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Abstract: The spontaneous scalarization of Schwarzscild-AdS is investigated in the Einstein-scalar-
Gauss—-Bonnet (ESGB) theory. Firstly, we construct scalarized AdS black holes numerically. Secondly,
making use of the homotopy analysis method (HAM), we obtain analytical approximate solutions for
scalarized AdS black holes in the ESGB theory. It is found that scalarized AdS black holes constructed
numerically are consistent with analytical approximate solutions in the whole space.
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1. Introduction

In general relativity (GR), the “no-hair theorem” has always been a hot topic. It allows
that a GR black hole can be described by three observables of mass M, electric charge
Q, and rotation parameter a = J/M [1,2], and rules out a black hole coupled to a scalar
field in asymptotically flat spacetimes, on account of the divergence of scalar field on
the horizon [3-5]. In the 1990s, Damour and Esposito-Farese [6,7] have first found a new
mechanism of spontaneous scalarization in scalar-tensor theory in neutron stars. This
phenomenon has received a lot of attention lately. Considering a scalar field function
f(¢) coupling to the Gauss-Bonnet curvature term RZ such as f(¢)R%;, [8-11], scalarized
black hole solutions were found in ESGB theory, where the coupling term causes instability
near the event horizon of a Schwarzschild black hole and induces scalarized black holes.
Then, the so-called “no-hair theorem” of GR [12] can be avoided in ESGB theory. It is
worth pointing out that, in ESGB theory, there is no a priori guidance for determining
the coupling function f(¢). The coupling function f(¢) has a decisive influence on the
properties of the scalarized black holes. For instance, Ref. [8] adopted the exponential
coupling f(¢) ~ exp(B¢?), while Ref. [9] focused on the quadratic coupling f(¢) ~ B¢?
instead. These theories possess black holes with scalar hair, whose properties have been
investigated in great detail [13-17]. In addition, Ref. [18] has noticed that, under radial
perturbations, the scalarized black holes are unstable for a quadratic coupling, whereas
it is stable for an exponential form in the ESGB theory. Motivated by current and future
gravitational wave observations from black hole mergers, the axial [19] and polar [20]
perturbations of scalarized black holes have been investigated to obtain the quasinormal
modes (QNMs) in the ESGB theory since QNMs could describe the ringdown after merging.

It is well-known that the anti-de Sitter/conformal field theory (AdS/CFT) correspon-
dence provides a powerful framework for studying quantum mechanical aspects of black
hoes [21,22]. In some scenarios, holographic duality has allowed us to bring CFT knowl-
edge to bear on black hole physics in asymptotically AdS space-time. Moreover, a scalar
field in an asymptotically AdS space-time can cause an asymptotic instability only if its

Universe 2023, 9, 26. https:/ /doi.org/10.3390 /universe9010026

https:/ /www.mdpi.com/journal/universe


https://doi.org/10.3390/universe9010026
https://doi.org/10.3390/universe9010026
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/universe
https://www.mdpi.com
https://orcid.org/0000-0001-9809-9210
https://orcid.org/0000-0001-6343-9959
https://doi.org/10.3390/universe9010026
https://www.mdpi.com/journal/universe
https://www.mdpi.com/article/10.3390/universe9010026?type=check_update&version=1

Universe 2023, 9, 26

20f13

mass-squared ygff is less than the BF bound yZBF [23]. Then, the SAdS black hole may evolve
to a scalarized AdS black hole through tachyonic instability, and the “no-hair theorem” can
usually be circumvented. Bakopoulos et al. [24] have firstly discussed the emergence of
novel, regular black hole solutions in ESGB theory. Recently, the scalarization of AdS black
holes with applications to holographic phase transitions was studied in Einstein-scalar-
Ricci-Gauss—-Bonnet gravity [25]. In addition, Guo et al. have discussed the holographic
realization of scalarization in the ESGB gravity with a negative cosmological constant [26],
and a horizon curvature has an effect on the scalarization [27].

Nevertheless, the numerical black hole solutions were obtained at fixed values of
parameters. From these numerical solutions, it is usually hard to give a clear picture
for dependence of the metric on physical parameters of the system. Moreover, these
numerical solutions are displayed by some curves in figures, instead of expressions in
explicit form. It causes these solutions of scalarized black hole to usually need to be re-
calculated by colleagues in some relevant research work. Fortunately, the general methods
for parametrization of the black hole space-times (continued fractions method (CFM) [28]
and homotopy analysis method (HAM) [29,30]) were developed. The CFM has recently
been applied with success in a variety of contexts [31-35]. We stress here that the HAM
is also a very powerful method for obtaining analytical approximate solutions to various
nonlinear differential equations (including systems of nonlinear equations and arising
in many different areas of science and engineering [36—42]). Despite its popularity in
many areas of science and engineering over the years, the application of the HAM has
been very limited in the fields of general relativity and gravitation. Recently, this HAM
has been adopted to derive analytic approximate solutions of field equations in Einstein—
Weyl gravity [43,44] as well as analytic expression of Regge-Wheeler equations under the
metric perturbations on Schwarzschild space-time [45]. In this work, firstly, we construct
scalarized AdS black holes numerically. Secondly, making use of the HAM, we wish to
obtain analytical approximate solutions for scalarized AdS black holes in the ESGB theory.

The plan of our work is as follows. In Section 2, we investigate the tachyonic instability
of Schwarzschild AdS (SAdS) black holes under the linearized scalar perturbation in the
ESGB theory. Then, we construct numerical solutions of scalarized AdS black holes in
Section 3. Section 4 is devoted to deriving analytical approximation solutions by introducing
the HAM, where two solutions are accurate in the whole space outside the event horizon.
Finally, we end the paper with a discussion and conclusions in Section 5.

2. Instability of a SAdS Black Hole
The action for ESGB theory with a negative cosmological constant A is given by

1 )\2 2
SESGBC = 1~ /d4x\/ -8 (R —2A — 200" + Z(PR2GB>/ 1)

where A is the scalar coupling constant, R the Ricci scalar, ¢ a scalar field, and RZ the
Gauss—Bonnet term
REp = R? — 4Ry R + Ryyypr RVP7 )

with Ricci tensor Ry, and Riemann tensor Ryypo-
Varying the action (1) with scalar ¢ and metric g, one obtains the scalar field equation

Ao
¢+ 7 Répp = 0 (©)
and Einstein equation

Guv = Aguw +20,90v — (09)*guw — 2A* VPV ($%) Pupuo, (4)
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where Gy = Ry — (R/2) guv is the Einstein tensor, and Py, is given by

R
Pypva = Rypva + g;uTRvp - gvapU + gva;w - ngR;w + E(gpu/gpa - g;wgvp)- @)

Topological black holes are found without scalar hair as

1
2 _ 2 2, 2( 302 | 207 2
dsgpqs = — fi(r)dt +fk(r)dr +r (dG + sin Gdfp) (6)
with )
2M  Ar
fk(r):k_T_T’ 7)

where A = —3/L2 with L the curvature radius of AdS space-time. The cases of k = 0, —1
were discussed in [27]. Here, afterwards, we choose the k = 1 case of

f(r):l———T ®)

which corresponds to the SAdS black hole. From f(r;) = 0, the outer horizon radius r;, of
SAdS black hole is obtained as

1/3
1 (3MA? + VOMZAT = A7)
rh - - 1/3 - A 12 (9)
(3MA2 + VOMIAE - A3)

where the horizon radius r;, > 0 is always satisfied on account of a positive mass M > 0
of a black hole and a negative cosmological constant A < 0. Moreover, the mass of SAdS
black hole is determined as

_1 2
M= zr, (3 - Arh). (10)

Now, we discuss the dynamical stability, Breitenlohner-Freedman (BF) bound, and
tachyonic instability of SAdS black hole in the ESGB theory. For this purpose, we need to
consider two linearized equations which describe the propagation of metric perturbation
hyy and scalar perturbation J¢

6Ry (1) = SLE6R + Al (1)
D6 — p2g0¢ = 0, (12)

which are obtained by linearizing Equations (3) and (4). As was pointed out in Refs. [46-48],
it is clear that the SAdS black hole is dynamically stable when making use of the Regge—
Wheeler prescription under metric perturbation. In an asymptotically AdS space-time, a
scalar field can cause an asymptotic instability only if its mass-squared 2 is less than
the BF bound p; = —% = 32 [23]. One always finds p2; > p3y. for large enough r and
thus the SAdS black hole is stable asymptotically against the formation of the scalar field.
However, if ygff < u3p in the intermediate region, the SAdS black hole may evolve to a
scalarized AdS black hole through tachyonic instability. In our case, the effective mass p2
is fixed as
A 207N 12A*M?
Wt = —ZR%;B =3 T % (13)
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and the condition for asymptotic instability is obtained as

2A2A2  3A 9
Ma < Mpp: — 3 <—/ 2 A> -

752
. A (14)

Now, we are in a position to perform the numerical analysis for the tachyonic instability
of SAdS black hole in the ESGB theory. Taking into account the separation of variables,

T .
Sp(t,r,0,¢) = @Ylm(e, p)e 't (15)
and introducing a tortoise coordinate dr, = dr/(1 —2M/r — Ar?/3), the radial part of

Equation (12) is given by

d>y

dr2

+ [w? = Vesr(r) | () = 0, (16)
where the effective potential Veg(r) takes the form

r3 72 3

2
2M Ar){ZM I1+1) 2A 17)

Vet (r) = (1 - =

12A2 M2
r 3 N } '

(1 + )BA) r6

In the next sections, we only consider the case of [ = 0.
To determine the threshold of tachyonic instability, one has to solve the second-order
differential equation numerically

d*y

dr?

— |02+ Ve (0 [9(r) =0, (18)

which allows an exponentially growing mode of e (w = iQ), ) > 0) as an unstable mode.
Considering (2 = 0, we may solve the static linearized equation

2
T Vel (r) =0, (19)

to find out the threshold unstable mode propagating around the fixed SAdS black hole
background. To impose the boundary conditions, we first consider the near-horizon
expansion, which is used to set data outside the horizon for a numerical integration to
near infinity

P(r) =Y i(r—ry)". (20)

i>0
In the asymptotic far region, Equation (19) becomes approximately

y 2, 24+ 2A%A
Y+ 2 () = () ~ 0. el

Then, we can obtain the boundary condition of ¢(r) ~ r2E3VOHBRA 4t large r.
Therefore, the numerical solution to Equation (19) can be performed by using the shooting
method in the region between the black hole horizon and infinity, seeking for a value of the
eigenvalue A. These solutions are labelled by an integer n € Ny: n = 0 is the fundamental
mode, whereas n > 1 are excited states (overtones). We focus on the fundamental mode
since the fundamental solutions is usually stable. Varying —A/3, a set of bifurcation
points constitutes the existence curve (threshold curve for tachyonic instability). Figure 1a
includes three threshold curves of r;, = 1,2,4. If one chooses r;, = 1, the unstable region is
the upper of threshold curve while the stable region is the lower of threshold curve; see
Figure 1b. In case of —A /3 — 0, the value of coupling parameter A matches the threshold



Universe 2023, 9, 26

50f13

value (Atsh = 0.852,1.704, 3.408) for the fundamental mode of the Schwarzschild black hole
in [9,11]. This result naturally leads to the fact that the SAdS black hole is unstable in the
upper region and thus there exist scalarized AdS black holes in the ESGB theory.

A 2
yys
el 12f
3t =2 L1t
ol — =4 10
0.9y AthdS(— A/3)
1pommmmm oo o
08"
A A
01 02 03 04 05 06 T4 00 01 02 03 04 05 3
(a) (b)

Figure 1. (a) The existence curve for scalarized AdS black holes (threshold curve /\tslf‘ds(—A /3) of
tachyonic instability) in the (—A/3, ) plane for three different horizon radii r;, = 1,2,4; (b) the
unstable region is plotted for the horizon radius r;, = 1 of SAdS black holes.

3. Numerical Solutions for Scalarized AdS Black Holes

We consider static and spherically symmetric space-times as well as static and spher-
ically symmetric scalar field configuration. The space-time metric and scalar are chosen
to be

1
B(r)

Now we try to find the numerical solutions for scalarized AdS black hole in the ESGB
theory. For this purpose, we first introduce a coordinate transformation of z = “t so that
the metric functions can be derived in the compact region of 0 < z < 1, and A(r) and B(r)
become A = A(z) and B = B(z). Therefore, z = 0 always corresponds to infinity (r — o),
and z = 1 naturally corresponds to the event horizon r = ry, of the black hole. To utilize the
threshold values for an unstable region in Figure 1b, we will choose r;, = 1 for the horizon
radius of the black hole in the following numerical calculation.

On the other hand, the metric functions A(r) and B(r) in Equation (22) approach r* as
r — oo. In other words, the new metric functions A(z) and B(z) with 1/2z? are divergent at
z = 0. Then, we can further define new metric functions

ds?> = —A(r)dt* + dr® + 1 (d@z + sin? Gdgoz), ¢ = ¢(r). (22)

Az(z) — z%A(z), B.(z) — z°B(2) (23)

so that the new functions A;(z) and B;(z) are always regular in the whole region of
0 < z < 1. Fortunately, the scalar field ¢(z) is always regular in the whole region under the
coordinate transformation z = 77’1 Then, we set

¢2(2) = ¢(2). (24)

Substituting the new metric functions Equation (23) and scalar field Equation (24) into
Equations (4) and (5), we have

e = zB:AL[—r}+22(22 — A — 3B.)gugt| + Az |1} (—22 4+ r}A - 22Ag:Blg)
B (r(=3+ 22(1+ 4A)2) + 420.((22 — 23 A) gL + r3zAgY))

+12zB§¢Z¢;} =0, (25)
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eqa 2222 ABo . ALl — AZ{ —12z% + 1\ — rizBL + 224, BLg! — 2r7z2 A¢.BL¢.
—42B2 (292 + 9. (— L+ 2¢!)| + B2 3] + 22(F + 422 — 47 A )2
226, ((22% + 42 A — 3zBLop, + 22(2% — rﬁA)@’)} } =0, (26)
eqs = 22A%(2% — B.)B., A+ zA, [ — 2PA2p. ALB. + 2A2B2p.(~3A. + zA!) + zB.r2 ALg)
+A22B. ¢, (A; (2z +3B.) — 2z2Ag’)} + A2 [12AZB§¢Z + 22BL (2202, + 2))
228, (A2¢Z(2z +3BL) + (2] — 24);’))} —0, (27)

where primes denote derivatives with respect to z.

In order to obtain the asymptotic form of scalarized AdS black holes, we solve three
Equations (25)—(27) numerically via a shooting method. Spherically symmetric black holes
have an event horizon (z = 1), where the metric functions A, and B; vanish, and the scalar
field ¢, tends to a constant:

Az=1)=A1(1—2)+A(1—2)*+---, (28)
B.(z~1)=By(1—-2)+By(1—2)*+---, (29)
p:(zm 1) =do+P1(1—2z)+- -, (30)

where ¢9 denotes the scalar field at the horizon. It is worth pointing out that the regularity of
a scalar field, and its first and second derivatives on the horizon give an additional condition

= 8riAi[3+ 27 A (12 — 2) |9 — 48 ASA(RA —2) 6 > 0, (31)

which reduces to that for the Schwarzschild black hole in the limit of A — 0 [8].
On the other hand, the metric functions and scalar field at the infinity (z — 0) should
satisfy the following boundary conditions:

Ar%
AZ:BZ:—T, ¢.=0, when z—0 (r— o). (32)

We fix 1, = 1 for the horizon radius of the black hole during the numerical calculation.
By tunneling the coupling parameter A and choosing different values of cosmological
constant /A, we can obtain a nontrivial solution of scalarized AdS black holes in the ESGB
gravity. The numerical solution for fundamental branch is obtained by taking A = 0.892
and —A /3 = 0.457 (greater than 0.886 of bifurcation point) (see Figure 2). We plot all figures
in terms of In 7 and thus the horizon is always located at Inr, = 0. Here, f(r) represents the
metric function for the SAdS black hole with ¢gaqs(r) = 0. Notice that the metric functions
A(r) and B(r) display different behaviors in comparison to those for the SAdS black hole
and these approach the SAdS metric function f(r) as Inr increases. Moreover, a scalar field
¢(r) is a decreasing function with starting with 0.107, and its asymptotic value is zero.

A(r) $(r)

ffffff AM/B()

30 0.10
20 A()/f(r)
10F = 0.05
10 /
0.9
0 Inr ! Inr 0.00 Inr
00 05 1.0 15 20 0.5 1.0 L5 0 1 2 3 4

Figure 2. The scalarized AdSblack hole with A = 0.892 and —A /3 = 0.457 belonging to the fundamental
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branch of A > A, = 0.886 (bifurcation point). Here, f () represents the metric function (8) for the
SAdS black hole.

4. Analytical Approximate Solutions

In general, it is a difficult task to find exact solutions of nonlinear differential equa-
tions. In Refs. [30,49], the HAM was developed to obtain analytical approximate solutions
to nonlinear differential equations. Here, we wish to derive analytical approximate so-
lutions for metric functions A;(z), B;(z) and a scalar field ¢.(z) by solving nonlinear
Equations (25)—(27) by using the HAM. If we succeed to find them, it will confirm the
numerical solutions in the previous section.

We assume the nonlinear operators N;, which are suitable for a system of n-nonlinear
differential equations

Ni[yi(t)] =0, i=1,2,..,mn, (33)

with unknown function y;(t) and a variable ¢. Then, the zero-order deformation equation
can be written as [30,49]

(1 —q)L[¢i(t;9) — yio(t)] = qh;iH;(t)Ni[¢i(; q)] (34)

where L is an auxiliary linear operator with the property L[0] = 0, g € [0, 1] is an embed-
ding parameter in topology (called the homotopy parameter), ¢;(t;q) are the solutions
of Equation (34) for g € [0,1], yjo(t) is the initial guesses, and h; # 0 is the so-called

“convergence-control parameters”. Considering the property L[0] = 0, the solutions ¢;(t;q)

of Equation (34) vary continuously from the initial guess y;o(t) to the actual solution y; ()
of Equation (33) when the parameter g increases from 0 to 1. Here, we set the auxiliary
functions H;(t) = 1 without any restrictions.

On the other hand, we can also expand ¢;(t; q) as the Maclaurin series with respect to g

1 9"¢;i(t;
di ( ]/10 + Z ]/zm ’ ]/im(t) = rrz'(gq("iq) (35)

The proper choice of the initial approximation yio(t), linear operator L, and conver-
gence control parameter /; will make the series expansion (35) convergency at ¢ = 1.
Therefore, we obtain

yi(t) = ¢i(t 1 yzO 2 yzm (36)

Here the function y;,,(t) could be obtained by solving the m!" order deformation
equation. Differentiating Equation (34) m times with respect to the parameter g, setting
g = 0, and dividing by m!, we find the mth order deformation equation

L[]/im(t) - meimfl(t” = hiRim(]/imfﬁ/ (37)
where
1 omIN;
Rim (Yim—1) = (m—1)1 aqn[1¢1( 24 l9=0/ (38)
and

B 0:m<1 (39)
A P
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We define the partial sum yM(t) by

yf\/l( le + Z ylm (40)

where yM(t) are the M order approximate solutions of the original Equation (33).
In order to solve Equations (25)-(27) by means of the HAM, we choose the initial

approximations
A 2
Ay(z) = By(z) = [ z° — 5t g(—?) +1,A) | (1—az), (41)
107 [ 72 28
9:0(2) = 105 (100 T ) 42)

with an undetermined constant & and corresponding auxiliary linear operators [50]

A2, dB, d2A,
Lip) = S5 LB =%, 1A= 5 (43)

One can find that the chosen approximations satisfy the initial and boundary condi-

tions, since A,y and B, vanish at the event horizon (z = 1), and they reduce to frﬁTA as
z — 0. Moreover, the scalar field ¢,o(z) disappears at infinity and equals 0.107 near the
horizon (z =1) .

Then, we use the HAM to secure analytical approximations for Equations (25)-(27) by
using the boundary conditions

12\
Az(0) = —hT, Az(1) = B;(1) =0, ¢.(0) =0.107, ¢.(1) =0, (44)
2
where we reserve one boundary condition B;(0) = — % for later computations. The Mth

order approximations of A, B;, ¢, are written as

M
Az(“/ hi/z> ~ AZO(‘X/Z) + Z Azk(‘xl hi, Z)/ (45)
k=1
M
B.(a,hi,z) = Bo(w,2) + Y Ba(, hy, 2), (46)
k=1
472(06/ hirz) (PZO + Z (PZk lx hl/Z) (47)

which include the unknown parameter a and the convergence-control parameter ;.

A
Considering the boundary condition B,(0) = ”— with Mth order approximate
expression (45), one obtains

2
W _

=0, (48)

M
m(e, hi) = Bo(a,0) 4+ Y B(a, i, 0) +
k=1

where I'y; represents an expanded form of the constrained boundary condition. As long as
h; is given, a solution to Equation (48) is easily obtained. We use the technique developed
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by Xu et al. [36] to find out the optimal values of k;. In principle, the technique seeks for
minimizing averaged square residual error of Equations (25)—(27) at the mth order

Em(ah;) = N1+EN2+E£Y3
1

- il KNﬂﬁ)Am(zk),ﬁBm(zk,nmorpm(zk)])z

2

< EAzn k), 2 Ban(z), Z(PZVI zk) >
2
( Z Azn(zk), Z Ban(zk), Z Pzn(2k) ) :| (49)
with
k
zk:kAz:g, k=0,12,---,S. (50)

We choose S = 40 used with the purpose of optimization for each function. For our
problem, the residual error depends on both « and ;. In fact, both E,, («, ;) and T'p(a, h;)
contain undetermined parameters: & and /;. Therefore, the optimal convergence-control
parameters /; can be determined from the minimum of E; («, 1;), and it is subjected addi-
tionally to the algebraic Equation (48) which needs to secure the constant «. Mathematically,
this doubly coupled optimization problem implies

(a*,h}) = min{Ey, (a, h;), Tp(a, h;) = 0}. (51)

Considering the 2nd order (M = 2) approximation, we obtain h; = 1, h, = —0.00044,
h3 = —22.08711 and &« = —0.00402. Importantly, the corresponding 2nd order of analytical
approximate solutions are determined as

0.4572667 + 0.01498763z + 2% — 1.451489z° — 0.0058439662* — 0.061325062°

+0.023515962° — 0.3336103z” + 0.5323985z% — 0.69679722° + 1.750668z'°

—1.817722z"1 4 1.820144z'? — 2.660147z'3 + 1.822905z'* — 1972632"°

+1.9169112'° — 2772337217 + 4.148017z'® — 5.3151322"° + 6.8365332%

—8.41289222! + 8.2465832%2 — 8.1388512%% + 7.799650z%* — 5.6104612%°

+4.2277552%° — 3.541047z%7 + 1900061z — 0.9300943z%° + 0.67214952z%°

—0.2165210z3" — 0.0078953182%, (52)

0.4572613 + 0.001838552z + 1.000001z> — 1.4532462° — 0.005859518z*

—2.118835 x 107°28 + 4.558038 x 10 °z” — 7.453177 x 10 °z1°

+1.929635 x 10421 — 2202587 x 10™#z!% 4 3.020311 x 104213

—3.686329 x 104z 4 2.159995 x 104215 — 3.031449 x 10~ %21

—2.347457 x 104217 + 4.985287 x 10428 — 7.088783 x 10421

+6.819188 x 10422 — 2.785920 x 10~*z%! + 5.640031 x 10~z

—9.993102 x 107°2?% 4 7.812429 x 10°z%* — 7.631288 x 10~°z%

+1.244101 x 104226 — 1.403398 x 1042?77 4 1.307204 x 10428

—9.834623 x 107°2%° 4 4.387319 x 1075230 — 1.459050 x 10~°2%!

+1.058479 x 10722, (53)
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¢2(z)

0.03217793z + 0.07647953z° + 0.0001430922z* — 0.0003676241z°

—0.0002630361z° — 0.00002948385z7 — 0.004393940z% + 0.002189734z°

—0.0084132222'% 4 0.007363797z'! — 0.003525100z'% + 0.002154606z'2

+0.01131688z'* — 0.01319623z° 4 0.017867292'¢ — 0.009802537z"7

—0.0056915242'® + 0.004912230z" — 0.004087058z%° + 0.0006557677z%!

+0.0042457232%% — 0.008432530z%° 4 0.011344512z%* — 0.0084965552%°

+0.0032617862%° + 0.004689052z% — 0.011430952z28 + 0.01200959z%°

—0.00854612820 + 0.002794749z% + 6.702130 x 10~°2%2, (54)

Now, we can compare the analytic approximate solutions with the numerical solutions
appeared in the previous section. We plot the analytic approximate solutions (A2"?, B2"?
and ¢2"®) and numerical solutions (AZ"™, BJ"™ and ¢2"™) in Figure 3 forr,, = 1, A = 0.892,
and —A/3 = 0.457. They are apparently consistent with each other.

0.6 0.6 0.3

- - $,num
oaf - 0af ™ 02
B,nm ™ \ B,nm A \ i
0.2 \\ 0.2 \\ 0.1 e
- - B,m \ - —- B,m \ o
00 02 04 06 038 i 00 02 04 06 08 ¢ 00 02 04 06 08 1.0

Figure 3. Comparison figures of metric functions A, B, and scalar field ¢, in the numerical (solid

curve) and analytical approximate (dashed curve) solutions. Here, we choose horizon radius parame-
terry, =1,A =0.892and —A/3 = 0.457.

It is interesting to check the accuracies of these analytic approximate solutions and
numerical solutions based on the field Equations (25)—(27). Substituting these solutions
into Equations (25)—(27), the total absolute errors from three field equations are obtained as

AErr = |Aeqq| + |Aega| 4 |Aegs|. (55)

Total absolute errors of these analytic approximate and numerical solutions are dis-
played in Figure 4. One can find that the total absolute error for analytic approximate
solutions is smaller than that for the numerical solutions. In other words, the analytic ap-
proximate solutions are more accurate than the numerical solutions when solving nonlinear
Equations (25)—(27).

0.10

AErra@
0.08 -

- = - AErr™m N
0.06 - / \
0.04f / \

0.02} ¥ \

0.00 e i . | z
0.2 0.4 0.6 0.8 1.0

Figure 4. Total absolute errors for analytic approximate solutions (AErr®™?) and numerical solutions
(AErr™™) from three field equations.

To comparing these solutions, we further calculate the absolute differences between
numerical and analytical approximate solutions by taking

AA; = [AZY" = ATY|, ABr = [BI'" — BIY|,  Ag. = [¢2"" — ¢ (56)

zZ
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The relative errors can be also calculated in the form of

num ana
|Az _ Az |

oA, = 2o L 00%,
Z
pgnum _ gana
5BZ == % X 1000/0,
z
num __ gpana
5¢s — W’ « 100%. (57)

We find that main differences between numerical solutions and analytic approximation
solutions occur close to the event horizon for metric functions A(z) and B(z) and region
far from the black hole for scalar field function ¢(z), see Figure 5.

0.025 — Ag,
0.020 - AB,
0.015 o aa, N
0.010 ’ \
/ \
0.005 SN |
h:%
0.000 == z
02 04 06 08 10 z

(a) Absolute errors

(b) Relative errors

Figure 5. Absolute and relative errors between numerical and analytical approximate solutions.

5. Discussion and Conclusions

In this work, we investigated the spontaneous scalarization for SAdS black holes
thoroughly in ESGB theory. The SAdS black holes become prone to tachyonic instabil-
ity triggered by the strong space-time curvature in some region of the parameter space.
Then, scalarized AdS black holes could emerge from SAdS black holes at bifurcating
points. Numerical solutions for scalarized AdS black holes are obtained for A = 0.892 and
—A/3 =0457.

Later, we derive the analytical approximate solutions for metric functions A(z) and
B(z) and scalar field ¢(z) by using the HAM. The region and rate of convergence of the
series solution for the HAM does not depend on the choice of the initial guess function,
auxiliary linear operator, and an auxiliary function, but it can be effectively controlled by
using a convergence control parameter. Since the approximation is significantly accurate in
the entire space-time outside the event horizon, it can be used for studying the properties
of this particular black hole and the various phenomena. The present work is considered
as an important work because we confirm that numerical solutions are consistent with an
analytical approximate solution for the scalarized AdS black hole.

As an avenue of a further research, one may propose the related properties of scalarized
AdS black hole (thermodynamics, Hawking radiation, particle motion, shadow, stability
and QNMs) and compare them with SAdS black holes.
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