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Abstract: In the present article, we investigate the physical acceptability of the spatially homogeneous
and isotropic Friedmann–Lemâitre–Robertson–Walker line element filled with two fluids, with the
first being pressureless matter and the second being different types of holographic dark energy. This
geometric and material content is considered within the gravitational field equations of the f (T, B)
(where T is the torsion scalar and the B is the boundary term) gravity in Hubble’s cut-off. The
cosmological parameters, such as the Equation of State (EoS) parameter, during the cosmic evolution,
are calculated. The models are stable throughout the universe expansion. The region in which the
model is presented is dependent on the real parameter δ of holographic dark energies. For all δ ≥ 4.5,
the models vary from ΛCDM era to the quintessence era.

Keywords: Renyi; Tsallis and Sharma–Mittle holographic dark energy models; f (T, B) gravity

1. Introduction

The amazing disclosure of the increasing expansion of the universe is one of the
energizing advancement areas of cosmology. This enormous change in cosmic history
has been demonstrated from a differing set of high-precision observational information
amassed from different cosmic sources [1–6]. The quickening paradigm is considered a
result of a fascinating kind of entity, named dark energy.

Dark energy might anticipate the final eventual fate of the universe; its striking high-
lights are, as yet, unknown. To investigate such an astounding idea, various methodologies
have been introduced. Among the different dynamical dark energy models, the essential ap-
plicant is the cosmological constant Λ. However, this experiences enormous incidents and
fine-tuning problems [7,8]. As a result of this, different dynamical dark energy models have
been recommended, such as K-essence [9,10], phantom energy [11,12], quintessence [13],
Chaplygin gas [14–16] and holographic dark energy (HDE) models [17–21].

Here, we are particularly concerned with HDE. Inspired by black hole thermodynam-
ics [22,23], the holographic principle states that all of the information contained in a volume
of space can be represented as a hologram, which corresponds with a theory regarding the
boundary of that space [24]. The most successful realization of the holographic principle
is the AdS/CFT correspondence, as can be observed in the seminal reference [25]. With
applications in different fields of physics, e.g., nuclear physics [26] and cosmology [27], at
present, it is believed that the holographic principle should be a fundamental principle of
quantum gravity.

The cosmological constant problem mentioned above [7,8] may nearly be a quantum
gravity issue. In this way, as the most fundamental principle of quantum gravity, the
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holographic principle should play an essential role in solving it. In fact, in [17], the first
HDE model was proposed, where the holographic principle applies to cosmic acceleration.
Such a model of dark energy density relies on two physical quantities on the universe’s
boundary: the reduced Planck mass and a cosmological length scale (which can be taken
as the future event horizon of the universe). It was suggested that, in the case of a system
with ultraviolet cutoff, given by Λ, for a region of size L, the total energy should not exceed
the mass of a black hole of the same size. This results in the HDE density being defined
as ρΛ = 3C2MPl/L2, with C being a constant, MPl = 1/

√
8πG being the reduced Planck

mass and G being the Newtonian gravitational constant.
Several works exist in the literature in which the eminent authors have discussed the

different kinds of HDE by using the holographic principle and dimensional analysis [28–30].
Wang et al. [31] derived the general formula for the energy density of HDE and defined the
HDE model’s properties, in which the future event horizon is chosen as the characteristic
length scale. Pourhassan et al. [32] used observational data to perform cosmography for
this holographic model based on fluid/gravity duality. They also obtained the HDE from
the fluid/gravity duality constraint through cosmological observations. Sharma et al. [33]
calculated the EoS and the deceleration parameter of the Tsallis HDE model to under-
stand cosmological evolution by exploring the interacting Tsallis HDE model in a non-flat
universe, with an infrared cut-off as the apparent horizon. By choosing the relationship
between interacting dark matter and different HDE fluid environment models, Shekh and
Ghaderi [34] have developed a Hypersurface-homogeneous cosmological model of the
universe with interacting dark matter and other HDE fluid environment models. It should
be a function with a unit of the inverse of cosmic time by considering a constant decel-
eration parameter corresponding to a purely accelerating model towards q = −5.4. In
early and late periods of cosmic evolution, interacting fluids such as dark matter, holo-
graphic, and Renyi HDE fluids demonstrate dominance in Hubble’s and Granda–Oliveros
cut-offs, respectively.

Different kinds of infrared (IR) cut-offs have been considered in HDE models, e.g.,
Hubble’s horizon H−1 [35,36], event horizon [37], particle horizon [38], conformal universe
age [39,40], Ricci scalar radius [41] and Granda–Oliveros cutoff f [42]. Such HDE models
with different IR cutoffs can explain the ongoing situation of the increasing speed of
universe expansion in agreement with present-day observational information.

Recently, several cosmological phenomena have been discussed using Renyi and
Tsallis entropies, proposed in [43,44] as generalizations of the Bekenstein entropy [22].
Such generic entropy formulations can be used in different forms to approach the DE
question. From these formulations, the Renyi [45], Tsallis [29] and Sharma–Mittal HDE
models [46] have been proposed.

In [47], the Renyi HDE model was examined, with the IR cutoff considered as the
Hubble horizon. The examination was made through analysis of the growth rate of
perturbations and statefinder hierarchy. In [48], the effects of considering different IR
cutoffs, such as the particle horizon, the Ricci horizon and the Granda–Oliveros cutoff
in Tsallis HDE, were explored. Observational constraints of the Tsallis HDE model were
obtained in [49]. The approach developed in [47] was applied to the Sharma–Mittal HDE
model in [50].

To complement the evasion possibilities of the cosmological fine-tuning problem
quoted in References [9–21] and their presented applications, alternative gravity theories
must be mentioned. Alternative gravity theories generalize the Einstein–Hilbert action,
allowing it to depend generically on the Ricci scalar R and other scalars. Some quite
interesting dark energy models have been derived from such formulations, e.g., based on
f (R) [51–53] and f (R, T ) gravity theories [54–59], with T being the trace of the energy-
momentum tensor.

Another possibility, which has recently drawn theoretical cosmologists’ attention, is
teleparallel gravity [60–65]. While in the General Relativity framework, the metric contains
the gravitational potentials as responsible for the curvature of space–time, in the teleparallel
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framework, the gravitational fields are represented by the torsion tensor and the curvature
is not important.

Particularly, in [66], the f (T, B) gravity was proposed, with T being the torsion scalar
and B the boundary term. Such a formulation was shown to be quite generic in the
following sense. If the function f (T, B) is assumed to be independent of the boundary
term, the f (T) gravity [67,68] is retrieved. Likewise, for a particular form of the function
f (T, B), the teleparallel equivalent of f (R) gravity is obtained.

In the following, we quote some interesting references concerning applications of the
f (T, B) gravity. Zubair et al. investigated the cosmic evolution in-depth in [69]. From
the different functional forms of the function f (T, B), they have reconstructed de Sitter,
power-law, phantom and even standard cosmological models. Extra polarization states
of gravitational waves were obtained by Capozziello et al. in [70]. Bahamonde and
Capozziello adopted the Noether symmetry approach to study dynamical systems in [71],
while Bahamonde et al. analyzed the thermodynamics in f (T, B) gravity in [72].

Energized by the above references, in this article, we investigate the Renyi, Tsallis and
Sharma–Mittal HDE models in the f (T, B) gravity under Hubble’s cutoff.

2. The f (T, B) Gravity Field Equations

The f (T, B) gravity action is given as follows [66]

S =
∫

e
[

f (T, B)
κ2 + Lm

]
d4x, (1)

where e = det(ei
µ) is the determinant of the tetrad components, κ2 = 8πG , G is the

Newtonian gravitational constant, the speed of light c is taken as 1, f (T, B) is a function of
the torsion scalar T and boundary term B = 2

e ∂µ(eTµ), in which Tµ = Tµv
v and Lm is the

matter action.
By varying the action given in the equation above with respect to the tetrad, the field

equations are obtained as

2eδλ
ν∇µ∇µ∂B f − 2e∇λ∇ν∂B f + eB∂B f δλ

ν + 4e
(
∂µ∂B f + ∂µ∂T f

)
Sµλ

ν + 4ea
ν∂µ

(
eSµλ

a

)
∂T f

−4e∂T f Tσ
µνSλµ

a − e f δλ
ν = 16πeT λ

ν .
(2)

where Sµλ
ν = 1

2

(
Kµλ

ν + δ
µ
ν Tαλ

α − δλ
ν Tαµ

α

)
and Kµλ

ν = − 1
2

(
Tµλ

ν + Tλµ
ν − Tµν

ν

)
. The matter

distribution is assumed to be the combination of pressureless matter and isotropic dark
energy in the form

Tλν = T m
λν + T de

λν , (3)

which are, respectively, given as
T m

λν = ρmuλuν, (4)

Tλν(de) = (ρde + pde)uλuν − pdegλν, (5)

where ρm is the energy density of matter, whereas ρde and pde are the pressure and energy
density of HDE fluid, uν = (0, 0, 0, 1) with uνuν = 1, where uν is the four-velocity vector of
the fluid.

The EoS parameter is defined as

ωde =
pde
ρde

. (6)

After parameterizing the energy-momentum tensor of dark energy T de
λν , it can be

expressed as follows

Tλν(de) = [1,−(ωde)x,−(ωde)y,−(ωde)z]ρde (7)

where (ωde)x, (ωde)y and (ωde)z are the directional EoS parameters on x, y and z axis,
respectively.
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3. Metric, Friedman-Like Equations and Power Law Expansion Solutions

We consider the spatially homogeneous and isotropic Friedman–Lemâitre–Robertson–
Walker line-element in the form

ds2 = dt2 − a2(t)
[
dr2 + r2(dθ2 + sin2 θ dφ2)

]
, (8)

where a is the scale factor of the universe, (t, r, θ, φ) are the comoving coordinates and
we have taken a null spatial curvature (k = 0).

The components of (2) for the line element (8) with the stress-energy tensor (3) can be
written as

− 3H2(3∂B f + 2∂T f ) + 3H∂B ḟ − 3Ḣ∂B f +
1
2

f = (ρm + ρde), (9)

− (3H2 + Ḣ)(3∂B f + 2∂T f )− 2H∂T ḟ + ∂B f̈ +
1
2

f = −ωdeρde, (10)

where H is the Hubble parameter and the overhead dot represents the differentiation with
respect to the cosmic time.

The torsion scalar for the metric (8) is written as

T = −6H2. (11)

It is related to the Ricci scalar as

R = −T + B, (12)

The boundary term for metric (8) is obtained as

B = −6
(

Ḣ + 3H2
)

. (13)

Using (12), together with (11) and (13), the Ricci scalar is found as

R = −6
(

Ḣ + 2H2
)

. (14)

Since field Equations (9) and (10) have four unknowns and are highly nonlinear, an
extra condition is needed to completely solve the system. Here, we use the volumetric
power law expansion as [73]

V(t) = a(t)3 = αtβ and H(t) =
ȧ
a
=

β

t
(15)

where α > 0 and β > 0 are both constants. For different values of β, different phases of the
evolution of the model are predicted. For 0 < β < 1, a decelerated phase of the universe
expansion is expected, while for β > 1, an accelerated phase is expected.

Keeping the relation a = 1
1+z in mind, we obtain the following time–redshift relation

1
t
= (1 + z)

3
β , (16)

4. Physical Acceptability of the f (T, B) Gravity Holographic Dark Energy Models
4.1. Renyi Holographic Dark Energy Model with Hubble’s Horizon Cutoff

The energy density of Renyi HDE is characterized as follows [73]

ρde =
3d2

8πL2 (1 + πδL2)−1, (17)
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with d and δ constants. Here, by considering the Hubble horizon as a candidate for the
IR-cutoff, i.e., L = H−1, the Renyi HDE density from Equation (17) is

ρde =
3d2H2

8π

(
1 +

πδ

H2

)−1
. (18)

In view of Equation (16), the expression for the Renyi HDE provided in Equation (18)
becomes, in terms of the redshift,

ρde =
d2β4

216π

[
πδ +

β2

9
(1 + z)

6
β

]
(1 + z)

12
β . (19)

The behavior of Renyi HDE density with Hubble’s horizon cutoff versus redshift for
an appropriate choice of constants, especially δ ≥ 4.5, appears in Figure 1.
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 Figure 1. Behavior of Renyi holographic dark energy density with Hubble’s horizon cutoff versus
redshift for the appropriate choice of constants d = 1.82 and β = 6.

Using Equations (9) and (19), the energy density of pressureless matter is obtained as

ρm =
(2m + 1)m1

2

(
−2β2

3

)m

(1 + z)
6m
β +

{
nn1{(β− 1)[2β(1− β)]n + 2(n− 1)}

2(β− 1)
+

n[2β(1− β)]n

2

}
(1 + z)

6n
β

− d2β4

216π

[
πδ +

β2

9
(1 + z)

6
β

]
(1 + z)

12
β , (20)

with m, m1, n and n1 being constants.
The EoS parameter of Renyi HDE is obtained as

ωde = −



{
n(n1+1)[2β(1−β)]n

2 + nn1[1−3n+4β(β−1)(n−1)(n−2)]
β(β−1)

}
(1 + z)

6n
β

+

{
m1[2m(β−1)+β]

2β

(
−2β2

3

)m
− 2mm1(m−1)

1

}
(1 + z)

6m
β

d2β4

216π

[
πδ + β2

9 (1 + z)
6
β

]
(1 + z)

12
β


. (21)

The behavior of the EoS parameter of Renyi HDE f (T, B) gravity model versus redshift
for the appropriate choice of constants, especially for δ = 7.5, is shown in Figure 2. It is
observed that for all −1 ≤ z ≤ 0, the value of ωde is −1, hence it is ΛCDM model, and for
0 < z it approaches the Quintessences region.
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 Figure 2. Behavior of EoS parameter of Renyi holographic dark energy density of f (T, B) gravity
model in Hubble’s horizon cutoff versus redshift for the appropriate choice of constants d = 1.82,
β = 6, m = 14, m1 = 0.001, n = 10 and n1 = 7.

4.2. Tsallis Holographic Dark Energy Model with Hubble’s Horizon Cutoff

The energy density of Tsallis holographic dark energy is characterized as follows [73]

ρde = L2δ−4, (22)

Here, is a constant. By considering the Hubble horizon as a candidate for the IR-cutoff,
i.e., L = H−1, the Tsallis HDE density from Equation (22) is

ρde =
1

H2δ−4 (23)

In view of Equation (16), the expression of Tsallis HDE provided in Equation (23)
becomes

ρde =

(
3
β

)2δ−4
(1 + z)

3(4−2δ)
β . (24)

Its behavior as a function of redshift can be seen in Figure 3.
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 Figure 3. Behavior of Tsallis holographic dark energy density of f (T, B) gravity model in Hubble’s
horizon cutoff versus redshift for the appropriate choice of constants = 0.1 and β = 6.
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Using Equations (9) and (24), the energy density of pressureless matter is obtained as

ρm =
(2m + 1)m1

2

(
−2β2

3

)m

(1 + z)
6m
β +

{
nn1{(β− 1)[2β(1− β)]n + 2(n− 1)}

2(β− 1)
+

n[2β(1− β)]n

2

}
(1 + z)

6n
β

−
(

3
β

)2δ−4
(1 + z)

3(4−2δ)
β . (25)

The EoS parameter of Tsallis HDE is obtained as

ωde = −



{
n(n1+1)[2β(1−β)]n

2 + nn1[1−3n+4β(β−1)(n−1)(n−2)]
β(β−1)

}
(1 + z)

6n
β

+

{
m1[2m(β−1)+β]

2β

(
−2β2

3

)m
− 2mm1(m−1)

1

}
(1 + z)

6m
β(

3
β

)2δ−4
(1 + z)

3(4−2δ)
β


. (26)

The behavior of the EoS parameter of Tsallis HDE of f (T, B) gravity model versus
redshift for the appropriate choice of constants, especially for δ = 7.5, is clearly shown in
Figure 4. It is observed that for all −1 ≤ z ≤ 0 (here, negative redshift, i.e., −1 < z < 0, is
the blueshift which represents the present model of the universe), the value of ωde is −1,
hence it is the ΛCDM model and further, for 0 < z, it approaches the Quintessences region.
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 Figure 4. Behavior of EoS parameter of Tsallis holographic dark energy density of f (T, B) gravity
model in Hubble’s horizon cutoff versus redshift for the appropriate choice of constants d = 1.82,
= 0.1, β = 6, m = 14, m1 = 0.001, n = 10 and n1 = 7.

4.3. Sharma–Mittal Holographic Dark Energy Model with Hubble’s Horizon Cutoff

The energy density of Sharma–Mittal HDE is characterized as follows [73]

ρde =
3C2SSM

8πL4 , (27)

where SSM = 1
d

[(
1 + δπL2) d

δ − 1
]

. Here, by considering Hubble horizon as a candidate

for IR-cutoff, i.e., L = H−1, the Sharma–Mittal HDE density from Equation (27) is

ρde =
C2H4

8πd

[(
1 +

πδ

H2

) d
δ

− 1

]
. (28)
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In view of Equation (16), the expression of Sharma–Mittal HDE provided in Equation (28),
becomes

ρde =
C2β4

216πd


1 +

9πδ

β2(1 + z)
6
β

 d
δ

− 1

(1 + z)
12
β . (29)

Its evolution in redshift can be seen in the figure below Figure 5.
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Figure 5. Behavior of Sharma–Mittal holographic dark energy density of f (T, B) gravity model in
Hubble’s horizon cutoff versus redshift for the appropriate choice of constants d = 1.82, C2 = 0.1,
β = 6, m = 14, m1 = 0.001, n = 10 and n1 = 7.

Using Equation (9) and (29), the energy density of pressureless matter is obtained as

ρm =
(2m + 1)m1

2

(
−2β2

3

)m

(1 + z)
6m
β +

{
nn1{(β− 1)[2β(1− β)]n + 2(n− 1)}

2(β− 1)
+

n[2β(1− β)]n

2

}
(1 + z)

6n
β

− C2β4

216πd


1 +

9πδ

β2(1 + z)
6
β

 d
δ

− 1

(1 + z)
12
β . (30)

The EoS parameter of Sharma–Mittal HDE is obtained as

ωde = −



{
n(n1+1)[2β(1−β)]n

2 + nn1[1−3n+4β(β−1)(n−1)(n−2)]
β(β−1)

}
(1 + z)

6n
β

+

{
m1[2m(β−1)+β]

2β

(
−2β2

3

)m
− 2mm1(m−1)

1

}
(1 + z)

6m
β

C2β4

216πd

(1 + 9πδ

β2(1+z)
6
β

) d
δ

− 1

(1 + z)
12
β


. (31)

The behavior of the EoS parameter of Sharma–Mittal holographic dark energy of
f (T, B) gravity model versus redshift for the appropriate choice of constants, especially for
δ = 7.5, is shown in Figure 6 above. It is observed that for all−1 ≤ z ≤ 0, the value of ωde is
−1, hence it is ΛCDM model, and further, for 0 < z, it approaches the Quintessences region.
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 Figure 6. Behavior of EoS parameter of Sharma–Mittal holographic dark energy f (T, B) gravity
model in Hubble’s horizon cutoff versus redshift for the appropriate choice of constants d = 1.82,
C2 = 0.1, β = 6, m = 14, m1 = 0.001, n = 10 and n1 = 7.

5. Discussion

The holographic principles need the degrees of freedom of a spatial region to reside
not in the interior of an ordinary quantum field theory, but on the surface of the region,
along with a number of degrees of freedom per unit area no greater than 1 per Planck area.
Hence, the entropy of a region must not go beyond its area in Planck units [74].

The holographic principle was applied to cosmology in [74], and since then, many
HDE models have appeared. In addition to those mentioned previously, see [75–81].

In the present article, we have chosen to work with HDE models in the f (T, B)
theory of gravity. We have analyzed three different possibilities within this context, the
Renyi, Tsallis and Sharma–Mittal HDE models, and observed that, in all possibilities
for all −1 ≤ z ≤ 0, the value of ωde is −1, hence it is ΛCDM model, and further, for
0 < z, it approaches the Quintessences region, which indicates the cosmic acceleration of
the universe.
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