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Abstract: This paper aims to solve the consensus problem of three different types of multi-agent
systems under fixed communication delay. For these three different types of multi-agent systems,
three new control protocols are constructed to solve the consensus issue of multi-agent systems with
coupling weights, which is rarely considered in other related articles. For fixed coupled multi-agent
systems, a new control strategy is designed by Lyapunov theory, matrix theory, and the inequality
method to ensure the consensus of multi-agent systems. An adaptive coupling weight updating
scheme is proposed for adaptive coupling multi-agent systems to achieve the consensus state of
the multi-agent systems. Finally, experimental results show the effectiveness of the proposed three
different algorithms.

Keywords: fixed coupled multi-agent systems; communication delay; adaptive coupled multi-agent
systems; consensus problem

1. Introduction

Now, more and more coordination control methods have been applied to smart grid
power allocation [1], tracking control [2], Unmanned Aerial Vehicle (UAV) formation
control [3], and others. The design of a cooperative control protocol determines whether
the whole system can reach consensus in multi-agent systems. Through the transmission of
information between two adjacent agents, a control protocol is designed to make the state
values of all agents reach a state [4]. For achieving the consensus of multi-agent systems,
the design of a control protocol has attracted much consideration.

It is worth noting that for the control strategy of multi-agent systems, there are cur-
rently two main popular control models: the leader–follower model and the leaderless
model. Under the action of the cooperative control protocol, all the state values of the
follower agents can reach the same state value as the followers [5–7]. In [5], Sader et al.
studied the problem that leader–follower multi-agent systems exit fuzzy fault-tolerant
tracking consensus. Zhang et al. [6] investigated the linear leader–follower multiagent
systems problem with nonzero leader input. In [7], Tian et al. researched the leader–
following multi-agent systems fixed-time problem of high-order with external disturbances.
In addition, leaderless multi-agent models have been extensively studied [8–10]. In the
leaderless system model, the information between agents does not need to be exchanged
with the leader, only agents exchange information with neighboring agents. In [8], Tian
et al. proposed the consensus problem of second-order leaderless multi-agent systems
with parametric uncertainties. Rezaee and Abdollahi [9] investigated the problem of strict-
feedback nonlinear leaderless multi-agent systems with control directions. Other than
that, Difilippo et al. [10] studied the problem of a leaderless agents system by forming
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a uniformly spaced string. The above-mentioned leader–follower model and leaderless
model give us a lot of inspiration for our work in this paper.

It is worth noting that the system often has time delays in the practical application
process [11–13]. In recent years, more and more scholars have started to extensively study
the lag synchronization problem of the multi-agent system [14–18]. Ref. [14] mainly studied
the generalized delay synchronization problem of weighted complex networks of time
delays. The authors designed an appropriate controller to achieve synchronization in the
time delay state by using the Lyapunov function and inequality techniques. Unlike [14],
Xie et al. [15] set an observer to detect the state between the agent and its neighbors without
considering the factor of network weight where a control strategy was designed for a
multi-agent system. For the system in the nonlinear state, the predictor was designed in the
literature [16] to suppress the disturbance factors and achieve a consensus effect. To reduce
the influence of input delay in a multi-agent system, the consensus issue was transformed
into a robust H∞ consensus control issue by designing the control output in [17]. In [18],
a method based on frequency domain analysis was proposed to carry out the consensus
control of a multi-agent system with coupling weight.

However, in the multi-agent system, if the communication between agents is delayed
or interrupted, the consensus of the multi-agent system will be reduced or destroyed [19–22].
In [19], the double-tree-from transformations method was introduced to solve the commu-
nication delay problem between agents. Different from [19], Ref. [20] divided a group into
many clusters and then conducted modeling processing on aperiodic sampling and com-
munication delay, obtaining the necessary conditions for forming clusters through detailed
theoretical analysis. For the consensus issue of a fixed multi-agent system, the solution
proposed in [21] was to establish a model with linear parameters, where a kind of directed
fixed adaptive consensus algorithm was proposed for satisfying the equilibrium condition.
Lu [23] proposed a new distributed primal-dual algorithm for a continuous-time multi-
agent system under a time-varying graph to address the problem of distributed resource
allocation. In paper [24], the problem of a nonlinear multiagent system under time-varying
delay is taken into account. They have given a good solution strategy for dealing with
communication delays in multi-agent systems. Motivated by the above research results,
this paper mainly studies the adaptive and fixed coupling consensus of multi-agent systems
with communication delays.

Inspired by the discussions above, this paper on the consensus problem of three
different types of multi-agent control under communication delay. We design three different
control protocols to achieve the consensus of multi-agent systems. The main innovation
points are listed as follows:

(1) Different from the paper [14], this paper studies the consensus problem of fixed
and adaptive coupled multi-agent systems with communication delays, and our research is
more general.

(2) Three new control protocols are designed for three different types of multi-agent
systems. For adaptive coupling multi-agent systems, an adaptive coupling weight updating
scheme is proposed to ensure consensus for two cases in an adaptive coupling situation.

The rest of this paper is organized as follows. Some notations are given in Section 2.
Section 3 studies consensus control of fixed and adaptive coupling multi-agent systems
with communication delays. In Section 4, several simulations are presented to verify the
correctness of the theoretical results. Finally, the conclusion is written in Section 5.

2. Problem Formulation
Notations

The n-dimensional Euclidean space is Rn. The notation Rn×n denotes the set of n× n
matrix spaces. The notation IN denotes an identity matrix with appropriate dimensions.
The Euclidean norm is || · ||. The Kronecker product is ⊗. The notation WT is the transpose
of a matrix W. The notation λ1(.) represents the maximum eigenvalues of corresponding
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matrix. The notation λ2(.) represents the minimum eigenvalues of corresponding matrix.
The notation Ni is a neighbor of the ith node.

In this part, we design three different control strategies for three different types of
multi-agent systems, and prove the stability bywith the Lyapunov function.

Case 1: The consensus of fixed coupling leaderless multi-agent systems with commu-
nication delays. Consider a fixed coupling multi-agent system with N agents, where the
dynamic of the ith agent is described by

ẋi(t) = Axi(t) + c
N

∑
j=1

GijΓxj(t) + ui, (1)

where i = 1, 2, · · · , N, xi ∈ Rn is the state vector of node i, ui ∈ Rn represents the control
input vector of node i, A ∈ Rn×n is a constant matrix, c > 0 represents the coupling
strength, Γ ∈ Rn×n denotes the inner coupling matrix. Gij ∈ RN×N stands for the outer
coupling weight, where satisfies Gij = Gji > 0 if there is a connection between node i and

node j and Gij = Gji = 0 otherwise, and Gii = −
N
∑

j=1,j 6=i
Gij. Assume that the network of

system (1) is connected in this paper.

Remark 1. Compared with [20], there are internal and external coupling in multi-agent systems
in this paper. Such systems are more applicable in reality.

Definition 1. The multi-agent system (1) can reach an average consensus if the following condition
is satisfied.

lim
t→+∞

‖xi(t)− x̄(t)‖=0, x̄(t) =
1
N

N

∑
i=1

xi(t). (2)

For multi-agent systems (1), the control protocol is designed as

ui(t) = k

[
N

∑
j=1

[(
xj
(
t− γji

)
− x̄
(
t− γji

))
− (xi(t)− x̄(t))

]
− (xi(t)− x̄(t))

]
, (3)

where k > 0 denotes control gain and γji > 0 denotes communication delay of agent j to
agent i. In this paper, the communication delay is a fixed delay, which means that it does
not change with time. Define error σi(t) = xi(t)− x̄(t) . Then

σ̇i(t) = ẋi(t)− ˙̄x(t)

= Axi(t) + c
N

∑
j=1

GijΓxj(t) + ui(t)

− 1
N

N

∑
i=1

(
Axi(t) + c

N

∑
j=1

GijΓxj(t) + ui(t)

)

= Aσi(t) + c
N

∑
j=1

GijΓej(t) + ui(t)−
1
N

N

∑
i=1

ui(t).

(4)

Case 2: A fixed coupling leader–following multi-agent system with N agents, where
the dynamic of ith agent is described by ẋi(t) = Axi(t) + c

N
∑

j=1
GijΓxj(t) + ui, i = 1, 2, · · · , N − 1

ẋ0(t) = Ax0(t),
(5)
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where xi ∈ Rn denotes the state of following agents and x0 ∈ Rn denotes the state of leader
agent. The notations Gij and Γ are defined in (1).

Definition 2. The multi-agent system (5) can reach leader–following consensus if following condi-
tion satisfies.

lim
t→+∞

‖xi(t)− x0(t)‖ = 0. (6)

For multi-agent systems (5), the control protocol is designed as

ui(t) = k

[
N

∑
j=1

[(
xj
(
t− γji

)
− x0

(
t− γji

))
− (xi(t)− x0(t))

]
− (xi(t)− x0(t))

]
, (7)

where k > 0 denotes control gain and γji > 0 denotes communication delay. Define error
σi(t) = xi(t)− x0(t) , then

σ̇i(t) = ẋi(t)− ẋ0(t)

= Aσi(t) + c
N

∑
j=1

GijΓσj(t) + ui(t).
(8)

Case 3: Consider an adaptive coupling leaderless multi-agent system with N agents,
where the dynamic of ith agent is described by

ẋi(t) = Axi(t) + c
N

∑
j=1

Gij(t)Γxj(t) + ui, (9)

where i = 1, 2, · · · , N, xi ∈ Rn is the state of agent, Gij(t) is time-varying matrix, where
satisfies Gij(t) = Gji(t) > 0(j 6= i). If there is connection between agent i and agent j and

Gij(t) = 0. Furthermore, Gii(t) = −
N
∑

j=1,j 6=i
Gij(t) when i = j. A ∈ Rn×n is a constant matrix.

c > 0 is a coupling strength. Γ ∈ RN×N is a inner coupling matrix. ui ∈ Rn represents the
control input vector of node i. For system (9), the following controller is designed

ui(t) = ∑
j∈Ni

k
((

xj
(
t− γji

)
− x̄
(
t− γji

))
− (xi(t)− x̄(t))

)
, (10)

where k > 0 and γji > 0 is communication delay of agent j to agent i. Let error
σi(t) = xi(t)− x̄(t), then

σ̇i(t) = ẋi(t)− ˙̄x(t)

= Aσi(t) + c
N

∑
j=1

Gij(t)Γσj(t) + ui(t)−
1
N

N

∑
i=1

ui(t).
(11)

The adaptive strategy for updating the coupling weight Gij(t) is designed as follows:

Ġij(t) =


aij
(
σi(t)− σj(t)

)T
Γ
(
σi(t)− σj(t)

)
, i f (i, j) ∈ ε

− ∑
j 6=i

Ġij(t), i f i = j

0, otherwise,

(12)

where aij = aji > 0 and ε denote the set of edges in a multi-agent system (9).
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3. Main Results

In this section, the sufficient conditions of consensus of fixed and adaptive coupled
multi-agent systems with communication delays will be provided. We give the specifically
designed three new control protocols and the matrix inequality conditions.

Theorem 1. The fixed coupling multi-agent systems (1) achieve average consensus under protocol
(3) if there exists matrix P such that

IN ⊗
(

PA + AT P
)
+ cG⊗ (PΓ + ΓP)− 2kIN ⊗ P ≤ 0. (13)

Proof. Select the Lyapunov functional as follows:

V1(σ(t)) =
N

∑
i=1

σi
T(t)Pσi(t) + k

N

∑
i=1

∑
j∈Ni

∫ t

t−γji

σj
T(γ)Pσj(γ)dγ. (14)

The derivation of time on both sides of Equation (14) can be obtained

V̇1(σ(t)) = 2
N

∑
i=1

σi
T(t)Pσ̇i(t) + k

N

∑
i=1

∑
j∈Ni

[
σj

T(t)Pσj(t)− σj
T(t− γji

)
Pσj
(
t− γji

)]
. (15)

Combined with Equation (4), we obtain

V̇1(σ(t)) = 2
N

∑
i=1

σi
T(t)Pσ̇i(t) + k

N

∑
i=1

∑
j∈Ni

[
σj

T(t)Pσj(t)− σj
T(t− γji

)
Pσj
(
t− γji

)]
= 2

N

∑
i=1

σi
T(t)

[
PAσi(t) +

N

∑
j=1

cGijΓσj(t)

−kσj(t) + k ∑
j∈Ni

(
σj
(
t− γji

)
− σi(t)

)]

+ k
N

∑
i=1

∑
j∈Ni

(
σj

T(t)Pσj(t)− σj
T(t− γji

)
Pσj
(
t− γji

))
.

(16)

Since the system (1) is undirected, Equation (16) can be rewritten as

V̇1(σ(t)) =
N

∑
i=1

σi
T(t)

(
PA + AT P

)
σi(t) + 2

N

∑
i=1

N

∑
j=1

cGijσi
T(t)PΓσj(t)

+ k
N

∑
i=1

∑
j∈Ni

(
σj

T(t)Pσj(t)− σj
T(t− γji

)
Pσj
(
t− γji

))
− k

N

∑
i=1

∑
j∈Ni

σj
T(t− γji

)
Pσj
(
t− γji

)
− 2k

N

∑
i=1

σi
T(t)Pσi(t)

+ 2k
N

∑
i=1

∑
j∈Ni

σi
T(t)Pσj

(
t− γji

)
− k

N

∑
i=1

∑
j∈Ni

σi
T(t)Pσi(t)

= σT
[
cG⊗

(
PΓ + ΓPT

)
+ IN ⊗

(
PA + AT P

)
− 2kIN ⊗ P

]
σ(t)− kW1(t),

(17)

where W1(t) =
N
∑

i=1
∑

j∈Ni

(
σi(t)− σj

(
t− γji

))T P
(
σi(t)− σj

(
t− γji

))
. Since IN⊗

(
PA + AT P

)
+cG⊗ (PΓ + ΓP)− 2kIN ⊗ P ≤ 0, V̇1(e(t)) < 0. According to Definition 1, the systems (1)
can achieve average consensus.
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Theorem 2. The fixed coupling multi-agent systems (6) achieve leader–following consensus under
protocol (7) if the following condition is satisfied

IN ⊗
(

A + AT
)
+ 2cG⊗ Γ− 2kIN ⊗ In ≤ 0. (18)

Proof. The Lyapunov functional is selected

V2(σ(t)) =
N

∑
i=1

σi
T(t)σi(t) + k

N

∑
i=1

∑
j∈Ni

∫ t

t−γji

σj
T(γ)σj(γ)dγ. (19)

The derivation of time on both sides of Equation (19) can be obtained

V̇2(σ(t)) = 2
N

∑
i=1

σi
T(t)σ̇i(t) + k

N

∑
i=1

∑
j∈Ni

[
σj

T(t)σj(t)− σj
T(t− γji

)
σj
(
t− γji

)]
. (20)

Combine with Equation (8), obtaining

V̇2(σ(t)) = 2
N

∑
i=1

σi
T(t)σ̇i(t) + k

N

∑
i=1

∑
j∈Ni

[
σj

T(t)σj(t)− σj
T(t− γji

)
σj
(
t− γji

)]
= 2

N

∑
i=1

σi
T(t)

[
Aσi(t) +

N

∑
j=1

cGijΓσj(t)

−kσj(t) + k ∑
j∈Ni

(
σj
(
t− γji

)
− σi(t)

)]
+ ∑

j∈Ni

(
σj

T(t)σj(t)− σj
T(t− γji

)
σj
(
t− γji

))
=

N

∑
i=1

σi
T(t)

(
A + AT

)
σi(t) + 2

N

∑
i=1

N

∑
j=1

cGijσi
T(t)Γσj(t)

− k
N

∑
i=1

∑
j∈Ni

σj
T(t− γji

)
σj
(
t− γji

)
− 2k

N

∑
i=1

σi
T(t)σi(t)

+ 2k
N

∑
i=1

∑
j∈Ni

σi
T(t)σj

(
t− γji

)
− k

N

∑
i=1

∑
j∈Ni

σi
T(t)σi(t)

= σT
[
2cG⊗ Γ + IN ⊗

(
A + AT

)
− 2kIN ⊗ In

]
σ(t)− kW2(t),

(21)

where W2(t) =
N
∑

i=1
∑

j∈Ni

(
σi(t)− σj

(
t− γji

))T(
σi(t)− σj

(
t− γji

))
.

Since IN⊗
(

A + AT)+ 2cG⊗Γ− 2kIN⊗ In ≤ 0, V̇2(σ(t))< 0. According to Definition 2,
the systems (6) can achieve leader–following consensus.

Theorem 3. The multi-agent system (9) realizes average consensus under controller (10) and the
adaptive strategy (12).

Proof. The Lyapunov functional is chosen as follows

V3(σ(t)) =
N

∑
i=1

σi
T(t)σi(t) +

N

∑
i=1

∑
j∈Ni

c
(
Gij(t)− αij

)
2aij

+ k
N

∑
i=1

∑
j∈Ni

∫ t

t−γji

σj
T(s)σj(s)ds, (22)

where αij = αji > 0(i 6= j) and αij = 0 if and only if Gij(t) = 0. The derivation of time on
both sides of Equation (22) can be obtained
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V̇3(σ(t)) =
N

∑
i=1

σT
i(t)
(

A + AT
)

σi(t) + 2
N

∑
i=1

N

∑
j=1

cGij(t)σT
i(t)Γσj(t)

+ 2
N

∑
i=1

σi
T(t) ∑

j∈Ni

k
(
σj
(
t− γji

)
− σi(t)

)
+ k

N

∑
i=1

∑
j∈Ni

k
(

σj
T(t)σj(t)− σj

T(t− γji
)
σj
(
t− γji

))
+

N

∑
i=1

∑
j∈Ni

c
(
Gij(t)− αij

)(
σi(t)− σj(t)

)TΓ
((

σi(t)− σj(t)
))

.

(23)

Since

N

∑
i=1

∑
j∈Ni

c
(
Gij(t)− αij

)(
σi(t)− σj(t)

)TΓ
((

σi(t)− σj(t)
))

=

−2c
N

∑
i=1

∑
j∈Ni

(
Gij(t)− αij

)
σi

T(t)Γσj(t).

(24)

Combining Equation (23) with Equation (24), one has

V̇3(σ(t)) = σ(t)T[IN ⊗
(

A + AT)]σ(t) + N
∑

i=1

N
∑

j=1
2cαijσi(t)

TΓσj(t)− kW3(t)

≤ σ(t)T[IN ⊗
(

A + AT)+ 2cα⊗ Γ
]
σ(t)− kW3(t),

(25)

where W3(t) =
N
∑

i=1
∑

j∈Ni

(
σi(t)− σj

(
t− γji

))T(
σi(t)− σj

(
t− γji

))
, σ(t) =(

σ1(t)
T , σ2(t)

T , · · · , σN(t)
T
)T

, α =
(
αij
)

N×N ∈ RN×N . Since the network of system (9)

is connected, Gij(t) ≤ 0. Obviously, there is a unitary matrix H such that HTαH = Ω =
diag(ω1, ω2, · · · , ωN), where 0 = ω1 > ω2 ≥ ω3 ≥ · · · ≥ ωN . So from Equation (25) we
can obtain

V̇3(σ(t)) ≤ σ(t)T
[

IN ⊗
(

A + AT + 2cω2Γ
)]

σ(t)− kW3(t)

≤ σ(t)T
(

λ1

(
AT + A

)
+ 2cω2λ2(Γ)

)
σ(t)− kW3(t).

(26)

Let us pick a large enough number ω2

λ1

(
AT + A

)
+ 2cω2λ2(Γ) ≤ 0. (27)

From Equations (26) and (27), we have V̇3(e(t)) < 0. So, the multi-agent system (9)
achieves average consensus under the adaptive strategy (12) and controller (10).

Remark 2. The communication delay is fixed in this paper. If the communication delay is time-
varying, it will affect the system to achieve consensus. Reference [25] pointed out that the com-
munication network between the control center and the actuator faces the challenge of random
communication delay, which will also affect the control of smart grids.

Remark 3. In real life, time delay often changes with time. This phenomenon of time-varying delay
is also a hot topic in current research. In the future research, the fixed delay term γji used in this
paper can be further modified as a time-varying term, but the influence of such time-varying terms
on system stability needs to be further considered.
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4. Numerical Simulations

In this section, a simulation experiment will be given to verify the effectiveness of the
algorithm proposed in this paper.

4.1. Example 1

Consider a multi-agent system, whose dynamic is described as follows

ẋi(t) = Axi(t) + 0.2
N

∑
j=1

GijΓxj(t) + ui, (28)

where A =

 0 0.3 −0.3
−0.3 0 1
0.3 −1 0

, Γ = I3, G =


−0.05 0 0.03 0.02 0

0 −0.06 0.03 0 0.03
0.03 0.03 −0.06 0 0
0.02 0 0 −0.02 0

0 0.03 0 0 −0.03

 . Under

control protocol (3), we choose k = 0.5, P = diag(1.5, 1, 1), γji = 0.1. The conditions given
above can satisfy Theorem 1. The states trajectories of five agents and input signal under
protocol (3) are drawn in Figures 1 and 2. Figure 3 depicts that variation of error. Obviously,
the average consensus is achieved.

Figure 1. The states trajectories of five agents.
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Figure 2. The input signal trajectories under protocol (3).

Figure 3. The error trajectories.
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4.2. Example 2

A leader–following multi-agent system is considered. In Equation (5), choose A = 0 0.5 −0.5
−0.5 0 −1
0.5 1 0

, c = 0.5, Γ = I3, G =


−0.05 0 0.03 0.02 0

0 −0.05 0.03 0 0.02
0.03 0.03 −0.06 0 0
0.02 0 0 −0.02 0

0 0.02 0 0 −0.02

.

Under protocol (7), use k = 0.5, γji = 0.1. The condition of Theorem 2 is satisfied. The sates
trajectories and the input signal under protocol (7) are depicted in Figures 4 and 5. Figure 6
depicts that variation of error. As we can see, the leader–following consensus is realized.

Figure 4. The states trajectories of six agents.

Figure 5. The input signal trajectories under protocol (7).
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Figure 6. The error trajectories.

4.3. Example 3

A leaderless multi-agent system with adaptive couplings is considered. In Equation (9), choose

A =

 0 −2 2
2 0 −3
−2 3 0

, c = 2.5, Γ = I3, G(0) =


−0.05 0 0.03 0.02 0

0 −0.06 0.03 0 0.03
0.03 0.03 −0.06 0 0
0.02 0 0 −0.02 0

0 0.03 0 0 −0.03

.

From control protocol (10), we choose k = 1, γji = 0.2. The states and input control (10)
trajectories are described in Figures 7 and 8. The error σi(t) = xi(t)− x̄(t) changes with time
as shown in Figure 9. Clearly, the average consensus is achieved under protocol (10) and
adaptive strategy (12). Figure 10 displays the changing of the coupling weights.

In this paper, we study the consensus problem of three different types of multi-agent
systems with fixed communication delays. It is not difficult to find from the experimental
results that multi-agent systems are mainly divided into two categories. One is a multi-
agent system with a leader, and the other is a multi-agent system without a leader. For a
leader–follower system, the state values of all agents in the system will eventually converge
to the state values of the leader. In a multi-agent system without a leader, the state values
of the agents will gradually converge under the action of the controller.
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Figure 7. The states trajectories of five agents.

Figure 8. The input signal trajectories of five agents.
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Figure 9. The error trajectories of five agents.

Figure 10. The adaptive coupling weights.

5. Conclusions

In this study, we investigate the consensus problem of fixed and adaptive coupled
multi-agent systems with communication delays. For fixed coupling multi-agent systems
and adaptive coupling multi-agent systems, we study three different models of multi-agent
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models, and give corresponding control strategies to offset the impact of communication
delay on multi-agent systems. The rationality of the proposed strategy and theorem is
proved by using Lyapunov theory and matrix inequality. Finally, the proposed theory is
verified by simulation experiments. In this paper, the communication delay is fixed, but in
life, the delay is often changed. Therefore, in the future research, the time-varying delay
will be the direction of our further research.
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