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Abstract: A numerical simulation of the laminar flow field and convection–diffusion mass transfer in
a regular system of parallel fully absorbing fibers for the range of Reynolds numbers up to Re = 300
is performed. An isolated row of equidistant circular fibers arranged normally to the external flow is
considered as the simplest model for a hollow-fiber membrane contactor. The drag forces acting on
the fibers with dependence on Re and on the ratio of the fiber diameter to the distance between the
fiber axes, as well as the fiber Sherwood number versus Re and the Schmidt number, Sc, are calculated.
A nonlinear regression formula is proposed for calculating the fiber drag force versus Re in a wide
range of the interfiber distances. It is shown that the Natanson formula for the fiber Sherwood
number as a function of the fiber drag force, Re, and Sc, which was originally derived in the limit of
high Peclet numbers, is applicable for small and intermediate Reynolds numbers; intermediate and
large Peclet numbers, where Pe = Re × Sc; and for sparse and moderately dense rows of fibers.

Keywords: hollow-fiber membrane contactor; row of fibers; convection–diffusion; Stokes flow;
inertial flow; drag force; Sherwood number; Schmidt number (Sc); Reynolds number (Re)

1. Introduction

Studies of convection–diffusion transfer in fibrous media are essential for the development
of various technological processes. The results obtained are employed in solutions to the
problems concerning the filtration of suspended particles [1,2], sorption, catalysis, electrochemistry,
and especially, in membrane separation technology [3,4], where membranes in the form of hollow
fibers are used for membrane gas absorption/desorption [5,6], ultra- [7] and nanofiltration [8], and gas
separation [9,10]. Within the field of membrane technology, a great number of studies is devoted
to the modelling of different mass-transfer processes in hollow-fiber membrane contactors [11–16].
When simulating the membrane separation of mixtures in gas-liquid hollow-fiber contactors, it is
important to calculate the arrival of the solute at the streamlined fiber surface; that is, to determine the
collected fraction of the solute (Sherwood number), which depends on the solute diffusion coefficient,
the fiber diameter, and the flow conditions—the flow velocity, viscosity, and temperature. It should
be noted that the solute transport towards the fiber surface is strongly influenced by the velocity
distribution near the fiber. At low flow velocities, corresponding to low Reynolds numbers Re < 1,
the flow field depends on the single parameter α—the fiber packing density, whereas at higher
velocities, at Re ≥ 1, it is governed by the two parameters of α and Re. In studying transport processes
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in real porous media, the models with known flow fields are used in order to eliminate the influence
of structural uncertainty. The ordered systems of parallel cylinders with circular cross sections,
arranged normally to the laminar flow with square or hexagonal packing or a single row of parallel
fibers are usually used as models [1]. The so-called cell models with axially symmetric flow past a fiber
in a cell are commonly used at low Reynolds numbers. However, they are nonapplicable for the case
of Re > 1. They also were shown to be not well-suited for dense systems of fibers, such as hollow-fiber
membrane contactors, which are characterized by a high packing density with α > 0.3 (a/h > 0.5,
where a is the fiber radius and 2h is the distance between the axes of neighboring fibers). However,
using the cell model, the role of the mutual hydrodynamic influence of fibers on the hydrodynamic
resistance of the fiber system and on the diffusion mass transfer was clarified [1].

The mass and heat transfer have been studied in detail [1,16–23] on the basis of analytical and
numerical solutions for the flow fields obtained for the fiber lattices [24–28]. As it turned out, a single
row of fibers is a particularly convenient model when studying fluid flow and mass transfer at
Re > 1 [16,20], when the flow symmetry is broken with increasing Re, and when vortices are formed
behind the fibers, leading to an increase in the diffusion flux to the fibers. At Re > 1, the fiber drag
force and the Sherwood number should increase. This increase is more noticeable when the system
is more porous. Calculations for the fiber drag force and the fiber Sherwood number in a single
row were performed in our previous work [16] for Re < 50 and for a single prescribed value of the
Schmidt number, Sc. For this example, the fiber Sherwood number was found as a function of the
inlet flow velocity U. The case considered in [16] corresponds to typical operating conditions of a
membrane contactor employed for the separation of gases and liquids. However, in a number of
processes, for example in membrane distillation, the Reynolds numbers can be several times higher.
In this paper, we consider the diffusion mass transfer in a wider range of Reynolds numbers up to
Re = 300. Based on the obtained flow field, the fiber drag force and the fiber retention efficiency are
obtained versus the process conditions and the interfiber distance.

2. Flow Field in a System of Parallel Fibers at Re > 1

Let us consider the viscous incompressible flow at low and intermediate Reynolds numbers in
a single row of parallel equidistant fibers arranged normally to the flow direction. The corresponding
simulation cell is shown in Figure 1.
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Figure 1. A scheme of the computational cell: flow past a row of parallel fibers, where the Reynolds
number (Re) = 20 and a/h = 0.5; the flow direction is shown by the arrow. The streamline ordinates are:
10−4 (a), 0.2 (b), 0.5 (c), 1 (d), and 1.5 (e); 1—inlet, 2—symmetry boundaries, 3—outlet, 4—fiber surface.

To find the flow field, we will numerically solve the Navier–Stokes equations in the steady-state
approximation:

∆u− 0.5Re(u · ∇)u = ∇p, ∇ · u = 0, (1)

where Re = 2aUρ/µ is the Reynolds number based on the fiber diameter, ρ is the fluid density, µ is
the dynamic viscosity, ∆ is the Laplace operator, ∇ is the nabla operator, u = {u, v} is the flow
velocity vector, p = p∗a/Uµ is the pressure, the symbol · is the scalar product, and * denotes the
dimensional variable. Hereinafter, all the values are reduced to dimensionless form by normalization
to the fiber radius a and to the inlet unperturbed velocity U. The no-slip condition u = 0 is set at the
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fiber surface 4, while the condition of undisturbed flow u = {1,0} is set at the entrance of the simulation
cell 1; the condition of vanishing viscous stresses (zero gradients) is applied at the outlet boundary 3;
and at the boundaries labelled 2, the conditions of symmetry for the velocity components are used.
The dimensionless fiber drag force per unit length was found as the surface integral of the projection
of the local total stress on the flow direction:

F =
∫
Sg

TxdΣ, (2)

where T = (−pI + σ′)n is the local total stress, σ′ is the viscous stress tensor, I is the unit tensor, n is
the outer normal vector to the surface, dΣ is the surface element, and Sg is the fiber surface area.
The fiber drag force is related with the dimensionless pressure drop across the fiber row as shown by
∆p = Fa/2h.

Figures 2–4 show the results of simulations of the fiber drag force in a row of fibers dependent
on Re. It is seen from Figures 3 and 4 that at the limit of small Reynolds numbers, the curves tend
asymptotically to straight lines, corresponding to the Stokes flow regime at small but nonzero Re
numbers. The Stokes flow region at Re � 1 is described at a/h < 0.5 by the analytical formula of
Miyagi [24]:

F = 8π
(

1− 2 ln 2t +
2
3

t2 − 1
9

t4 +
8

135
t6 − 53

1350
t8 + . . .

)−1
, t = πa/2h, (3)

and at a/h > 0.7, it is governed by the formula derived in the lubrication approximation by Keller [29]:

F =
9π

2
√

2

(
1− a

h

)−5/2
. (4)
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are provided with and without allowance for flow inertia, i.e., with  ReFF   and 0FF  . 

Figure 2. The fiber drag force in a row of fibers vs. the Reynolds number: in the case of intermediate
Reynolds numbers, the a/h values are marked on the curves.

The regression formula for estimating F in the whole range of a/h was proposed in [16].
Our results of computations for the drag force on a fiber in a row and in lattices of fibers are in
excellent agreement with the known experimental data, with the results of computations of other
authors, and with other analytical formulas [1,24–26,30].

Figures 3 and 4 show the onset of the flow inertia effect. It is seen that the denser the row, the later
the onset of nonlinear inertial effects; that is, the higher the Re number is at which the drag force begins
to increase. This effect was shown for the square array of cylinders in [31], where it was noted that
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the relative importance of inertia becomes smaller as the volume fraction approaches close packing,
because the largest contribution to the dissipation in this limit comes from the viscous lubrication flow
in the small gaps between the cylinders. Furthermore, in the region 100 ≤ Re ≤ 300, these curves,
as can be seen from Figure 2, are linear and parallel, which allows us to fit them by a simple formula
(with the mean average percentage error <ε> less than 0.6%):

F = A(Re/100)0.77, (5)

where

A =
1 + 88.24b + 45.44 exp(b)

1− 2.15b2 + 1.17b4 , b =
a
h

(6)
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Figure 3. The dimensionless fiber drag force (F) in a row of fibers vs. the Reynolds number for different
distances between the fiber axes with a/h computed with the step 0.05 starting from a/h = 0.1 (curve 1)
to 0.9 (curve 2); curve 3 is determined by the regression formula for an isolated fiber, Equation 7 [32];
and curve 4 is determined by the Lamb formula for an isolated fiber [33].
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Figure 4. The fiber drag force in a row of fibers vs. the Reynolds number; in the case of low Reynolds
numbers and sparse rows: a/h = 0.1 (1), 0.01 (2), 0.001 (3); 4 is given by the regression formula for
an isolated cylinder, Equation (7) [32]; 5 is given by the Lamb formula for an isolated cylinder [33];
horizontal asymptotic lines (·····)—values for the Stokes flow limit at Re� 1.
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Approximations for the fiber drag force in the whole considered Re range are given in the
Appendix ??. Next, as expected, the decrease in a/h results in the decrease in the lateral interaction of
the neighboring fibers, and they begin to behave like an isolated cylinder. For comparison, we have
also plotted (in Figures 3 and 4) the curves for an isolated cylinder by the piecewise continuous
approximation formula from [32]:

F = CDRe/2, CD(Re) = 9.689Re−0.78 f ,
f = 1 + 0.147Re0.82, 0.1 < Re ≤ 5; f = 1 + 0.227Re0.55, 5 < Re ≤ 40;

f = 1 + 0.0838Re0.82, 40 < Re ≤ 400.
(7)

It should be noted that the F(Re) curve for an isolated cylinder does not reach the plateau
at Re� 1. At the same time, the fiber drag force in the fiber row increases more slowly with Re,
as compared with that of an isolated cylinder. This is explained by the mutual hydrodynamic influence
of the fibers. In the next Section, the calculated flow field is used for modeling the diffusion transport
in the row of fibers.

3. Convection–Diffusion Mass Transfer in a System of Absorbing Fibers

To determine the distribution of the solute concentration S in the flow, the elliptic equation of
convection–diffusion is solved:

2Pe−1∆C− u · ∇C = 0, (8)

where Pe = 2aU/D = Re(U)Sc is the fiber diameter-based diffusion Peclet number, Sc = ν/D is the
Schmidt number, D is the solute diffusion coefficient, and u · ∇C ≡ u∂C/∂x + v∂C/∂y. Here, all the
values are reduced to dimensionless form by normalizing to a, U, and the inlet concentration C0.
The condition of full retention (absorption), C = 0, is set at the fiber surface 4. At the entrance
of the cell 1, the condition of uniform concentration C = 1 is set, and at the outlet boundary 3,
the zero-gradient condition, ∂C/∂x = 0. At the boundaries 2, the conditions of symmetry are used.
The method of solving Equation (8) is based on the finite-difference scheme suggested in [34] and later
used in [35].

The density of the integral diffusion flux of particles per fiber length is calculated as

η = 2πSh = 2Pe−1
π∫

0

∂S
∂r

dθ, (9)

where r and θ are dimensionless polar coordinates and Sh is the fiber mean Sherwood number (per unit
length) [36]. An example of the simulated profiles of concentration is shown in Figure 5 together
with the streamlines. Here, the flow asymmetry and the diffusion wake evolution with Re are highly
evident. The calculated curves for η versus Re are plotted in Figure 6, where for comparison, the results
of calculations by the formula of Natanson [37] (written in our notations)

η = 2.9
(

F
4π

) 1
3
Pe−

2
3 , (10)

are provided with and without allowance for flow inertia, i.e., with F = F(Re) and F = F0.
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Figure 6. Fiber retention efficiencies per unit length in a row of fibers with different interfiber distances:
(a) a/h = 0.2 and (b) 0.5, vs. Reynolds number, found from the combined numerical solution of the
Navier–Stokes and convection–diffusion equations (curves 1): Schmidt numbers are marked on the
curves. Curves 2 were plotted by Equation (10) with allowance for F = F(Re); curves 3 were plotted
by Equation (10) with F = F0 for the Stokes flow approximation at Re� 1; curves 4 were plotted by the
asymptotic formula (Equation (12)) for Pe� 1.

The drag force as a function of Re is found from the solution of the Navier–Stokes equations or is
estimated by the regression formulas given by Equations (A1) and (A4) (see Appendix ??, Tables A1
and A2), while the value of F0 for Re � 1 is given in [16]. The case of a dense row is illustrated
in Figure 7. The formula given by Equation (10) was originally derived in the limit of high Peclet
numbers, Pe→ ∞ , and for small values of η. However, the simulations performed for a wide range
of parameters reveal the wider range of validity of this formula. For estimations, it can be used at
high Schmidt numbers, at high and intermediate Peclet numbers, and at a/h < 0.5, i.e., for sparse
and moderately dense rows of fibers. As follows from the figures, the formula of Natanson has
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better consistency with simulations for b = 0.2 and Sc = 1000. For this particular case, the following
approximation can be used: η = 0.67/Pe + 2.8(F/4π)1/3Pe−2/3. For the range 100 ≤ Re ≤ 300 and for
non-dense rows, we suggest a simple formula, which is obtained using the corresponding regression
formula for the drag force in Equation (5):

η = 0.383A1/3Re−0.41Sc−2/3 (11)
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Figure 7. Fiber retention efficiencies per unit length in a dense row of fibers with a/h = 0.8 vs. Reynolds
number, found from the combined numerical solution of the Navier–Stokes and convection–diffusion
equations (curves 1): Schmidt numbers are marked on the curves; curves 2 were plotted by Equation (10)
with F = F0 for the Stokes flow at Re� 1; curves 3 were plotted by the asymptotic formula (Equation
(12)) for Pe� 1.

It is seen from the above figures that the slope of the η(Pe) curves varies with Re (the curves
become nonlinear), which is explained by mixing in the wake region (Figure 5), which leads to the
increase of the diffusion flux to the fiber. The slope varies also as Pe decreases at any Sc, which is
associated with a transition from a convective–diffusion transport to a fully diffusion transport when
the curves reach the plateau at Pe→ 0 [38]. In this case, under the condition C = 0 at the fiber surface,
the fibers completely absorb the arriving solute and the fiber retention efficiency is equal to the inlet
flux, which in dimensionless form, is equal to the distance between the axes of the neighbor fibers.
This case is illustrated in Figure 6a, where the curve 4 was plotted by the asymptotic formula for the
fiber retention efficiency, derived at Pe � 1 in [38] for a uniform creeping flow with u = (1, 0) in
a sparse row of fibers:

η = 2πPe−1

[
K0(Pe/4) + 2

∞

∑
m=1

K0(mPeh/2a)

]
, (12)

where K0(z) is the modified Bessel function of the imaginary argument. It should be noted that small
Peclet numbers are realized in gases at low Reynolds and low Schmidt numbers.
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4. Discussion

In this work, the hydrodynamic resistance and convection–diffusion mass transfer in the isolated
rows of parallel circular fibers arranged normally to the direction of the external laminar flow, which is
used as the simplest model for a hollow-fiber membrane contactor with regions of constricted flow,
were simulated. The computations were preformed for the Stokes flow and inertial flow regimes for the
Reynolds numbers up to Re = 300. The dimensionless fiber drag force per unit length F was calculated,
which determines the dimensionless pressure drop in the fiber row system, and a correlation for
the F(Re) dependence was proposed. Also, the dimensionless solute retention efficiency of a fully
absorbing fiber in a row of fibers was calculated, using η = 2πSh, where Sh is the fiber Sherwood
number, versus the Reynolds number for the prescribed Schmidt number values of Sc = 10, 100,
and 1000. It was shown that the Natanson formula, which simultaneously relates the fiber retention
efficiency ηwith F, Re, and Sc, and which was originally derived in the limit of high Peclet numbers
for the case of small retention efficiency, is applicable for small and intermediate Reynolds numbers;
intermediate and large Peclet numbers, where Pe = Re × Sc; and for sparse and moderately dense
rows of fibers for a/h < 0.5. The results obtained allow one to estimate the solute retention efficiency
of a streamlined hollow fibers in a contactor with simultaneous consideration of contactor parameters,
such as fiber packing density, and process conditions characterized by dimensionless criteria—the
Reynolds, Peclet, and Schmidt numbers. The results can find application in the field of separation and
purification with absorbing fibrous media.
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Appendix A.

The calculated values of the fiber drag force in a row of fibers are approximated by the nonlinear
regression formulae. In the range 0 ≤ Re ≤ 50 at b = a/h = 0.1–0.85, the two-parameter correlation
is used:

F = F0 +
(

ARe1/2 + BRe + CRe3/2 + DRe2 + ERe5/2
)

Re, (A1)

where F0 is the fiber drag force derived in [16] at Re� 1. The coefficients A, B, C, D, and E are fitted
at 0.1 ≤ b ≤ 0.5 by the function

f = a1 + a2b + a3b2 + a4b4 + a5sinhb (A2)

while at 0.5 ≤ b ≤ 0.85, they are approximated by

f = a1 + a2b2 + a3b4 + a4b6 + a5b12 + a6sinhb + a7 cosh b (A3)

The coefficients ai are given in Tables A1 and A2. In the range 50 ≤ Re ≤ 300 at b = 0.1–0.9,
the following approximation is proposed:
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F = exp
(

A + BReC
)

,

A = −18687.3462 + 28167.7060 b 1/4 − 17714.5713b1/2 + 2533.0327b +

7482.7774/b1/4 − 1230.1897/b1/2 + 16.9624/b− 0.2861/ ln b− 1535.7436/ exp b,
B = −144.2048 + 105.4847b1/3 + 0.7989b + 13.4992/b1/3 + 0.1313/ ln b + 74.8715/ exp b,

C = 3.3297− 0.321b− 2.0552b1/3 − 0.005471/b4/3 − 2.2606/ exp b− 0.005902/ ln b

(A4)

The maximum and mean average percentage errors of the derived correlations do not exceed max
(ε) = 2 and <ε> = 0.1 %, respectively.

Table A1. Coefficients in Equation (A2).

Coefficients in
Equation (A1) a1 a2 a3 a4 a5

A 2.1217 289.9297 26.9531 39.913 −300.7297
B −1.1934 −215.0368 −19.077 −31.4594 222.6869
C 0.2835 61.5072 5.3081 9.5571 − 63.5653
D −0.0312 −7.4111 −0.635 −1.1996 7.654
E 0.0013 0.3224 0.0277 0.5381 −0.3330

Table A2. Coefficients in Equation (A3).

Coefficientsin
Equation (A1) a1 a2 a3 a4 a5 a6 a7

A −16,813.6833 −8371.0393 −737.937 10.4997 1.348 −24.9981 16,818.5536
B 5090.8957 2496.3936 264.9326 −39.2739 5.7935 31.2227 −5096.2083
C 176.1791 107.063 −13.1498 18.2408 −3.2293 −11.6302 −174.2677
D 42,356.9489 21,175.9228 1767.2858 57.3744 1.0235 1.5894 −42,357.2119
E −406.1734 −202.9051 −17.1196 −0.4041 −0.0559 −0.1074 406.1907
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