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Abstract: We study neutrino propagation in a curved spacetime background described by the
Schwarzschild solution with the addition of quantum corrections evaluated in the framework of
perturbative quantum gravity at lowest order. In particular, we investigate neutrino oscillations
and decoherence within the Gaussian wave packet description, finding that quantum gravity correc-
tions significantly affect the intrinsic features of mixed particles and induce potentially measurable
physical effects.
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1. Introduction

Flavor mixing has become a frontier field of research in the physics of elementary
particles ever since the experimental discovery of neutrinos more than sixty years ago [1,2].
Neutrinos’ non-vanishing mass, flavor mixing and oscillations provide some of the most
important instances of phenomena that the Standard Model of elementary particle physics
cannot account for [3]. Although some basic puzzles in the physics of neutrinos have
been resolved, especially since the solar neutrino problem [4–7] has been understood and
explained in terms of the neutrino oscillation mechanism [8,9] together with the MSW
effect [10,11], some fundamental questions remain unanswered, such as whether neutrinos
are Dirac or Majorana fermions.1 Another important open issue concerns the impossibility
of relating the flavor and the mass bases by means of unitary transformations in the
framework of quantum field theory [13–18].

Starting from the seminal investigations on matter interferometry in the presence of
gravity [19] and the ensuing applications of such a formalism to the case of mixed particles
(see the works [20–23] and references therein), a fundamental research branch relates to
the fate of flavor mixing and neutrino oscillations when gravitational effects are taken
into account. The possibility of providing a general prescription on neutrino oscillations
that applies to any generic spacetime background was investigated in Refs. [24,25]. These
studies have naturally inspired a significant number of developments, both in the context
of general relativity [26–30] and in the framework of extended models of the gravitational
interaction [31–35]. Moreover, studying the intertwining between flavor mixing and gravity
may provide pivotal insights on the fundamental principles that lie at the heart of general
relativity, such as general covariance [36–41] and the equivalence principle [28]. Indeed,
concerning the former issue, it is known that the fulfillment of general covariance in the
context of the inverse β decay (i.e., the decay of an accelerated proton) is preserved even
when the produced particles undergo flavor mixing, thus confirming that general covari-
ance itself can still be deemed as a viable guiding principle in quantum field theory. At the
same time, the above picture has a significant impact on the Unruh effect as well, since it
provides for the first time both a theoretical check and an unambiguous explanation for
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such a phenomenon. On the other hand, regarding the latter case, it has been proved that,
in the non-relativistic limit, flavor particles violate the weak formulation of the equivalence
principle. The source of the violation amounts to a redefinition of the inertial mass which
does not occur for the gravitational mass, thereby pointing towards a novel rephrasing of
the equivalence principle in the quantum domain. From an astrophysical point of view,
instead, neutrino fluxes expelled during star core collapses may represent a valuable infor-
mation carrier [42–45], whereas heavy sterile neutrinos are plausible candidates for dark
matter and dark energy [46,47]. In passing, it is also worth mentioning that some feasible
scenarios for experimentally testing the quantum nature of the gravitational interaction
involve schemes based on neutrino oscillations [48]. For a detailed overview of these and
other related topics, the interested reader can consult Ref. [49].

In the present work, by exploiting the wave packet representation of flavor mixing,
we will discuss gravitationally induced decoherence processes, another important trait
of elementary particle physics in curved backgrounds. Specifically, by resorting to the
non-covariant Gaussian wave packet description proposed in Refs. [50,51] and further
developed in Refs. [52–54], we analyze the behavior of neutrino propagation and oscilla-
tions from the viewpoint of a locally inertial observer in a Schwarzschild spacetime which
accounts for the leading perturbative quantum corrections to the classical gravitational
potential. In such a picture, one considers general relativity as an effective field theory,
which thus allows us to neglect all the unknown terms arising at high energies [55–57].
As our investigation is specific to neutrinos propagating in a weak gravitational field,
the perturbative approach to quantum gravity outlined by Donoghue in Refs. [55–57] is
particularly well-suited in order to emulate as much as possible an experimental setting in
our Solar system.

The paper is organized as follows: in Section 2 we briefly review the Gaussian wave
packet description of particle mixing. In Section 3 we introduce the metric of the quantum-
corrected Schwarzschild spacetime in the weak-field limit and explore how it affects wave
packet decoherence in the case of two-flavor mixing. Finally, in Section 4 we discuss our
results and comment on future research directions.

Throughout the paper, we use Planck units h̄ = c = G = 1 and the mostly-positive
signature convention for the metric (−,+,+,+).

2. Neutrino States in the Wave Packet Approximation

It is well known that flavor neutrinos can be regarded as a superposition of states with
definite mass [3]. If we assume the mixed particle to be produced at a given point P, the
ensuing state can be written as

|να(P)〉 = ∑
j

U∗αj|νj〉, (1)

with U∗αj being the element of the complex conjugate Pontecorvo–Maki–Nakagawa–Sakata
matrix [3] and α = {e, µ, τ}, j = {1, 2, 3} denoting the flavor and mass index, respectively.
Mass states propagate freely in space; hence, it is straightforward to verify that their spatial
and temporal variation after having introduced a “detection” point Dj is given by the
application of the usual evolution operator

|νj(P, Dj)〉 = e−iΦj(P,Dj)|νj〉 , (2)

where, in a curved background, we can recognize the covariant quantum phase [19]

Φj(P, Dj) =
∫ Dj

P
p(j)

µ dxµ . (3)
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Here, p(j)
µ is the j-th four-momentum defined along the traveled path, that is

p(j)
µ = mjgµν

dxν

ds
, (4)

with mj indicating the j-th mass that enters the on-shell mass relation p(j)
µ pµ(j) = p2(j) =

−m2
j .
In order to take into account the presence of wave packets, we must modify Equation (1)

so as to include a further term that ensures the localization of the system; specifically, at the
starting point P, we see that

|να(P)〉 = ∑
j

U∗αjχj(x)|νj〉 . (5)

According to the non-covariant Gaussian prescription [52,53], we require a shape for our
j-th wave packet that is peaked around a given value pj in momentum space. Therefore,
we observe that

χj(x) =
∫ d3 p

(2π)3 eip·xχj(p) , (6)

where

χj(p) =

(
2π

σ2
p

) 3
4

e
−

(p−pj)
2

4σ2
p (7)

represents the j-th non-covariant Gaussian wave packet, normalized in such a way that

∫ d3 p
(2π)3

∣∣χj(p)
∣∣2 = 1 . (8)

In the previous equation, pj defines the center of the peak, whereas σp is the width of
the Gaussian function. Finally, the evolved flavor state that accounts for both Equations (2)
and (5) can be written as2

|να(x)〉 = ∑
j

U∗αjψj(x)|νj〉 , ψj(x) = χj(x)e
−iΦj(P,Dj) . (9)

Next, we introduce the corresponding density matrix ρ(x) as a projector [52]:

ρ(x) = |να(x)〉〈να(x)| = ∑
j,k

U∗αjUαkψj(x)ψ∗k (x)|νj〉〈νk| = ∑
j,k

ρjk|νj〉〈νk| . (10)

In order to proceed, we now need to define the metric that describes the curved
background on which the neutrino propagation takes place.

3. Wave Packet Decoherence in a Quantum Schwarzschild Spacetime

In the following, we consider the quantum-corrected Schwarzschild metric written
in isotropic spherical coordinates and in the weak-field limit. To better convey the rel-
evance of quantum corrections, for the definition of the metric tensor we momentarily
restore the standard units, thereby allowing for the appearance of h̄, c and G. Under these
circumstances, it is possible to show that the line element takes the form [55–57]

ds2 = −[1 + 2V(r)]c2dt2 + [1− 2V(r)]
(

dr2 + r2dΩ2
)

, (11)

where dΩ2 = dθ2 + sin2 θdϕ2 and

V(r) = −GM
rc2

(
1 +

41h̄G
10πc3

1
r2

)
(12)
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is the quantum-corrected gravitational potential arising from treating general relativity
as an effective field theory [55–57]. At this stage, post-Newtonian terms that go up to
O
(

M2/r2) do not play a relevant role for the quantitative estimation of quantum gravita-
tional effects, and therefore have been neglected in Equation (12).

Without loss of generality, we can restrict the attention to a neutrino propagating along
the radial direction in the equatorial plane (i.e., θ = π/2 and ϕ = const). In this case, the
non-vanishing components of the four-momentum defined in Equation (4) take the form3

p(j)
t = −(1 + 2V)mj

dt
ds

, p(j)
r = (1− 2V)mj

dr
ds

, (13)

where p(j)
t = −Ej(p) is the energy of the j-th mass eigenstate, which is a conserved quantity

along the trajectory due to the fact that we are working with a static metric tensor. By
resorting to the on-shell mass relation, we now observe that

− (1 + 2V)

(
dt
ds

)2
+ (1− 2V)

(
dr
ds

)2
= −1 , (14)

which, together with Equation (13), allows us to deduce

dr
ds

=

√√√√E2
j (p)

m2
j
− (1 + 2V) . (15)

Knowledge of such an expression is useful because it can be exploited to simplify the
formula of the covariant phase (3). As a matter of fact, by recalling the choice of radial
motion in the equatorial plane and Equation (13), we have

p(j)
µ dxµ = p(j)

t dt + p(j)
r dr = −Ej(p)dt + (1− 2V)

√
E2

j (p)− (1 + 2V)m2
j dr . (16)

Assuming relativistic neutrinos, it is justified to require mj/Ej(p) � 1 [52]. In this
regime, the above equation becomes

p(j)
µ dxµ = −Ej(p)dt + (1− 2V)

[
Ej(p)− (1 + 2V)

m2
j

2Ej(p)

]
dr . (17)

By means of a straightforward integration, we obtain

Φj(P, Dj) = −Ej(p)
(

tDjP − dDjP

)
−

m2
j

2Ej(p)
rDjP , (18)

where
tDjP = tDj − tP , dDjP = rDjP − 2

∫ rDj

rP

Vdr rDjP = rDj − rP . (19)

In line with what has been showed in Refs. [52–54] and with the purpose of stream-
lining the upcoming calculations, we can expand the j-th energy component around the
value pj, which is the center of the peak of the Gaussian distribution in momentum space.
This procedure amounts to neglecting the intrinsic temporal spreading of the wave packet
during neutrino propagation; in our case, such effect has no relevant consequences on
neutrino coherence [52–54]. In light of the above, we can write at first order:

Ej(p) ' Ej + (p− pj) · vj , (20)
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where Ej = Ej(pj) and vj is the group velocity of the j-th mass eigenstate wave packet,
whose magnitude in the relativistic regime is given by [53]:

vj =
∂Ej

∂p

∣∣∣
p=pj

' 1−
m2

j

2E2 , (21)

with E being the average transition energy between the j-th and the k-th mass eigenstate.
In order to evaluate the flavor transition probability as well as the decoherence tran-

sition rates, we need to determine the analytic form of the quantity ρjk in Equation (10).
To this aim, we first notice that, due to the magnitude of the velocities (21) and to the
approximations made so far, we can fix the detection point for all the mass eigenstates at
the same location Dj = Dk = D, j 6= k. This is related to the fact that the spreading of the
wave packet is negligible for our current analysis, thereby preventing two distinct mass
eigenstates from reaching a different location at the end of the propagation.

Similar considerations allow for a substantial simplification of the difference Φkj =
Φk−Φj that enters directly in the definition of ρjk. In analogy with the procedure developed
for the j-th mass eigenstate, by assuming

Ek(q) ' Ek + (q− pk) · vk , vk =
∂Ek
∂q

∣∣∣
q=pk

' 1− m2
k

2E2 , (22)

we obtain

Φkj = Ejk(tDP − dDP) +

(
m2

j

2Ej
− m2

k
2Ek

)
rDP + vj · (p− pj)(tDP − `j)− vk · (q− pk)(tDP − `k) , (23)

with

Ejk = Ej − Ek , `j =
m2

j

2E2
j

rDP − dDP . (24)

We can now evaluate ρjk by means of an integration over momenta; by recalling
Equations (6), (9) and (10), we have

ρjk(x) = Ξα
jk

∫ d3 p
(2π)3

∫ d3q
(2π)3 e−iΦkj e

−
(p−pj)

2

4σ2
p e

− (q−pk)
2

4σ2
p , (25)

where we have used the compact notation Ξα
jk = (2π/σp)3/2U∗αjUαk. Solving the integral

yields

ρjk(x) =
Ξα

jk

(2σx
√

π)6 exp
{
−iEjk(tDP − dDP) + i

(
m2

j

2Ej
− m2

k
2Ek

)
rDP − σ2

p
[
v2

k(tDP − `k)
2 + v2

j (tDP − `j)
2]} , (26)

in which we recognize σx = 1/2σp.
In typical oscillation experiments, neutrino decoherence turns out to be a function

of the distance only [52,53]. Therefore, by integrating the previous expression over time
we obtain

ρjk(x) =
∫

dt ρjk(x) . (27)

Finally, applying a Gaussian integration, we obtain ρjk(x) as the product of three
distinct contributions, i.e.,

ρjk(x) = κα
jkρosc

jk (x)ρdamp
jk (x) . (28)
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In the above expression, the first factor

κα
jk =

√
2U∗αjUαk

2πσx v̄
exp

[
−

E2
jkσ2

x

v̄2

]
(29)

is a quantity that does not affect flavor oscillations, whilst the latter is associated to the factor

ρosc
jk = exp

{
i

[(
m2

j

2Ej
− m2

k
2Ek

)
rDP −

Ejk

v̄2

(
v2

j

m2
j

2E2
j
+ v2

k
m2

k
2E2

k

)]}
, (30)

where we have defined v̄ =
√

v2
j + v2

k . For our purposes, the relevant contribution is the

third factor in Equation (28), i.e., ρ
damp
jk (x), which contains the information on the damping

process, and thus on the decoherence taking place during neutrino propagation. If we cast
the result as a function of the leading-order term in mj/E, we obtain

ρ
damp
jk (x) = exp

[
−

∆m4
kj r2

DP

32 σ2
x E4

]
, ∆m2

kj = m2
k −m2

j . (31)

In order to provide a meaningful interpretation of this result, we shall recast all the
quantities in Equation (31) as functions of the physical quantities, including the physical
distance between the initial and final points (which does not coincide with rDP) and the
energy El as measured by a local inertial observer who is at rest with respect to the neutrino
propagation. We can carry out such reformulation by resorting to the tetrad fields eâ

µ(x)
associated with the line element (11). Tetrads allow to move from a general coordinate
system to a locally inertial reference frame. Indeed, they are defined by the relation

gµν(x) = eâ
µ(x)eb̂

ν(x)ηâb̂ , (32)

where gµν is the metric tensor belonging to the Riemannian manifold and ηâb̂ is the
Minkowski metric acting on the flat space tangent to the manifold at the given point
x. To distinguish the indexes related to the flat space from the ones labeling the manifold,
the former have been denoted with a hat. For a pedagogical introduction of tetrad fields,
we refer the reader to Ref. [58].

Because of the form of the metric tensor in Equation (11), it is easy to verify that in
our case

e0̂
t = 1 + V , eî

j = (1−V)δi
j , (33)

while all other combinations vanish. We can now observe that the energy E and the “local”
energy El are related by the following relation [24,25]:

E = e0̂
t El = (1 + V)El , (34)

whereas the physical distance L in a curved spacetime is defined as

L =
∫ rD

rP

√
grr dr = rDP −

∫ rD

rP

V dr = rDP + M ln
(

rD
rP

)
− 41

10π

(
1

r2
D
− 1

r2
P

)
M . (35)

By virtue of Equations (34) and (35), it is possible to cast Equation (31) in the weak-field
limit as a function of physical parameters only, namely El and L; explicitly, we have

ρ
damp
jk (x) = exp

{
−

∆m4
kj L2

32 σ2
x E4

l

[
1− 2M

L
ln
(

rD
rP

)
− 41M

5πL

(
1
r2

P
− 1

r2
D

)
+

4M
rD

(
1 +

41
10π

1
r2

D

)]}
. (36)
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The overall factor in the above expression is simply the zeroth-order approximation
that describes the neutrino wave packet decoherence in flat spacetime [53]. The second
term in the square brackets is the Schwarzschild-like gravitational contribution which is
responsible for either an attenuation or a boosting of the damping process depending on
the direction of the neutrino propagation [54]. The third term quantifies the damping effect
produced by the quantum correction to the Schwarzschild potential. Both terms produce
a suppression of the decoherence when the neutrino moves away from the gravitational
source, i.e., rD > rP; vice versa, they both produce an enhancement of the decoherence
when the neutrino approaches the source, i.e., rD < rP. Finally, the last factor is irrelevant,
as it simply shifts the zeroth-order term according to the chosen value of rD.

To provide a concrete idea of the difference in magnitude between the classical
gravitational term and the quantum-corrected one appearing in the square brackets of
Equation (36), we introduce the following quantities:

γGR(L) =
2GM
Lc2 ln

(
rD
rP

)
, γQ(L) =

41h̄G2M
5πLc5

(
1
r2

P
− 1

r2
D

)
, (37)

where we have restored standard units so as to let h̄, c and G explicitly appear in the
expression. We can then study the ratio γQ/γGR as a function of the physical distance
traveled by the neutrino. Because of the approximation we are currently considering, in
generating the plot we fix rD and assume rP ' rD− L, since by taking the full expression (35)
we would not gather an appreciable effect from the behavior of the curve. The results of
the above analysis are summarized graphically in Figure 1.
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Figure 1. Behavior of the ratio γQ/γGR as a function of the physical distance L traveled by a
propagating neutrino in the interval [103, 106] at the sample values h̄ = c = G = 1, rD = 106 and
M = 1. Should we restore the standard units, the above ratio would be further reduced by a factor
equal to the squared Planck length `p = h̄G/c3.

As the figure shows, in the regime of weak gravitational fields the quantum corrections
to the decoherence process occurring in a Schwarzschild spacetime are extremely small, but
they still contribute to an overall enhancement or attenuation of the damping mechanism
depending on the direction of the neutrino propagation. Clearly, an increase in the traveled
distance L while keeping rD fixed translates in a narrowing of the gap between the starting
position P and the gravitational source, thereby excluding the use of the weak-field approx-
imation. On the other hand, this finding confirms that quantum gravity effects become
more relevant as the regime of strong gravitational interaction is approached.
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Figure 1. Behavior of the ratio γQ/γGR as a function of the physical distance L traveled by a
propagating neutrino in the interval [103, 106] at the sample values h̄ = c = G = 1, rD = 106 and
M = 1. Should we restore the standard units, the above ratio would be further reduced by a factor
equal to the squared Planck length `p = h̄G/c3.

As the figure shows, in the regime of weak gravitational fields the quantum corrections
to the decoherence process occurring in a Schwarzschild spacetime are extremely small, but
they still contribute to an overall enhancement or attenuation of the damping mechanism
depending on the direction of the neutrino propagation. Clearly, an increase in the traveled
distance L while keeping rD fixed translates in a narrowing of the gap between the starting
position P and the gravitational source, thereby excluding the use of the weak-field approx-
imation. On the other hand, this finding confirms that quantum gravity effects become
more relevant as the regime of strong gravitational interaction is approached.
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4. Discussion

We have investigated neutrino wave packet decoherence taking place in a spacetime
described by a quantum-corrected Schwarzschild solution. By resorting to a non-covariant
Gaussian wave packet description, we have seen how the density matrix associated with
the propagating neutrino can be expressed as the product of two factors, one responsible for
the flavor oscillation and one which governs the decoherence mechanism. In the analysis of
the latter factor, we have cast the distances and the energies appearing in its expression as
a function of the physical quantities, namely, the effective traveled length and the neutrino
energy as measured by an inertial observer locally at rest. In so doing, we have obtained
Equation (36), where we have been able to single out several contributions, each of which
has a different origin. Apart from the distinctive damping term related to the Schwarzschild
solution, we have isolated the relevant quantum gravitational contribution to leading order,
addressing it as a parameter γQ, which has a purely quantum nature and represents the
implication of the one-loop correction stemming from treating general relativity as an
effective field theory.

Since the gravitational decoherence of neutrino wave packets may potentially be tested,
probing ρ

damp
jk (x) can grant access to the quantum nature of gravity via the corrections that

we have identified in Equation (36). Of course, as Figure 1 conveys explicitly, the deviations
from the standard Schwarzschild scenario appear to be extremely small, but one could spot
a favorable window where to search for quantum gravitational effects by suitably tuning
the traveled length of the mixed particle. Therefore, the results of the present work provide
a further tool towards a comprehensive strategy to detect signatures of quantum gravity
via the quantum wave packet analysis [59–61].

On a final note, we want to stress that, in order not to fine-tune the distance traveled
by neutrinos while still attempting to magnify the quantum gravitational impact on wave
packet decoherence, the most suitable environment where to search for such tiny signatures
should in principle be characterized by extreme astrophysical conditions. As a matter of
fact, in these scenarios it is expected that the implications of quantum gravity would be so
significant that no low-energy approximation is required. To further corroborate the above
statement, we point out that many examples along this direction can be encountered in
literature. For instance, in the context of loop quantum gravity, the existence of primordial
black holes which follow the laws of quantum gravity can be inferred by studying fast
radio bursts [62] and other astrophysical signals [63]. Concerning standard black holes,
in the framework of string theory it is argued that such celestial bodies are nothing but
ultra-compact objects made up of strings (the so-called fuzzballs [64,65]). The peculiar
nature of these physical entities is responsible for a huge number of features that renders
them different from black holes, ranging from their multipolar structure [66] to ringdown,
quasi-normal modes and echoes [67]. Finally, the thorough analysis of gamma ray bursts
may shed light on the possibility of breaking Lorentz invariance while approaching the
Planck scale, as envisaged by doubly special relativity [68,69].

Author Contributions: L.P. performed calculations and drafted the paper. F.I. and G.L. supervised
the work. All authors discussed the results and edited the paper. All authors have read and agreed to
the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.



Universe 2022, 8, 202 9 of 11

Notes
1 In this direction, a hypothetical observation of the neutrinoless double-β decay would definitively settle the conundrum; for an

updated review on this topic, see Ref. [12].
2 For notational simplicity, we denote the dependence of a generic function f (t, x) as f (x).
3 Note that the dependence of V on the radial coordinate will henceforth be taken for granted, and thus omitted. Furthermore,

starting from here we also restore Planck units.
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