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Abstract: The aim of this research work is to increase our understanding of the exhaustion of energy in
engineering and industrial fields. The study of nanofluids provides extraordinary thermal conductivity
and an increased heat transmission coefficient compared to conventional fluids. These specific
sorts of nanofluids are important for the succeeding generation of flow and heat transfer fluids.
Therefore, the investigation of revolutionary new nanofluids has been taken up by researchers and
engineers all over the world. In this article, the study of the thin layer flow of Darcy-Forchheimer
nanofluid over a nonlinear radially extending disc is presented. The disc is considered as porous.
The impacts of thermal radiation, magnetic field, and heat source/sink are especially focused on.
The magnetic field, positive integer, porosity parameter, coefficient of inertia, and fluid layer thickness
reduce the velocity profile. The Prandtl number and fluid layer thickness reduce the temperature
profile. The heat source/sink, Eckert number, and thermal radiation increase the temperature profile.
The suggested model is solved analytically by the homotopy analysis method (HAM). The analytical
and numerical techniques are compared through graphs and tables, and have shown good agreement.
The influences of embedded parameters on the flow problem are revealed through graphs and tables.

Keywords: Darcy-Forchheimer nanofluid; nonlinear extending disc; variable thin layer; HAM and
numerical method

1. Introduction

Nanoparticles less than 100 nm in size suspended into a base fluid is recognized as nanofluid.
Nanofluids are used in pharmaceutical procedures, microelectronics, fuel cells, hybrid powered
machines, and nanotechnology fields. Choi and Eastman [1] were the first to immerse nanoparticles
into a base fluid and call it a nanofluid. Through the suspension of nanoparticles, the thermophysical
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properties of the conventional fluid are enhanced. The heat transmission characteristics of a nanofluid
were pointed out by Wang and Mujumdar [2]. Later on, Eastman et al. [3,4] furthered this study using
different base fluids. Murshed et al. [5] experimentally showed that nanofluids that contain smaller
amounts of nanoparticles have higher thermal conductivities. Furthermore, increasing the volume
of the nanoparticles fraction increases the thermal conductivity of the nanofluids. Maiga et al. [6]
addressed the thermal and hydrodynamic behaviors of nanofluids inside a heated tube. Nanofluid
flow in a circular tube with heat flux was addressed by Bianco et al. [7]. The flow processes of
nanofluids inside a heated cavity were numerically addressed by Tiwari and Das [8]. The heat
transmission in nanofluid flows with Brownian and thermophoresis influences was investigated by
Buongiorno [9]. The heat transmission processes of nanofluids in a porous medium were examined by
Kasaeian et al. [10]. The radiative MHD flow of a nanofluid experiencing a chemical reaction under the
influence of thermal radiation was addressed by Ramzan et al. [11]. The impacts of Brownian motion,
magnetic field, and nanoparticles volume fraction on nanofluid flow were analyzed by Sheikholeslami
and Shehzad [12]. The MHD nanofluid flow over an extending surface with the influence of viscous
dissipation was addressed by Besthapu et al. [13]. The heat transmission in a nanofluid flow over
an oscillatory stretching sheet with radiation impacts was addressed by Dawar et al. [14]. The same
nanofluid with entropy generation and magnetic field impacts was addressed by Alharbi et al. [15].
Nanofluid flow based on four different fluids in a rotating system with a Darcyian model was addressed
by Shah et al. [16]. Khan et al. [17] addressed heat transmission in MHD nanofluid flow under the
influence of radiation in rotating plates.Khan et al. [18] addressed nanofluid flow over a linear extending
sheet under convective conditions. The viscous dissipation impact of MHD nanofluid flow with
entropy generation was determined by Dawar et al. [19]. Sheikholeslami [20] examined the radiative
and heat transfer in electrohydrodynamic nanofluid flow. Sheikholeslami [21] determined the MHD
nanofluid flow with Brownian influence. Dawar et al. [22] addressed the flow of nanofluid over a
porous extending sheet with radiation influence. Ramzan et al. [23] examined the MHD nanofluid flow
using the couple stress effect. Sajid et al. [24] examined nanofluid flow over a radially extending surface.
Attia et al. [25] examined the stagnation point flow in a porous medium over a radially extending
surface. But and Ali [26] scrutinized the MHD flow and heat transfer with entropy generation rate
over a radially stretching surface. Zeeshan et al. [27] examined ferrofluid flow over a stretching sheet
under the influence of ferromagnetism, thermal radiation, and the Prandtl number. Ellahi et al. [28]
addressed the impact of a magnetic field on Carreau fluid flow. Recently, the applications and
development of nanofluids were discussed by Ellahi [29]. In another article, Ellahi et al. [30] addressed
differential equations with application in engineering fields. The applications of heat transfer in
nanofluid flows were addressed by Abu-Nada [31]. Hayat et al. [32] discussed the MHD magnetic field
impact on Powell-Eyring nanomaterial flow over a nonlinear extending sheet. Hsiao [33] examined
the heat convection, conduction, and mass transfer of MHD nanofluid flow over a stretching sheet.
Abu-Nada [34] addressed the heat transfer in a nanofluid flow with entropy generation. Hsiao [35]
analyzed the viscous dissipation and radiative influences on MHD Maxwell nanofluid flow in a
thermal extrusion system. Pour and Nassab [36] examined nanofluid flows under bleeding conditions.
Tian et al. [37] addressed the MHD incompressible flow of nanofluid over an extending sheet with
thermophoresis and Brownian influences. Recently, Shah et al. [38] addressed the flow of nanofluid
over an extending sheet with couple stress impact. Ellahi et al. [39] examined heat transmission in a
boundary layer flow with MHD and entropy generation effects. Some recent study about nanofluid
flow can be seen in [39–43].

In this article, a thin layer flow of Darcy-Forchheimer nanofluid over a nonlinear radially extending
disc is examined. The disc is considered as porous. The homotopy analysis method (HAM) is applied
to solve the nonlinear differential equations using appropriate similarities transformations. The HAM
is compared with the numerical (ND-Solve) technique through graphs and tables. Section 2 confronts
with the problem of formulation. In Section 3, the modeled problem is solved by HAM. In Section 4,
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the impacts of embedded parameters on the fluid flow are deliberated. Section 5 presents the concluding
remarks of this research.

2. Problem Formulation

The thin layer flow of a nanofluid over a nonlinear radially extending porous disc in an axially
symmetric form has been assumed. The extending disc has been kept at z = 0. The nanofluid thickness
is regulated to the thin layer with the breadth z = h where h is the thin layer thickness (Figure 1).
The porous disc is stretching with a nonlinear velocity Uw = arn where n is the integer such that n > 0.
The applied magnetic field is assumed in a vertical direction to the flow phenomena. The pressure is
considered as constant. All others assumptions for the flow phenomena are used as in [24–26]. The
leading equations are considered as:

∂u
∂r

+
u
r
+
∂w
∂z

= 0 (1)
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∂qr
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Q0

ρcp
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Here u, v, B0, F =
Cb√
Bx

, Cb, qr, Q0, ρcp, Cb, k, σ, ρ, µ are the components of velocity in their corresponding
directions, induced magnetic strength, inertial coefficient of a permeable medium, drag coefficient,
radiative heat flux, heat source/sink, effective heat capacity, thermal conductivity, kinematic viscosity,
electrical conductivity, the electrical conductivity, density, and dynamic viscosity, respectively.
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The qr is defined as:
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(4)

By Taylor’s expansion, T4 can be written as:
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In observation of Equations (4) and (5), Equation (3) is reduced as:
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The following physical conditions are defined for the nanofluid flow:

u = arn, w = 0, θ = θw at z = 0
µ∂u
∂z = ∂θ

∂z = 0, w = udh
dr at z = h

(7)
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The ψ(r, z) = − r2Uw√
Re

f (η) and η = z
r

√
Re are developed for the similarity transformations in such

a way that the components of velocity (u, w) along the radial direction and axial direction have been
converted as:

u = − 1
r
∂ψ(r,z)
∂z = Uw f ′(η)

w = 1
r
∂ψ(r,z)
∂r = − Uw√

Re

[(
3+n

2

)
f (η) +

(
n−1

2

)
η f ′(η)

]
T = T0 − Tref

(
U2

w
2aν f

)
θ(η)

(8)

here, Re = rUw
ν f

is the Reynolds number.
The transformed velocity and temperature equations are:

f ′′′ +
(3 + n

2

)
f f ′′ − n( f ′)2

−M f ′ − (κ+ Fr f ′) f ′ = 0 (9)

(1 + R)θ′′ + Pr
[(3 + n

2

)
fθ′ − 2n(θ f ′)

]
+ EcPr( f ′)2

− γθ = 0 (10)

with boundary conditions:

f (0) = 0, f ′(0) = 1, θ(0) = 1, f ′′ (β) = f (β) = θ′(β) = 0 (11)

In Equations (9)–(11), β = h
√

Re
r represents the fluid layer thickness, M =

rσB2
0

ρUw
indicates the

magnetic field parameter, Fr =
rCb

Uw
√

Bx
represents the coefficient of inertia, κ = rν

kUw
represents

the porosity parameter, R =
16r2σ∗T3

refT

3U2
wkk∗

represents the thermal radiation parameter where σ∗ is the

Boltzmann constant and k∗ is the coefficient of absorption, Pr =
µcp

k indicates the Prandtl number,

Ec =
U2

w

(cp)∆T
represents the Eckert number, and γ = r2Q0

U2
wρcp

represents the heat source/sink.

The skin friction and Nusselt number are defined as:
√

Re
2 C f = − f ′′ (0)
1
√

Re
Nu = −(1 + R)θ′(0)

(12)

3. HAM Solution

The HAM technique is used to solve the modeled Equations (9) and (10) with the
following procedure.

The primary guesses are picked as follows:

f0(η) = η, θ0(η) = 1 (13)

The Lf and Lθ are selected as:

L f ( f ) = f ′′′ , Lθ(θ) = θ′′ (14)

The resultant non-linear operators N f and Nθ are specified as:

N f [ f (η;ℵ)] = d3 f (η;ℵ)
dη3 +

(
3+n

2

)
f (η;ℵ)d2 f (η;ℵ)

dη2 − n
(

d f (η;ℵ)
dη

)2

−M d f (η;ℵ)
dη −

(
κ+ Fr d f (η;ℵ)

dη

)
d f (η;ℵ)

dη

(15)
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Nθ[θ(η ;ℵ), f (η;ℵ)] = (1 + R)d2θ(η;ℵ)
dη2 + Pr


(

3+n
2

)
f (η;ℵ)dθ(η ;ℵ)

dη

−2n
(
θ(η ;ℵ)d f (η;ℵ)

dη

) 
+EcPr

(
d f (η;ℵ)

dη

)2
− γθ(η ;ℵ)

(16)

The zeroth-order problem from Equations (9) and (10) are:

(1−ℵ)L f [ f (η;ℵ) − f0(η)] = ℵ} f N f [ f (η;ℵ)] (17)

(1−ℵ)Lθ[θ(η ;ℵ) − θ0(η)] = ℵ}θNθ[θ(η ;ℵ), f (η;ℵ)] (18)

The converted boundary conditions are:

f (η;ℵ)
∣∣∣
η=0 = 0, d f (η;ℵ)

dη

∣∣∣∣
η=0

= 1, θ(η ;ℵ)
∣∣∣
η=0 = 1

f (η;ℵ)
∣∣∣
β
=

d f 2(η;ℵ)
dη2

∣∣∣∣
β
=

dθ(η ;ℵ)
dη

∣∣∣∣
β
= 0

(19)

For ℵ = 0 and ℵ = 1 we can write:

f (η; 0) = f0(η), f (η; 1) = f (η)
θ(η ; 0) = θ0(η ), θ(h; 1) = θ(η)

(20)

When ℵ fluctuates form 0 to 1, the initial solutions vary to the final solutions. Then, by Taylor’s
series, we have:

f (η;ℵ) = f0(η) +
∞∑

q=1
fq(η)ℵq

θ(η ;ℵ) = θ0(η ) +
∞∑

q=1
θq(η)ℵq

(21)

where

fq(η) =
1
q!

d f (η;ℵ)
dη

∣∣∣∣∣∣
τ=0

and θq(η) =
1
q!

dθ(η ;ℵ)
dη

∣∣∣∣∣∣
τ=0

(22)

The series (21) at ℵ = 1 converges, we obtain:

f (η) = f0(η) +
∞∑

q=1
fq(η)

θ(η ) = θ0(η ) +
∞∑

q=1
θq(η)

(23)

The qth
− order gratifies the succeeding:

L f
[

fq(η) − χq fq−1(η)
]
= } f V f

q (η)

Lθ
[
θq(η) − χqθq−1(η)

]
= }θVθq (η)

(24)

with boundary conditions:
fq(0) = f ′q (0) = 0, θq(0) = 0
f ′′q (β) = fq(β) = θ′q(β) = 0

(25)

here

V f
q (η) = f ′′′q−1 +

(3 + n
2

)q−1∑
k=0

fq−1−k f ′′k − n
(

f ′q−1

)2
−M f ′q−1 −

(
κ+ Fr f ′q−1

)
f ′q−1 (26)

Vθq (η) = (1 + R)θ′′q−1 + Pr

(3 + n
2

)q−1∑
k=0

fq−1−kθ
′

k − 2n


q−1∑
k=0

θq−1−k f ′k


+ EcPr

(
f ′q−1

)2
− γθq−1 (27)
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where

χq =

{
0, if ℵ ≤ 1
1, if ℵ > 1

(28)

4. Results and Discussion

In this section impact of physical parameters on velocity and temperature profiles are discuses.
In Figure 2, h-curve for velocity and temperature profiles are displayed. In Figures 3–7, the physical
influence of the embedded parameters on the thin layer flow of Darcy-Forchheimer nanofluid over a
nonlinear radially extending porous disc is presented. Figure 3 depicts the impacts of positive integer
n and magnetic parameter M on f ′(η). It is determined here that both parameters show a declining
behavior in the velocity profile.The nonlinearity stretching phenomena of the thin film flow reduced
the thin layer with the escalation in n, because the bulky magnitude of n produced an opposing force to
reduce the fluid motion. Therefore, the fluid velocity was reduced with the escalated n. Moreover, the
large amount of M decreased the fluid velocity. Basically, the Lorentz force says that the resists the fluid
motion on the liquid boundary which, in result, diminishes the velocity of the fluid. Figure 4 reveals the
impacts of κ and Fr on f ′(η). The porous medium performed a key role during fluid flow occurrences.
Significantly, the porosity parameter disturbed the boundary layer flow of liquid which, as a result,
produced opposition to the fluid flow and, hereafter, a decline the velocity of the fluid. Furthermore,
Fr diminished the fluid flow at the surface of the radially extending disc. This behavior occurred
because the porous medium was added to the flow phenomena which decreased the coefficient of
inertia, and consequently, the fluid velocity was decreased. The influence of fluid layer thickness β
on f ′(η) and θ(η) is shown in Figure 5. Physically, the resistive force to fluid flow increased with
the increase in fluid layer thickness β. The increased fluid layer thickness increased the velocity
and a smaller amount of energy was needed for the motion of the fluid. Consequently, the velocity
profile was reduced with an increase in fluid layer thickness. Similarly, the increase in fluid layer
thickness was reduced θ(η). Figure 6 reveals the influences of γ and R on θ(η). Physically, γ acted
like a heat producer which increased the boundary layer thickness and released heat to the fluid flow
phenomena. Therefore, the increase in γ increased θ(η). The increase in R increased θ(η). The upsurge
in R enhanced the thermal boundary layer temperature of the fluid flow; consequently, increased
behaviour in θ(η) is observed. The impact of Pr and Ec is revealed in Figure 7. The increased Eckert
number increased the temperature of the thin film flow. Actually, the Eckert number produced viscous
resistance due to the presence of a dissipation term which increased the nanofluid thermal conductivity
to increase the temperature field. The enhanced Prandtl number Pr reduced the temperature of the
thin film flow. The higher Pr numbers (e.g.,Pr = 7.0) possess lower thermal conductivity which result
in a decline in temperature of the boundary layer flow. Conversely, the lower Pr numbers possess
higher thermal conductivity which consequently increases the temperature of the boundary layer flow.

Figures 8 and 9 display a comparison of the homotopy analysis method (HAM) and numerical
(ND-Solve) techniques f ′(η) and θ(η). The agreement of the HAM and numerical techniques is
observed here.

The influence of entrenched parameters on Cf and Nu are displayed in Tables 1 and 2. The increasing
fluid layer thickness increases the opposing force to fluid flow which, as a result, improves the Cf of
the thin film flow. The escalating magnetic field increases the Cf. This influence is due to the increasing
magnetic field which boosts the resistive force to the flow of fluid, called Lorentz force. The κ and Fr
increase the Cf. The porosity parameter disturbs the boundary layer flow of the thin film flow which
increases the resistive force to the fluid. The coefficient of inertia is directly proportional to the porosity
parameter. The increase in the porosity parameter increases the coefficient of inertia which, in result,
boosts the opposing force to fluid flow. The increasing positive integer boosts the nonlinearity which
produces resistance to the fluid and increases the Cf. The increase in R increases the Nu. The thermal
boundary layer temperature of the fluid flow increases with the increase in R which increases the
heat transfer of the thin film flow. The increase in Pr increases the Nu. Usually, the large amount
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of Pr reduces the nanofluid thermal conductivity. Therefore, the Nu increases with the increase in
Pr. The larger amount of γ increases the Nu. This effect is due to the fact that the γ increases the
boundary layer thickness of the nanofluid which, in result, increases the Nu. The increasing values of
Ec reduces the Nu. The Eckert number is usually composed of the nanofluid thermal conductivity term
to increase the temperature profile which, in turn, gives the opposite influence for cooling processes.
The escalating positive integer increases the Nu.

Tables 3 and 4 display the assessment of the homotopy analysis method (HAM) and numerical
(ND-Solve) techniques for f ′(η) and θ(η). The agreement of the HAM and numerical techniques is
observed here.Coatings 2019, 9, x FOR PEER REVIEW 8 of 15 
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Table 1. The effect of embedded parameters on Cf at 15th order approximations of the homotopy
analysis method (HAM).

β M κ Fr n Cf

0.2 0.6 0.1 0.1 2.0 0.534624
0.3 0.761014
0.4 0.950758

0.7 0.553042
0.8 0.571415
0.9 0.589744

0.2 0.552042
0.3 0.571415
0.4 0.589744

0.2 0.607370
0.4 0.642203
0.6 0.676780

3.0 0.847565
4.0 1.012080
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Table 2. The effect of embedded parameters on Nu at 15th order approximations of the HAM.

R Pr γ Ec n Nu

0.5 1.0 0.1 0.1 2.0 2.394070
0.6 2.553680
0.7 2.713280

1.1 2.955850
1.2 3.194332
1.3 3.428861

0.3 2.763659
0.5 2.813816
0.7 2.863768

0.2 2.827741
0.3 2.811727
0.6 2.785875

3.0 4.552986
4.0 6.435682

Table 3. The assessment of the HAM and ND-Solve for f ′(η).

η HAM Numerical

0.0 1.000000 0.000000
0.1 0.961455 0.961589
0.2 0.945490 0.945568
0.3 0.931736 0.931656
0.4 0.920188 0.920156
0.5 0. 910827 0.910817
0.6 0.903656 0.903699
0.7 0.899547 0.899635
0.8 0.890117 0.890124
0.8 0.889466 0.883445
1.0 0.887864 0.887895

Table 4. The assessment of the HAM and ND-Solve for θ(η).

η HAM Numerical

0.0 1.000000 1.000000
0.1 0.993277 0.993900
0.2 0.986997 0.965800
0.3 0.981248 0.988250
0.4 0.976111 0.983133
0.5 0.971651 0.978612
0.6 0.967931 0.974732
0.7 0.964988 0.971530
0.8 0.962865 0.969025
0.9 0.961583 0.967233
1.0 0.961154 0.966158

5. Conclusions

The thin layer flow of Darcy-Forchheimer nanofluid over a nonlinear radially extending disc
has been examined in this study. The nonlinear disc with a variable thickness of the nanofluid has
been varied with the help of positive integer n. The magnetic field has been executed in a direction
vertical to the nanofluid flow. The influences of magnetic field parameter, positive integer, porosity
parameter, coefficient of inertia, fluid layer thickness, Prandtl number, heat source/sink, thermal
radiation, and Eckert number on the fluid flow problem have been observed in this study. The key
findings can be stated as follows:
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• Increasing the magnetic field parameter, positive integer, porosity parameter, coefficient of inertia,
and fluid layer thickness reduces the velocity profile.

• Increasing the Prandtl number and fluid layer thickness reduces the temperature profile.
• Increasing the heat source/sink, thermal radiation, and Eckert number increases the

temperature profile.
• Increasing the fluid layer thickness, magnetic field parameter, porosity parameter, coefficient of

inertia, and positive integer increases the skin friction coefficient.
• Increasing the heat source/sink, thermal radiation, Eckert number, and positive integer increases

the local Nusselt number.
• Increasing the Eckert number reduces the local Nusselt number.
• An agreement between the HAM and numerical techniques is observed here.

Author Contributions: Conceptualization, A.D. and Z.S.; Methodology, A.D., Z.S. and W.K.; Software, A.D., Z.S.
and S.I.; Validation, A.D. and W.K.; Resources, P.K.; Writing—Original Draft Preparation, A.D.; Writing—Review
& Editing, A.D., Z.S., W.K. and S.I.; Visualization, Z.S., P.K. and S.I.

Funding: This research was funded by the Center of Excellence in Theoretical and Computational Science
(TaCS-CoE), KMUTT.

Acknowledgments: This project was supported by the Theoretical and Computational Science (TaCS) Center under
Computational and Applied Science for Smart Innovation Research Cluster (CLASSIC), Faculty of Science, KMUTT.

Conflicts of Interest: The author declares that they have no competing interests.

Nomenclature

a Stretching parameter
B0 Magnetic field (N m A−1)
cP Specific heat (J kg−1 K−1)
k Thermal conductivity (W m−1 K−1)
n Positive integer
Q0 Heat flux (W m−2)
qr Radioactive heat flux (J)
u, v Velocity components (m s−1)
ρ Dynamic viscosity (MPa)
σ Electrical conductivity (S m−1)
} Assisting parameter
Cf Skin friction coefficient
Pr Prandtl number
κ Porosity parameter
β Fluid layer thickness parameter
Ec Eckert number
F Permeability (m2)
h Thin layer thickness
k* Stefan Boltzmann constant
T Fluid temperature (K)
Tref Reference temperature
Uw Stretching velocity (m s−1)
η Similarity variable
v Kinematic viscosity (m2 s−1)
σ* Absorption coefficient
M Magnetic field parameter
Nu Nusselt number
R Thermal Redation parameter
γ Heat source/sink parameter
Fr Coefficient of inertia parameter
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