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Abstract: Dynamical systems described by fractional-order difference equations have only been
recently introduced inthe literature. Referring to chaotic phenomena, the type of the so-called
“self-excited attractors” has been so far highlighted among different types of attractors by
several recently presented fractional-order discrete systems. Quite the opposite, the type of the
so-called “hidden attractors”, which can be characteristically revealed through exploring the same
aforementioned systems, is almost unexplored in the literature. In view of those considerations,
the present work proposes a novel 3D chaotic discrete system able to generate hidden attractors for
some fractional-order values formulated for difference equations. The map, which is characterized by
the absence of fixed points, contains only one nonlinear term in its dynamic equations. An appearance
of hidden attractors in their chaotic modes is confirmed through performing some computations
related to the 0–1 test, largest Lyapunov exponent, approximate entropy, and the bifurcation diagrams.
Finally, a new robust control law of one-dimension is conceived for stabilizing the newly established
3D fractional-order discrete system.

Keywords: chaos; discrete fractional calculus; coexisting attractors; 0–1 test; approximate entropy;
control law

1. Introduction

The study of discrete-time chaotic systems has featured prominently in the past few years [1].
The dynamics of a lot of chaotic systems/maps have been deeply analysed, especially with regard to the
logistic map, the Arnold’s cat map, the Hénon map, the Lozi map, and the tent map [1,2]. All the chaotic
attractors in those discrete systems belong to the most common type of attractors with the property
that their corresponding initial states are placed close to the unstable periodic orbits or fixed points [3].
Since these attractors can be readily found, they are called “self-excited attractors” [3,4]. On the other
hand, chaotic phenomena, which have been also discovered in discrete-time systems, are distinguished
with the nonexistence of fixed points or the existence of the stable fixed points [5]. Since the initial
conditions in these systems can be only found via massive numerical search, these chaotic attractors
are hard to be found [6,7]. Consequently, this type of attractor has been called “hidden attractor” in
literature [6,7]. Referring to this topic, some papers have been recently published [8–10]. For example,
the chaotic dynamics of a 1D discontinuous discrete system without fixed points have been studied
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in [8]. Moreover, “hidden attractors” have been found in 2D and 3D chaotic discrete systems with stable
fixed points only in [10]. Additionally, some 2D quadratic discrete systems with “hidden attractors”
have been illustrated in [9]. These systems, which are characterized by the absence of fixed points,
have no discontinuity in their right-hand equations [9].

All the considerations illustrated above are related to integer-order discrete-time systems.
However, some research workers have recently concentrated their considerations on studying
the chaotic behaviours associated with the dynamics of the Fractional-order Discrete Systems
(FoDSs), i.e., maps outlined by Fractional-order Difference Equations (FoDEs) [11,12]. To this purpose,
the chaotic dynamics of some FoDSs have been recently explored and analyzed in [13–19]. In particular,
a generalized version of a 3D fractional-order Hénon system has been investigated in [14], while the
fractional-order Wang, Rossler, and Stefanski discrete systems have been demonstrated in [13].
Additionally, the fractional discrete double scroll has been introduced in [16], whereas the chaotic
dynamics of the fractional Grassi-Miller map have been studied in [15]. Referring to very recent results
in literature for fractional discrete systems, a fractional logistic map characterized by two-parameters
has been illustrated in [20]. A novel short-memory fractional modeling approach has been applied to
memristors in [21]. A new variable-order fractional chaotic system (defined via a piecewise constant
function) has been conceived in [22]. Note that all these FoDSs exhibit the “self-excited attractors”,
since all initial conditions for generating chaos are placed close to the unstable fixed points [13–16].
Quite the opposite, the study of chaotic behavior of the FoDSs distinguished by “hidden attractors”
(i.e., without fixed points) is almost unexplored in literature [17–19,23].

In view of the aforesaid motivations, the present work proposes a novel chaotic 3D-FoDS
without any fixed point, which contains only one nonlinear term. The performed analysis underlines
that the hidden attractors can be yielded for certain fractional-order values within difference
equations. Through performing some calculations related to the Largest Lyapunov Exponent (LLE)
and implementing bifurcation diagrams, the existence of chaos is verified for the FoDSs. Additionally,
the 0–1 test and the computation of the Approximate Entropy (ApEn) are carried out, with the aim
to further confirm that the discovered “hidden attractors” are truly chaotic. However, the remaining
of this article is arranged in the following manner. Section 2 introduces the main definition of the
fractional Caputo difference operator, along with some fundamental preliminaries associated with the
discrete fractional calculus. In Section 3, a novel 3D-FoDS with only one nonlinear term and without
fixed points is presented as well as the phase diagrams, the bifurcation diagrams and the LLEs that
are discussed and analysed by taking different fractional-order values in a single difference equation.
In Section 4, the 0–1 test and the ApEn are discussed. Finally, in Section 5, a novel control law of
one-dimension is designed for stabilizing the chaotic dynamics of the newly established 3D-FoDS.

2. Necessary Discrete Fractional Operators

This part briefly presents some preliminaries and fundamental notions associated with discrete
fractional calculus. Throughout this work, the time scale Nα will be considered as the main domain in
which Nα = {α, α + 1, α + 2, · · · }, where α ∈ R. Let X be denote any function defined on Nα, then the
fractional sum of order γ > 0 can be outlined as [24]:

∆−γ
α X (s) =

1
Γ (γ)

s−γ

∑
l=α

(s− l − 1)(γ−1) X (l) . (1)

Observe that the term sγ indicates to the so-called falling function which can be defined as follows:

s(γ) =
Γ (s + 1)

Γ (s + 1− γ)
. (2)

In view of the above definition, it is possible to define the so-called fractional Caputo-like
difference operator of order γ /∈ N as reported in the following definition.
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Definition 1. For n = dγe+ 1, the fractional Caputo-like difference operator of order γ is outlined as [25]:

C∆γ
α X (s) = ∆−(n−γ)

α ∆nX (s) =
1

Γ (n− γ)

s−(n−γ)

∑
l=α

(s− l − 1)(n−γ−1) ∆n
l X (l) , (3)

where X here denotes any function defined on Nα+n−γ.

In order to derive the main coming discrete formula for the new FoDS, we briefly summarize the
following theorem.

Theorem 1 ([26]). Consider the following two FoDEs:{
C∆γ

α X(s) = f (s + γ− 1, X(s + γ− 1)),
∆rX(α) = Xr.

(4)

Then, the discrete integral equation which is equivalent to equations in (4) is:

Xs = Xα +
1

Γ(γ)

s−γ

∑
l=α+n−γ

(s− σ(l))(γ−1) f (l + γ− 1, X(l + γ− 1)), (5)

where n = dγe+ 1, t ∈ Nγ+n, and r = 0, 1, . . . , n− 1.

For convenient numerical calculations, Equation (5) can be rewritten as [26]:

Xn = X0 +
1

Γ(γ)

n−1

∑
j=0

Γ(n− j + γ)

Γ(n− j + 1)
f (j, Xj). (6)

3. A New FoDS with Only One Nonlinear Term

The authors Haibo Jiang et.al. in [10] preformed a systematic search to construct three dimensional
discrete-time systems with no fixed points or with stable fixed point. The objective was to find
the algebraically simplest cases which cannot be further reduced by the removal of terms without
destroying the chaos. For each case that was found, a computer search was preformed to find chaotic
solutions that are deemed “elegant” in the sense of Sprott [27], by which it means that as many
coefficients as possible are set to zero where the others are set to ±1 or otherwise to a small integer or
decimal fraction with the fewest possible digits. Motivated by this strategy, in this part, we remove
and added some terms to obtain the following three dimensional FoDS:

C∆γ
α x(t) = −x(t− 1 + γ) + y(t− 1 + γ),

C∆γ
α y(t) = −y(t− 1 + γ) + z(t− 1 + γ),

C∆γ
α z(t) = 0.9x(t− 1 + γ)− 2z(t− 1 + γ) + Ax(t− 1 + γ)y(t− 1 + γ) + B,

(7)

where A, B are some parameters of bifurcation, whereas x, y, z are the states of system (7). It can be
seen that the fractional-order map (7) has only one quadratic nonlinear term. The novel system can be
transformed into a system without fixed point by introducing a condition of hidden attractor into the
fixed points. We denote the fixed point of the FODT system (7) with

(
x f , y f , z f

)
. Equation (7) can be

transformed into Equation (8) for calculating the fixed points
C∆γ

α x f = −x f + y f ,
C∆γ

α y f = −y f + z f ,
C∆γ

α z f = 0.9x f − 2z f + Ax f y f + B.
(8)
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Suppose that A 6= 0 and by taking in mind that ∆ν
a x f = ∆ν

ay f = ∆ν
az f = 0, the fixed points of

system (7) can be typically gained by solving the algebraic equations reported below
0 = −x f + y f ,
0 = −y f + z f ,
0 = 0.9x f − 2z f + Ax f y f + B,

(9)

from which we can obtain:
0.9x f − 2x f + Ax2

f + B = 0. (10)

When the system’s parameters A and B satisfy 1.21
4 < AB, Equation (10) has no real solution;

implying that system (7) has no fixed points. Hence, this system could display hidden attractors in
view of appropriate selections of the initial conditions and the fractional-order values as well. In order
to investigate this remarkable property, some numerical formula is designed as:

x(n) = x(0) + 1
Γ(γ) ∑n−1

i=0
Γ(n−i+γ)
Γ(n−i+1) (−xi + yi),

y(n) = y(0) + 1
Γ(γ) ∑n−1

i=0
Γ(n−i+γ)
Γ(n−i+1) (−yi + zi),

z(n) = z(0) + 1
Γ(γ) ∑n−1

i=0
Γ(n−i+γ)
Γ(n−i+1) (0.9xi − 2zi + Axiyi + B),

(11)

where x(0), y(0), and z(0) are the initial conditions. Under the following values: A = 0.7, B = 0.9,
γ = 0.998, x(0) = −2.27, y(0) = −1.66, z(0) = −0.82, system (7) generates bounded strange attractor
as shown in Figure 1. This attractor is, actually, hidden due to 1.21

4 < AB.
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Figure 1. Different phase space projection of the hidden chaotic attractor of the FoDS given in (7),
when γ = 0.998.
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In the present section, the dynamical behaviours of the newly established system given in (7) are
studied by detailed simulation analysis using two indicators: The bifurcation diagrams and the largest
Lyapunov exponent (LLE). Actually, such bifurcation diagrams together with the LLEs represent
powerful analysis tools that can be employed to visualize different scenarios to chaos in nonlinear
systems. In particular, a deterministic nonlinear system is considered chaotic whenever its LLE is
positive [28]. We firstly investigates the dynamics of system (7) in the case that the parameter B is
relatively changed, while the other parameter A is fixed at 0.7. The bifurcation diagram and its related
LLE for the fractional-order value γ = 0.998 are exhibited in Figure 2a,b, respectively. Obviously,
one can observe that when the system’s parameter B increases from−0.6267, system (7) will be changed
from limit cycles to eight periodic orbits (see Figure 2). Besides, system (7) becomes periodic when
B ∈ (−0.04317, 0.5045) and is chaotic when B ∈ (0.5273, 0.81) ∪ (0.824, 0.928). Actually, the chaotic
behavior is affirmed by the LLE as displayed in Figure 2b. Secondly, we investigate the effect of the
fractional-order values on the system’s bifurcation behaviors. Figures 3 and 4 depict, respectively,
the bifurcation diagrams versus B for γ = 0.98 and γ = 0.95. With decreasing the order γ, we observe
that the chaotic rang of system (7) will be decreased and shifted to the left. Therefore, we can note that
the diagram of bifurcation is consistent well with its corresponding LLEs diagram.

To clearly observe the origination of chaotic hidden attractors of system (7), the bifurcation
diagrams, in terms of the parameter A, are examined for two different values of fractional-order.
Here, we fix B = 0.9 to gain the bifurcation diagrams of x with γ = 0.998 and γ = 0.98, which are
provided in Figure 5a,b, respectively. From Figure 5a, one can observe that the FoDS given in (7)
displays a periodic behaviour along the range (0.1325, 0.3822), and it also displays a chaotic behaviour
along the range A ∈ (0.4443, 0.6021) ∪(0.6531, 0.7289). Besides, as the order γ decreases to the value
0.98, we notice that the bifurcation diagram shrinks along the A-axis with the augmentation of the
periodic windows. Moreover, based on the above simulation results given in Figure 5, it can be
concluded that the proposed map generates hidden attractors when the fractional-order is varied and
when the parameter A > 0.3361.
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Figure 2. (a) The bifurcation diagram versus B, when A = 0.7, γ = 0.998 and let n = 1500. (b) The LLE
in accordance with diagram (a).
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Figure 3. (a) The bifurcation diagram versus B, when A = 0.7, γ = 0.98 and let n = 1500. (b) The LLE
in accordance with diagram (a).
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Figure 4. (a) The bifurcation diagram versus B, when A = 0.7 and γ = 0.95. (b) The LLE in accordance
with diagram (a).
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Figure 5. (a) The bifurcation diagram versus A, when B = 0.9 and γ = 0.998. (b) The diagram of
bifurcation versus A, when B = 0.9 and γ = 0.98.
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4. Test of Chaos

For the purpose of reflecting the sensitivity of the FoDS, the 0–1 test is considered in this
section. This test was proposed in [29] to characterize between chaotic and regular dynamics of
FoDSs. As opposed to the LEs method, the 0–1 test is applied to known or unknown systems
regarding the phase plane [30]. Thus, it is able to identify the chaos in a series of data where the phase
space reconstruction is not necessary. The FoDS is judged to be chaotic if the plot of the translation
components p and q in the p− q plane presents a Brownian–like trajectories and also if K approaches
1, while it becomes regular as K approaches 0 as well as p and q display bounded–like trajectories.
Figure 6, however, depicts these results for γ = 0.998, A = 0.7 and B = 0.9. Obviously, the trajectories
of p and q demonstrate Brownian behavior in the (p− q) plane (see Figure 6b). At the same time,
the rate of asymptotic growth, which corresponds to Figure 6, approaches 1 as n −→ ∞, as illustrated
in Figure 6a. In view of all those findings, we confirm that the hidden attractor exhibited in Figure 1
is chaotic.
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Figure 6. The 0–1 test of the FoDS given in (7), when γ = 0.998, A = 0.7 and B = 0.9; (a) The dependence
of the rate of asymptotic growth K on the iteration number n, (b) The Brownian motion in the p− q plane.

Entropy

A complexity measure plays important role in analyzing dynamic properties of chaotic systems.
The complexity of the FoDS (7) with B varying is analyzed here by means of the approximate entropy
(ApEn). The idea is that instead of looking at the phase plots of bifurcation diagrams, an exact measure
of the information generated in a sequence is more indicative of the level of chaos. An approximate
entropy (ApEn) measure was proposed in [31], where it has been used extensively in the literature to
investigate chaos in discrete dynamical systems [23]. Basically, the ApEn is one of the most famous
method which had been used since 1991 to measure the complexity of a dynamical system from data.
The complexity of the FODT system (7) is tested by the ApEn in terms of parameter B, and with
the same parameters setting in Figure 1, results are reported in Table 1. In view of the fact that the
larger value of ApEn yields more complexity of the chaotic system, we can deduce that system (7) has
a high-level of complexity when B = 0.9.



Electronics 2020, 9, 2179 8 of 11

Table 1. Approximate entropy of the FoDS (7) for various values of B.

B ApEn

−0.4 0.0962
0.281 0.1153

0.4686 0.1133
0.6544 0.3229

0.9 0.4155

5. Chaos Control

This part designs a control law of one-dimension for the purpose of stabilizing the chaotic
trajectories of the proposed FoDS. At the outset, let us recall a significant theorem declared in [32],
which identifies the conditions of asymptotic stability of the trivial solution to the FoDSs.

Theorem 2. The zero equilibrium point of the following linear FoDS:

C∆γ
α e (t) = We (t + γ− 1) , (12)

is asymptotically stable if

λ ∈
{

µ ∈ C : |µ| <
(

2 cos
|arg µ| − π

2− γ

)γ

and |arg µ| > γπ

2

}
, (13)

for all eigenvalues λ’s of W and for all t ∈ Nα+1−γ, where 0 < γ ≤ 1, e(t) = (e1(t), · · · , en(t))
T and

W ∈ Rn×n.

Note that Theorem 2 has been illustrated and proved in reference [32].
Here, we want to design a suitable controller, say L(t), to ensure that all discrete-states of system (7)

will asymptotically converge to zero. In order to achieve this goal, the subsequent theorem is proposed.

Theorem 3. The 3D-FoDS given in (7) can be stabilized under the following one–dimensional control law:

L(t) = −βx(t) + z(t)− ηx(t)y(t)− δ, (14)

where β, η and δ are some suitable parameters.

Proof. The controlled 3D-FoDS can be acquired by just appending L(t) to system (7), i.e.;
C∆γ

α x(t) = −x(t− 1 + γ) + y(t− 1 + γ),
C∆γ

α y(t) = −y(t− 1 + γ) + z(t− 1 + γ),
C∆γ

α z(t) = 0.9x(t− 1 + γ)− 2z(t− 1 + γ) + Ax(t− 1 + γ)y(t− 1 + γ) + B + L(t).
(15)

Substituting the proposed control law (14) into (15) yields the following simplified dynamics:

C∆γ
α (x, y, z)T = W× (x (t− 1 + γ) , y (t− 1 + γ) , z(t− 1 + γ))T , (16)

where

W =

 −1 1 0
0 −1 1
0 0 1

 . (17)

Based on Theorem 2, one can observe that if the eigenvalues λ1, λ2, λ3 of the matrix W satisfy:
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|arg λi| = π >
γπ

2
and |λi| = 1 <

(
2 cos

|arg λi| − π

2− γ

)γ

,

then the zero equilibrium point of (16) is asymptotically stable. Therefore, it has become clear that
system (7) is stabilized as desired, due to the zero solution of (15) is asymptotically stable.

In order to corroborate the aforementioned theoretical findings, we intend to provide the phase
space plots and also the states’ evolution of the controlled system. In Figure 7, the parameter values
are selected to be as A = 0.7, B = 0.9, γ = 0.998, and (x(0), y(0), z(0)) = (−2.27, −1.6, −0.82).
Obviously, the one–dimensional controller forces all states of the system to be tended to zero.
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Figure 7. Stabilization of the states and attractor of the controlled system (15), when γ = 0.998
(a) Evolution of the state x(n), (b) Evolution of stabilized state y(n), (c) Evolution of the state z(n),
(d) Phase portrait of the controlled system (15).

6. Conclusions

All chaotic Fractional-order Discrete Systems (FoDSs) presented so far in the literature have
displayed attractors that belong to “self-excited attractors”. Since the issue of FoDSs showing
“hidden attractors” is almost unexplored, the present work has added a contribution to the topic
of fractional-order systems through introducing a new initial example of a 3D-FoDS with only one
nonlinear term and without fixed points. Such example has displayed hidden attractors clearly
for proper values of the FoDS through its corresponding difference equations. An existence of
chaos has been confirmed by means of some computations performed for the Largest Lyapunov
Exponent (LLE), the 0–1 test, Approximate Entropy (ApEn), and also the bifurcation diagrams. Finally,
a one-dimensional control law has been established for the purpose of stabilizing all dynamics of the
proposed 3D-FoDS at zero.
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