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Abstract: Some of the approaches to quantization in gravity theory concerning gravitationally bound
systems are considered. Grades of quantization applicable to these systems have been classified
in terms of quantum mechanics, quantum field theory, and quantum geometrodynamics. Energy
levels for the graviatom, Lemaître’s atom, quantum gravitational collapse have been calculated, and
relationships for the masses of bound system components, as well as Universe’s birth probabilities,
are presented to exemplify the properties of gravitationally bound systems. Objects and processes
in them have been analyzed to construct quantum models of compact astrophysical objects and the
early Universe.

Keywords: quantum gravity; quantization in a given space-time; space-time quantization; gravi-
atoms; Lemaître atom; gravitational collapse

1. Introduction

There exist two approaches [1–3] towards quantizing gravity itself: a perturbative
field-theoretical approach, wherein gravitons are introduced, and a non-perturbative
geometrical approach.

The perturbative quantum gravity proves to be non-renormalizable in the general
case. Weak gravitational fields are usually considered in the framework of tensor field
theory in Minkowski space. Non-perturbative loop quantum gravity generalizes quantum
geometrodynamics at scales that are comparable with the Planckian length. The geometrical
quantities are operators having discrete eigenvalues; hence, there are no divergences in
loop quantum gravity.

Some approaches to quantization in gravity theory are well developed. Especially,
it concerns quantum field theory in curved space-time [4]. Others have not found a
wide application. They concern quantum mechanics in a gravitational field [5], quantum
gravitational collapse [6], and quantum cosmology [7], when we deal with gravitationally
bound systems, which are a subject of our investigation. Below, different features of
graviatoms and Lemaître’s atom as well as the Universe’s birth have been clarified.

The article is organized, as follows. Section 2 presents basic concepts and definitions
of quantization for the objects and processes in gravitationally bound systems that are
considered in the subsequent sections. In Section 3, the quantum equations representable in
Schrödinger’s type form are presented. Section 4 exemplifies the energies of gravitationally
bound systems. In Section 5 the relation between the masses of primordial black holes
and particles captured by them are considered. Section 6 is devoted to the probabilities
of Universe’s birth, as a result of quantum fluctuation or gravitational collapse. Finally,
section 7 presents the general properties of gravitational bound quantum systems and their
significance in solving the gravity quantization problem.

This paper reports our results (Sections 3–6) concerning quantization in gravity theory,
which are significant for bound quantum systems. They promise a major advance in
understanding the general pattern of a consistent theory of gravity quantization.
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2. Quantization in Gravity Theory

Gravity is considered in the framework of general relativity and Newtonian theory,
and quantum theory—in terms of quantum mechanics and quantum field theory [8].

The grades of quantization in a given space-time or Newtonian gravitational field
are as follows: quantum mechanics in the Newtonian gravitational field with relativistic
corrections and quantum theory of extraneous fields in curved space-time.

Nonrelativistic quantum mechanics in curved space-time results in Schrödinger’s
equation in flat space with the Newtonian gravitational potential φN [5]:

ih̄
∂ψ

∂t
= − h̄2

2m
∆ψ + mφNψ, (1)

where ψ is the wave function and m the particle mass.
The gravitational-field and space-time quantization includes: weak gravitational field

quantization involving gravitons, quantum geometrodynamics for geometry as a whole,
and loop quantum gravity for space-time itself.

Quantum geometrodynamics is considered in space of three-geometries using Wheeler–
DeWitt’s equation [9]:

l4
plGijkl

δ2ψ

δγijδγkl
+ 3Rψ = 0, (2)

where γij is the spatial metric, Gijkl the supermetric, and 3R the three-curvature,

lpl =

√
h̄c
G

(3)

is the Planckian length.
In the quasiclassical limit ψ ∼ e

iS
h̄ , where the action S satisfies Peres’ equation [10]

G2

c6 Gijkl
δS

δγijδγkl
− 3Rψ = 0. (4)

The objects and processes in gravitationally bound systems correspond to these grades
of quantization, as follows: graviatoms (this term was first introduced in our works [11,12]),
which comprise miniholes (i.e., primordial black holes) that are capable of capturing elemen-
tary particles [13,14], the Universe’s birth from de Sitter’s vacuum, quantum gravitational
collapse, and particle creation near horizons and in the early Universe .

Below, the energy levels for the graviatom, Lemaître’s atom [15] (simulating quan-
tum early Universe [7]) and quantum gravitational collapse, as well as masses of bound
system components and Universe’s birth probabilities are presented using solutions to
Schrödinger’s type equations.

3. Schrödinger’s Type Equations

The quantum equations for a hydrogen-like graviatom and Lemaître’s atom, describ-
ing the early Universe with stiff matter, as well as quantum gravitational collapse, are
representable in Schrödinger’s type form.

In the case of graviatom to the Newtonian potential energy mφN , a term

Us =
GMq2

2c3r2 , (5)

that allows for DeWitt’s self-action for a charge q [16], should be added.
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The radial wave functions for the graviatom Rpl =
χpl
r , where p = n− s− 1, n and l

represent the principal and orbital quantum numbers respectively, with

s(s + 1) =
2mA

h̄2 + l(l + 1), (6)

A =
mc2rqrg

4
, (7)

where
rg =

2GM
c2 (8)

is the gravitational radius of the minihole, M its mass,

rq =
q2

mc2 (9)

is the classical radius of a particle with the mass m and charge q.
Equation (6) is reducible in two limiting cases to formulae, as follows: s ≈ l for

2mA
h̄2 � l(l + 1) is valid for hydrogen-like graviatoms and s ≈

√
2mA

h̄ is valid for nuclei

with masses m = 2Zmp and charges Z > 104, which cannot not exist, since they convert
into an electroneutral plasma consisting of electrons, protons, and neutrons [17]. Thus,
hydrogen-like graviatoms are considered, only to whose relativistic corrections the quantity
A may contribute.

The function χpl satisfies the equation [18]

d2χpl

dr2 −
2m
h̄2 [Ue f f (r)− Ega]χpl = 0, (10)

where

Ue f f (r) =
mc2rqrg

4r2 −
mc2rg

2r
+

h̄2l(l + 1)
2mr2 , (11)

which has the form of Kratzer’s potential for a diatomic molecule [19].
The wave function ψ(a) of Lemaître’s atom satisfies the equation [20]

d2ψ

da2 −
2mpl

h̄2 [U(a)− ELa]ψ = 0, (12)

where the potential energy, which was obtained in the framework of McCrea–Milne’s
classical cosmological model [21], replacing the generalized momentum p = da

dη by the

operator p̂ =
l2
pl
i

d
da , has the form

U(a) =
mplc2

2l2
pl

(
ka2 − 8πGεa4

3c4

)
, (13)

a is the scale factor, adη = cdt, η conformal, and t synchronous time, respectively, k = 0,±1
the model parameter,

mpl =

√
h̄c
G

(14)

is the Planckian mass.
The synchronous time in McCrea–Milne’s classical model

t =
mpl

lpl

∫ ada√
2mpl [ELa −U(a)]

(15)
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proves to have been programmed in a quantum model.
Consider a multicomponent medium, for which the energy density

ε = ε0 ∑
u

Bu

( r0

a

)u
, (16)

where
1
r2

0
=

8πGε0

3c4 , (17)

r0 is de Sitter’s horizon, ε0 the energy density of de Sitter’s vacuum, and u = 3(1 + w)
with w entering in the formula for the pressure p = wε satisfying the barotropic equation
of state, providing the normalization condition

∑
u

Bu = 1 (18)

is valid, where Bu is the contribution of the u-th component on de Sitter horizon.
The cosmological medium has the components, as follows:

1. phantom matter for u < 0,
2. de Sitter’s vacuum for u = 0,
3. domain walls for u = 1,
4. cosmic strings for u = 2,
5. dust for u = 3,
6. radiation for u = 4,
7. perfect gas for u = 5,
8. ultrastiff matter for u = 6, and
9. ekpyrotic matter for u > 6.

Lemaître’s atom simulating the early Universe is considered in the framework of
quantum cosmology, while using Wheeler–DeWitt’s equation of quantum geometrody-
namics (2) in the superspace of three-geometries that are reducible to Schrödinger’s type
Equation (12) in minisuperspace of scale factors, which is being solved while using the
formalisms of quantum mechanics. It is in our works [20,22] that the quantum cosmology
for mullticomponent model has been considered.

In the case of stiff matter

U(a) =
mplc2

2l2
pl

(
B5r3

0
a

+
B6r4

0
a2

)
, (19)

where B5 and B6 are the contributions of perfect gas and ultrastiff matter, respectively, to
the total energy density on de Sitter’s horizon,

ELa =
mplc2

2

(
r0

lpl

)2

B4, (20)

where B4 is the contribution of radiation to the total energy density on de Sitter’s horizon.
The wave function describing quantum gravitational collapse ψ(γ), providing B0 = 1

and |γ− γ0| � 1, satisfies the equation [6]

d2ψ

dγ2 +

(
r0

lpl

)4[
γ4

0 +
B5

γ− γ0
+

B6

(γ− γ0)2 + B4

]
ψ = 0, (21)
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providing B0 = 1 and |γ− γ0| � 1, where γ = a
r0

. At γ = γ0, the equation of state changes
and there arises de Sitter’s vacuum [23]. For γ� 1, we have

d2ψ

dγ2 +

(
r0

lpl

)4

γ4ψ = 0. (22)

Equations (20) and (21) can be joined at γ = γ0 + 1, if γ0 � 1, B6 = 0, B4 = −B5.
Figure 1 presents the potential anergy for the quantum gravitational collapse.

Figure 1. The potential energy for quantum gravitational collapse.

In this case the energy spectrum is given by Formula (21), where B4 satisfies the
equation

B2
4 + 4n2

( lpl

r0

)4

+ 4γ4
0n2
( lpl

r0

)4

= 0. (23)

Quantum gravitational collapse is analyzed in the framework of quantum cosmology,
since the geometry of collapse corresponds with that of Friedmann’s contracting model [24].

4. Energies of Graviationally Bound Quantum Systems

The graviatom energy levels [11,12] have the form

Ega = −
2B2m

h̄2
[
2p + 1 +

√
(2l + 1)2 + 8mA

h̄2

]2 , (24)

where

B =
mc2rg

2
, (25)

which follows from (10) and (11).
The energy levels of the pre-de-Sitter Universe behaving as a planckeon with the energy

of radiation (cf. Lemaître’s atom) in the field of stiff matter [20] are given by the formula

ELa = −
(

r0

lpl

)6
B2

5mplc2

8

[
p + 1

2 +

√
1
4 − B6

(
r0
lpl

)4
]2 , (26)
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where p = 0, 1, 2...; r0 is de Sitter’s horizon, and B5 and B6 the contribution of perfect gas
and ultrastiff matter, respectively, to the total energy density on de Sitter’s horizon, which
follows from (12)–(14) and (16).

For the graviatoms with
8mA

h̄
� (2l + 1)2 (27)

and for the Universe filled with stiff matter with

B6

(
r0

lpl

)6

� 1
4

(28)

we obtain hydrogen-like spectra

E = − Ea

2n2 , (29)

where Ea is the atomic energy unit, which is given by the formula

Ea = mc2α2
g (30)

for the graviatom, where

αg =
GMm

h̄c
(31)

is the gravitational equivalent of the fine structure constant, and the formula

Ea = B2
5

(
r0

lpl

)6

mplc2 (32)

for Lemaître’s atom.
The energy levels in the case of quantum gravitational collapse take values in the

interval [6]
− 2γ4

0 ≤ B4 ≤ −γ4
0, (33)

where B4 = −2γ4
0 is the lowest level and B4 = −γ4

0 corresponds to the continuum.

5. System Component Masses

The masses of miniholes and particles that are captured by them in the graviatom and
masses of leptoquarks mX born in the early Universe are related by the same relationship:

Mm ∼ 1
2

m2
pl , (34)

which follows from the existence conditions for hydrogen-like graviatoms [11,12]

3

√
2b
9π

< αg <
1√
2

, (35)

where b = 2.2822, and the leptoquarks being created at the Compton lengths

λc =
h̄

mXc
(36)

of the order of the minihole gravitational radii rg.
Inequality (35) means that Bohr’s radius of the graviatom

ag
B =

h̄2

GMm2 (37)
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exceeds the minihole gravitational radius rg, provided that the Hawking’s radiation does
not destroy the graviatom, i.e.,

|E10| > h̄ωH , (38)

where |E10| is the energy of particle knocking-out from the first level, ωH Hawking’s
radiation frequency

ωH =
bc3

4πGM
. (39)

The leptoquarks are created on the exit from under the potential barrier as a result of
de Sitter’s vacuum decay.

Loop quantum gravity and quantum geometrodynamics are valid at the scales from lpl

to r0
√

k− B2. At the scales from lpl to r0
√

k− B2 to λc the quantum field theory in curved
space-time is validm changing to general relativity, which holds at the scales exceeding the
Compton length λc.

6. Universe’s Birth Probabilities

The probability of a universe birth, as a result of gravitational collapse [6], reads

D ∼ exp

−2|B4|3/4

(
r0

lpl

)2
, (40)

where |B4| � 1.
The probability of the birth of a new universe in another space, as a result of gravita-

tional collapse in our space, equals D2, since it is necessary to tunnel through two barriers:
the first one in our space and the second in the other (see Figure 2).

Figure 2. The potential energy for the birth of a new universe, as a result of gravitational collapse.

The probability of a new universe birth, as a result of quantum fluctuation [22], is
as follows

D ∼ exp

−2(k− B2)
3/2

3B0

(
r0

lpl

)2
, (41)
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where B0 is the contribution of de Sitter’s vacuum to the total energy density on de Sitter’s
horizon, i.e., a tunneling of the planckeon with the energy of radiation through the potential
barrier in the case of the potential

U(a) =
mplc2

2l2
pl

[
(k− B2)a2 − B0a4

r2
0

]
, (42)

where B2 is the contribution of cosmic strings to the the total energy density on de Sitter’s
horizon. For

4B0B4 ∼ (k− B2)
2 (43)

this case reduces to the previous one if B4 � 1. Thus, the universe’s birth as a result of
quantum fluctuation is considerably more probable than that for gravitational collapse. In
any case, the penetration factor D, which describes tunneling through potential barriers, is
given by Gamow’s formula

D = exp

−
∣∣∣∣∣∣2r0

h̄

γ2∫
γ1

√
mpl(E−U)dγ

∣∣∣∣∣∣
. (44)

7. Conclusions

The general properties of gravitationally bound systems, which are considered in this
work, are related to several grades of quantization being simultaneously present at the
same quantum objects or processes.

Quantum mechanics and quantum field theory in curved space-time play a part for
graviatoms. Hence, there arises a relationship between the masses of miniholes and the
particles captured by them.

Schrödinger’s type equations describe the graviatom, Lemaître’s atom, and quantum
gravitational collapse. For the Lemaître’s atom, this follows from Peres’ equation containing
momentum squared, as well as a possibility of obtaining Friedmann’s equation from
McCrea–Milne’s Newtonian models [21]. It is the similarity of Formulae (24) and (26) for
the graviatom and Lemaître’s atom, respectively, that means a fundamental unity between
the microworld and the megaworld. The structure of Schrödinger’s type equation is not a
cause, but an effect, of this similarity.

The relationships for graviatoms and the formation of miniholes and leptoquarks in
the early Universe are similar due to the presence of miniholes and the quantum field
effects in both cases. A unified formula for the birth of a new universe, as a result of
gravitational collapse and quantum fluctuation, is due to both of the processes being based
on the tunnel effect.

The gravitationally bound quantum systems cannot be considered within the only
approach, which may be a manifestationm of the general pattern of a future theory [25],
wherein one succeeds in a transition to the next stage of solving the gravity quantiza-
tion problem.

The consideration of gravitationally bound quantum systems may play a part in
the creation of a consistent theory of gravity quantization allowing for loop and string
cosmology to be combined.

Author Contributions: Conceptualization and methodology, M.F.; investigation, M.F., Y.L.; writing—
original draft preparation, M.F., Y.L.; writing—review and editing, M.F., Y.L.; visualization, M.F., Y.L.
All authors have read and agreed to the published version of the manuscript.

Funding: The publication was prepared with the support of the RUDN University Program 5-100.

Acknowledgments: The authors are grateful to V.M. Mostepanenko for useful discussion and advice.

Conflicts of Interest: The authors declare no conflict of interest.



Universe 2021, 7, 30 9 of 9

References
1. Rovelli, C. Quantum Gravity; Cambridge University Press: Cambidge, UK, 2004.
2. Kiefer, C. Quantum Gravity; Oxford University Press: Oxford, UK, 2007.
3. Fil’chenkov, M.L.; Laptev, Y.P. Quantum Gravity: From the Micro-World to the Mega-World; Lenand: Moscow, Russia, 2016.

(In Russian)
4. Birrell, N.D. Quantum Fields in Curved Space; Cambridge University Press: Cambidge, UK, 1982.
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