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Abstract

:

Based on the image method and addition theorem of spherical vector wave functions, an analytical solution of the multiple scattering by a buried medium-coated conducting sphere is proposed in this paper. An iterative process to obtain the scattered electromagnetic field is discussed on the basis of the continuous boundary condition in the plane boundary, the medium inner and the outer surface of a coated conducting sphere, respectively. Applying an image method and the addition theorem of spherical vector wave functions, the scattering electromagnetic fields by the plane in a local coordinate system can be transformed into the globe coordinate, and they can be regarded as the next incident electromagnetic fields to the buried medium-coated conducting sphere. This process does not end until the scattering electrical field on the plane boundary is accurate enough. Numerical results are given and compared with commercial software FEKO, they coincide enough; the calculation times of the present method are very short compared to those of the software FEKO, and some discussion is given at the end of this paper.
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1. Introduction


The study of isotropic spheres is inevitably associated with the classical Lorenz–Mie theory, also known as Mie scattering theory, which was proposed by Lorenz in 1898 and later refined by Mie in 1908 on the basis of a separation method in a spherical coordinate [1]. Since then, based on the Lorenz–Mie theory, some works have been published [2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17]. In [2], the radar cross section of a spherical target is discussed, and the theory that the radar cross section of an electrically large spherical target is twice the cross section of the sphere itself is explained in [3]. In [4], the scattering of multiple perfect electric conducting (PEC) spheres is studied by using the generalized Lorenz–Mie theorem and the vector translation addition theorem, an inhomogeneous elliptically polarized plane wave scattering by perfect conducting. Dielectric spheres in free space are also discussed in detail in [5], and the discussion can easily be applied to the case of lossy media. Some scholars have turned their attention to the problem of electromagnetic scattering characteristics of complex spherical targets after studying the scattering of a single-layer sphere by plane waves. The scattering characteristics of uniformly charged coated spheres were analyzed in [6], and the charges on the inner core and outer shell were numerically calculated, respectively, when the surface is charged, and the extinction efficiency is affected by the radius ratio of the two layers and the surface potential. The problem of electromagnetic scattering of multilayered spheres is discussed after studying the electromagnetic scattering of single and coated spheres in [7], the study of scattering by two PEC spheres in terms of translation addition theorem is derived in [8], and in [9], the generalized Lorenz–Mie theory for laser-beam scattering by a perfect electromagnetic conductor (PEMC) sphere is derived and some characterization of laser scattering by a PEMC sphere is given in detail. In addition to the above studies, the problem of spherical electromagnetic scattering in free space is also discussed in [10,11].



The research of electromagnetic scattering from buried spheres is more complex to analyze than that by spheres in free space [1,2,3,4,5,6,7,8,9,10,11], but good progress has still been made [12,13,14,15,16,17,18] since electromagnetic scattering from buried objects can be used in the area of the detection of tunnels, pipes and mines, geophysical prospection, microwave remote sensing, medical diagnosis (skin tumor detection), etc. In [12], a general full-wave analytical solution is given to solve the problem of electromagnetic scattering by a buried dielectric or metallic sphere. A hybrid Kirchhoff approximation and electric field integral equation is deployed in [13] to analyze the electromagnetic scattering. In the same year, the electromagnetic scattering by elliptically polarized plane waves on single-layer and concentric double-layer spheres were analyzed [14,15]. An analytical expression for the scattering coefficients of a buried dielectric sphere under a rough interface by combing the small perturbation method and the Mie theory are presented in [16]. On the basis of the addition formula of Bessel functions and the multiple reflection approach from a buried cylinder and a buried conductor cylinder [19] and spherical vector wave function addition theorem [20,21], a solution to the scattering by a buried sphere and two buried concentric spheres are obtained in [17,18].



On the basis of the new study on electromagnetic scattering by a buried sphere and two buried concentric spheres [17,18], a recursive algorithm to study the electromagnetic scattering of a buried medium-coated conducting sphere is derived; the same as in [18], this paper is the extension of reference [17]. First, the transmitted electromagnetic fields into the isotropic medium can be regarded as the first incident electromagnetic fields of the buried medium-coated conducting sphere when a plane wave propagates vertically from free space to an isotropic medium, and it can be expanded using spherical vector wave functions. Second, electromagnetic fields in medium-coated conducting spheres can be expanded as the addition of the first and second spherical vector wave functions in isotropic medium, and then, using the tangential continuous boundary conditions of electromagnetic fields on the inner and outer surface of the medium-coated conducting sphere, the expanded coefficients of scattering electromagnetic fields of the buried medium-coated conducting sphere in terms of spherical vector wave functions can be derived. Third, applying the image method [17,19] and the addition theorem of the spherical vector wave functions [20,21], the reflection electromagnetic fields in local coordinate system from the plane interface are derived, which are regarded as the second incident electromagnetic fields to the buried medium-coated conducting sphere. This process does not end until the electrical field in the plane boundary is accurate enough. Some numerical results are obtained and compared with those of the FEKO software, and they coincide very well.




2. Formulation


Consider the geometry depicted in Figure 1, which shows a coated sphere whose inner and outer radii of the medium-coated conducting sphere are r1 and r2. The origin of the coordinate system is in the center of the medium-coated conducting sphere in region 1. Throughout this paper, a time factor    e  −  i ω t      is assumed and omitted, while ω is the angular frequency of the incident electromagnetic field.



A plane wave whose electric field amplitude is 1 propagates in the z-direction from region 0 to region 1, and the electric and magnetic fields of the incident electromagnetic field can be expressed as [17,18,19]:


   E   i 1     =  x ^    e  i  k 0  z      z <  − d  



(1)






   H   i 1     =  y ^    1   η 0     e  i  k 0  z      z <  − d  



(2)




where k0 and η0 are the wave number and wave impedance in free space (region 0), respectively. The incident electromagnetic fields will produce reflected electromagnetic fields (in region 0) and transmitted electromagnetic fields (in region 1) at the plane    z =  − d  , which can be expressed in the following [17,18,19]:


   E   r 1     =  x ^    R   e  − i  k 0  z      z <  − d  



(3)






   H   r 1    = −     y ^    1   η 0    R  e  − i  k 0  z      z <  − d  



(4)






   E   t 1     =  x ^    T   e  i  k 1  z      z >  − d  



(5)






   H   t 1     =  y ^    1   η 1    T  e  i  k 1  z      z >  − d  



(6)




where k1 and η1 are the wave number and wave impedance in region 1, respectively. In this discussion, transmitted electromagnetic fields are of interest, and T is the transmitted coefficient of the plane    z =  − d  , which can be obtained by bringing Equations (1)–(6) into the tangential continuous boundary conditions of the electromagnetic field, and the transmitted coefficient T can be obtained [17,18,19]:


   T =    2  η 1     η 1  +  η 0     e  i  (   k 1  −  k 0   )  d    



(7)







The transmitted electromagnetic fields Et1 and Ht1 are considered as the first incident electromagnetic fields of the medium-coated conducting sphere, also described as Ei2 and Hi2, which can be expanded using spherical vector wave functions. They are [17,18]:


   E   i 2    =   ∑  nm    [  δ   m , 1    +  δ   m , − 1     ] [   a  nm   ix    M  nm    ( 1 )     ( r ,   k 1   ) +   b  nm   ix    N  nm    ( 1 )     ( r ,   k 1   ) ]     



(8)






   H   i 2    =    k 1     i ω   μ 1      ∑  nm    [  δ   m , 1    +  δ   m , − 1     ] [   a  nm   ix    M  nm    ( 1 )     ( r ,   k 1   ) +   b  nm   ix    N  nm    ( 1 )     ( r ,   k 1   ) ]     



(9)




where n is an integer valued from 0 to +∞, while m is from −n to n. The expansion coefficients in Equations (8) and (9) can be derived in [17,18]:


   a  nm   ix    = T   {     i   n + 1       2 n + 1     2 n ( n + 1 )    ,    m = 1       i   n + 1       2 n + 1   2  ,    m = − 1       



(10)






   b  nm   ix    = T   {     i   n + 1       2 n + 1     2 n ( n + 1 )    ,    m = 1        −  i   n + 1       2 n + 1   2  ,     m =  − 1       



(11)






   δ   s , l    =  {    1 ,    s = l       0 ,   s  ≠ l      



(12)







The spherical vector wave functions    M  n m   ( l )   ( r , k )  ,    N  n m   ( l )   ( r , k )   in Equations (8) and (9) can be shown in [4,5,6,7,8,9,10,11,12,13,14,15,16,17,18]:


   M  mn    ( l )     ( r , k ) =   z n   ( l )     ( kr )   [  im    P n m   ( cos θ  )    sin θ     e   im φ        θ ^   −   d  P n m     d θ     e   im φ        φ ^    ]   



(13)






   N  nm    ( l )     ( r , k ) = n ( n + 1 )     z n   ( l )     ( kr )    kr    P n m   ( cos θ )   e   im φ        r ^  +   1  kr      d ( r   z n   ( l )     ( kr ) )    dr    [    d  P n m   ( cos θ )     d θ        θ ^  + im     P n m   ( cos θ )     sin θ        φ ^    ]   e   im φ     



(14)




where    z n   ( l )     ( x )    denotes an appropriate kind of spherical Bessel function, while    j n   ( x )   ,    y n   ( x )   ,    h n   ( 1 )     ( x )    and    h n   ( 2 )     ( x )    are for l = 1, 2, 3 and 4, respectively.    P n m   ( x )    denotes the associated Legendre function of degree n and index m.



The scattering electromagnetic fields of the first-incident electromagnetic fields from the medium-coated conducting sphere can be expressed as:


   E   r 2    =   ∑  nm    [  A  nm  s   M  nm    ( 3 )     ( r ,   k 1   ) +   B  nm  s   N  nm    ( 3 )     ( r ,   k 1   ) ]     



(15)






   H   r 2    =    k 1     i ω   μ 1      ∑  nm    [  A  nm  s   N  nm    ( 3 )     ( r ,   k 1   ) +   B  nm  s   M  nm    ( 3 )     ( r ,   k 1   ) ]     



(16)







Electromagnetic fields in the coated medium (region 2) can be expressed as following [18]:


   E   st 2    =   ∑  nm    [  A  nm    t 2     M  nm    ( 1 )     ( r ,   k 2   ) +   B  nm    t 2     N  nm    ( 1 )     ( r ,   k 2  )   +  C  nm    t 2     M  nm    ( 2 )     ( r ,   k 2   ) +   D  nm    t 2     N  nm    ( 2 )     ( r ,   k 2   ) ]   



(17)






   H   st 2    =    k 2     i ω   μ 2      ∑  nm    [  A  nm    t 2     N  nm    ( 1 )     ( r ,   k 2   ) +   B  nm    t 2     M  nm    ( 1 )     ( r ,   k 2  )   +  C  nm    t 2     N  nm    ( 2 )     ( r ,   k 2   ) +   D  nm    t 2     M  nm    ( 2 )     ( r ,   k 2   ) ]   



(18)




where in the inner and outer surface of the medium-coated conducting sphere, the tangential continuous boundary conditions are:


   {     E   i 2   t   |      r =   r 2      +  E   r 2   t   |      r =   r 2      =  E   st 2   t   |      r =   r 2           H   i 2   t   |      r =   r 2      +  H   r 2   t   |      r =   r 2      =  H   st 2   t   |      r =   r 2           



(19)






   E   st 2   t   |      r =   r 1       = 0   



(20)







The superscript t is the tangential component of the electromagnetic fields, and we submit Equations (8), (9) and (15)–(18) to Equations (19) and (20) and applying the tangential orthogonality of spherical vector wave functions. The following six expressions can be derived:


  [  δ   m , 1    +  δ   m , − 1    ]  a  nm   ix    j n   (   k 1   r 2   )  +  A  nm  s   h n   ( 1 )     (   k 1   r 2   )  =  A  nm    t 2     j n   (   k 2   r 2   )  +  C  nm    t 2     y n   (   k 2   r 2   )   



(21)






  [  δ   m , 1    +  δ   m , − 1    ]  b  nm   ix    R n   ( 1 )     (   k 1   r 2   )  +  B  nm  s   R n   ( 3 )     (   k 1   r 2   )  =  B  nm    t 2     R n   ( 1 )     (   k 2   r 2   )  +  D  nm    t 2     R n   ( 2 )     (   k 2   r 2   )   



(22)






     k 1     i ω   μ 1     {  [  δ   m , 1    +  δ   m , − 1    ]  a  nm   ix    R n   ( 1 )     (   k 1   r 2   )  +  A  nm  s   R n   ( 3 )     (   k 1   r 2   )   }  =    k 2     i ω   μ 2    [  A  nm   t 2    R n   ( 1 )     (   k 2   r 2   )  +  C  nm   t 2    R n   ( 2 )     (   k 2   r 2   )  ]  



(23)






     k 1     i ω   μ 1     {  [  δ   m , 1    +  δ   m , − 1    ]  b  nm   ix    j n   (   k 1   r 2   )  +  B  nm  s   h n   ( 1 )     (   k 1   r 2   )   }  =    k 2     i ω   μ 2    [  B  nm    t 2     j n   (   k 2   r 2   )  +  C  nm    t 2     y n   (   k 2   r 2   )  ]  



(24)






   A  nm    t 2     j n   (   k 2   r 1   )  +  C  nm    t 2     y n   (   k 2   r 1   )   = 0   



(25)






   B  nm    t 2     R n   ( 1 )     (   k 2   r 1   )  +  D  nm    t 2     R n   ( 2 )     (   k 2   r 1   )   = 0   



(26)







Then, the scattering coefficients in Equations (15) and (16) can be given:


   A  n m  s  =    P 1   R n   ( 1 )    (  k 1   r 2   ) − w   j n  (  k 1   r 2  )   w  h n   ( 1 )    (  k 1   r 2   ) −   P 1   R n   ( 3 )    (  k 2   r 2  )    a  n m   i x   [  δ   m , 1    +  δ  m ,  − 1    ]  



(27)






   B  nm  s  =    P 1   j n  (  k 1   r 2   ) − z   R n   ( 1 )    (  k 1   r 2  )   z  R n   ( 3 )    (  k 1   r 2   ) −   P 1   h n   ( 1 )    (  k 1   r 2  )    b  nm   ix   [  δ   m , 1    +  δ  m , − 1   ]  



(28)




where w and z are expressed as:


   w =     j n  (  k 2   r 1  )  R n   ( 2 )    (  k 2   r 2   ) −   y n  (  k 2   r 1  )  R n   ( 1 )    (  k 2   r 2  )    j n  (  k 2   r 1  )  y n  (  k 2   r 2   ) −   j n  (  k 2   r 2  )  y n  (  k 2   r 1  )    



(29)






   z =     y n  (  k 2   r 2  )  R n   ( 1 )    (  k 2   r 1   ) −   j n  (  k 2   r 2  )  R n   ( 2 )    (  k 2   r 1  )    R n   ( 1 )    (  k 2   r 1  )  R n   ( 2 )    (  k 2   r 2   ) −   R n   ( 1 )    (  k 2   r 2  )  R n   ( 2 )    (  k 2   r 1  )    



(30)




where    P 1    and    R n   ( l )     ( kr )    in Equations (27)–(30) are obtained as:


   P 1  =      ε 1   μ 2     ε 2   μ 1       



(31)






   R n   ( l )     ( kr ) =   1 r   d  dr   [ r  z n   ( l )     ( kr )  ]  



(32)







The scattering electromagnetic fields of the buried medium-coated conducting sphere Er2 and Hr2 in Equations (15) and (16) will be regarded as the second incident electromagnetic field to the plane (z = −d). By this incident electromagnetic field, on the basis of the image method [17,18,19], the reflected and transmitted electromagnetic fields from the plane z = −d can be expressed as follows:


   E   r 3    =   ∑  nm    [  A  nm   sr    M  nm    ( 3 )    (  r  img   ,  k 1   ) +   B  nm   sr    N  nm    ( 3 )    (  r  img   ,  k 1  ) ]    



(33)






   H   r 3    =    k 1     i ω   μ 1      ∑  nm    [  A  nm   sr    N  nm    ( 3 )    (  r  img   ,  k 1   ) +   B  nm   sr    M  nm    ( 3 )    (  r  img   ,  k 1  ) ]    



(34)






   E   t 3    =   ∑  nm    [  A  nm   st    M  nm    ( 3 )     ( r ,   k 0   ) +   B  nm   st    N  nm    ( 3 )     ( r ,   k 0  ) ]    



(35)






   H   t 3    =    k 0     i ω   μ 0      ∑  nm    [  A  nm   st    N  nm    ( 3 )     ( r ,   k 0   ) +   B  nm   st    M  nm    ( 3 )     ( r ,   k 0  ) ]    



(36)







Similar to [17,18,19], Et3 is presented by the global coordinate system, while Er3 is presented by the local coordinate system. The coordinate components of the global coordinate system are r, θ, and ϕ, and the coordinate components of the local coordinate system are rimg, θimg, and ϕimg. The relationship between the global coordinate system and the local coordinate system is shown in Figure 2.



The coefficients    A  nm   sr     and    B  nm   sr     can be obtained by applying the tangential continuous boundary condition of electromagnetic fields at point P in the plane boundary, which is shown in Figure 1 and Figure 2, and then the reflected electric field in the local coordinated system can be transformed to the global coordinate system, and it can be written as:


   E   r    3 ′     =   ∑  nm    [  C  nm   sr    M  nm    ( 1 )     ( r ,   k 1   ) +   D  nm   sr    N  nm    ( 1 )     ( r ,   k 1  ) ]    



(37)







According to the relationship of vectors in the addition theorem [20,21], the spherical vector wave functions are expanded as:


   M  nm    ( 1 )     ( r ,   k 1   ) =    ∑  nm    [  A   nm , vu     ( 1 )     M  vu    ( 1 )     (  r ′    ,   k 1   ) +   B   nm , vu     ( 1 )     N  vu    ( 1 )     (  r ′    ,   k 1  ) ]    



(38)






   N  nm    ( 1 )     ( r ,   k 1   ) =    ∑  nm    [  A   nm , vu     ( 1 )     N  vu    ( 1 )     (  r ′    ,   k 1   ) +   B   nm , vu     ( 1 )     M  vu    ( 1 )     (  r ′    ,   k 1  ) ]    



(39)







The coefficients    C  nm   sr     and    D  nm   sr     are derived by combining Equations (33) and (37)–(39), as the next expression is given:


   [       C  nm   sr        D  nm   sr        ]   [        ∑  vu    [  M  vu    ( 1 )     (  r ′    ,   k 1  )  A   nm , vu     ( 1 )    +  N  vu    ( 1 )     (  r ′     ,  k 1  )  B   nm , vu     ( 1 )    ]         ∑  vu    [  N  vu    ( 1 )     (  r ′    ,   k 1  )  A   nm , vu     ( 1 )    +  M  vu    ( 1 )     (  r ′     ,  k 1  )  B   nm , vu     ( 1 )    ]      ]  =  [       A  nm   sr        B  nm   sr        ]   [       M  nm    ( 3 )     (  r ′    ,   k 1  )        N  nm    ( 3 )     (  r ′    ,   k 1  )      ]   



(40)




where the initial values of the transform coefficients    A   vu , nm     ( 1 )    ,  B   vu , nm     ( 1 )      in Equations (38)–(40) and the recursive method are discussed in [20,21] in detail, and then the coordinate transformation coefficients    A  v u , n m   ( 1 )   ,  B  v u , n m   ( 1 )     are obtained. The reflected electromagnetic fields from the boundary plane will again act as the next incident electromagnetic fields to the buried medium-coated conducting sphere. We repeat Formulas (8)–(40) until the electric field at plane boundary point P has converged, since the scattering fields are much smaller than the incident fields according to electromagnetic scattering theory [2]. The electrical field at point P (in Figure 1 and Figure 2) can be obtained as:


   E p  =  E  i 2   +  E  r , q   ,   q = 2 ,   3 ,   4 , …  



(41)








3. Numerical Results and Discussion


In the last section, the necessary theoretical formulas of the multiple electromagnetic scattering by a buried medium-coated conducting sphere are presented. To gain more physics insight into the problem, some numerical results in this section are calculated for the study of electromagnetic scattering by a buried medium-coated conducting sphere. The inner and outer radii of the medium-coated conducting sphere are r1 and r2, the depth of the buried medium-coated conduction sphere is d, and the relative permittivity of the buried medium and coated medium are εr1 and εr2. Some numerical results of the electric field at point P in the plane boundary are given using Fortran program, and the calculation results of software FEKO are also given in those figures. All the parameters are set as shown in Table 1 in detail. The simulation of frequency is set to 1 MHz–10 MHz on a note computer (CPU: Intel(R) Core (TM) i3-4030U with RAM is 4(GB)), since the application of electromagnetic scattering by buried objects is in microwave remote sensing, buried target detection, etc. Figure 3 and Figure 4 are shown in this section. The relative error is targeted to those figures as:


  error =    |   E  r , q    |     |   E p   |    × 100 %  



(42)




where the Er,q (q ≥ 2) is shown in Equation (15) or Equation (33) and Ep is shown in Equation (41), the relative error is 0.5%, and the iteration number q in Equation (41) is 4 in Figure 3 and 3 in Figure 4, respectively, which shows that the present method of multiple scattering by a buried medium-coated conducting sphere is very effective.



From Table 1, it can be seen that the present method takes much less time than the software FEKO, since the present method is an analytical solution.



Figure 3 shows the curve of the electric field value at point P as a function of frequency under the different relative permittivities of the coating medium. At a low frequency (1−8.3 MHz), the larger the relative permittivity of the coating medium, the smaller the electrical fields at point P, and at a high frequency (more than 8.3 MHz), the smaller the relative permittivity of the coating medium, the smaller the electrical fields at point P. This shows that the permittivity of the coating medium has different characterization, and the changeability of the electrical fields at point P is more complex.



Figure 4 shows the curve of the electric field value at point P as a function of frequency under different buried depths. In this figure, the electrical field value at point P decreases and then increases with the increase in frequency (case 1 and case 3), but it decreases slowly and then increases faster in case 1 than in case 3. The buried depth of the medium-coated conduction sphere reduces, and the electrical field at point P reduces; when the frequency is larger, the smaller the electrical field is at point P in case 3, which is different to the law: the larger the electrical size, the large the scattering fields, and as the buried depth reduces, the electrical field increases. In the detection of buried objects, this must be considered.




4. Conclusions


An analytical solution to the multiple electromagnetic scattering by a buried medium-coated conducting sphere is presented in this paper. Using an image method, the plane wave expanded in terms of spherical vector wave functions in isotropic medium, and applying an additive theorem of spherical vector wave functions to solve the coefficients of the transformation matrix and then transforming the vector field in the local coordinate system into the global coordinate system, the scattering electrical field at point P in the plane boundary by a buried medium-coated conducting sphere is derived. The initial values of the transformation matrix coefficients can be derived by traditional methods [20,21]. Some numerical results are given in the latter section of this paper, and those, compared with those of the FEKO software, coincide well enough. The present method has a definite advantage in terms of computing speed, and the analytical solution in this paper can be used in microwave remote sensing, buried target detection, wave propagation in terrestrial environments, etc.
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Figure 1. Geometric model of a buried medium-coated conducting sphere. 
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Figure 2. Relationship between    r ,    r ′    ,    r ″     in the global coordinate system and local coordinate system. 
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Figure 3. Electric field values with the frequency under different relative permittivities of the coating medium. 
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Figure 4. Electric field values with the frequency under different burial depths. 
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Table 1. Different simulation cases for buried medium-coated conducting sphere.
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	Case #
	εr1
	σ2 (S/m)
	εr2
	r1 (m)
	r2 (m)
	D (m)
	Fortran-Time (s)
	Feko-Time (h)





	case 1
	2
	0
	5
	1
	1.5
	8
	19.50
	2.85



	case 2
	2
	0
	30
	1
	1.5
	8
	20.04
	2.79



	case 3
	2
	0
	5
	1
	1.5
	6
	20.44
	2.83
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