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Abstract: Gravitomagnetism characterizes phenomena in the weak-field limit within the context of
rotating systems. These are mainly manifested in the geodetic and Lense-Thirring effects. The geodetic
effect describes the precession of the spin of a gyroscope in orbit about a massive static central object,
while the Lense-Thirring effect expresses the analogous effect for the precession of the orbit about
a rotating source. In this work, we explore these effects in the framework of Teleparallel Gravity
and investigate how these effects may impact recent and future missions. We find that teleparallel
theories of gravity may have an important impact on these effects which may constrain potential
models within these theories.
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1. Introduction

General relativity (GR) has passed numerous observational tests since its inception just over
a century ago, confirming its predictive power. The detection of gravitational waves in 2015 [1] agreed
with the strong field predictions of GR, as does its solar system behavior [2]. However, GR requires
a large portion of dark matter to explain the dynamics of galaxies [3,4] and even greater contributions
from dark energy to produce current observations of cosmology [5]. Given the lack of a concrete
theoretical explanation of these phenomena, we are motivated to explore the possibility of modifying
gravity within the observational context.

There are a myriad of ways in which to consider modified theories of gravity [6-8] and to
constrain them [9-11]. These range from extensions to the standard gravity of GR to more exotic
directions. One interesting framework that has gained attention in recent years is that of Teleparallel
Gravity (TG). TG is formed by first considering a connection that is not curvature-full, i.e., we consider
a connection that is distinct from the regular Levi-Civita connection (which forms the Christoffel
symbols). In this way, the gravitational contributions to the metric tensor become a source of torsion
rather than curvature. This is achieved by replacing the Levi-Civita connection with its Weitzenbock
analog. The Weitzenbock connection is torsion-full while being curvatureless and satisfying the
metricity condition [12]. Thus, we can construct theories of gravity which express gravitation through
torsion rather than curvature. One such theory is the teleparallel equivalent of general relativity
(TEGR), which produces the same dynamical equations as GR while being sourced by a different
gravitational action, i.e., one that is based on torsion rather than curvature.

TEGR and GR differ in their Lagrangians by a boundary term that plays an important role in the
extensions of these theories [13-15]. The boundary term naturally appears in GR due to the appearance
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of second-order derivatives in the Lagrangian [16,17], which is the core difference between GR and
TEGR at the level of the Action.

In fact, this boundary term is the source of the fourth-order contributions to f(R) theories of
gravity. For this reason, TG features a weakened Lovelock theorem [18-20], which as a direct result
means that many more theories of gravity can be constructed that are generally second-order in
their field equation derivatives. It is for this reason that TG is very interesting because it organically
avoids Gauss-Ostrogradski ghosts in so many contexts. The TEGR Lagrangian can be immediately
generalized to produce f(T) gravity [21-25] in the same way that the Einstein-Hilbert action leads
to f(R) gravity. A number of f(T) gravity models have shown promising results in the solar system
regime [26-29] as well as in the galactic [30] and cosmological regimes [13,31,32]. However, to fully
incorporate f(R) gravity, we must consider f(T, B) gravity, where B represents a boundary term that
appears as the difference between the Ricci scalar and the torsion scalar (and will be discussed in more
detail in Section 2).

Gravitomagnetic tests offer an ideal vehicle to probe the rotational behavior of theories of gravity
in their weak-field limits [33-38]. In fact, gravitomagnetic effects are the result of mass currents
appearing in the weak-field limit of GR, where the Einstein field equations take on a form reminiscent
of Maxwell’s equations [39] (and do not involve actual electromagnetic effects). These effects emerge
as a result of a rotating source or observer in a system, which both give independent contributions to
the overall observational effect. For the case where an orbiting observer is moving about a stationary
source, Geodetic effects emerge [39], where a vector will exhibit precession due to the background
spacetime being curved. This is the general relativistic analog of the well-known Thomas precession
exhibited in special relativity [40]. Another closely related relativistic precession phenomenon is that
of the Lense-Thirring effect (or frame-dragging effect) [41], where the neighborhood of a large rotating
source causes precession in nearby gyroscopes. While independent, these effects are often observed as
a combined observable phenomenon such as in the Earth-Moon system about the Sun [42], where the
precession of the Moon’s perigee is caused by this phenomenon [43-45].

Motivated by the Gravity Probe B experiment [46], there have been a number of investigations
into the behavior and predictions of modified theories of gravity [47-50]. However, the accuracy of this
experiment is not enough to adequately differentiate between competing models of gravity. There have
also been other experimental efforts such as LAGEOS [51,52], which aimed to perform lasers test while
in orbit about the Earth. The MGS spacecraft [53,54] tested gravitomagnetism effects about Mars,
while there have also been tests about the Sun [55]. For this reason, there have been a number of
ambitious proposals put forward in recent years to further test this relativistic effect and to increase
the experimental precision of the observations [56-59].

In this work, we explore the gravitomagnetic effects of TG through f(T, B) gravity as well as the
classical solar system tests within this context. We do this by first expanding into the weak-field limit of
the theory and explore both the Geodetic and Lense-Thirring effects separately. We then compare their
combined results against the recent observations. The manuscript is divided as follows. In Section 2,
we briefly review and introduce TG and its f(T, B) gravity extension. In Section 3, we explore the
weak-field regime of f(T,B) gravity and discuss some important properties of the theory in this
limit. Perturbations about a static spherically symmetric metric are considered in Section 4. The core
results associated with gravitomagnetism and the classical solar system tests are then determined in
Section 5, while a comparison with observational values is presented in Section 6. Finally, we conclude
in Section 7 with some remarks and a discussion. Throughout the manuscript, the speed of light is not
set to unity for comparison purposes in the electrodynamics analysis in Section 3.

2. Teleparallel Gravity and its Extension to f(T, B) Gravity

Teleparallel Gravity represents a paradigm shift in the way that gravity is expressed,

where curvature is replaced by torsion through an exchange of the Levi-Civita connection, 10"‘;1,, with its

Weitzenbock analog, FZV, (we use over-dots to represent quantities determined using the Levi-Civita
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connection) [17]. GR expresses curvature through the Levi-Civita connection which is torsionless,
while the Weitzenbodck connection is curvatureless and also satisfies the metricity condition [60].
In theories based on the Levi-Civita connection, curvature is given a meaningful measure by means of
the Riemann tensor on Riemannian manifolds [39]. This formulation of gravity is retained in most
popular modified theories of gravity, where gravitation continues to be expressed in terms of curvature
of a background geometry. However, in TG, irrespective of the form of the metric tensor, the Riemann
tensor must vanish since the Weitzenbdck connection is curvatureless [61]. It is for this reason that TG
necessitates a fundamental reformulation of gravitation in order to construct realistic models of gravity.

GR and its variants utilize the metric, g;,v, as their fundamental dynamical object, but TG treats

this as a derived quantity which emerges from the tetrad, ¢?,. The tetrad acts as a soldering agent

H
between the general manifold (Greek indices) and its tangent space (Latin indices) [62]. Through this

action, the tetrad (and its inverses e,") can be used to transform indices between these manifolds:

b
Euv = ea;te vHab Mab = eu‘uebvgﬂv . (1)

Moreover, inverse tetrads can be defined through
e el =07, e'ye,’ =0y, )

which also serve for internal consistency. The Weitzenbock connection is then defined using the tetrad
as [12-14,61]

— b
Iy = e, 0pe”, + ea”w”bye v 3)

where w”, is the inertial spin connection. The Weitzenbdck connection is the most general linear
affine connection that is both curvatureless and satisfies the metricity condition [62]. The appearance
of the spin connection is there to retain the covariance of the resulting field equations [63]. This is
an issue in TG due to the freedom in the choice of the components of the tetrads, that is, there is an
infinite number of tetrads that produce the same metric tensor in Equation(2). These different tetrads
are related by local Lorentz transformations (LLT5s). As a result, the spin connection components take
on values to account for the LLT invariance of the underlying theory. Thus, there is a particular choice
of frames in which the spin connection components are allowed to be zero [13].

In GR, this issue is hidden in the internal structure of the theory [39]. Considering the full breadth
of LLTs (boosts and rotations), A, the spin connection can be represented as w”by = A9, A [14].
Thus, it is the combination of tetrad and an associated spin connection that forms the covariance of TG.

Given a Riemann tensor that measures curvature, we must define a so-called torsion tensor that
gives a meaningful measure of torsion, defined as [13]

T, = ZFEW] , 4)
where the square brackets represent the antisymmetry operator. The torsion tensor represents the field
strength of TG, and transforms covariantly under both diffeomorphisms and LLTs [62]. To formulate a
gravitational action, we must define two other quantities. Firstly, consider the contorsion tensor which
effectively is the difference between the Levi-Civita and Weitzenbock connections, defined as [17,64]

0 1
K 2= T =Ty = 5 (THUU +T,% — T"IW) ) ®)

which plays a crucial role in relating TG results with Levi-Civita-connection-based theories. Secondly,
we also need the superpotential which is defined as [62,65]

St =K", — e, T, + e, T, . (6)
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This has been shown to potentially relate TG to a gauge current representation of the energy-
momentum tensor for gravitation [66,67]. Then, by contracting the torsion and superpotential tensors,
the torsion scalar can be defined as

T:=8,"T",, @)

which is entirely determined by the Weitzenb&ck connection along the same vein as the Ricci scalar
being determined completely by the Levi-Civita connection. Naturally, the Ricci scalar calculated with
the Weitzenbdck connection will vanish since it is a measure of curvature. This property in conjunction
with the use of the contorsion tensors allows for a relation between the regular Ricci scalar and the
torsion scalar defined in Equation(7) through [13,14,62]

R:i’HT—%aV (eT‘Z,P‘) —0, ®)

where R is the Ricci scalar calculated using the Weitzenbock connection, R is the standard gravity
Ricci scalar determined using the regular Levi-Civita connection, and e = det (e”» = /—g is the
determinant of the tetrad. Thus, the standard Ricci and torsion scalars turn out to be equivalent up to
a total divergence term

o

R=_-T+ %aﬂ (eT‘Z,") .— _T+B, )

where B = 2@;4 T’,") is a total divergence term. This relation guarantees that the ensuing equations
of motion will be equivalent. Thus, the TEGR action can be written as [13,62]

STEGR = *ﬁ /d4x el + / d4x eLy, (10)

where x? = 87G/c* and L, is the matter Lagrangian. This action leads to the equivalent dynamical
equations as the Einstein-Hilbert action, but the difference in their Lagrangians means that the
fourth-order boundary terms are not necessary to form a covariant theory within the TG context.
While this does not affect the TEGR limit, it will influence the possible theories that can be formed in
the modified gravity scenario.

Considering the same reasoning that led to f(R) gravity [6,7], the Lagrangian of TEGR can
be immediately generalized to f(T) gravity [21-25]. The f(T) gravity setting produces generally
second-order field equations in terms of derivatives of the tetrads [13]. This feature is only possible due
to a weakening of Lovelock’s theorem in the TG setting [18-20]. This fact alone guarantees that f(T)
gravity will not exhibit Gauss-Ostrogradsky ghosts since it remains second-order. f(T) gravity also
shares other properties with TEGR such as its gravitational wave (GW) polarization signature [68,69].

However, to fully encompass the breadth of f(R) gravity, we must consider the generalization
to f(T, B) gravity, which contains as a subset the limit f(R) = f(—T + B). Thus, f(T, B) gravity is
a further generalization of f(R) in which the second- and fourth-order contributions to the theory are
decoupled [70].

In this work, we investigate the gravitomagnetic effects of f(T,B) gravity and its effect on
observational constraints of the theory for particular models of this setting [68,70-75]. To do this,
we need the field equations of the theory, which are determined by a variation of the f(T,B)
gravitational Lagrangian density, ef (T, B), to give [13,14,76]

1 2
e'Ofp = e"V"Vafy + 5Bfse, +25/" [0y fr +,fs] + > froy (esi)
A 1
—2frT%4Ss " _ Efea’\ = x?0,, (11)

where subscripts denote derivatives and ®pv is the regular energy-momentum tensor. The spin
connection is taken to be zero [68,70-72] since this will be a demand in the work that follows. We will
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revisit this statement at various stages of the analysis to confirm the consistency of the work. Using the
contorsion tensor relations, the f(T, B) gravity field can also be represented as

o 1
— frGu + (w0 — Vi Vy) fp + S8 (Bfp + Tfr—f)
+ zsvayalx (fT +fB) = _K2®]/l1// (12)

where éw is the regular Einstein tensor calculated with the Levi-Civita connection. In this setting,
the spin connection depends on the choice of tetrad components and so does not produce independent
field equations. However, works exist in the literature that consider this scenario, such as
References [14,77], where a Palatini approach is considered so that a second set of field equations are
produced for the spin connection.

3. The Weak-Field Approximation
3.1. The Field Equations

Linearized gravity offers a relatively simple procedure to examine the weak-field metric for
a given source. As the gravitational field is assumed to be weak, the metric can be expressed as
a Minkowski background plus a small (first-order) correction, /. In other words, the metric tensor
can be expanded as

Suv = Nuv + hyv/ (13)

with |h,,| < 1. By extension, a similar consideration can be applied for the linearized expansion for

(0)

the tetrad: a background value v, “ which yields the Minkowski metric plus some small correction
7;1):1, namely,
0 1
eay = r)/;(l )e + 7](4 )ﬂ/ (14)

with M})“ < ‘7,(40)‘1

perturbed torsional quantities and field equations can be derived. Through the relation between the
metric and the tetrad given in Equation (1), the perturbed quantities are interlinked as

‘ ~ 1. Following the methodology considered in Reference [68], the resulting

Huv = UﬂbWLO)aVSO)b/ (15)
b — 1 (1020 1 40, 09) a6

Given that the equations are constructed in the Weitzenbock gauge (waby = 0), this imposes

(0)

a constraint on the behavior of 7, ? The spin connection takes the form [68]
0 0
wuby — _,)/é )ValeI(/ )Il (17)

which, when compared to its LLT form, reveals that the background tetrad corresponds to the Lorentz
matrices. This is expected as this background tetrad represent a trivial frame, one which constructs
the Minkowski metric [62]. As the spin connection is zero here, the background tetrad reduces to
a constant, i.e., to the class of constant Lorentz matrices. For simplicity, the background tetrad can be
chosen to be véo)a = Jﬁ 1

Under these considerations, the torsion tensor Equation (4) turns out to be a first-order quantity

in the perturbations
T, = 31 — 3y, (18)

1 Other works also make this choice within the Weitzenbock gauge appear, for instance, in References [69,78].
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Consequently, as both the contorsion Equation (5) and superpotential Equation (6) tensors are linearly
dependent on the torsion tensor, then these are also of at least first-order. Ultimately, this implies that
the torsion scalar is of at least second-order. Observe that this result holds true even if the Weitzenbock
gauge is not imposed [68].

On the other hand, the boundary term is first-order. This is also consistent with the relation

R = —T + B, as the Ricci scalar is of at least first-order. Indeed, the Ricci tensor and Ricci scalar are
given to be

Row = 2 (9,9, + 3,001, — 3,001 — Oh 19

yv—i(py v+p1/ y*yv*Dyv)/ (19)

R = 9,0,h"" — Oh, (20)

where h == " u represents the trace. Up to this point, indices are raised and lowered by the metric
tensor (g,v), but from Equation (19) onward, due to the weak-field approximation, indices are now
raised and lowered by the Minkowski metric. Moreover, the d”Alembert operator reduces to O = d,,0".

The next step would be to extract the perturbed field equations. For simplicity, as both T and B are
null at a background level, the gravitational Lagrangian f(T, B) is assumed to be Taylor expandable
about these latter values, namely,

f(T,B) = £(0,0) + fr(0,0)T + f3(0,0)B
+ %fTT(O,O)TZ + %fBB(o, 0)B?
+ frg(0,0)TB +.... (21)

Observe that the coefficient fr(0,0) # 0, as this corresponds to the effective Newtonian
gravitational constant, as evident from the field equations Equation (12) (see, for instance,
References [79,80] for detailed discussions in the case of f(T) gravity). Under this assumption,
the zeroth and first-order field equations of f(T, B) gravity in Equation (12) are

W}lvf(o/ 0) = O/ (22)
£r(0,0)Guy — f55(0,0) (70 — 3dy) R = %Oy, (23)

where the result R = B (which is valid up to this order) has been used, a property which shall be useful
in order to simplify the forthcoming equations. The zeroth order equation confirms the absence of
a cosmological constant 2A = f(0,0), maintaining consistency with the linearization regime as the
background geometry is Minkowski spacetime.

As mentioned previously, f(R) gravity is a subcase of f(T,B) gravity. In fact, the resulting
perturbed equations Equation (23) are practically identical in form to those found in f(R) gravity,
with the only difference being in the form of the coefficients [7,81-89]. Motivated by this, the same
procedure as presented in Reference [69] shall be followed.

First, the quantity /1, defined as

f88(0,0)

_ 1-
hP‘V = h}w — Ehﬂyy + 7]"7“(0, 0)

7’];41/R/ (24)
is introduced, with i := A" u- As shown in References [87,90], the Lorenz gauge BP‘EW = 0 can be
imposed. In this way, the field equations Equation (23) take a relatively simple form,

- 22
= —— . 2
D]’l;w T(O, 0) ®y1/ ( 5)
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The next step is to obtain the form of the perturbed Ricci scalar. Taking the trace of Equation (23)
yields the relation
fr(0,0)R +3fpp(0,0)0R = —«*0, (26)

which is of the same form as the Klein-Gordon equation having an effective mass

2 fT(O/ 0) (27)

= 3fpp(0,0)

Depending on the form of the source (and hence, of the stress-energy tensor), Equations (25)
and (26) allow for a full determination of the weak-field metric in Equation (24). Observe that,
in vacuum, these equations give rise to gravitational waves for which the polarization states have
already been investigated in detail [68].

3.2. Solving the Field Equations

In general, the solutions for h;, and R can be obtained by making use of a Green’s function
G(x,x’), which results into

_ 4G Ou (t—r/c,X) 4,
_ By, 28
Py cfr(0,0) / r * (28)
)

R = —7/G x, x)O(x,x') d*x’, 29
o0 | CexxIe0%) 29)

where r = |x — X'| and the Green’s function Gy is defined as [84,91]

1 e~iyr

Gr(x,x) = / i . (30)

box) @myi) Y=y

Within the practical application of the weak-field approximation, it is sufficient to consider
a slowly rotating source while keeping all terms up to O (v%/c) where v < c is the velocity of the
source. Thus, the stress-energy tensorial components would be negligible within this context. In other
words, the stress-energy tensor takes the form [58,92]

2 .
O = ( pe Povlc>, (1)

—pv;c

where p is the density of the source and v; is the velocity vector. Alternatively, the off-diagonal
components can be simply expressed in terms of the mass current vector j; := pv;. In this way,
we therefore find that

s PC” 3 49
fioo = cAfr( 0 0) / dx= c2fr(0,0)” (32)
- ]IC By — 2A;

o _ “Ai 33
o c4fT 0 0) / ~ 2£r(0,0) 33
hij =0 (34)

8nGp? 4y
szTOO/GRxx ) dx (35)

where ® and A are the scalar and vector potentials, respectively. This yields the weak-field metric
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2 212 Nap_%a. 2B\ 52
ds? = —c <1 CZfT(OIO)>dt ~(A dx)dt—i—(l—ircsz(O’O))dZ, (36)
azd)—%fBB(O,O)Rcz, B=20—a, (37)

where d¥? = dx? + dy? + dz>.

As the main aim of this work is to match with Gravity Probe B and Solar System observations,
it is imperative to treat the source as a slowly rotating spherically symmetric static source having
a constant mass M, radius Rg, and angular momentum | with a constant density profile p expressed,
for simplicity, as

M
o= Po = %n R
0 r > Rs.

5 0<r<Rs
(38)

Under these assumptions, for distances sufficiently far away from the source (as the field is weak),
the integrals can be solved through the Legendre polynomial expansion

1 0 L/l
= Z WPZ (cos®), (39)
1=0

where L = |x|, L = || and @ is the angle between the two position vectors x and x'. This yields the
solutions [84]

- Gﬂl _ G]3>< r,
r r’c
s 6p>®e M | uRgcosh(pRs) — sinh(uRs) (40)
~ 2fr(0,0) #ORS’ ’

where J represents the angular momentum vector. Therefore, the weak-field metric takes the
simple form

2_ _2f; 2P —pr } 244 { L2 g } 2
ds” = —c {1 ZF1(0,0) [1+e "y(uRg)] ¢ dt C(A dx)dt + 1+C2fT(O,0) [1—e"y(uRg)] ¢ dz?,
(41)
where we have defined the function
x cosh(x) — sinh(x
() = 20Sh() —sinh(x), @)

3
3.3. Analogy with Gravitoelectromagnetism (GEM)

From the resulting weak-field metric, we can make a direct analogy with gravitoelectromagnetism
(GEM) to generate the corresponding gravitoelectric and gravitomagnetic fields. Whilst these fields
remain effectively unchanged in form, the Lorentz force is affected by the scalar R mode similar to
what is encountered in f(R) gravity. Following the steps dictated in Reference [91], the GEM equations
and the Lorentz force equation are obtained as follows. Starting from the Lorenz gauge condition
0"hy, = 0, we obtain that

100 1

- V- A= 4

o ZV 0, (43)
with the remaining equations d"h,; = 0 that are of order O (c™*) and therefore neglected.

The gravitomagnetic field B and gravitoelectric field E are then defined as
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1 A

It can then be easily shown that using Equations (43) and (25), the GEM equations reach the result:

V -E = 4nGp, V-B=0 (45)
1 0B 20E 8nG,

Vfo—Ea, Vxszg—k s (46)

On the other hand, the Lorentz force for a test particle of mass m can be obtained starting from

its Lagrangian £ = fmc%, using the weak-field metric solution Equation (36) and expanding up to
first-order of the potentials. This yields

mc? my v? 2my
_ e ) =220 (A 47
£= -t oy (v4a) - A, “)

where 7 is the Lorentz factor and v = % is the velocity vector. From the equations of motion % (%) =

%—f, assuming that the vector potential A is stationary, it can be shown that up to first-order in v?/c?,

the force F = %’, where p = myv is the relativistic momentum vector, obeys

B mE _ 2m
fr(0,0)  fr(0,0)c

Similar to Reference [91], one obtains the first two terms that are found in GR (except for
a gravitational constant rescaling from fr(0,0)) with a new contribution arising from the scalar
mode. However, if the scalar mode is absent (i.e., yz — +00), the Lorentz force reduces to its GR form.

F= (v x B) + 3mu>c*VR. (48)

3.4. Comparison with a Spherically Symmetric Metric: The Schwarzchild Solution

In the absence of rotation, the resulting weak-field metric Equation (41) cannot be directly
correlated with the Schwarzchild solution due to the preferred choice of coordinates set by the Lorenz
gauge. However, the metric can be transformed into a spherically symmetric form, which can then
be associated to such known solutions and shall be notably important when discussing the geodetic
effect. Here, we follow the procedure shown in Reference [84]. The aim is to express the weak-field
metric into the spherically symmetric form

ds? = —c2A(F)dt* + B(F)dP* + PdQ)?, (49)

where A(7) and B(7) represent some scalar functions and dQ)? represents the polar symmetry.
The necessary coordinate transformation is dictated by the condition

where the last equality only holds for a weak-field. In particular, for a spherically symmetric static
source, we have

i GM o
rzH—W[l—e "(uRs)] . (51)

In this way, we obtain that up to first-order in M/7,

A() =1 oo [+ e (iRs)] 62

~ 2fr(0,0
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Observe that the exponential, similar to f(R) gravity, retains the r dependence. On the other
hand, B(7) is found to be

) 2GM . 26GM
B(7) =1+ F7(0,0) [1—e "n(uRs)] — 200,001 M (URs). (53)

Evidently, when p — +o0 (i.e., in the limit of GR or when f(T, B) — f(T)), the metric reduces to
its Schwarzchild form.

4. Perturbations on a Static Spherically Symmetric Metric: f(T) Gravity

In the previous section, we have initially assumed that the gravitational field is weak, for
which the relevant weak-field metric for an arbitrary f(T, B) function was obtained. In what follows,
a different approach is considered, particularly in the context of f(T) gravity. Originally considered
in Reference [93] and further pursued in Reference [94], the idea is to assume a static, spherically
symmetric geometry arising due to a spherically symmetric static source of mass M. Then, one solves
the field equations Equation (11) to obtain the corresponding metric. Since no exact solutions have
been obtained following this approach (although exact solutions can be found assuming, for instance,
that the Lagrangian exhibits a Noether symmetry [95,96]), a perturbative approach is employed,
where it is assumed that the f(T) Lagrangian takes the form of

f(T)=T+€F(T), (54)

where € < 1 represents a small, fiducial order parameter, which will be omitted once the perturbations
are solved. The role of the latter is to represent the small correction to the TEGR Lagrangian. In this way,
the scalar functions A(7) and B(7) of the metric Equation (49) are expected to be in the form of
a background solution plus a small correction. This will allow for corrections which were previously
omitted in the weak-field regime. For simplicity, the source shall be assumed to be nonrotating as no
perturbed solutions to the Kerr metric have been yet obtained.

In this formulation, the TEGR term gives rise to the exact Schwarzchild solution while the small
correction sourced by F(T) yields the first-order correction to the solution. Since the main interest
lies in the Gravity Probe B results, an alternative approach is to assume the gravitational field to be
weak, meaning the metric can be approximated by a Minkowski spacetime background plus a small
correction. Both approaches shall be presented and show that the same results are ultimately recovered,
whilst offering a more detailed analysis on the effect of the f(T) Lagrangian on the geodetic effect.

4.1. Perturbations on the Schwarzchild Solution

The Schwarzchild correction can be obtained by taking the scalar potentials to be expressed as

AF) =1- Zi}zlr\/l + € A(7), (55)
-1
B(7) = (1 - ZCGZZTM) +eB(F), (56)

for some functions A and B. To solve for the corrections, the field equations are perturbed up
to first-order in €. For simplicity, the power-law ansatz F(T) = aT? for some constant « and p is
considered. Furthermore, unless otherwise stated, GC—ZM — M.
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The solutions for the scalar functions can be obtained from the following differential equations:

2(1-2x2)B  2a(—1)P(p — 1)M2=2P (x — 12742657 ((p — 1)x2 + 2px + 5p + x) (x2 — 1)%
By = + .57
x—x3 (x+1)3
2MA oM
A= o (1 -

) B+ a2%72(1 — p)it =3

14
P+ ?_ZM(M?)} , (58)

Nf—=

1—2M
r
are considered. For p = 2, the scalar functions are given to be [93,94]

3/2 .
A =1- 2o (22 g (12T LMYy 2M M 30 12 (59)
7 M2

7 3M2 7 7 Mr 72

where x = ( . Although a general solution is not recovered in general, some special cases

1 n o
1-2 0 Mr(1-—2M)2

7 7

B(F) =

2 (75M2 — 69MF + 1672 —F) (M —2F 1/2
2 —= rH167) | 16(3M 3;)2(M %) (1—@) —ln<1—¥> . (60)

The solutions are well behaved in the sense that in the absence of a source, the solutions reduce
to Minkowski space as expected, i.e., when M — 0, A(7), B(7) — 1. If the gravitational field is weak,
the solutions follow the order expansion

B 2M  16aM3 M®

A(F) =1- w T T5p (?6> , (61)
_ 2M  4M?2 8MP®  16aM? M®

B(¥) =1+ —t =t T +O(76>’ (62)

which agrees with the weak-field metric Equation (41) in the limit of f(T,B) — f(T) = T 4+ aT” up to
first-order in M /7. Observe that the a contributions do not appear in the latter as it is a higher-order
contribution. Solutions for other values of p are considered in Reference [94]. For the purpose of the
analysis which follows, the solution for p = 3 is given and is listed in Appendix A.

4.2. An Alternative Approach for a Weak-Field Limit

If the field is assumed to be weak, the scalar functions can be expanded around a Minkowski
background according to

V.. (63)

A(F) =14 €A1 (F) + €2 Ay(F) + 3 A3(F
F)4+.... (64)

B(7) = 1+ €B1(F) + €’ By(F) + €’ Bs(

Once again, assuming that the Lagrangian f(T) is Taylor expandable about T = 0, and solving
the field equations order-by-order yields

frr(0
A(}’) =1+4e€ (CZ — C—l) +€2 <C4 — C1C2}7—|— CS) +€3 <C6 _ leTT( ) _ C2C3 +C1C4 +C5 , (65)

7 57 fr(0) 7
2 3 3
cie | 2(¢, ¢3 s(cs . oifrr(0) ¢ 2c3cq
B(r) =1 .9 % € Y
(N =1+=—+e <7~,2+,~,>+€ <7+?5fT(0)+?3+ > | (66)

where c; ¢ are integration constants. To determine these constants, we impose the following
constraints. As # — +oo (i.e., far away from the source), the metric must reduce to Minkowski
spacetime and thus sets c; 44 = 0. On the other hand, according to the solution obtained in Section 3,
namely, Equation (41), we find that ¢; = % (alternatively, it can be reasoned that in the limit of
TEGR, the metric must reduce to the Schwarzchild metric). Finally, the constants c3 5 have to be zero,
otherwise the solution does not reduce to its TEGR limit for f(T) = T. Therefore, the final solution is
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. 2M  8MPfrr(0)
AR @ o) 7
Hﬂ:1+~M4 4M? 8M3 16M*  8M3frr(0)

70 T 207 RROF  AROF PO

(68)

Taking f(T) = T + aT? recovers the previously obtained weak-field limit solution as expected.
Observe that for f(T) = T +aT", n > 2 (n integer) does not reveal any contributions at this order
meaning their effects are even smaller. On the other hand, this approach is not applicable for functions
which are not expandable about T = 0, for instance, f(T) = T +aT", n < 0, and even some
cosmologically viable ones such as the Linder model f(T) = T + aTy (1 —e P \/W) for some constant
p- However, there exist cosmological-model Lagrangians which may be further investigated for such
weak-field observational tests, such as f(T) = T + aTy(1 — e PT/T0) and f(T) = T + aT" tanh(T/ Tp)
for appropriate values of p and n [31].

Observe that the result is in agreement with the Parametrized-Post Newtonian (PPN)
approximation investigated in Reference [97] since there is no deviation up to second-order expansion.
The first modification appears at third-order when the frr term contributes to the behavior.

5. Observational Constraints

As we have now closely discussed the theoretical foundations to obtain the necessary metrics,
in what follows, we apply those results to observations obtained by Gravity Probe B and from classical
Solar System test observations. In particular, we shall focus on the geodetic effect (de Sitter precession),
the Lense-Thirring effect, Shapiro time delay, light bending, and perihelion precession.

5.1. Geodetic Effect

The geodetic effect describes the effect of a precessing gyroscope due to its orbit around a massive
central body. Here, we obtain the precession rate following Rindler’s approach [98]. Starting from
a spherically symmetric metric, we consider the system to be rotating at an angular frequency w, i.e.,

¢ =¢ — wt. (69)

By assuming the gyroscope to lie in a circular polar orbit (at an angle 6 = %) allows us to rewrite
the metric in a canonical form

2
ds? = —e?% (dt — e_zwwfzd(])’) + Arze_ijdqu, (70)
where ¢?¥ = A — r2w?. As shown in Reference [98], the angular frequency of the gyroscope is
given to be
o 1/2
e
0= 2v2 [klkkﬂ(wz‘,j — wji) (Wi — wz,k)} , (71)

—2¥Y

where k¥ is the spatial 3-metric and w; = e wrzd?, which simplifies to

w
0= —. 72
Vi (72)
The angle after one full revolution is then given to be &’ = QAT, where AT represents the proper
time of the gyroscope, which can be obtained directly from the metric
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dt? = Adt? — Pdp? = Adt* — Pwdt?

= AT = VA —7Fw2At. (73)

Thus, the precession over one orbit is = 271 — &, which implies that the precession rate per year

is given to be
A 1 FAf
Qq4s = o [1 B (1 2A> . (74)

5.2. Lense-Thirring Precession

It is well known that the Lense-Thirring precession in GR can be simply derived by assuming
a freely falling gyroscope initially at rest with an angular spin vector S¥. Taking u* to represent the
gyroscope’s rest-frame velocity, we have that S#u;, = 0. Then, the Lense-Thirring precession rate
would be obtained using the geodesic equations

ast

=t I,87uf = 0. (75)

In the context of teleparallel gravity, the gyroscope moves according to forcelike equations

% + T 87uf = K¥ 5, S7uf . (76)
Despite this apparent difference, the above is mathematically equivalent to the geodesic equation
due to the fact that K7, = 10"‘;1/ — I'ly- Nonetheless, the forcelike equations offer a different
interpretation to those discussed, for instance, in References [99,100], as the teleparallel force equations
allow for a separation between gravitation and inertia which has important implications on the
weak equivalence principle (WEP), which lies beyond the scope of this manuscript (see, for instance,
Reference [66] for further discussions on the topic). Within the assumption that the WEP holds, one
can follow the same steps encountered in GR.
If the field is weak, the field equations reduce to
% = GilekSl, (77)
where OF = —1€k19,,h,, defines the angular velocity precession vector of the gyroscope. Following
the results obtained in the f(T, B) weak-field solution Equation (41), we find that the Lense-Thirring
precession rate ()1 remains unaffected except for a Newtonian rescaling, which is expected as the
electromagnetic field is identical to that found in GR. However, this result is only valid within the
context of weak-fields and thus remains to be investigated in the case of strong gravitational fields.

5.3. Shapiro Time Delay

The effect of Shapiro time delay [101] can be derived following the steps listed in Reference [102].
Here, we focus on deriving the a-dependent correction for the f(T) power-law model. For the given
spherically symmetric metric Equation (49), the time delay of a radio signal as it travels from the Earth
to Mercury and back, as the signal passes through the closest point of approach R ~ R to the Sun is

At = Z[t (re,Ro) +t (rg,R@> —\re? —Re? = /r - R@Z]. (78)

where rg and y represent the Earth and Mercury orbital radii, respectively, and (7, R) is defined as
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(79)

A ) B

/\/ 1_R2AR A()

Using the fact that, generally, the orbital radii satisfy the condition # > R, together with the
weak-field metric solutions—Equations (59), (60), (A3), (A4)—we find that the « contribution takes the
following form:

ty (7, R) =~ (80)

20 M° 1152 28 14 21 35 35
= (=== = + = p=3.

5.4. Light Bending

The total deflection angle of light is derived following the method used in Reference [26]. A photon
is assumed to be emitted from some far-away source at an angle of ¢ = —/2. It travels and
reaches a point of closest approach 7 = 7, with respect to some spherical massive source at ¢ = 0,
then continues to travel away from the source approaching an angle of ¢ = /2. To account for
the deflection angle due to the gravitational attraction of the source, we start from the spherically
symmetric metric Equation (49) within the equatorial plane 6 = 71/2 to obtain that the path of the
photon obeys the second-order differential equation

2

‘;4:2’ + ﬁddu [w2A] + ﬁdi [in(AB)] (ug? —24), (81)

where 1 = 1/7 and ug = 1/R denote the inverse impact parameter, with boundary conditions

u(0) = u, =1/7. and u(£m/2) = 0. Since the differential equation cannot be solved in general,

even for weak-field sources, the perturbative iterative method considered in Reference [103] is applied.
The approach aims to obtain a perturbative solution by taking the mass M as the perturbation

parameter, i.e., we let

Uu=uyg+u +uy+..., (82)

where u; represents the solution up to O (M'). As an illustrative example, we derive the perturbative
solution for the power-law model with p = 2. In this case, the differential equation up to O(M?3) is
" 3,4 (32
0=u"~4u—3Mu?+aMu 2 — 56u? (83)
where we have denoted primes to represent derivatives with respect to ¢. This yields the following
ordered system of differential equations:

"

Up = —Up,
M]” = —uj + 3M1/£02,
uy” = —up + 6Muguy,

32
u3" = —u3 +3M <u12 + 2u0u2) — aM3up* (Rz - 56”02> ,
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which yields the final expression for u to be

~ cos(¢p) . M[3—cos(2¢)] = 3M?
H=—r " 2R * 1610
3
 16R4 [
_an® [
20R®

[20¢ sin(¢) + 22 cos(¢) + cos(3¢)]
60¢ sin(2¢) + 125 cos(2¢) + cos(4¢) — 312]
55cos(2¢) + 8 cos(4¢) + cos(6¢) — 80]. (84)

Once the solution for u is obtained, following Rindler and Ishak’s approach [104], it can be shown
that the total deflection angle is given to be

2u
e —— , (85)
du\/B
7] 9=5

which, for the quadratic f(T) Lagrangian, yields the following solution:

AM  157M2  189M3  256aM3
€=—+ +

4
R 4R2 4R3 * 15R5 +OM). (86)

A similar analysis for the cubic f(T) Lagrangian reveals that the total deflection angle is

e M 15t M? N 189M3  43357M*  7155M°  2257°M°  4096aM®

- O(M°). 87
R 4R2 BT T ard T s T 3589 (M) (87)

Observe that, in both cases, the GR second-order mass correction found in References [103,105,106]
is recovered. In general, for a Taylor expandable f(T) model within the regime of weak gravitational
fields, the first deviation from GR appears at O(M?), having the form

~ 128afrr(0)M3

4
be = o OIS +O(M*Y). (88)

Naturally, the quadratic weak-field result is recovered while requiring higher-order contributions
for the cubic case.

5.5. Perihelion Precession

The effect of « for the power-law ansatz Lagrangian on perihelion precession has been investigated
in great detail in References [93,94]. Here, we shall only quote the results: 2

167Ta M? 967t M*

App=2 = — 75— App—3 = —

, 89
. 5 (89)

where 7. represents the circular radius of the orbit. For the n = 2 case, the detailed analysis in
Reference [93] leads to a bound of & < 1020 km?.

6. Numerical Results

In this section, we make use of the weak-field solutions listed in Sections 3 and 4 against
observations in order to constrain the Lagrangian-free model parameters depending on the model
considered. It is important, however, to comment on the results for an arbitrary f(T, B) model for the
case when y /4 +oo0.

2 A factor of 2 has been included to correctly match with the definition of « used in those works.
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Although the weak-field metric has been obtained in its spherically symmetric form, the scalar
functions A(7) and B(7) are not truly expressed in terms of 7, since the relation between r and 7 is not
invertible. This leaves two unknown parameters, the isotropic radial coordinate r and y. However,
r is not measured and hence, one must instead opt to impose specific values of y to determine
whether the results would then be consistent. Since the goal is to constrain the Lagrangian parameters
(and hence, constrain y through observations), this option is not investigated in detail. Nonetheless,
if p is sufficiently large, the contributions would be small enough that deviations from observations
(and hence, from GR) are expected to be effectively negligible.

On the other hand, a more thorough investigation can be inferred in the case of f(T) gravity using
the results obtained in Section 4. In particular, we shall make use of the results for the two power-law
ansatz values considered, namely, p = 2 and 3, which eventually lead to observation constraints on
the constant «.

6.1. Geodetic Effect

In April 2004, Gravity Probe B was launched, starting its year-and-a-half flight mission, with the
purpose of accurately measuring the geodetic and the frame-dragging precession rates while in orbit
about the earth. A geodetic precession rate of —6601.8 & 18.3 mas/yr was measured while in a polar
orbit at around 642 km [46].

Through the use of Equation (74) the a constraints are obtained, as listed in Table 1. The table also
illustrates the « constraint which has to be obeyed for the weak-field approximation to hold (which is
a direct consequence of the assumption that the perturbation F(T) < T).

Table 1. Illustration of the & weak-field constraint depending on the index p for the f(T) model
f(T) = T+ aT? alongside the resulting Geodetic precession expressions based on the scalar functions

A(7) and B(F) derived in References [93,94]. Here, we have defined the parameter M := 4 — %AF/I
p << Qg
52 3cMB3/2 M | IM? | 135M5 | 5e7ME | 120 M2
2 4M?2 27 (1+4+ 8 + 64 + 128 + 72 )

o7 3cMB3/2 3M IM? 135 M3 567 M4 12a M2 5103M°
3 sM4 27 1+T+ 8 + 64 + 128 + r2 + 512 +

24057 M° + 938223 M7 + 4691115M8  72aM*
1024 16384 32768 4

Based on the expressions listed in Table 1, the corresponding numerical constraints are then
obtained, as shown in Table 2. Evidently, the constraints obtained from observations are well
within the expected bounds of the weak-field condition, which supports the consistency of the
weak-field approach.

Table 2. The numerical constraints for the constant « for the power-law model f(T) = T + aT?, where
p = 2, 3 are set based on the Gravity Probe B observations. Furthermore, an order of magnitude
estimate, where the weak-field approximation is valid, has also been given.

p KL agpp/km?P 2
2 ~10%2  —7.5476 x 108 < & < 3.8438 x 10%8

3 ~10%%  —2.3716 x 1090 < & < 4.6568 x 1000
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6.2. Classical Solar System Constraints

For Shapiro time delay and light deflection, the PPN formulation together with observations from
the Cassini spacecraft pose a viable opportunity to obtain constraints. As illustrated, for instance,
in Reference [39,102], the v PPN parameter appears in the former tests as follows. For Shapiro time
delay, the deviation from GR amounts to

_ 4rapr
AtPPN ~ 4 (71) In ( f) , (90)
2 R
while for light bending, the total deflection angle is
149\ 4M
=|—) - 1
€ ( 5 ) R (91)

Using Cassini’s experimental value of 7 — 1 = (2.1 £ 2.3) x 10° and the expressions Equations (80),
(86), (87), and (89), « constraints are obtained as summarized in Table 3. In the case of perihelion
precession, the a constraints are based on the observed precession rate of Mercury, as investigated in
Reference [93].

Table 3. A summary of the parameter constraints obtained for the coupling parameter, «, for the
power-law model f(T) = T + aT?, where p = 2, 3 using observations from perihelion precession and
the Cassini spacecraft. Here, M = M = 1.47km, R ~ R = 6.9551 x 10° km, rg, = 1.4710 x 10" km,
rg = 4.6001 x 107 km, and re = 5.55 x 107 km.

p a/km?P~2
Shapiro Time Delay

2 —8.26031 x 1010 < & < 1.81727 x 1018

3 —3.78768 x 104 < o < 1.72167 x 10%
Light Bending

2 —1.82378 x 1017 < & < 3.95829 x 1017

3 —5.57249 x 10¥ < a < 2.56754 x 108
Perihelion Precession

2 a < 2.23602 x 1020

3 « > —8.18149 x 10%°

7. Conclusions

The main result of this work is that the use of the classical solar systems and the gravitomagnetic
observations from Gravity Probe B result in an overall constraint on the coupling parameter to
la| <10 km? for p = 2 and |a| < 10*3 km* for p = 3. This forms one of the strongest constraints on
this parameter (to the best of our knowledge).

Gravitomagnetic effects are imperative for understanding the weak-field limit of modified gravity
in the context of rotation. In this work, we have explored these related effects in the TG framework.
TG offers a novel possibility of constructing gravitational theories in which the background manifold
is torsion-full rather than curvature-full. While this is dynamically equivalent to GR in the TEGR
limit, modifications of the TEGR action produce theories which may be distinct from what can be
constructed in regular curvature-based theories of gravity. This allows for the possibility of totally new
models of gravity that may have important consequences for meeting the observational challenges of
the coming years.

The main crux of the weak-field analysis stems from the analysis in Section 3, where we take
an order-by-order expansion of a general f(T, B) gravity Lagrangian. In Equation (26), this is found to
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potentially behave as a massive theory with a mass that is mainly dependent on whether a boundary
term contribution is present or not. This approximation is then set into the field equations with a slowly
rotating source to find metric solutions in Equations (32)—(35). In Section 3.3, we go into the details
of how this analogy tallies with the well-known GEM effects to produce a Lorentz forcelike effect in
Equation (48). Finally, we compare this with the Schwarzschild solution to determine the relation to
the effective mass of the general f(T, B) model.

Limiting ourselves to f(T) gravity, we explore the possibility of perturbative solutions in Section 4,
where exact solutions are found up to perturbative order in the spherically symmetric setting.
These were also investigated in the literature [93,94] and remain an interesting avenue of research in
the TG context. In this part of the work, we investigate two possible routes to the perturbative analysis
which both agree in their PPN limit.

The traditional gravitomagnetic effects of the geodetic and Lense-Thirring phenomena are
determined in Section 5. The Geodetic effect naturally emerges for a static system with a
rotating observer. This is achieved by a coordinate transformation, as prescribed in Equation (69).
This eventually produces Equation (74) which is our result for the geodetic precession rate and the
main result of that subsection. The Lense-Thirring effect is then determined for this TG case, where the
main result result is shown in Equation (77), which is comparable to the Gravity Probe B mission result.
In fact, in Section 6, we use the results of this mission to constrain our parameters for the various
potential models under investigation.

Gravitomagnetic effects have the potential to have an important impact on understanding which
modified theories of gravity are viable and may play an important role in the coming years for
developing realistic modified theories of gravity.
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Appendix A. Solution for p = 3

The perturbed spherically symmetric metric for the model ansatz f(T) = T + aT? is given to be

A(F) =1 2M |« [2(7M—3F) (1 2M\ 8M°  136M* 12M®  16M?  2476M  40%
B 7 M4 7 7 7 974 73 72 1357 315
N 7 _128M°  128M°  33536M*  8192M° | 22528M>  8192M | 4096 (A1)
F—2M 2776 2775 9457 94573 94572 1897 315 /|’
- 1 o B 2M 64M°  392M*  2512M3  4M? 40967
B = 1- 2 M 2M)2 {_2”“ (1_7> TR TR w7 Moo
N [ F _ 8704M° N 125824M*  270848M°  2048M>  4096M N 40967 A2)
F—2M 2774 18973 94572 9457 945 95 /) |°
In this case, the weak-field limit yields
2M  16aMe M0
A(F)=1- ——+ 0 ==, A3
(7) 7 979 710 (A3)
B(F) =1+ 2M N 4M? N 8M3 N 16M* 32M°  64M® 128M7  256M8
'a =
7 72 73 rt 7 7o 7 78
512M°  16aM%e M1 Ad
o T A 10 ) (A4)
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