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Abstract: We show that a Minkowski phase space endowed with a bracket relatively to a conformable
differential realizes a Poisson algebra, confering a bi-Hamiltonian structure to the resulting manifold.
We infer that the related Hamiltonian vector field is an infinitesimal Noether symmetry, and compute
the corresponding deformed recursion operator. Besides, using the Hamiltonian-Jacobi separability,
we construct recursion operators for Hamiltonian vector fields in conformable Poisson-Schwarzschild
and Friedmann-Lemaitre-Robertson—-Walker (FLRW) manifolds, and derive the related constants of
motion, Christoffel symbols, components of Riemann and Ricci tensors, Ricci constant and compo-
nents of Einstein tensor. We highlight the existence of a hierarchy of bi-Hamiltonian structures in
both the manifolds, and compute a family of recursion operators and master symmetries generating
the constants of motion.
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1. Introduction

Conformable fractional calculus has a long and rich history. In 1695, Gottfried Leibniz
asked Guillaume 1’'Hospital if the (integer) order of derivatives and integrals could be
extended [1]. Would it be possible if the order was some irrational, fractional or complex
number? This idea motivated many mathematicians, physicists and engineers to develop
the concept of fractional calculus in diverse fields of science and engineers (see, e.g., [2-9],
and references therein). Over four centuries, many famous mathematicians contributed
to this development. It is still nowadays one of the most intensively developing areas of
mathematical analysis, including several definitions of fractional operators like Riemann-—
Liouville, Caputo, Griinwald-Letnikov, Riesz and Weyl definitions [5,10-12]. Two of these
definitions, namely Riemann-Liouville and Caputo, are famous. Mathematicians prefer
the Riemann-Liouville fractional derivative while physicists and engineers use the Caputo
fractional one. Indeed, the Riemann-Liouville fractional derivative of a constant is not
zero, and it requires fractional initial conditions that are not generally specified [5]. In
contrast, the Caputo derivative of a constant is zero, and a fractional differential equation
expressed in terms of a Caputo fractional derivative requires standard boundary conditions.
Unfortunately, the Riemann-Liouville derivative and Caputo derivative do not obey the
Leibniz rule and chain rule, which sometimes prevents us from applying these derivatives
to ordinary physical systems with a standard Newton derivative. In 2014, Khalil et al. [13]
introduced the new fractional derivative called the conformable fractional derivative and
the integral obeying the Leibniz rule and chain rule. One year later, i.e., in 2015, Chung [5]
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used this conformable fractional derivative and integral to discuss the fractional version
of the Newtonian mechanics. In that work, he constructed the fractional Euler-Lagrange
equation from the fractional version of the calculus of variations and used this equation
to discuss some mechanical problems such as fractional harmonic oscillator problem,
the fractional damped oscillator problem and the forced oscillator problem. In 2017,
Chung et al. [14] discussed the dynamics of a particle in a viscoelastic medium using
the conformable fractional derivative of order o with respect to time. Further, in 2019,
the same authors [15] discussed the fractional classical mechanics and applied it to the
anomalous diffusion relation from the a-deformed Langevin equation. During the same
year, Kiskinov et al. [16] investigated the Cauchy problem for nonlinear systems with
conformable derivatives and variable delays. Furthermore, Khalil et al. gave the geometric
meaning of a conformable derivative via fractional cords in 2019 [17]. In 2020, Chung et
al. [18] studied the deformed special relativity based on a-deformed binary operations. In
that work, they gave the a-translation invariant distance (#-distance) of infinitesimally close
space-time based on the definition of a-translation invariant infinitesimal displacement
and a-translation invariant infinitesimal time interval.

In addition, in the last few decades, there was a renewed interest in completely inte-
grable Hamiltonian systems (IHS), the concept of which goes back to Liouville in 1897 [19]
and Poincaré in 1899 [20]. In short, IHS are defined as nonlinear differential equations
admitting a Hamiltonian description and possessing enough constants of motion so that
they can be integrated by quadratures [21]. This Liouville formalism does not provide a
method for obtaining the integrals of motion; it has therefore been necessary to elaborate
different methods for obtaining constants of motion (Hamilton—Jacobi separability, Lax
pairs formalism, Noether symmetries, Hidden symmetries, etc). A relevant progress in the
analysis of the integrability was the important remark that many of these systems are Hamil-
tonian dynamics with respect to two compatible symplectic structures [22-24], permitting
a geometrical interpretation of the so-called recursion operator [25-27]. A description
of integrability working both for systems with finitely many degrees of freedom and for
field theory can be given in terms of an invariant, diagonalizable mixed (1, 1)-tensor field,
having bidimensional eigenspaces and vanishing Nijenhuis torsion. One of the powerful
methods of describing IHS with involutive Hamiltonian functions or constants of motion
uses the recursion operator admitting a vanishing Nijenhuis torsion. In 2015, Takeuchi
constructed recursion operators of Hamiltonian vector fields of geodesic flows for some
Riemannian and Minkowski metrics [28], and obtained related constants of motion. In his
work, Takeuchi used five particular solutions of the Einstein equation in the Schwarzschild,
Reissner-Nordstrom, Kerr, Kerr—Newman, and FLRW metrics, and constructed recursion
operators inducing the complete integrability of the Hamiltonian functions. Further, in
2019, we investigated the same problem in a noncommutative Minkowski phase space [29].

In the present work, we investigate Noether symmetry and recursion operators in-
duced by a conformable Poisson algebra in a Minkowski phase space. We construct
recursion operators using conformable Schwarzschild and Friedmann-Lemaitre-Robertson—
Walker (FLRW) metrics and discuss their relevant master symmetries.

The paper is organized as follows. In Section 2, we give the notion of conformable
differential and related formulation of the wellknown Takeuchi Lemma [28]. In Section 3,
we construct a conformable Poisson algebra and the Lie algebra of deformed vector fields,
prove the existence of infinitesimal Noether symmetry and bi-Hamiltonian structure, and
compute the corresponding recursion operator in a conformable Minkowski phase space. In
Section 4, we construct recursion operators for Hamiltonian vector fields, related constants
of motion, Christoffel symbols, components of Riemann and Ricci tensors, Ricci constant,
and components of Einstein tensor in the framework of conformable Schwarzschild and
FLRW metrics. In Section 5, we derive a hierarchy of master symmetries and compute the
conserved quantities. In Section 6, we end with some concluding remarks.
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2. Conformable Differential and Formulation of Takeuchi Lemma

A Hamiltonian system is a triple (Q,w, H), where (Q, w) is a symplectic manifold
and H is a smooth function on 9, called Hamiltonianor Hamiltonian function [30].

Given a general dynamical system defined on the 2n-dimensional manifold Q [31,32],
its evolution can be described by the equation

() =X(x), x€Q XeTQ )
If the system (1) admits two different Hamiltonian representations:
x(t) = XHl,Hz = PldHl = PdeZI (2)

its integrability as well as many other properties are subject to Magri’s approach. The bi-Hamiltonian
vector field Xy, p, is defined by two pairs of Poisson bivectors P;, P, and Hamiltonian functions
Hj, Hy. Such a manifold Q equipped with two Poisson bivectors is called a double Poisson mani-
fold, and the quadruple (Q, Py, P2, Xp, 1, ) is called a bi-Hamiltonian system. P; and P, are two
compatible Poisson bivectors with a vanishing Schouten-Nijenhuis bracket [33]:

[P1, P2]ns = 0. ®)
A recursion operator T : 7Q — T Q is defined by

T:=PoP, )
A Noether symmetry is a diffeomorphism ® : Q@ — O such that [34]:

P*w=w, O*H=H. )

An infinitesimal Noether symmetry is a vector field Y € X(Q) (the set of all differentiable vector
fields on Q) such that:
Lyw=0, LyH=0. (6)

Definition 1. Consider the map ¢ and its inverse g~ 1:
g: R2" — R2" g’1 :R?" — R2"
2 g(z) = "z =2 Z— g l(z)=|z|V) 1z =, %

where g(0) = 0, g(1) = 1, and g(£oo) = =oo. Then, for this map, the a-addition, a-subtraction,
a-multiplication, and a-division are given by:

a@ub = [alal*" -+ bJb|* (/0 (alalt 1 4 blb[* ),
7S b= lalalt 1 — blb[* 1|1/ (alaft T — plp[* ),

a®yb=ab,
a

b= -
a®u¢ b/

where a,b € Rﬁ”.

Definition 2. Let h be a differentiable coordinates function on R2". The conformable differential, also called
a-differential in the sequel, with respect to the position q and its associated momentum p is defined by:

dy : R — R¥

2n
_1 0
h — dtxh = ;u;la‘x,urx 1Eh/ (xv = quxv+l’l = Pv/ n= 4/ V= 1/2/3/4) (8)

satisfying the following properties:
(i) dy(ah+bf) = aduh+ bdsf foralla, b € R;
(i) dy(W™) = mh’"*ld,xh,for allm € R;

(
(iti)  du(c) = 0, for all constant functions h(q, p) = c;
(iv) do(hf) =hdsf + fduh;
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(iv) dy ( ;) = M where f is also a differentiable coordinates function on R2".

f2

The a-differential produces a new deformed phase space called a conformable phase space.
The ordinary differential is obtained for « = 1. Using the a-addition and a-subtraction, we
obtain the following infinitesimal distance between two points of coordinates (x;,...,x;) and
(xX; Da duXi, ..., Xn Dy duXn)

dus = (Bx; + ...+ d2x)2. )
In the Rﬁ”, Takeuchi Lemma [28] takes the following form:

Lemma 1. Consider the conformable vector fields

_ _ J .
Xﬂt,‘:_|xi|(1 a)‘xn+i‘(l a)ax +’,Z:1,...,7l (10)
n—ri
on R2" and
T, = flx'l(“*l)lx- P ML N (1n
= i i BXi 1 ax”+i n+i |

a (1,1)-tensor field on Rﬁ”. Then, we have that the Nijenhuis torsion of Ty, is vanishing, i.e., N7, = 0 and
Lx, To =0, that is, the (1, 1)-tensor field Ty is a conformable recursion operator of Xy, (i =1,...,n).

Proof of Lemma 1. We have:

1 0 0
= Y |xi (a=1) . ( 2 42 ,
Lx, T = Lx,, { = bal* (ax,- B+ et dan) }

L _ 0 0
=2 {Exa,. (il [x;) (ﬁ ®dxi+ 5— ®dxn+i>
j 1

i=1 0Xp

_ d d
+ ‘xi‘(vé 1>|x,~ (ﬁx{” {g ® dx,} + ['Xa‘- {m ® dxnﬂ}) }
i n+i

! 0 0
_ J(a=1) ... . )
Lx, Ta i:E 1 || |x; ([IX“,_ {—axi ® dx,} +Lx,, {ax”H ® dxnﬂ})

because L, (lx;|“V1x;) = 0.
Then,

L _ 0 0
Lx, Tn = l; i Y (ﬁxai LTXJ @dx; + o @ Lx, (dx;)

0
+ 'CXA,- { } ®dxy i+ FY &Y ﬁxai (dxn+i)>

0Xy, 1 OXy 4

Lx, Ty =0.

The components of the Nijenhuis torsion are as follows [28]:

(T A(T,)! (T, )k A(Tw)k
o ok ik OUa); nOUa)i j
W)y = (To); oxy (To); oy (T ox; (T x;
A(Ty)! A(T,)! 3(|x;| D [x;) 3(|xj|“V1x;)
— || @1 [y I (@=1) ), 2N T80 RO ) /2L A v K
|xi] |x; ox; |x]| ‘x] ax]- + (Tw); ax]' (TlX)] ox;
a(sz)l‘1 T,k : i
= |x;| @ ax}] — |xj| @ V]x; T), +a(To)} ] 18] — a(To) ;| 1.
1

] E)xj

. T
1. If i = j, we have (5]? =; = land we get
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_py,. (Tt 1y, 9Tl - _
(Nl = |x] @ a; L — ] (D) a; Lt ala | DTt — )| (T = 0; (12)
1 1
: i (T )" o(T,)"
g i sl _ i oUa)i _
2. Ifi#j,wehaved; =4 =0and oy 0. Then,
(N7l =0. (13)

From (12) and (13), we get N7, = 0. O

3. Recursion Operator in Conformable Minkowski Phase Space

In this section, we derive the recursion operator of Hamiltonian vector fields of geodesic flow
for a free particle in a conformable Minkowski phase space and obtain the associated constants
of motion.

3.1. Symplectic Structure, Poisson Bracket and Lie Algebra

We consider our configuration space as a manifold Q = R%\ {0} that is, a four-dimensional real
Euclidean vector space with the origin removed. The cotangent bundle 7*Q = Q x R} has a natural
symplectic structure wy : TQ — T*Q which, in local coordinates (g, p), is given by

4 4
Wy = dapu N daq = Z "‘2|P;4|“71WH|“71‘1P;¢ Ndqgh. (14)
u=1 u=1

Since wy is non-degenerate, it induces an inverse map, called bivector field Py: 7°Q — T Q
(tangent bundle) defined by

4
0 0
Pao= Y a2lpu - AL, w0 Pa=Prown =1, (15)
o = W apy agr o o o o

and is used to construct the Hamiltonian vector field X,, of a Hamiltonian function f by the relation
Xuy = Padf.
We consider now the next conformable Minkowski metric on the manifold Q:
dys? = —a2|g 20D (dq1)2 —|—uc2|q2|2(“71) (d?)? + az\q3|2("‘71)(dq3)2 +a?|g PV dgh?,  (16)

where ¢ = 1 for commodity yielding the tensor metric (g,y )« and its inverse (g#"),

—(g1)2@-1) 0 0 0
|0 @ o 0
(gVV)oc =& 0 0 (173)2("‘7” 0 , (17)
0 0 0 (q4)2(0¢71)
_ (ql)Z(lftx) 0 0 0
1 0 (q2)2(1—¢x) 0 0
Hvy o —
(") =3 0 0 ()20~ 0 (18)
0 0 0 (q4)2(171x)
In our framework, the equation of the geodesic on the manifold Q is given by
d>qt dq¥ dg*
S S =0 (nA =1,2,3,4), (19)
where
1 I(ev)a | 9(ger)x  9(gua)n
M _
(rl//\)a - E(gye)l" ( an a;u - age (20)
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are Christoffel symbols. From (20), we have

(T = 500 (B = 2500 () = S50 (Th)e = S50 (T)0 =0, otherwise, (21)
q q q q

and obtain that the Riemann tensor components are vanished, i.e., Rz‘jkl =0, (i,j,k1=1,2734).
Then, the Minkowski phase space endowed with the metric d.s? is a flat space. Thus, we notice that
this result does not change the geometric structure of the ordinary Minkowski phase space. Further,
the presence of the Christoffel symbols (l";) « (i=1,2,3,4) means that the parallel displacement of
any basic vector of our considered manifold with respect to itself always remains parallel with this
same basic vector. The ordinary Minkowski phase space is obtained for & = 1.

(rt

Since the quantities (1:5/\)“ = A

il )a do not change the geometric structure of the

Minkowski phase space, we replace (I, ), by (I"') )« in (19). Then, the equation of the geodesic
becomes:

gt op dg”dgt
W ( VA)‘XWW —0, (V,V,A—1,2,3,4). (22)
I
If we put v# = di, we have a first order differential equation on the tangent bundle 7 (Q) of
the manifold Q: .
U o— H— H A
gt =vl, ot = T i (T )av" 0" (23)

From the above equations, we get the geodesic spray

0 1 0
ol _ M VA
Xy =0 agF ac—i—l(rw‘)“v v SoF (24)

By setting p,, = €,c0¢, € = sgn(—, +,+,+), the vector field X, is equivalently transformed to
the vector field X, on the cotangent bundle 7*(Q) such that

3 & 9 a—1\p? 0 & /a—1\p: @
X*“”law*é”kaqk+<a+1)qlam‘k§<a+1)qkapk' @)

The vector field X, is a Hamiltonian vector field of a certain Hamiltonian function H,.

Proposition 1. The set § of differentiable functions defined on T*(Q) endowed with the bracket

4 of o of o
: — a2 (1—a) | p(1—a) 8§ _ 9] o8 (26)
{f g}a }; |P14| |‘7 ‘ apy ogit — ogh apy

is a conformable Poisson algebra.

Proof of Proposition 1. To prove this Proposition, we just have to prove that the bracket {., .}, is a
conformable Poisson bracket.
Let us consider f, g, and h as the three arbitrary elements of §.

e Antisymmetry

opy oq  9gt dpy
4 ag of g of
- _ =2, |(1—a)|u((1—a) [ °8 O _ 98 OF
V;a |P14| “7 | (apy aqy aqy apy ’
=—{g fla 27)

4
{f/g}zx _ Za2|py(la)|qy|(llx)<af 38 . af ag >,
p=1

. Jacobi identity
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4 ag oh  9g oh
ok :{ N 2y, (1) (1) ( 08 Oh 98 o }
4 of ag oh  9g oh
_ a1 (1a) vy (1-a) | OF (o 1(1a) fa(igi_igi)
+ |py |79 g 1-) #Pg oh  dg Ph g oh  og h
" 9qVdp, oq¥  dpy 9qVoq*  9qvoqH dp,  dq* dgVdpy
of _ _af 0 Oh  9g Oh _ _
_ 2 p|(1-a) af 08 O 98 on (1=a)|op|(1—-a)
o <m 070 ) (55 g = 25 )+ 1l g
(i ST TR ST 8)
Opyopy oq  Opy dpydgt  Ipyogh dpy  9q" Ipyopyu ) ) |
4 of a of 9
= =2y, ((1—a)|gu|(1-a) [ @] 98 9] 98
{h/ {flg}lx}lx {h,y;lx |p}l‘ |‘7 | (apﬂ aqy aql,{ ap‘u }DL
4 oh of 9 of a
=V gty | ) | OB () fa<77g _ 778)
+ |p |79 g#| 1) Pf 09g  of g  Ff og I %
“ 9qVdp, oq¥  dpy 9qvoq*  9qvoqH dp,  Iq* dgVopy
oh _ _a«f Of 9O of 9 _ _
- p|(1-a) af OF 98 9] 98 (1=a) | i (1—)
U <m 0 )+ (oL 28 - 228 4 gt
X( ?f og  f g Ff g df % ) 29)
Opyopy oq  Opy dpydgt  Ipyoqh dpy gt Ipyopyu ) ) |
4 oh of  oh 9f
o :{ Y a2, [0 g (-0 [ O Of  9h Of }
{g { f}lx}ﬂ g V; |pI/‘| |q ‘ apy aqy aL]V apﬂ .
4 ) oh of  oh of
_ —4 (1—a) | v (1—a) 7g o (1—a) () — <77 _ 77)
b |pa| A0 e a0 (P _9F b &f  @*h_of oh 3f
# 9qVdp, oq" ~ dp, 9qVoqt  9qvoqH dp,  Iqt dgVopy
og _ _a«f Oh Oof  Oh Of _ _
_ o p|(1-a) of 22 90 2 97 (1=a) | g1 (1—)
i (m 000 (55 505~ e ) + Il
‘ ( Ph_df  Oh Pf _ Ph_df b &f ) (30)
opyop, dq¥  Opy Opydgh  Ap,ogHt dpy  IgH IpyOpy ’
where 07 = (1 —a)(sgn(q"))'"* and 0 = (1 — &) (sgn(py)) *.
Summing (28)-(30), we get
{fAg htata +{g {h frata + {1 {f 8}a}a =0, (31)

which is the Jacobi identity.
. Derivation
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_ 2 1 )| (- 7f( ) ﬁa(gh)
{f.ghta = Pg“ |P} lg ‘ <ap ag" " apﬂ
4
— Y w2y |0 g (-0 | OF oy _of o
;4;1 Pl {a (aq”h+gaq” oqF apuh+g8m¢
4 af ah  df on of ag  of 9
—y g2 p(1-a) | (O O 9] oh oF 98 _ o %8
ﬂ:l el 10" {g(ap daqt  ogt apy) i (% aqt oq" pr)h ' 2

which proves the derivative property: {f,gh}a = g{f, h}a + {f, g}l

Thus, the bracket {.,.}, is antisymmetric and satisfies the Jacobi identity and the derivation
property. Therefore, it is a Poisson bracket and (F, {.,.}«) is a conformable Poisson algebra. [

Proposition 2. The set of Hamiltonian vector fields X, endowed with the Lie bracket given by the commuta-
tor [.,.] is a conformable Lie algebra.

Proof of Proposition 2. Using the Jacoby identity, we have:

g hata +{g A frata + {1 {f, 8ta}a = 0. (33)
The left hand side of this identity can be handled as:

g htata +{8 {h flata +{h {f g}ta}a
={fAgh}ata —{g{f B}ata —{{f 8} H}a
= Xo {g h}a — {8 Xaph}u — {Xa;8, 1}a

= X,fo,xgh — XagXafh — X,X{f'g}ah

= [Xay, X Jh = Xuipg.l

leading to

[Xle; XCVSVI = Xﬂé{frg}ﬂ h (34)

Then, themap f — Xa, = {f, .}a, {f, -8}« Xa;,,, is aconformable Lie algebra morphism
(& {-}a) = (Xaz,[.]). Therefore, (X4, [.,.]) is a conformable Lie algebra. [

3.2. Noether Symmetry and Recursion Operator

By definition, we have

4 9H, 9 9H, 9
= - =2, ((1-a)|p (1-a) « 9 9Ha O
Xa:= {Ha, -}a Ela [pul™ 10" <apy agF ot apy>' (35)

Using (25) and (35), we obtain the following set of equations:

) OH,

a=2|py (1=t (1=2) p“ =-m
) OH, x—1\p?

21, (1 (1-a)%a P1

w00l 00T ——(23) 8 .

a2 py 7| gk | (e ?,I;“ = pr, k=234
)OH, a—1\p?

-2 (1- (1—a) a k _

a2 pe| =g Fra (Hl) g k=234

leading to
H, = ochl‘q |Dé 1|P |¢x+1 + Z a+1 |zx71‘pk|a+1. (37)

This function is called the Hamiltonian function. For « = 1, we naturally obtain the Hamiltonian
function of a free particle on the ordinary Minkowski phase space.
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The vector field
1 1—a 1 4 1—a a
Y, — — 1—a =2 11-a) 1175 L 1-a =2 k{1—-a| k|15 38
w =5l T el g ap1+2a2k§2|pk| Pl g T G
is a master symmetry, i.e.,
[[YIXIXIX}/X[X] - O/ (39)
and the following relations hold:
RIS S P ap
L= Ly, Hyo =5 pr (@)% + Y pe (7)), (40)
k=2
Wy, = Ly, wy = diy, wy + ty, dwy
_ 1-a 4 _ 1-a
= polqt e dpy Adgt = Y p g e dpy A dg, (41)
k=2
Xy := [Xa, Ya]
1 11—« 12022 0 2-a-a2 0
= G —a gl R T—agy =211 5= 2
2 | Ty Gl 5 S 10 20!
l 4 170( 1-20—a2 a 2-a—a? a
o G — kiﬂi 1-a —2 kiﬂ , 42
2012];;2{(1+a) LA e L 42)
where G; = sgn(pi)sgn(qi),i =1,2,3,4.
We notice that X,, satisfies the relation
Ly, Wa = —dL,,

where 1, w, is the interior product of w, with respect to the vector field X,,. Since X, is a dynamical
Xay p p 1 1 y

symmetry, i.e., [Xo, Xa,] = 0, Ly is a first integral, also called a constant of motion. Thus, we arrive at
the following property:

Proposition 3. The vector field Xy, is an infinitesimal Noether symmetry.

Proof of Proposition 3. We have:
,CXN1 Wy = leal wy +1x,, dwy = lea'l wy = —d*Ly = 0. (43)
Since Xy, is a dynamical symmetry, then
£x,, Ho = Xoy (Ha) = 0. (44)

Equations (43) and (44) show that X,, is both an infinitesimal geometric symmetry, i.e., leaving
invariant the geometric structure (the symplectic form wy), and an infinitesimal Hamiltonian sym-
metry leaving invariant the dynamics (the Hamiltonian function Hy). Hence, X, is an infinitesimal
Noether symmetry. [

In the sequel, we consider the following Poisson bivector
— Bl 5 9
Pu = pila [t 50

a 4 3k a—1 a a
A= — e A — 45
aql kg:zpk‘q ‘ apk aqk ( )

and define the conformable Poisson bracket

s 1y (Of 0 df ag) 3 52 ku(af o3 of ag)
= « — — a — 4
{f/g}m pl‘q |l+ (apl aql aql aPl k:2pk|q |1+ aPk aqk aqk aPk ’ (46)

with respect to the symplectic form wy, .
Thus, the vector field X, is a bi-Hamiltonian vector field with respect to (wy, we, ), ie.,

Iy, wa = —dHy and i1x,wa, = —dLy, Xo = {Ha,-}a = {Las - }ar, (47)
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where
4 g
=) I py, (48)
u=1

are first integrals for Xy .
Therefore, the associated recursion operator Ty is given by:

Ty := Py 0 Pyt
a— a a 4 a—1 a a 4
— 31155 Al 3) k|4 /\7)0( a2 (a=1) | it |(a=1) g /\dy)
(rlllq 5 A 9t k:Zzpqu o o V; [Pl 1" Vdpy A dg
_ 2 3 ( 2+A +zx7 - 2 a— 1 2+n2+ai
o2 p3 pa || ap, D8 gpklp (@ V1 ap; &Pk
2.3 ( 2+ + a 2 a— 1 2+ +a a k
2p3lp1 |V g — @df' —a Zpk\Pl ur 5 @ (49)
‘7 k=2 q

providing the constants of motion

h h
2+A “+a 2+a o
ﬂﬂm:ﬁW{@wm Iy )4+ (zmmM1M| *)}heN(ﬂ

k=2

This work can be considered as a conformable case of previous investigations [28,29]. The only
difference resides in the fact that we here use the method of Noether symmetry to obtain the integrals
of motion instead of the method of Hamilton-Jacobi separability, developed in [27-29].

4. Conformable Einstein Field Equation

In this section, we investigate the solutions of the Einstein field equation in the conformable
Schwarzschild and Friedmann-Lemaitre—-Robertson—-Walker (FLRW) metrics. We consider the Ein-
stein field equation shortly written in the tensor form as:

G + Aga = Ty, (51)

where the tensor 1

Gu = Ra = 58:Ra (52)
is the Einstein tensor, the constant A is the cosmological constant, x is a constant; T, and R, are
the tress-energy tensor and Ricci tensor measuring the geodesic deviation, respectively. gy is the

metric tensor, and Ry, is the scalar curvature. The energy-momentum tensor Ty, determines how the
geometry is.

4.1. Recursion Operator in Conformable Schwarzschild Metric

The Schwarzschild metric is the simplest one among the particular solutions of the Einstein
field equation.
Here, we consider the following conformable Schwarzschild metric

-1
2M _ 2M _
e == (1= 22 ) (e Vg (1-23) (@R Dy

(@D @) + ()% (2 sin® g (dg*)?, (53)
where t = g1, r = g%, 8 = %, ¢ = q*, M is a positive constant representing the mass of the black

hole, t € (—o0,00),7 € (2M, ), 0 € (0,77), and ¢ € (0,27).
The metric is defined on a manifold

Q ={4,49 )| 0#g € (~o0 ) q* € (2M,),
0+#¢®€(0,m),and 0 # g* € (0,271)}. (54)

For « = 1, we recover the Karl Schwarzschild metric [35].



Universe 2022, 8, 247 11 of 27

For our purpose, let us consider the phase space 7*Q > (g,p),9 € Q, and the Hamiltonian

function
-1
_ 1 2M 1y2(1-a), 2, 1 2M\  2vo(1-a) 2
Hslx——g(l—qT) (q")* “)P1+§ 1—72 (%)= p3
1 320-a),2 1 4\2(1-a) 2
+ t o . 55
2(q2)2 (q ) pS z(qz)zsiHZ q3 (q ) p4 ( )
The Hamiltonian vector field of Hg, in a conformable Schwarzschild metric with respect to the
4
canonical symplectic structure wy, = ) oc2|p}, |(«=1) |q”|(“_1)dp;, Adg is given by
u=1
4
oH, 0 J0H, 9
Xsu = {Hsa, . }a = a2 ‘<17w)| #|(171X) a 9 _%a 9
' v ,4; prl Ipy 9" 3q" dpy
4
Y a2, (0 =) (v O g O
= 2« lpul ]| (V +U, > (56)
;; : aqy . ap#
where

-1
2M 2M 1 1

vlz_(1_7) , V:(l——) V3= =i, Vi = o514,
P m 2 7 2, V3 (q2)2’73 4 ( 314

7%)2sinq
2M 1—ua cosq 1—a
U1:(1—“)(1—7) @1,U3:—< 03— - ),U =——>—53C
P (P2 (2)2 si® 5 4P4 ), M4 ()2 si ot
M ( 21\/1)‘2 ( ZM) M 1
U =4 (122 +(1—a) (1= )G+ —ogl2P2 — —5=
2 { (q2)2 qz mp1+ ( ) q2 2 (q2)2 2pP2 (qz)g 13P3
1
NGl

with 17, = (qv)z(lf“)pv, and {, = (q”)(lfz"‘)p%, v=1,2,34.

Then, we get in conformable Schwarzschild metric, the Christoffel symbols (Fifj),x, the compo-
nents of the Riemann and Ricci tensors (R;;)4, the Ricci scalar R, and the components of the Einstein
tensor (Gij),x, i,j,k,1=1,2,3,4,see Appendix A.

Note that the components of defined geometric objects are obtained in the usual undeformed
Schwarzschild metric by setting « = 1.

Now, we consider the Hamilton—Jacobi equation for the Hamiltonian function Hg,

W
Es = Hg, <q, w)

! M\ (AW 1 2MY | 00 (W
=5 (1-5F) @ (Gg) (5w (5)
1

aw\? 1 aw\?
n 3 2(1*&)(7) I S 2(17a><7> ’ 57
2(112)2 (17 ) aqS 2(q2)2 sin? t]3 (q ) 8q4 (57)
4
where Eg is a constant and W = Z Wy (qu) is the generating function. In particular, we put
u=1

a . . Lo . .
Wy = " |7'|*, where a is a constant. This equation is a type of separation of variables; then, the above

Hamilton—Jacobi equation becomes
—1 2
2M 2M _a) (AW
2Es () + (1 _ qT) (%22 — <1 B T) ()22 ( qu2>

dW;\ 2 1 AW, \ 2
_ (3\2(1—a) [ BV3 4\2(1—a) [ 9V4
PP () g () )
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which can be rewritten through a constant K as:

_ 242 2M\ 7! 500 5 MY | 50ma (W2
k=2es(@ P+ (1-23) (@ (1- 20 )pre o (G2 59
2 2
_ (3200 (4N 1 42(17@(%)
K= (P (GR) + gt (5 ) (60
From the above, we set:
2
<K—(q3)2(1_“)<%) )sin2q3 =G (61)
T AN
oo () = (6
and obtain Ve
G -
Wo=="lg' 1"t + A, (63)

where A is a constant.
We put the solutions of Equations (59) and (61) in the form:

W, = Wy(q%, Eg,a,K), W3 =Ws(4% K,G). (64)

Then, a generating function W takes the form:

W= gwll“ +Wa(q% Es, a,K) + W3(¢%, K, G) + @Iq“\“*lff* +A. (65)

Now, we consider the canonical system (Q, P), where
Q'=Es, =0, Q=K Q' =G, (66)
R T T LS ©7)
Pyim — 30 =~ 505 — 308 M Puim —50 = — 0t = 500 =~ gt gt - 508 (69

In this new canonical system, we define the following Poisson bracket

4 af o af 9
- -2|p (=) op|(1-a) [ 9L 98 O] 98

with respect to the symplectic form

4
wa = Y a?|Pu| D |QH |V dP, A dQH. (70)
u=1

Then, the Hamiltonian vector field takes the form:

X i= {Heuy-bo = —a 24| (9] Q1[(170) 2 7)
Now, we consider a (1, 1)-tensor field Ts, as
4 . b b
TS“:H;|QV|"‘ Q”(E®dPy+W®dQV). (72)

We can put Q¥ = xy and P, = xy+n, where n = 4 in this case and y = 1,2,3,4. Then, by
Lemma 1, T, satisfies Lx,, Ts, =0, N1,, =0, and degQ" = 2. Hence, T, is a recursion operator of
X4 The constants of motion Tr(T%) (I € N) of the Hamiltonian vector field Xs, for the conformable
Schwarzschild metric are finally obtained as:

Tr(Th,) = 2((QY) + (@Y + (@) + (@Y, 1eN. (73)
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4.2. Recursion Operator in Conformable FLRW Metric
Now, we consider the following conformable Friedmann-Lemaitre-Robertson-Walker (FLRW) metric:
d.s2 — — |q1 ‘Z(afl) (dq1)2 + RZ(ql) |q2‘2(a¢—1) (dq2)2 + ([12)2 |q3|2(0¢71) (qu)Z
’ 1—k(g?)?
+g* P sin® q3(dq4)2> } (74)

defined on the same manifold Q (54), where R(q') is a scale factor and k is a constant representing
the curvature of the space. Considering the Hamiltonian function

Lo1o0-a),2 , 1=k@** 200-a)2 ()2, (q4)20-%) 2
Hpo = —2 =) , 75
Fua 2(‘7 ) P1 + ZRZ(ql) (‘7 ) P2 + z(qz)sz(q1)p3 + 2(q2)2R2(q1) sinz(qf”) Py ( )
we obtain the following Hamiltonian vector field
Xpy = i,fz‘p ‘(1*04)|q14|(1*0<) v i+a i (76)
o = " F‘aqy F‘apy ’
with respect to the symplectic structure
4
W =Y &®|pu|@ Vg« Vdp, A dg", (77)
u=1
where
. - 1—k(q?)? - 1 - 1
Vi=m, Va=——77M V3= 550118 Va= - 4
! 2R2(q") 2R " ()2 R () sin® ()
Y 1 2\2 1 1 dR(q")
Uy =(1-a)iy+ R ((1 —k(q°)")mp2 + (@2 1P3 o q3174p4) P
=12 ( —k*apa + (1 - a)(1 - k(qz)z)éz) st ! Napa,
R2(q%) (4%)3R%(q1) (4%)3R?(q1) sin® 43
~ (1—uw) cosq® ~ (1—uw)
Us = — 03+ . , Uy =~ 5504
PR (@R s P T T (R (g sing?

with 1, = (¢")20-%p,, ¢, = (¢")120p2, and v = 1,2,3, 4.

Here, we perform in a conformable FLRW metric, the computation of the Christoffel symbols,
the components of the Riemann and Ricci tensors, the Ricci scalar and the components of the Einstein
tensor, see Appendix A.

Remark that for « = 1, we recover the components of these geometric objects in the usual FLRW
metric, as expected.

The Hamiltonian—Jacobi equation here takes the form:

2E = —(g")2(1-%) (aw)z 4 Lw(qz)z(ya) (3W)2

a1 R2(q") 072
(q3)2(1ﬂx) BLV 2 (q4)2(1ﬂx) aﬂ 2
TR (aqa) T @RR (g sin? () (aq4) / 78)

4
where Er is a constant and W = 2 W, (qy) is the generating function. The above equation can be

u=1
rewritten as

2 2 3\2(1—a) 2
2.1 1y201-a) p2 1y WL\ _ 0 22y 2y21-a) (W2 (7°) dWs
2R + (g2 RA g (Gt ) = -k (52) + e (T2
q4)2(171x) (dW4)2

" (42)2sin? (%) \ dq*
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which is of a type of separation of variables. Thus, we can also express them via a constant K as:

_ 2.1 1\2(1-a) p2/ 1y [ AW :
K=2EpR*(q") +(q°) R*(q") ) (79)

_a) (AW 2 3)2(1-4) / g, \ 2 42010-0) 7 g\ 2

Moreover, from Equation (80), we get

d 2 d 2 4\2(1—a) 2
(-kEP)RRE (T2 ) - k=~ (G2 ) - h () e

Since Equation (81) is of a type of separation of variables, we can introduce a constant L,

such that
AW, \*
L= (PR = =K (G2 ) )
2 4\2(1—a) 2
L= (PP (52) + e (S ()
dg sin?(g3) \ dq
and the Equation (83) can be expressed as
AW\ 2 AWy \ 2
Lsin?(¢") — (g2 sin?) (G ) = (20 () n
q q
Setting
AW\ 2
G = Lsin?(¢%) — (4%)21~%) sin?(4°) (W;) , (85)
AWy \ 2
_ (Ay2(1-a) [ AWs
6= (g0 (5 ) (56)
we can formulate the solutions of the Equations (79), (82), and (85) as:
Wi = Wi(q'; Ep, K), Wa = Wa(q% K, L), W3 = W3(q% L, G). (87)
From (86), we obtain
VG 4
Wy = 7|q4|"‘ 1q4 +C, (88)
where C is a constant, and, hence,
VG| 4
W =Wi(q'; Ep, K) + Wa (% K, L) + W3(¢% L, G) + == [q**"'g* + C. (89)
Considering now the canonical system (Q, P), where
Q' =Ep, Q=K Q@ =VL Q*'=VG, (90)
oW oWy oW oW; I,
Ppi= e =— L p=— =1 72 91
7o L 1o A T A 1o S To X e
W W, W, AW AWy Wy 1 4. 1. OWs
Pyi=— o =22 203 Ppi=—o =23 A -, (92
3 T8 T T agy M Pm oo T Togr Tagr — W11 T g ©2)
the Hamiltonian vector field Xr, and the (1,1)-tensor field Tr, are given by
— _ -2 (1-a)|H1|(1—a) J _ < wja—1p J d J dOH
Xra = {Hfa, - Jo = —a~|Py] Q] ap,’ TFan;JQ “Q E@’ PH"F@@ Q*), (93)

respectively.
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Similarly, by Lemma 1, Tr, satisfies Lx,, Try = 0, N1,, = 0, and degQ* = 2. Thus, Tr, is a
recursion operator of Xr,, and the constants of motion Tr(Tll: ) (I € N) of the vector field Xp, for the
conformable FLRW metric are provided in the form

Tr(Th,) = 2((QY) + (Q¥)' + (@) + (@Y, 1eN. (94)

5. Family of Conserved Quantities

In this section, we consider the Hamiltonian system (7*9Q, w, ol ), for which the Hamiltonian
function Hy, the vector field X,, the symplectic form w,, the bivector field P,, and the recursion
operator Ty are given in both the conformable Schwarzschild and FLRW metrics by: H, = Q' >o,

_ _ ) 0
Xoo = {Huy o = a2 P17 Q1 07 55, wn = 2 o Py| QK| VP, A dQH,
Py = Za*2|P |1 gr| (1-2) iA— and T, = Z |QH %~ 1QF‘ ®dPl+ J ® dQH
n= Q" " aQr
In the sequel, we introduce the functions
4 .
Hy == ) a|Q*-D71QK P~ 1, (95)
u=1
and obtain the vector fields Z,, € T*Q,
Za = (A da= ) Q19 (- Py~ Q557 )- (96)
u=1 I3 Q
satisfying the relation
17, Wa = —dHy,. 97)

Then, it is straightforward to notice that the symplectic structure w, generates a set of Hamilto-
nian systems on the same manifold 7 Q. The Lie bracket between the vector fields X, and Z,; obeys
the relations

X, Zo] = X

aigj”

[X"‘i'X“H/'] =0,i,jeN, Xy = Xu, (98)
with
d
P,
These relations are diagrammatically well represented in Figure 1. In terms of differential
geometry, Z,X/. and H,X/ are called master symmetries for Xy, and master integrals, respectively. For more
details on these symmetries, see [36—40].

Xuy = —a 2(1—ai)[1 = (i + j)a| Q"' ~(H 1| py | (1=0) 9)

Figure 1. Diagrammatical illustration of Equation (98).
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Thus, we can generate a family of Hamiltonian functions:
Hy,,, = {Huy, Ay} = (1 — i) (Q")' ™09, with Hy, = Hy, i,j € N. (100)

The recursion operator T, can be written as:

To=Pa o Py, (101)
where
B ]
-2 (1-
HZ a”2QM| P, |17 = /\ 507 (102)
and P, are two compatible Poisson bivectors with the vanishing Schouten—Nijenhuis bracket [Py, Py, |ns = 0.
Lo 4 O 2 .
Furthermore, we put PXtl = S, 1Py = Sy };m ZQ”\PH\(1 ) ap, A FTolk with S =
%, k=i+jeN, (1-(k+1)a) # 0, and introduce the following a-Poisson bracket {., }];11
4
_ _of of 9 af 9
k+1 . 2 wp,|-o) [ &S °3 _ 9 98
{f 8t - gw Skr1Q" [Pyl (ap 307 ~ 907 3P ) (103)
u=1 4 H

with respect to the symplectic form

Wkl = Zazsk L (@)1 P, Vdp, A dQH (104)
and get
Xoy, = {Huor-ba = {Haprr 3o (105)

proving that X, are bi-Hamiltonian vector fields defined by the two Poisson bivectors P, and ’P,ff;r L
Then, the quadruple (Q, P, P;fl'*'l, X, ) is a bi-Hamiltonian system for each k.
The associated recursion operators are given by

® dQ”). (106)

d
R

In addition, we have

- 8 d
Ly, (Pa) =0, (&8=0), Lz, (Pi!)=—u 2 a”28;,1Q"| P, |17 55, 307 = = —aPktl,
H=
(B = _’x)r ‘CZaO (Hﬂé) = _Ql = —H,, ('7’ = _1)
permitting to conclude that the vector field
4 J 0
= O ____
Zyy El (PM ap, 2 aQy> (107)

is a conformal symmetry for Py, PkH and H, [39].
Defmmg now the families of quantltles Xk'H Zk""1 P;fl'*'l, §+1 and de'H by X§+1 =

. . — 1 k 1 *
TlsryaXer Zi = Tl e Zaor Pat = Tl P, Wy H = ((Tegr)e) ") wa, dHg H = (Thinya)
dH,, where | € N, and T(k+1) = P! Pf,flﬂ denotmg the adjoint of Ty, 1), = Pti‘lﬂ o Py L,
we obtain

. _ _a) O
XEIH — & 2(Sk+1)l(Q1)l+zx(l Dip @ a)ﬁ; (108)
4
k 1 I(a—
7 = El (Se 101 Q" (P — 0" 557 ): (109)
0 ]
Pt = Za (Sk1)(Q)! 1P| Q| =0 O 2 (110)

P, " aQr’
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1
Wit = Y a2 (Skn) Q1) Pu| M Qu DI ap, A aQr; (111)
u=1
1
dHG = (Sk41)'(Q1)MdQY; and Hy ! = m(sk+l)l(Ql)txl+l 112)

and for each I € N, we derive the following plethora of conserved quantities:

4

_ 0 0
Loy (Z871) = a1 = )(S00)" ™ 1 Q410D (1) (s - '35

=a(l—h)zZk, (113)

X’
0

873 (Sa) T (ha (QY Ty ()

—(ha 4+ 1) Xk (114)

X’

k
[’Zf;,“ (sz:,rl)

9,9
P, " aQK
= a(l —h)PEL; (115)

X’

L (P = a7 () (1= H)(QM)FH!| By 1@ 1))

4
['Zf,jl“ (w{;;&-l) _ 70(3(Sk+1)l+h(l + h) Z:l(Qy)l-Fh‘PM(tx—l)|Qy|(a—l)((l+h)+l)dpﬂ A de
y:
—a(l +h)wkt; (116)

X1’

k1 okl o _ e+ + 1w
<dHa1 /szh > = (SkJrl) Dé(l+h)+1(Q )
= —(a(l+h)+1)HE; (117)
4 b) b)
1 —1)(1 1
i (Tier) = =0 1 () QA0 (35, 7+ 57 24

_ I+1
=0T ) (118)

satisfying the following relations linking the master symmetries Z, ; to the conformal symmetry Zy,
for Py, P,ffl“ and H,, and to a set of conformal symmetries generated by successive applications of
the recursion operator T(; 1), On Zy, :

K’ Xrn’
Lz (P ) = (B+(h—1-1)(B—&)Py'), Lygnlwy ) =B+ (+h=1)(B 7)) s
L (Ternya) = (B = BTt (AHET ZE) = (7 4+ (1 ) (B — @) He

Xpp”

Ezg;l(Z',ijl) =(B-&)(h-1Zg] Lyen (X ) = (B+7+ (=1 (B—-a)Xy)
(wk+1

This is reminiscent to the well-known Oevel formulas (see [26,31,32,39,41,42]).
Finally, it is worth mentioning a generalization of the conformable Poisson brackets (103), as

follows:
4 of 9 of 9
k+t . -2 w1+a(t-1) (1-a)[ 9 08 O] o8
{frgha: Hzla Skt QF| [Pyl (apy Q7 ~ aQF b, )’ (119)
where S ; = 1=k JteN, (1—(k+t)a) #0, and {f, 0 — {f, ¢}, with Sy = 1, leadin
+ 8 8 g

1—(k+t)a
to a set of generalized bi-Hamiltonian vector fields

X“k = {H‘Xk/'}lx = {Hak+f/'}];jt/ (120)

the main ingredients governing the Hamiltonian dynamics and pertaining symmetries.

6. Concluding Remarks

In this work, we have proved that a Minkowski phase space endowed with a bracket relatively
to a conformable differential realizes a conformable Poisson algebra, conferring a bi-Hamiltonian
structure to the resulting manifold. We have deduced that the related conformable Hamiltonian vector
field for a free particle is an infinitesimal Noether symmetry. We have computed the corresponding
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conformable recursion operator. Using the Hamiltonian—Jacobi separability, we have constructed
recursion operators in the framework of conformable Schwarzschild and Friedmann-Lemaitre—
Robertson-Walker (FLRW) metrics, and obtained related constants of motion. We have highlighted
the existence of a hierarchy of bi-Hamiltonian structures in both the metrics, and derived a family of
conformable recursion operators and master symmetries generating the constants of motion. This
study has also shown that Hamiltonian dynamics hint at a connection between the geometry of our
physical system, (conformable symplectic manifolds and related Hamiltonian vector fields), and
conservation laws. In this connection, the free particle positions on the conformable manifolds are
viewed as states and vector fields as laws governing how those states evolve.

Further, we have calculated the conformable Christoffel symbols, Ricci scalar, components of the
Riemann, Ricci, and Einstein tensors. This study has revealed that the Christoffel symbols ((1"%1 )a (T%Z)M
(I%3)a,and ('}, )«) in conformable Minkowski metric are no longer null, contrary to the ordinary case
corresponding to & = 1. Similarly, the Christoffel symbols ((1"%1 )as (1"23),1, and (Fi 1)) are not equal zero
in conformable Schwarzschild and FLRW metrics. The existence of these symbols ( F;i)a, (i=1,2,3,4)
informs us about the way in which the parallel displacement of any basic vector on the conformable
manifolds with respect to itself always remains parallel to the same basic vector.
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Appendix A
Table Al. Christoffel symbols (F{‘]) « in conformable Schwarzschild metric.
1y _a—1 M(2M — g?)(g})2(=1)
(M)a = gt (M)a=— (q2q)2a+l
M 1—a)@+ (e —1)M 1 1
n)y=—-—  —— 2\ _ ( q rs.), = — ré), = —
(T12)a g2(2M — g¢?) (T22)a 2(2M — ¢2) (F23)a 7 (T24)a 7
2 _ (2M — 972)(@3)2(“_1) 1"3 = a—1 (r§4)o¢ = COt(qg)
(T%3)a = — (q2)2(oc71) ( 33)11 P
2y _ @M= ) (@) Vsin® (%) 5y _ (44" Vsin(g) cos(q®) riy, = %1
(r44)rx - (qZ)Z(IX*l) (F44>a = - (q3)2(zx71) ( 44)zx q4
Table A2. Components of the Riemann tensor (R,-]-kl) « in conformable Schwarzschild metric.
(Ria)e = — (1+ a)azM(ql)Z(txfl) (Risna)a = _“ZM(ql)Z(afl)(qB)Z(zxfl)QM _ qZ) (Ruste)e = _azM(ql)Z(afl)(qzl)z(afl) SinZ(q3)(2M _ qZ)
1212 )« (q2)3 1313 )a (qZ)za 1414 ) (q2>2a
2 77 A2(a—1)
W(M(2a — 1) W2(M(20 — 1) (Ragss)e = — AT [sinz(q3)(qzq3((q3)2(“l)
(Rass)a = —7r——5— (Roa2a)a = —577——5— (g?)2a=1)g?
2M — ¢? 2M — ¢?
_ (qZ)Z(a—l)) _ ZM(qS)Za—l)
L (=0 (g L (=0 (g2 Y sin(g°)
2V - g2 W~ + (1= ) (0 Dsin(e?) cos(r’)|
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Table A3. Components of the Ricci tensor (R;;), in conformable Schwarzschild metric.

__(a=1)MeM - ) (g")* Y _ (-o)(BM-2¢%)
(Rin)e = - (P o) == oM+ )
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Table A4. Ricci scalar R in conformable Schwarzschild metric.
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Table A5. Components of the Einstein tensor G;; in conformable Schwarzschild metric.
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Table A6. Christoffel symbols (l'i-‘j),x in conformable FLRW metric.
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Table A7. Components of the Riemann tensor (Rijkl) « in conformable FLRW metric.
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Table A8. Components of the Ricci tensor (R;;)4 in conformable FLRW metric.
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Table A9. Ricci scalar R in conformable FLRW metric.
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Table A10. Components of the Einstein tensor (G;j)q in conformable FLRW metric.
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Table A10. Cont.
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