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Abstract: By using the numerical discretization method within the effective-mass approximation,
we have theoretically investigated the exciton-related Raman scattering, interband absorption and
photoluminescence in colloidal CdSe/CdS core/shell quantum dots ensemble. The interband optical
absorption and photoluminescence spectra have been revealed for CdSe/CdS quantum dots, taking
into account the size dispersion of the ensemble. Numerical calculation of the differential cross
section has been presented for the exciton-related Stokes–Raman scattering in CdSe/CdS quantum
dots ensemble with different mean sizes.

Keywords: raman scattering; exciton; interband absorption; luminescence; CdSe/CdS; core/shell
quantum dot

1. Introduction

In recent years, interest in quantum dots (QDs) has increased, because of their wide
range of uses in various devices, from photovoltaic cells to QD batteries. The problem for
most of the QDs is that manufacturing methods have been costly, requiring high vacuum
and high temperature. Colloidal QDs are an exception to that rule and their manufacturing
processes use low-temperature, large area, solution-based methods. Colloidal semicon-
ductor QDs’ low-cost manufacturing provides an opportunity for industrial use. Some
applications of colloidal QDs include, but are not limited to, photodiodes and photovoltaics,
photoconductors, electroluminescent devices, advanced batteries, etc. [1–5]. Core-shell
colloidal QDs are at the bleeding edge of the hot research topics, due to their excellent prop-
erties, such as versatility, tunability, and stability. They have attracted considerable interest
attributed to their dramatically tunable physical properties. Core-shell structures have
been generally defined as structures consisting of a core (inner material) and a shell (outer
layer material) [6–9]. In general, many considerable efforts on core-shell materials have
been reported, such as nanoparticles, spheres, nanowires, nanorods, nanotubes, nanobelts,
nanofibers, nanoplates, nanosheets, cubes, flowers [10–15], etc. The main advantages of
using core shell QDs are the following: core shell structures can protect the core from the
effect of environmental changes; intensify or bring new physical capabilities; limit volume
expansion, and as a result, maintaining structural integrity; keep the core from forming
into large particles; and percolate ions or molecules onto the core selectively.

Recently, one of the most interesting materials for the manufacturing of core/shell
QDs is CdSe/CdS. They have been of particular interest for their unique optical properties,
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which have been thoroughly investigated [16–18]. These particles have exhibited high PL
quantum yields and excellent photostability, which has made them particularly interest-
ing [19,20]. Most CdSe/CdS core/shell particles are synthesized at high temperatures and
have a wurtzite crystal structure, which is the most stable form [21–23].

One of the powerful methods for the investigation of QDs is Raman spectroscopy,
which has been used in a considerable range of research activity. In solid state physics, the
position, shape and intensity of the Raman peak can give insight into the lattice dynamics
and the electronic configuration of the material [24]. On the other hand, the calculation of
the differential cross-section (DCS) of Raman scattering remains a rather interesting and
fundamental issue to achieve a better understanding of semiconductor nanostructures.
Raman scattering of an exciton in a quantum dot has been investigated in [25–29].

In [26], a theoretical calculation of the DCS is presented for the exciton-mediated
Stokes–Raman scattering in CdS quantum dot within the framework of the effective mass
approximation at T = 0 K. Numerical calculations reveal that the excitonic effects cause
blue shifts in Raman spectroscopy and the magnitude of the Raman shift depends on the
quantum confinement, the Coulomb interaction, and the incident photon energy.

In another work, the authors have investigated the thermal properties of colloidal
CdSe/CdS QDs associated with the additional epitaxial strain at the core/shell interface.
They observed the temperature-dependent behavior of the longitudinal optical phonon
frequencies of these QDs by Raman spectroscopy over a temperature range of 7–300 K [27].

Besides the Raman spectroscopy, one of the additional widely used investigation
methods of semiconductor QDs is photoluminescence (PL) spectroscopy. There are number
of works devoted to the investigation of PL properties of core/shell structures [30–34]. For
example, in [30], the authors analyzed the excitation energy dependence of the PL quantum
yields and decay kinetics and the circular dichroism spectra of CdSe/CdS core/shell QDs
with different thicknesses of the surface passivation shell.

Thus, the investigation of Raman and PL spectra for CdSe/CdS core/shell colloidal
QDs is a problem of the current interest problem. In this paper, the exciton related Raman
scattering, optical absorption and photoluminescence spectrum in colloidal CdSe/CdS
core/shell quantum dots with different sizes have been theoretically investigated in the
framework of the effective mass approximation. The exciton states in colloidal CdSe/CdS
core/shell QD have been calculated using numerical discretization method. The paper
is organized as follows: the chosen model of the colloidal CdSe/CdS core/shell QD has
been discussed in Section 2; interband absorption, photoluminescence and the formula of
the Raman scattering DCS have been presented in Section 3, the calculation results and
discussion have been presented in Section 4, and the conclusions have been shown in
Section 5.

2. Exciton States

Before proceeding to the theoretical calculation part, let’s discuss the structure and
corresponding model of the observed colloidal CdSe/CdS core/shell QD. In the schematic
plot of the above-mentioned QD with the corresponding energy band diagram has been
presented. The real material parameters for these structures have been taken from the
book [35].

As can be seen from Figure 1b, the real band diagram can be modeled and fitted by
the smoother confinement potential, if we take into account that during the growth process,
due to the diffusion, the blurring of the sharp boundaries occurs. For the aforementioned
reasons, the modified Pöschl–Teller potential (MPTP) has been chosen as the model of
the confinement potential for further calculations. There are many works devoted to the
modeling of quantum nanostructures, where the MPTP has been applied [36–38].
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Figure 1. The schematic plot of CdSe/CdS core/shell QD (a) with corresponding energy band structure (b).

Within the framework of effective-mass approximation, the Hamiltonian of the exciton
system for the radial part in spherical coordinates can be written in the form:

Ĥ = − }2

2m∗e
∆e −

}2

2m∗h
∆h −

e2

ε
∣∣∣→r e −

→
r h

∣∣∣ + Ucon f (
→
r e) + Ucon f (

→
r h) (1)

in which m∗e and m∗h are the effective masses of electron and hole respectively, e is the elec-
tron charge magnitude, ε is the dielectric constant, Ucon f (

→
r ) is the confinement potential.

It should be noted that the angular parts are irrelevant for the discussed problem, thus the
ground states of the magnetic and orbital quantum numbers have been discussed. The
analytic expression of the modeling potential has the following form:

Ucon f

(→
r e(h)

)
= Ue(h) −

Ue(h)

cosh2
(

re(h)/β
) (2)

where Ue(h) and β are respectively the depth and half-width of the MPTP. The numerical
discretization method, in other words, the finite element method, has been performed for
the realization of the numerical calculations. As the standard procedure, first the discrete
representation of the considered region has been done; that is, the mesh structure of the
region has been constructed with appropriate accuracy. The region is two dimensional,
namely re and rh radial coordinates are considered, since the angular coordinates are
irrelevant, both for electron and hole. As the next step, partial differential time-independent
Schrödinger equation is transformed to a system of algebraic equations taking into account
Dirichlet boundary conditions. Finally, the set of algebraic equations is solved.

The numerical calculations have shown that the dependence of the energy spectra on
half-width β can be fitted as:

En = An +
Bn

β
+

Cn

β2 (3)

where the values of parameters An, Bn and Cn can be found by the direct numerical
calculations and n is the principal quantum number. The dependence of the exciton energy
on the halfwidth for the first three levels are plotted in Figure 2. From the figure, it is clearly
visible that the energy dependence fits with high accuracy to the model (3). The numerical
values for the above-mentioned parameters for the first three levels have been presented in
the Table 1. These values will be used in the next section for the calculation of DCS.
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Figure 2. The dependence of the exciton energy on the halfwidth for the first three levels. Dots
correspond to the values obtained by the numerical calculations. The lines correspond to the fitted
curve which has been fitted to the calculated data points. The following model for the curve was
selected: En = An + Bn

β + Cn
β2 .

Table 1. This dimensionless numerical values for the parameters An, Bn and Cn. All of the energies
have been presented in Rydberg energy ER and all lengths in Bohr radius aB. For the Rydberg, energy
is equal to ER = 18.85 meV, and Bohr radius is aB = 2.98 nm.

n An/ER (Bn aB)/ER (Cn a2
B)/ER

1 (i) −1.816 60.339 −3.338
2 (f) −1.809 71.940 −5.873
3 (a) −1.886 84.390 −11.360

3. Optical Properties

In this section, the interband absorption of the incident light, photoluminescence and
Raman spectra of CdSe/CdS QD have been presented. The light absorption coefficient
with the account of spectral lines broadening has the following form:

α(}ω, β) = α0 ∑
νe ,νh

∣∣∣∫ Ψexc(
→
r e,
→
r h)d

→
r ed
→
r h

∣∣∣2 Γ0(
(}ωe,h−EL

g−Ee(β)−Eh(β))
2
+Γ2

0

) (4)

where Eg is the band gap of the semiconductor, α0 is a quantity proportional to the square
of the dipole moment’s matrix element taken over the Bloch functions, Γ0 is the width of
Lorentzian parameter and ψexc(

→
r e,
→
r h) is exciton wave function [39,40]. With the help of

Γ0 parameter, the broadening of the absorption lines has been accounted for. The broad-
ening of the spectral lines has two different realization mechanisms: homogeneous and
inhomogeneous. We will consider the homogeneous broadening with empirical method,
taking the parameter value from the experiment. As for the inhomogeneous broadening,
caused by the random size distribution of the QDs ensemble, it has been calculated, taking
into account size dispersion. We will discuss the case where the geometrical sizes have the
Gaussian distribution with the variation not exceeding 10% from the mean value.

Taking into account the aforementioned, the average light absorption coefficient of an
ensemble of core/shell QDs with a size distribution function F(β) can be expressed as:

〈α(}ω, β)〉 =
∫

F(β)α(}ω, β)dβ (5)
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Using the absorption spectra, it is possible to calculate photoluminescence (PL) spectra
for the core/shell QD, with the Roosbroeck–Shockley relation [41,42]:

R(}ω, β) = R0}ω α(}ω, β)
fc(1− fv)

fv − fc
(6)

where R0 is proportional to the α0, fc and 1− fv are probabilities of the conduction band
states being occupied and the valance band states being empty, respectively. The average
PL spectra 〈R(}ω, β)〉 will be calculated with the same procedure as for absorption spectra:

〈R(}ω, β)〉 =
∫

F(β)R(}ω, β)dβ (7)

As for the calculation of the exciton-related Stokes–Raman scattering DCS in a volume
V, per unit solid angle dΩ, the expression obtained by the third-order perturbation theory
has the following form:

d2σ

dΩdωs
=

V2ω2
s η(ωs)

8π3c4η(ωl)
W(ωs,

→
e s) (8)

Here, c is the light velocity, ωl is the frequency of incident light, ωs represents the
frequency of the scattered light, η(ωl) and η(ωs) are the refractive indices for the incident
and scattered light, respectively,

→
e s is the polarization vector [43–45]. W(ωs,

→
e s) is the

transition rate, which can be calculated by:

W(ωs,
→
e s) =

2π

} ∑
f
|Me + Mh|2δ

(
E f − Ei

)
(9)

where M and δ
(

E f − Ei

)
are defined by the following expressions:

Mj = ∑
a

〈
f
∣∣Hjs

∣∣ a〉〈a
∣∣∣Hjl

∣∣∣ i〉
Ei − Ea + iΓa

, j = e, h (10)

and

δ
(

E f − Ei

)
=

Γ f

π

{(
E f − Ei

)2
+ Γ2

f

} (11)

Let’s note that |i〉, |a〉 and | f 〉 describe the initial, intermediate and final states in the
system with energies Ei, Ea and E f , respectively (see Table 1) and Γ f is the life-time width.
In the dipole approximation, the interaction with the incident and secondary radiation
fields can be written by the Hamiltonian operators:

Ĥjl =
|e|
me

√
2π}
Vωl

(→
e jl ·

→
p j

)
,
→
p j = −i}

→
∇j (12)

Ĥjs =
|e|
m∗j

√
2π}
Vωs

(→
e js ·

→
p j

)
(13)

where, me is the free electron mass,
→
e jl and

→
e js are the unit polarization vectors for the

incident and secondary radiations. The matrix elements of DCS have been calculated using
numerical values for the energy spectra and wave functions obtained in Section 2. Finally,
for the averaging DCS spectra, we will take into account size distribution function F(β):〈

d2σ

dΩdωs

〉
=
∫

F(β)
d2σ

dΩdωs
dβ (14)
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4. Results and Discussion

Let us proceed to the discussion of the obtained results. The material parameters that have
been used during the calculations are the following: m∗e (CdS) = 0.15m0, m∗h(CdS) = 0.7m0,
ε(CdS) = 8.9, m∗e (CdSe) = 0.149m0, m∗h(CdSe) = 0.45m0, ε(CdSe) = 8.34, where m0 is
the free electron mass [35]. For both materials, the wurtzite structure has been chosen. The
homogeneous broadening linewidth is taken to be Γ0 = 45÷ 55 meV CdSe for different sized
QDs [46]. The parameter for CdSe was taken as the main localization area for the exciton is the
core layer.

In Figure 3a, the dependence of the absorption spectra for the single QD on the energy
of incident light for different sizes CdSe/CdS core/shell QD have been presented. As
we can see from the figure, with the decrease of the QD size, the absorption peak has a
blue shift. The shift has asymmetric character, and moreover, for the smaller sizes, the
shift is more pronounced. This is the expression of the size quantization: the QDs with
smaller sizes have higher exciton energy. There is also a small difference in between-peaks
linewidth, due to the dependence of the Γ0 parameter on the geometrical sizes of QD. In
Figure 3b, the same dependence is presented for the QDs ensemble. In the figure, the mean
values of β parameter are presented for different ensembles. Compared to the single QD
the halfwidth of spectra has increased. For example, for the single QD with β = 3 nm, the
absorption halfwidth is ∆Γ ' 0.1 eV, compared to ∆Γ ' 0.21 eV for the ensemble, when
the mean value of the QDs sizes is < β >= 3 nm. The broadening can be explained by
the increase of effective cross section of the absorption surface in ensemble in comparison
to single QD. In this case, the number of possible absorptions of incident photons will be
more than for single QD.

Nanomaterials 2021, 11, 1274 7 of 11 
 

 

  

Figure 3. The dependence of the absorption spectra on the energy of incident light for different sizes of CdSe/CdS core/shell 
QD (a) for single QD, (b) for the ensemble of QDs. 

Despite the maximum of the peak intensity being higher for the QDs of smaller size, 
in the ensemble, the opposite behavior is observed: the peak intensity decreases with the 
decreases of QDs size. The same explanation can be applied for this effect: the effective 
surface that will absorb incident light is larger for the ensemble of QDs with large average 
size value, when the concertation of the QDs is equal in the unit volume. 

For the calculation of the PL spectra for both single QD and QDs ensemble, the Equa-
tions (6) and (7) have been used respectively. The PL spectra dependence on light energy 
has been presented in Figure 4a,b. The peak positions in both figures are the same, how-
ever, the spectra lines for the ensemble of QDs have observable broadening. For example, 
for the single QD with 3nmβ =  the PL halfwidth is 0.1eVΔΓ  , compared to 

0.21eVΔΓ   for the ensemble. Thus, the homogenous and inhomogeneous broadenings 
approximately have the same contribution to the spectral line expansion for both PL and 
absorption spectra. Note that dependences have been calculated and plotted for the 4.2 K 
temperature. 

  

Figure 4. The dependence of the PL spectra light energy for different sizes of CdSe/CdS core/shell QD (a) for single QD, 
(b) for the ensemble of QDs. 

For the estimation of the radiative lifetime of exciton states in CdSe/CdS QD, we use 
the formula obtained in [47]: 
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QD (a) for single QD, (b) for the ensemble of QDs.

Despite the maximum of the peak intensity being higher for the QDs of smaller size,
in the ensemble, the opposite behavior is observed: the peak intensity decreases with the
decreases of QDs size. The same explanation can be applied for this effect: the effective
surface that will absorb incident light is larger for the ensemble of QDs with large average
size value, when the concertation of the QDs is equal in the unit volume.

For the calculation of the PL spectra for both single QD and QDs ensemble, the
Equations (6) and (7) have been used respectively. The PL spectra dependence on light
energy has been presented in Figure 4a,b. The peak positions in both figures are the same,
however, the spectra lines for the ensemble of QDs have observable broadening. For
example, for the single QD with β = 3 nm the PL halfwidth is ∆Γ ' 0.1 eV, compared to
∆Γ ' 0.21 eV for the ensemble. Thus, the homogenous and inhomogeneous broadenings
approximately have the same contribution to the spectral line expansion for both PL
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and absorption spectra. Note that dependences have been calculated and plotted for the
4.2 K temperature.
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For the estimation of the radiative lifetime of exciton states in CdSe/CdS QD, we use
the formula obtained in [47]:

τexc =
2πε0m0c3}2
√

εe2E2
exc f

(15)

where ε is dielectric constant, ε0 is vacuum permittivity, Eexc is the energy of an exciton,
and f is the oscillator strength, which is defined by the formula:

f =
EP

Eexc

∣∣∣∣∫ Ψexc(
→
r e,
→
r h)d

→
r ed
→
r h

∣∣∣∣2 (16)

where EP is the Kane energy and it is EP = 21 eV for CdSe [48]. Note, that for the estimation
of the radiative lifetime, we have neglected interaction between exciton and phonons. The
estimated radiative lifetimes for different QD sizes are presented in the Table 2. The
characteristic times are in the picoseconds range. As it can be seen from Table 2, with
the increase of QD size, the radiative lifetime increases correspondingly. The increase of
the radiative lifetime can be explained with the following: with the increase of the QD
size, the exciton energy and the overlap integral in the oscillator strength decrease, as
the size quantization effect becomes weaker. Because the radiative lifetime is inversely
proportional to the above-mentioned quantities, with the increase of the QD size, the
lifetime will increase.

Table 2. Dimensionless numerical values for the parameters An, Bn and Cn. All of the energies have
been presented in Rydberg energy ER and all lengths in Bohr radius aB. For the Rydberg energy is
equal to ER = 18.85 meV, and Bohr radius is aB = 2.98 nm.

β = 3 nm β = 4nm β = 5 nm β = 6 nm

τexc, ps 367 487 610 736

Finally, the exciton-related Raman DCS as the function of secondary-radiation photon
energy for different sizes of CdSe/CdS core/shell QD has been considered. The DCS of
Stokes Raman scattering for a three-level system is calculated for a single CdSe/CdS QD
using Equation (8). As the initial state, the ground state of the exciton has been chosen |i〉,
we consider Raman excitations from this state. The incident photon energy is }ωl , while the
energy of scattered light is }ωs. The first transition occurs between the ground state with
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the energy Ei to the intermediate state |a〉with the energy of Ea, which is the second excited
state. The final transition occurs between the intermediate state |a〉 and the final state | f 〉
with the energy E f , which is the first excited state. The energy of the secondary radiation
}ωs is the energy emitted from the abovementioned final transition. It is obvious, that
as the intermediate state |a〉, all excited states starting with the second can be considered.
However, for simplicity, we will discuss the case, when the intermediate state is second
excited state. This approximation is justified by the relatively small contribution of the
transitions from the higher excites states. The three-level transition processes (1→3→2)
with the results for the Raman DCS have been presented in Figure 5a. The lifetimes widths
of the final and intermediate states are chosen as follows: Γ f = Γa = 50 meV [46]. It should
be mentioned that these empirically measured lifetimes widths are different from radiative
lifetime, because the exciton phonon interaction is considered.
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Finally, the DCS of Stokes–Raman scattering for QDs ensemble is calculated using the
Equation (14), taking into account the size dispersion of the QDs. The main characteristics
are listed as follows. First, the intensities of the Raman DCS increase with the decrease of
the single QD size, but for the ensemble, it has opposite behavior. Secondly, the broadening
of the peaks is more pronounced for the ensemble of CdSe/CdS QDs, because the effective
cross section of the active area is more for the ensemble; as a result, the number of Raman
scattered photons is higher.

5. Conclusions

In the present article, we have theoretically studied the exciton related Stokes–Raman
scattering, interband absorption and photoluminescence in colloidal CdSe/CdS core/shell
quantum dots ensemble. It has been shown that, with the decrease of the QD’s size, the
absorption peak has a blue shift, and it is more pronounced for the QDs with smaller
sizes. With the consideration of size dispersion, the linewidth of absorption spectral lines
become broader, and also the peak intensity decreases with the decreases of mean QD size
in ensemble. For PL spectra, the same pattern is true. Moreover, the conclusion from the
abovementioned is that the homogenous and inhomogeneous broadenings approximately
have the same contribution to the spectral line expansion for both PL and absorption
spectra of CdSe/CdS QDs ensemble.

The estimation of radiative lifetime shows that the exciton characteristic lifespan
time lies in the picosecond region. Moreover, with the increase of the QD sizes, the
exciton lifetime approaches to nanosecond. We have also investigated the Stokes–Raman
scattering of an exciton in a CdSe/CdS QDs. The results are presented as a function of the
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scattered photon energy. The intensities of the Raman DCS increase with the decrease of
the single QD size, but for the ensemble, has opposite behavior. In addition, the broadening
of the DCS peaks is more pronounced for the ensemble of CdSe/CdS QDs. Presented
results will be useful for identifying the exciton-related Raman scattering in semiconductor
quantum nanosystems.
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