ≤ τ(t) ≤ τM.

Lemma 1 ([27]). Consider a positive definite matrix S ∈ Rn×n, S = ST > 0 and scalars
0 < τ(t) < τM for vector function x(t), we obtain

∫ t

t−τM

ẋT(s)Sẋ(s)ds ≤− 1
τM

( ∫ t

t−τM

ẋ(s)ds

)T

S

( ∫ t

t−τM

ẋ(s)ds

)
, (13)

∫ 0

−τM

∫ t

t+θ
ẋT(s)Sẋ(s)ds ≤− 2

τ2
M

( ∫ 0

−τM

∫ t

t+θ
ẋ(s)dsdθ

)T

S

( ∫ 0

−τM

∫ t

t+θ
ẋ(s)dsdθ

)
. (14)

3. Sampled-Data H∞ Control Design

We investigate the robust reliable stabilization of an uncertain fuzzy system with
actuator failure. The main purpose is to derive the conditions for the existence of stabilizing
state feedback reliable H∞ control law, such that, given a disturbance attenuation level
γ > 0, the resulting closed-loop system is robustly asymptotically stable. To facilitate
the robust asymptotic stability of (12), consider the nominal form of a fuzzy system with
∆Aη(t) = 0 in which actuator fault matrix F is known in the form

ẋ(t) =
r

∑
η=1

αη(t)
[
Aη x(t) + B1ηw(t) + B2η FKη x(t− τ(t)) + Gηφ(t)

]
,

z(t) =
r

∑
η=1

αη(t)
[
C1η x(t) + D1ηw(t) + D2η FKη x(t− τ(t)) + Gzηφ(t)

]
. (15)

More precisely, utilizing an appropriate Lyapunov–Krasovskii functional and Jensen’s
inequality, we obtain sufficient conditions in LMIs with respect to the existence of reliable
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H∞ control design pertaining to nominal System (15) with known actuator failure. In
addition, the result is extended to cover uncertain fuzzy System (12). The following
theorem provides a sufficient condition for developing a reliable H∞ controller.

Theorem 1. For given positive scalars τo, τM, λ1 and known actuator fault matrix F, nonlinear
continuous-time fuzzy System (15) is asymptotically stable with respect to a given disturbance
attenuation level γ > 0, if there exist positive definite symmetric matrices P, Q̂, R̂, Ŝ, Û and any
matrix Yη with appropriate dimension in such a way that satisfies the following LMI:

ψη =

[
[Θ̂m,n]8×8 Π̂T

∗ −I

]
, 1 ≤ η ≤ r, (16)

where

Θ̂1,1 = Q̂ + τMR̂− Ŝ
τM
− 2Û, Θ̂1,2 = e−βτM

Ŝ
τM

, Θ̂1,4 = X1 + λ1X1 AT
η ), Θ̂1,5 = X1ET ,

Θ̂1,6 = 2e−βτM
Û
τM

, Θ̂1,7 = 2e−βτM
Û
τM

, Θ̂2,2 = −2e−βτM
Ŝ

τM
, Θ̂2,3 = e−βτM

Ŝ
τM

, Θ̂2,4 = YT
η FT BT

2η , Θ̂3,3 =

− e−βτM Q̂− e−βτM
Ŝ

τM
, Θ̂4,4 = τMŜ +

τ2
M
2

Û − 2X1, Θ̂4,5 = λ1GηX2, Θ̂4,8 = B1η I, Θ̂5,5

= −X2, Θ̂6,6 = −e−βτM
R

τM
− 2e−βτM

Û
τ2

M
, Θ̂6,7 = −2e−βτM

Û
τ2

M
, Θ̂7,7 = −e−βτM

R
τM
− 2e−βτM

Û
τ2

M
, Θ̂8,8 =

− γ2 I, Π̂ =
[
C1ηXT

1 D12η FYη 0n,2n Gz1ηXT
2 0n,2n D11η

]
.

Proof. To arrive at the required result, consider the following Lyapunov–Krasovskii func-
tional pertaining to nominal System (15) as follows:

V(t, x(t)) =
5

∑
i=1

Vi(t, x(t)), (17)

where

V1(t, x(t)) = xT(t)Px(t),

V2(t, x(t)) =
∫ t

t−τM

eβ(s−t)xT(s)Qx(s)ds,

V3(t, x(t)) =
∫ 0

−τM

∫ t

t+θ
eβ(s−t)xT(s)Rx(s)dsdθ,

V4(t, x(t)) =
∫ 0

−τM

∫ t

t+θ
eβ(s−t) ẋT(s)Sẋ(s)dsdθ,

V5(t, x(t)) =
∫ 0

−τM

∫ 0

θ

∫ t

t+λ
eβ(s−t) ẋT(s)Uẋ(s)dsdλdθ.

Through computing derivatives V̇(t, x(t)) along the system trajectory, we obtain

V̇1(t, x(t)) = 2xT(t)Pẋ(t)− βV1(t, x(t)) + βV1(t, x(t)), (18)

V̇2(t, x(t)) = xT(t)Qx(t)− e−βτM xT(t− τM)Qx(t− τM)− βV2(t, x(t)),

V̇3(t, x(t)) = xT(t)(τMR)x(t)− e−βτM

∫ t

t−τM

xT(s)Rx(s)ds− βV3(t, x(t)),

V̇4(t, x(t)) = ẋT(t)(τMS)ẋ(t)− e−βτM

∫ t

t−τM

ẋT(s)Sẋ(s)ds− βV4(t, x(t)),
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V̇5(t, x(t)) = ẋT(t)

(
τ2

M
2

U

)
ẋ(t)− e−βτM

∫ 0

−τM

∫ t

t+θ
ẋT(s)Uẋ(s)dsdθ − βV5(t, x(t)). (19)

Combining Equations (17)–(19), we obtain

V̇(t, x(t)) + βV(t, x(t))− β

w̄2 wT(t)w(t)

= 2xT(t)Pẋ(t) + xT(t)
(

βP + Q + τMR
)
x(t)− e−βτM xT(t− τM)Qx(t− τM)

+ ẋT(t)
(
τMS +

τ2
M
2

U
)

ẋ(t)− e−βτM

∫ t

t−τM

xT(s)Rx(s)ds

− e−βτM

∫ t

t−τM

ẋT(s)Sẋ(s)ds− e−βτM

∫ 0

−τM

∫ t

t+θ
ẋT(s)Sẋ(s)dsdθ. (20)

By using Jensen’s inequality, integration in Equation (20) can be written as

−
∫ t

t−τM

xT(s)Rx(s)ds = −
∫ t−τ(t)

t−τM

xT(s)Rx(s)ds−
∫ t

t−τ(t)
xT(s)Rx(s)ds,

−
∫ t

t−τM

ẋT(s)Sẋ(s)ds = −
∫ t−τ(t)

t−τM

ẋT(s)Sẋ(s)ds−
∫ t

t−τ(t)
ẋT(s)Sẋ(s)ds.

Through the application of Lemma 1 onto each integral in the above equations, the follow-
ing inequalities can be obtained:

−
∫ t−τ(t)

t−τM

xT(s)Rx(s)ds ≤ − 1
τM

[ ∫ t−τ(t)

t−τM

x(s)ds
]T

R
[ ∫ t−τ(t)

t−τM

x(s)ds
]

,

−
∫ t

t−τ(t)
xT(s)Rx(s)ds ≤ − 1

τM

[ ∫ t

t−τ(t)
x(s)ds

]T

R
[ ∫ t

t−τ(t)
x(s)ds

]
,

−
∫ t−τ(t)

t−τM

ẋT(s)Sẋ(s)ds ≤ − 1
τM

[
x(t− τ(t))− x(t− τM)

]TS[
x(t− τ(t))− x(t− τM)

]
,

−
∫ t

t−τ(t)
ẋT(s)Sx(s)ds ≤ − 1

τM

[
x(t)− x(t− τ(t))

]TS
[
x(t)− x(t− τ(t))

]
,

−
∫ 0

−τM

∫ t

t+θ
ẋT(s)Uẋ(s)dsdθ ≤ αT

1 (t)


−2U 2

τM
U 2

τM
U

∗ − 2
τ2

M
U − 2

τ2
M

U

∗ ∗ − 2
τ2

M
U

α1(t), (21)

where αT
1 (t) =

[
xT(t)

∫ t−τ(t)
t−τM

xT(s)ds
∫ t

t−τ(t) xT(s)ds
]

.

In addition, for any matrix P1 of appropriate dimension, the following equality holds:

2ẋT(t)P1
[
Aη x(t) + B1ηw(t) + B2η FKη x(t− τ(t)) + Gηφ(t)− ẋ(t)

]
= 0. (22)

To arrive at a convex condition for devising fuzzy controller, we need to perform trans-
formation with respect to nonlinear term φ̄i(t) [25]. Since φ̄i(t) ∈ co{ELix(t), EUix(t)},
we obtain

(φi(t))(Eix(t)− φi(t)) ≥ 0 for 1 ≤ i ≤ s. (23)

By treating Λ−1 from [25] as, Λ−1 = diag[λ1 λ2 . . . λs]−1 = diag[λ−1
1 λ−1

2 . . . λ−1
s ], then

φT(t)Λ−1Ex(t)− φT(t)Λ−1φ(t) = [λ−1
1 φi(t) . . . λ−1

s φs(t)] Ei −
s

∑
i=1

λ−1
i φ2

i (t),
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=
s

∑
i=1

λ−1
i

(
φi(t)Eix(t)− φ2

i (t)
)

,

=
s

∑
i=1

λ−1
i

(
φi(t)

[
Eix(t)− φi(t)

])
. (24)

Combining (23) and (24) yields

φT(t)Λ−1Ex(t)− φT(t)Λ−1φ(t) ≥ 0. (25)

Combining Equations (20)–(25), we obtain

V̇(t, x(t)) + βV(t, x(t))− β

w̄2 wT(t)w(t)

≤ 2xT(t)(P + AT
η PT

1 )ẋ(t) + xT(t)
(

βP + Q− 2U + τMR
)
x(t) + 2ẋT P1

Gηφ(t)− e−βτM xT(t− τM)Qx(t− τM) + ẋT(t)
(
τMS +

τ2
M
2

U − 2P1
)

ẋ(t)

+ 2ẋT P1B2η FKη x(t− τ(t)) + 2ẋT P1B1ηw(t) + φT(t)Λ−1Ex(t)

− φT(t)Λ−1φ(t) − e−βτM
1

τM

[
x(t− τ(t)) − e−βτM x(t− τM)

]TS
[
x(t− τ(t))

− e−βτM x(t− τM)
]
− e−βτM

1
τM

[
x(t) − x(t− τ(t))

]TS
[
x(t) − x(t− τ(t))

]
− e−βτM

1
τM

[ ∫ t−τ(t)

t−τM

x(s)ds
]T(R +

2U
τ2

M

)[ ∫ t−τ(t)

t−τM

x(s)ds
]
− e−βτM

1
τM

[ ∫ t

t−τ(t)

x(s)ds
]T(R +

2U
τ2

M

)[ ∫ t

t−τ(t)
x(s)ds

]
+ xT(t)e−βτM

[2U
τM

][ ∫ t

t−τ(t)
x(s)ds

]
+ xT(t)e−βτM

[2U
τM

][ ∫ t−τ(t)

t−τM

x(s)ds
]
− e−βτM

[ ∫ t−τ(t)

t−τM

x(s)ds
]T[2U

τ2
M

][ ∫ t

t−τ(t)
x(s)ds

]
. (26)

To study the H∞ performance with respect to the system, consider the following relation:

J(t) =
∫ ∞

0
[zT(t)z(t)− γ2wT(t)w(t)]dt, ∀ t > 0. (27)

From (26) and subject to a zero initial condition, one can obtain V(0) = 0 and V(∞) ≥ 0,
then it is straightforward to indicate that

J(t) ≤
∫ ∞

0

[
zT(t)z(t)− γ2wT(t)w(t) + V̇(t, x(t)) + βV(t, x(t))− β

w̄2 wT(t)w(t)
]
dt,

≤
∫ ∞

0
ξT(t)ψηξ(t)dt, (28)

where ξT(t) =
[
xT(t) xT(t− τ(t)) xT(t− τM)) ẋT(t) φT(t)

∫ t−τ(t)
t−τM

xT(s)ds∫ t
t−τ(t) xT(s)ds wT(t)

]
,

ψη =

[
[Θm,n]8×8 ΠT

∗ −I

]
, 1 ≤ η ≤ r, (29)

and

Θ1,1 = Q + τMR− S
τM
− 2U, Θ1,2 = e−βτM

S
τM

, Θ1,4 = P + AT
η PT

1 , Θ1,5 = ETΛ−T ,
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Θ1,6 = 2e−βτM
U
τM

, Θ1,7 = 2e−βτM
U
τM

, Θ2,2 = −2e−βτM
S

τM
, Θ2,3 = e−βτM

S
τM

, Θ2,4 = KT
η FT BT

2η PT
1 ,

Θ3,3 = −Q− e−βτM
S

τM
, Θ4,4 = τMS +

τ2
M
2

U − 2P1, Θ4,5 = P1Gη , Θ4,8 = 2P1B1η ,

Θ5,5 = −Λ−1, Θ6,6 = −e−βτM
R

τM
− e−βτM

2
τ2

M
U, Θ6,7 = −e−βτM

2
τ2

M
U, Θ7,7 = −e−βτM

R
τM
− e−βτM

2
τ2

M
U,

Θ8,8 = −γ2 I, Π =
[
C1η D12η FKη 0n,2n Gz1η 0n,2n D11η

]
.

To obtain a reliable H∞ feedback control gain matrix, take P1 = λ1P, where λ1 is the
designing parameter, and assume that T = diag{X1, X1, X1, X1, Λ, X1, X1}. Through the
pre- and postmultiplication of (29) by diag{T, I, I}, where X1 = S, P = S−1 and by setting
Q̂ = X1QX1, R̂ = X1RX1, Ŝ = X1SX1, Û = X1UX1 and Yη = KηX, LMI (16) can be
obtained. With reference to LMI (16) , if ψη < 0, we arrive at J(t) ≤ 0, i.e.,∫ ∞

0
[zT(t)z(t)− γ2wT(t)w(t)]dt ≤ 0,∫ ∞

0
zT(t)z(t) ≤ γ2

∫ ∞

0
wT(t)w(t)dt.

Hence, with respect to the definition of H∞, it can be concluded that fuzzy System (15)
with known actuator failure matrix F is asymptotically stable with respect to a given
performance attenuation level γ > 0. This completes the proof.

Next, we derive a robust H∞ controller with respect to uncertain fuzzy System (12) on
the basis of Theorem 1.

Theorem 2. For given positive scalars τo, τM, λ1 and known actuator fault matrix F, nonlinear
continuous-time fuzzy System (12) is robustly asymptotically stable with a given disturbance
attenuation level γ > 0, if there exist positive definite symmetric matrices P, Q̂, R̂, Ŝ, Û,
any matrix Yη with appropriate dimension and positive scalar ε in such a way that satisfies the
following LMI:

ψ̂η =

 ψη ΞT
1 ΞT

2
∗ −εI 0
∗ ∗ −εI

, 1 ≤ η ≤ r, (30)

where Ξ1 = [NaηXT
1 0n,8n], Ξ2 = [0n,3n ελ1DT

η 0n,5n] and the remaining parameters are
defined in Theorem 1. As such, the state feedback control gain in (11) is given by Kη = YηX−1.

Proof. The proof of Theorem 2 follows from Theorem 1. We replace Aη with
Aη + ∆Aη(t) in (22) to yield

V̇(t, x(t)) ≤ ξT(t)(ψη + Ωη(t))ξ(t), (31)

where

Ωη(t) = ΞT
1 (t)MT

η (t)Ξ2(t) + ΞT
2 (t)Mη(t)Ξ1(t),

Using S-procedure [27], we can represent the above inequality as

Ωη(t) ≤ ε−1ΞT
1 (t)Ξ(t) + εΞ2(t)ΞT

2 (t).

Then Equation (31) becomes

V̇(t, x(t)) ≤ ξT(t)
[
ψη + ε−1ΞT

1 (t)Ξ(t) + εΞ2(t)ΞT
2 (t)

]
ξ(t). (32)
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Now, by applying the Schur complement lemma [27], Inequality (32) is equivalent to LMI
(30). This completes the proof.

Next, we design the robust reliable sampled-data H∞ controller when the actuator
failure matrix F is not exactly known. The required state feedback controller is designed
through the following theorem by using the conditions obtained in Theorem 2.

Theorem 3. For given positive scalars τo, τM, λ1 and unknown actuator fault matrix F, nonlinear
continuous-time fuzzy System (12) is robust and asymptotically stable pertaining to sampled-data
feedback control (11) with a given disturbance attenuation level γ > 0, if there exist positive definite
symmetric matrices P, Q̂, R̂, Ŝ, Û, any matrix Yη with appropriate dimension and positive scalars
ε, ε1 in such a way that satisfies the following LMI:

Φη =

[
ψ̄η B̃
∗ −ε̃

]
, 1 ≤ η ≤ r, (33)

where B̃ = [ε1B̂T ŶT
1 ], ε̃ = diag{ε1 I, ε1 I} and the remaining parameters are defined in

Theorem 2.

Proof. Given an unknown actuator failure matrix F with respect to the fault condition, we
can represent LMI (30) in Theorem 2 as

Φη = ψ̄η + B̂T∆Ŷ1 + ŶT
1 ∆B̂, (34)

where B̂ = [0n,5n BT
2η 0n,2n DT

12η 0n,2n], Ŷ1 = [0n F1Yη 0n,9n] and ψ̄η is achieved
through the replacement of F by F0 in ψ̂η . In addition, through S-procedure [27] and (34),
one can obtain

Φη = ψ̄η + ε−1
1 B̂B̂T + ε1ŶT

1 Ŷ1. (35)

Then by using Schur complement lemma [27], it is clear that (35) is equivalent to LMI (33).
This completes the proof.

4. Numerical Simulations

Example 1. To validate the proposed method, we consider the nonlinear model as[
ẋ1
ẋ2

]
=

[
0

3sin2(x2)− 1

]
u +

[
0
1

]
w

+

[
−2.6x1 − 2x2 − 2.4x1sin2(x2)− x2sin2(x2)
x1cos2(x2)− 4x2 + 8x2sin2(x2) + (6sin2(x2)− 2)(1− cos(x1))sin(x1)

]
,

where x1 and x2 are states of the nonlinear system with x1 ∈ {−π/2, π/2}.
Let

f̄a(x(t)) =

[
−2.6x1 − 2x2 − 2.4x1sin2(x2)− x2sin2(x2)
x1cos2(x2)− 4x2 + 8x2sin2(x2) + (6sin2(x2)− 2)(1− cos(x1))sin(x1)

]
,

g(x(t)) =
[

0
3sin2(x2)− 1

]
, fb(x(t)) =

[
0

3sin2(x2)− 1

]
, h(x(t))(t) =

[
0 1

]T ,

φ(t) = (1− cos(x1))sin(x1).

Membership functions are α1(t) = sin2(x2(t)) and α2(t) = cos2(x2(t)).
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We can use the following two-rule TS fuzzy system with local nonlinear model to represent
nonlinear System (15):

ẋ(t) =
2

∑
η=1

Aη x(t) + B1ηw(t) + B2ηu f (t) + Gηφ(t),

z(t) =
2

∑
η=1

C1η x(t) + D1ηw(t) + D2ηu f (t) + Gzηφ(t)
]
,

where

A1 =

[
−15.0 −12.5
−13.8 −18.6

]
, C11 =

[
−0.0739 0

0 −0.0160

]
, B11 =

[
0
1

]
,

A2 =

[
−15.0 −11.5
−3.81 −17.6

]
, C12 =

[
−0.4097 0

0 −0.0104

]
, B12 =

[
0
1

]
,

B21 = [0 2]T , B22 = [0 − 1]T , G1 = [0 4]T , G2 = [0 − 2]T , D11 = [−0.3 0]T ,
D12 = [−0.3 0]T , D21 = [0 − 0.01]T , D22 = [−0.3 0]T , Gz1 = [−0.01 0]T , Gz2 =
[−0.016 0]T .

The objective is to devise the sampled-data controller gain in (11) in such a way that closed-loop
System (15) is asymptotically stable with H∞ performance attenuation level. In order to show this,
the following cases are discussed.

Case I: Nominal System with fixed actuator fault:
We consider τM = 0.6, γ = 0.5 and known actuator failure matrix F = 0.5.
By using the MATLAB LMI toolbox, we solve LMIs in Theorem 1 and obtain the feasible solu-

tions and gain matrices of state feedback sampled-data H∞ controller as
K1 = [−2.4357 0.4080], K2 = [−1.9819 − 0.0317] for disturbance input w(t) = −0.005sin(t)
and initial condition x(0) = [0.2 − 0.2]T . Simulation results for state responses pertaining to the
nonlinear fuzzy model are presented in Figure 1. Specifically, Figure 1 depicts convergence of state
responses of the nominal system within the equilibrium point.

Case II: Uncertain system with actuator fault not exactly known:
In this case, consider that the actuator fault occurs in the interval diag{0.2, 0.3} ≤ diag{0.4, 0.9}.

We set the remaining parameters to those in case I, i.e., Na1 = Na2 = 0.1I, D1 = D2 = 0.5
γ = 0.5, τM = 0.3. As such, the reliable sampled-data H∞ controller gain matrices are obtained,
namely, K1 = [−0.2495 − 0.1022], K2 = [−1.6187 − 0.0182].Corresponding to the gain
matrices, the state responses of the uncertain T-S fuzzy system are given in Figure 2. Figure 3
depicts that the reachable set of the system is contained in the ellipsoid. Figures 1 and 2 show that
the proposed nonlinear TS fuzzy model is asymptotically stable and satisfies H∞ performance even
in the occurrence of uncertain parameters, actuator failures, and time delays. Thus, the proposed
fault-tolerant controller is active to stabilize the proposed nonlinear fuzzy model.
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(a) State responses for η = 1 (b) State responses for η = 2

Figure 1. Simulation results for nonlinear TS fuzzy system with absence of uncertain parameters.

(a) State responses for η = 1 (b) State responses for η = 2

Figure 2. Simulation results for nonlinear uncertain TS fuzzy system.
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Figure 3. Bounding ellipsoid and reachable set of TS fuzzy system with actuator fault.

Example 2. Consider the TS fuzzy model without nonlinear functions. In order to provide a
comparison example, we chose the same values as those of [28] for the system parameters that are
presented below:

A1 =

[
0 1
−0.01 0

]
, B21 =

[
0 1

]T , B11 =
[
1 0

]T , C11 =
[
0 1

]
,

D11 = D12 = D21 = D22 = 0, A2 =

[
0 1
−0.68 0

]
,

B22 =
[
0 1

]T , B12 =
[
1 0

]T , C12 =
[
0 1

]
.

Choosing value F = 0.5 and solving the LMI in Theorem 1, we obtain the feasible solutions and gain
matrices: K1 = [−0.8132 − 0.9221] and K2 = [−0.7987 − 0.96134]. Under the gain matrices,
the upper bound of τM and the minimal γ performance value are estimated and provided in Table 1.

On the basis of Table 1, we can conclude that our proposed method gives less conservative
results compare with the result of [28].

Table 1. Comparison outcomes.

MAUB of τM γmin

Ref. [28] 0.2 1.2448

Our method 0.6 1.0162

5. Conclusions

Here, we studied the results of feedback fault-tolerant control of nonlinear fuzzy
systems with time delay, bounded disturbances, and external disturbance. The fault-
tolerant sampled-data H∞ controller design based on the Lyapunov method and Jensen’s
integral inequality was presented in the form of LMIs, which can be solved by using
standard numerical toolbox. Moreover, novel sufficient conditions were derived to ensure
that the asymptotic stability pertaining to the fuzzy nonlinear systems subject to time-delay,
bounded disturbances and component failures. Lastly, two numerical examples illustrated
the effectiveness of the considered study.
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