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Abstract: The problem of the trajectory-tracking and vibration control of highly flexible planar
multi-links robot arms is investigated. We discretize the links according to the Hencky bar-chain
model, which is an application of the lumped parameters techniques. In this approach, each link is
considered as a kinematic chain of rigid bodies, and suitable springs are added in order to model
bending resistance. The control strategy employed is based on an optimal input pre-shaping and a
feedback of the joint angles to treat the effects of undesired disturbances. Some numerical examples
are given to show the potentialities of the proposed control, and a comparison with a standard
collocated Proportional-Derivative (PD) control strategy is performed. In particular, we study the
cases of a linear and a parabolic trajectory with a polynomial time law chosen to minimize the onset
of possible vibrations.

Keywords: nonlinear flexible beams; discrete modeling; underactuated robots; optimal preshaping input

1. Introduction

Although the literature on flexible robotic manipulators is very varied and covers different aspects
of the dynamic analysis and control of these mechanical systems [1–6], in industrial practice, the robotic
arms are still treated as rigid multi-body systems. Only in aerospace, for evident weight issues,
this strong assumption has long since been removed. In this context, however, moderately flexible
links are considered to simplify the analysis and synthesis of rest-to-rest motion, trajectory-tracking
and vibration control, resulting in a degradation of performance.

In this paper, we want to address the problem of considering planar multi-link highly flexible
robotic arms whose transversal deflections are very large, and therefore, no linearization procedure
is adoptable (refer to [7,8] for some relevant real applications). For these systems, it is possible to
model the links with the continuous non-linear beam model of Euler–Bernoulli, i.e., the elastica
theory [9–15]. However, as this continuous one-dimensional model is characterized by infinite
degrees of freedom, it is rather difficult to analyze the manipulator’s motion and to design the
related control. For this reason, usually a spatial discretization of the continuous model is resorted
to. Typically, three methods of discretization are used: the assumed modes technique; the Finite
Element Method (FEM); and the lumped parameters method. The assumed modes approach is an
intrinsically linear method, and therefore, it is applicable only to a one-link system with small flexibility
or multi-link systems in which the task time is much greater than the characteristic period of oscillation
of the first modes. The latter assumption is strongly requested because a progressive linearization
must be carried out in the neighborhood of the generic current configuration, which indeed varies
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with the motion [16,17]. The finite element method can be seen as a special case of the assumed
modes technique, but it can be generalized to the nonlinear case and can therefore cover also the cases
taken into account for the present study. As an example, we mention Du et al. [18], who address
the problem of a non-linear 3D flexible manipulator with FE analysis. The discretization by lumped
parameters [19,20] is one of the earliest methods and is characterized by an extreme simplicity of
modeling and computational advantages. Moreover, being intrinsically nonlinear, it does not introduce
any approximation due to some kind of linearization [21,22]. Although the finite element method
converges faster than that of lumped parameters and requires a lower number of degrees of freedom
to obtain the same accuracy, to deal with nonlinear cases, it is necessary to make use of a specific,
rather complex formulation, which could be familiar to experts of computational mechanics, but less
accessible to a larger audience (see, e.g., [23]). It should be noted, indeed, that the commercial FEM
codes are rather lacking in dealing with the problem of large deflections of beams, to the best of the
authors’ knowledge. There are many papers that analyze the accuracy of the lumped parameters
approach from different points of view, and in all of them, it is possible to find that the error in
the approximation with such a method is inversely proportional at least to the first power of the
number of elements used [24,25]. In the case of a cantilever beam subject to flexural oscillations,
the inverse square law for the error can be verified without difficulty [26]. This means that with
a rather simple modeling method, it is possible to reach the desired degree of accuracy simply by
appropriately selecting the number of elements; a thumb rule is to use 13 elements per wave-length
to be analyzed [26]. In the past, often the lumped-parameter approach was underestimated because
assigning spring lumped constants was considered not straightforward [3]. Unfortunately, this is the
result of a certain compartmentalization of expertise that sometimes occurs [27]. Indeed, it is widely
known to those dealing with beam homogenization how to properly assign these discretized constants
of stiffness [28–33].

In this paper, we will use the lumped parameters approach because of its simplicity and versatility.
In this formulation, an elastic rod is discretized into a set of rigid segments, which are free to rotate
relative to their adjacent neighbors. Springs located in these joints give the system the ability to
resist bending. The case study can be classified as an under-actuated system. Indeed, the considered
multi-link arm is subject to a lower number of actuators than degrees of freedom. The particular
formulation adopted, among the various advantages, could make use of widely established results in
classical robotics for this type of problem since in fact the model adopted is a kinematic chain of rigid
bodies (see, e.g., [34–36] and the references therein).

System flexibility leads to vibration and, in turn, to an imprecise positioning due mainly to a
non-minimum phase character of the system. As an illustrative numerical example, we consider
a control strategy for the problem of the trajectory-tracking in the framework of the input shaping
control [37–39] with a feedback for the stabilization of the response. In particular, to obtain the
command torques, instead of using proper filtering as is usually done, we formulate an optimal
control problem with the aim of minimizing the positioning error of the tip manipulator (see, e.g., [40]).
This variational approach has been adopted for trajectory planning both for flexible [41,42] and for
rigid arms [6]. Herein, instead of obtaining a trajectory with the desired mechanical characteristics,
the best possible input command is found to follow a given trajectory.

The paper is organized as follows: Section 2 is devoted to describing the adopted discrete method,
which is applied to a planar two-link flexible arm. Section 3 reports on numerical simulations for some
trajectory-tracking cases and a comparison with a standard control approach. The paper ends with the
conclusions and some future perspectives.

2. Dynamic Modeling of the Flexible Robot Manipulator

To address the complex problem of trajectory control of the tip for flexible robot manipulators,
we propose to study an elemental prototype case whose behavior is rich enough to easily extend
the obtained results to more generalized situations, namely more links or manipulators subject to a
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3D motion (see, e.g., [43] for the analogous 3D formulation). Specifically, a planar horizontal robot
manipulator constituted of two highly flexible links is considered. Each link of the manipulator is
characterized by a length `i (with i = {1, 2}), a uniform distribution of stiffness and mass density
and is driven by an actuator, with mass mhi, inertia Jhi and supplying a torque τi. The manipulator
eventually may carry a tip payload of mass mp and inertia Jp.

To model this system, we consider a lumped-parameter discretization. Since the manipulator is
made up of two links, which can be modeled in the range of large deflections by the elastica theory,
we adopt the well-known Hencky technique [28,29,43–45] to discretize the system and, then,
using a more comfortable Lagrangian mechanical system, to study the motion of the robot and to
design the trajectory tracing. Therefore, the considered discrete system consists of two articulated
chains of ni rigid rods of length η connected to each other by means of zero-torque hinges, also known
as ‘pseudo-joints’. At each joint of the same link, a rotational spring is placed in order to model
the resistance to being bent of the arm (see Figure 1). In other words, the torques provided by
these springs represent the spatial discretization of the internal actions of the links, namely the
bending moment. The Lagrangian coordinates, which describe the configurations of the manipulator
are Φj(t) (with j = {1, 2, . . . n1 + n2}). In particular, they represent the orientation of the rigid rods
with respect to the x-axis. Moreover, the following definitions are useful to specify the angles of
the actuation: {

ϑ1 = Φ1

ϑ2 = Φn1+1 −Φn1

(1)

for the two links, and the relative angles:{
ϕ
(1)
h−1 = Φh −Φh−1 with h = 2, . . . n1

ϕ
(2)
k−1−n1

= Φk −Φk−1 with k = n1 + 2, . . . n1 + n2
(2)

which are relevant to define the deformation energy of the links whose label is reported between
parentheses as a superscript. Indeed, the relative angles can be used to describe a discrete
point-wise curvature. The two links prior to deformation are straight. Their mass is discretized
with lumped masses mi at the boundaries of each rigid segment by dividing the mass of each segment
at its ends. The position of each point mass can be written as:{

xj(t) = ∑
j
k=1 η cos(Φk)

yj(t) = ∑
j
k=1 η sin(Φk)

(3)

and by a differentiation with respect to time, the velocities of the point masses are given by:{
ẋj(t) = −∑

j
k=1 ηΦ̇k sin(Φk)

ẏj(t) = ∑
j
k=1 ηΦ̇k cos(Φk)

(4)

The equations of the motion can be derived from the Lagrangian:

L = K−Ψ (5)

where K and Ψ are the kinetic and potential energies of the system, respectively. Particularly, the kinetic
energy can be obtained by the sum of three contributions, i.e., a term due to the links:

K` =
n1+n2

∑
j=1

1
2

mj


[

j

∑
k=1

ηΦ̇k sin(Φk)

]2

+

[
j

∑
k=1

ηΦ̇k cos(Φk)

]2
 (6)
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a term due to the two actuators:

Kh =
1
2

Jh1Φ̇2
1 +

1
2

mh2

(
ẋ2

n1
+ ẏ2

n1

)
+

1
2

Jh2Φ̇2
n1+1 (7)

and the last term for the payload:

Kp =
1
2

mp

(
ẋ2

n1+n2
+ ẏ2

n1+n2

)
+

1
2

JpΦ̇2
n1+n2

(8)

The elastic potential energy Ψ is assumed to be:

Ψ =
2

∑
i=1

ni−1

∑
j=1

κ
(i)
b j [1− cos(ϕ

(i)
j )] (9)

where a lumped bending stiffness κ
(i)
b j = YJ`i

/η associated with the rotational springs is introduced
using the elastic modulus of the beam’s material, Y, and the second moment of the area of the
beam’s cross-section, J`i

[46,47]. Note that the potential energy in Equation (9) is positive definite,
and in the continuum limit, i.e., for η tending to zero, the expression (9) becomes an energy density,
which is quadratic in the curvature of the beam axis [46], in accord with the elastica theory. As a first
approximation, we also consider a viscous dissipation (see, e.g., [48,49]), introducing the Rayleigh
dissipation function:

R =
2

∑
i=1

ni−1

∑
j=1

1
2

c(i)b j

(
ϕ̇
(i)
j

)2
(10)

c(i)b j being a lumped viscous coefficient. This type of dissipation can be associated with the rate of the
bending deformation; thus with similar reasoning used for the elastic bending mode deformation, it is
possible to evaluate the lumped dissipation with the expression: c(i)b j = Cv J`i

/η, where the material
parameter Cv is the viscous coefficient of the beam material, which can be experimentally identified
(see, e.g., [50]).

ϑ1 = Φ1
x

y Φn1−1

Φn1

Φn1+1

Φn1+n2−1

Φn1+n2

Φn1+1 − Φn1 = ϑ2

φ(1)
1

φ(1)
n1−2

φ(1)
n1−1

φ(2)
1

φ(2)
n2−2

φ(2)
n2−1

Figure 1. Discrete system for the planar two-link flexible robot.
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The Euler–Lagrange equations of motion, thus, are:

∂

∂t

(
∂K

∂Φ̇i

)
− ∂K

∂Φi
+

∂Ψ
∂Φi

+
∂R

∂Φ̇i
= Qi for i = 1 . . . n1 + n2 (11)

The virtual work of the torques applied by actuators at the basis of each link is:

δW = τ1δϑ1 + τ2δϑ2 = τ1δΦ1 + τ2
(
δΦn1+1 − δΦn1

)
(12)

hence, the only generalized forces different from zero are:

Q1 = τ1, Qn1+1 = τ2, Qn1 = −τ2 (13)

One of the performance specifications in a control system should be a satisfactory regulation
against disturbances. Here, to test the effectiveness of the proposed control, we take into consideration
two kinds of disturbances, due to the actual realization of the actuators, that add up to the
torques introduced in Equation (13); specifically, friction torques, which arise at the actuated
joints, and cogging torques, typical for electrical motors. The former disturbance is described by
a Lund–Grenoble model [51], which is able to capture most of the major nonlinear effects involved
in the considered case such as pre-sliding displacement, stick-slip motion, the Stribeck effect, and so
forth; the latter disturbance, due to the interaction between the permanent magnets of the rotor and
the slots of the stator, is modeled by means of a constitutive relationship, experimentally identified,
i.e., a periodic function of the relative position between the stator and the rotor of the motor [52].
An evolution rule for the friction torques τf i is assumed as follows:

dτf i

dt
= kiϑ̇i

(
1−

τf i

τL(ϑ̇i)
sign(ϑ̇i)

)
(14)

where τL(ϑ̇i) = τC + (τS − τC) exp
[
−
(
ϑ̇i/νs

)2
]

is the limit torque introduced to take into account the
Stribeck effect. In detail, τS = 0.2 Nm is the static friction; τC = 0.1 Nm is the Coulomb friction torque;
and νs = 0.1 s−1 represents the Stribeck velocity. The cogging torques are evaluated as a function of
the angles ϑi as follows:

τcgi = Tcg

6

∑
k=1

Bk sin(np k ϑi) (15)

where Tcg = 0.1 Nm is the amplitude of the torque, np = 2 is the number of poles
of the motors and the coefficients of the trigonometric polynomial Bk are assumed to be
{−0.7937,−0.3586,−0.0341, 0.0039,−0.0016,−0.0064} in the performed simulations.

3. Numerical Examples for Some Trajectory-Tracking Cases

In this section, a control scheme for trajectory-tracking and vibration control of flexible arms is
used to show the potentialities of the proposed formulation. This approach is based on an optimal
design of the command torques applied to the actuated joints that aim at following the desired
trajectory and reducing vibrations. The control strategy, thus, includes a feedforward control based
on such a command input and a feedback control that stabilizes the 2R flexible robot along the
desired trajectory by a joint-based collocated Proportional-Derivative (PD) controller [39]. Precisely,
the optimal control technique is used to produce input profiles for the torques acting on the flexible
system as described below. Since the command shaping technique does not require additional sensors
or actuators, this technique is particular attractive in order to have a hardware apparatus for the control
characterized by minimal equipment.

As a first step, we plan a desired trajectory xd(t) connecting the ends of each link from
arbitrary initial points to desired final points in a given time interval I = [0, t f ], i.e., we set
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xd(t) = (xn1,d, yn1,d, xn1+n2,d, yn1+n2,d). Then, denoting the actual trajectory of the ends of each
link, evaluated on the solution of Equation (11) in I without disturbances, with x̃(t) =

(x̃n1 , ỹn1 , x̃n1+n2 , ỹn1+n2), the optimal control problem for the design of the input torques can be
formulated as follows:

Find the torques τ(t) = (τ1, τ2) as real-valued smooth functions defined on I , which minimize
the continuous-time cost functional:

J(Φ̃, τ, t) =
1
2

∫ t f

0
(x̃− xd)

>R (x̃− xd)dt (16)

subject to the dynamic constraints that x̃(t) is computed on the solution of Equation (11) with given
initial conditions. R is a constant diagonal positive definite weight matrix.

In detail, we directly minimize the functional J varying the torques τ1(t) and τ2(t) instead of
solving the Euler–Lagrange equations, which may laboriously be obtainable by means of calculus
of variations. Therefore, representing the torques τi in a discrete way as follows:

τ̄i(t) = τ0i(t) + w(t)
nd

∑
h=0

a(i)h ph(t) (17)

where τ0i(t) is a reference torque, ph(t) are interpolation functions defined on I and w(t) is a proper
window function, the problem (16) results in finding the coefficients a(i)h that minimize the functional J
evaluated with the approximated shapes τ̄i(t). The particular form chosen for Equation (17) is based
on the idea of finding an approximate solution for the considered problem, by starting from the exact
solution of a related, simpler problem and then adding a correction. The first term τ0i(t), indeed, is the
required torque evaluated for the 2R rigid robot, while the other term represents the correction needed
to solve the primary problem. In particular, the function w(t) is conceived of in order to account
for a correction of the torques, which tends to zero at the beginning and at the end of the interval I .
In this way, a jump in the torques, responsible for the onset of possible vibrations, can be avoided.
A possible choice of this function w(t) is the Welch window, defined as:

w(t) =

4 t
t f

(
1− t

t f

)
for t ∈ I

0 outside I
(18)

Indeed, this window is designed, as many others, to moderate the sudden changes of a rectangular
window and, thus, to improve dynamic range. Regarding the ph functions, thinking of a Taylor
expansion properly truncated to express the torque corrections, we consider ph(t) = th. Of course,
the corrections can be expressed in alternative ways, for example a truncated Fourier series can also be
a valid representation. In both cases, a convergence analysis is needed to determine how many terms
should be taken into account to minimize the truncation error.

Once the optimal torques τid(t) are obtained by solving the problem (16), the complete control
strategy can be expressed in the following way:

τi = τdi + KPi(ϑdi − ϑi) + KDi(ϑ̇di − ϑ̇i) (19)

where (ϑi, ϑ̇i) are related to the actual trajectory for the joint angles, directly measured by the
motor encoders, while (ϑdi, ϑ̇di) correspond to the desired trajectory, which is computed off-line
by a numerical simulation of the manipulator performed using the optimal torques τdi(t) as input.
To choose the PD gains, a standard technique can be employed based on setting the natural frequencies,
which govern the speed of response, as well as taking into account the saturation of each actuator
(for a detailed description see, e.g., [53]).
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To illustrate the potentialities of the proposed control strategy, we examine some representative
examples in which the manipulator tip is constrained to move along two different paths, namely a
straight line segment and a piece of parabolic curve.

In the first case, the desired coordinates for the end effector are assumed to be:xn1+n2,d(t) = `1 + `2 − s(t) cos
(

arctan
(

`1
`1+`2

))
yn1+n2,d(t) = s(t) sin

(
arctan

(
`1

`1+`2

)) (20)

in which the time function s(t) is a Peisekah polydyne, which is expressed as follows:

s(t) = Ad

126

(
t
t f

)5

− 420

(
t
t f

)6

+ 540

(
t
t f

)7

− 315

(
t
t f

)8

+ 70

(
t
t f

)9
 (21)

where Ad =
√
`2

1 + (`1 + `2)2 and the task time is set to t f = 1 s. The well-known time law (21) is
chosen because the values of its derivatives with respect to time up to fourth order at the initial and
final times are all zero. This feature is particularly desired to avoid exciting vibrations. Here, the initial
configuration provides the robotic arm arranged along the x axis completely unfolded, while the final
arrangement of the arm is characterized by having the end effector in the position of coordinates (0, `1).

In the second case, the desired coordinates for the tip manipulator follow the parabola:{
xn1+n2,d(t) = (`1 + `2)− s(t) (`1 + `2)

yn1+n2,d(t) = `1s(t)2
(22)

where the function s(t) is given by Equation (21) with Ad = 1 and t f = 1.25 s. The initial and final
configurations are set up as in the previous case.

In all the cases, we extend the desired time interval for a while in order to stabilize,
in the optimization stage, the solution at the final configuration. The desired coordinates of the
intermediate joint, (xn1,d, yn1,d), have been calculated considering the robotic arm as a 2R rigid robot
for both cases addressed.

Equations (11) are numerically solved by means of the computing system Simulink considering
a 2R flexible arm with links of length `1 = `2 = 0.5 m and having a rectangular cross-section of size
50× 2 mm with a second moment of area J`1 = J`2 = 3.33× 10−11 m4. The links are discretized using
99 rigid segments. The Young modulus of the links is Y = 200 GPa, and the mass of each of them
is 0.3925 kg. The viscous coefficients are assumed to be c(1)b = c(2)b = 0.15 Nms. The actuators are
characterized by masses mh1 = mh2 = 1 kg and moments of inertia Jh1 = Jh2 = 0.1 kg m2, while the
payload has mp = 0.1 kg and Jp = 0.005 kg m2. For the implementation of the optimal problem,
we assume the non-vanishing elements of R to be R11 = R22 = 10 and R33 = R44 = 100 to give more
importance to the tip error.

Figures 2a and 3a show the torques τ0i evaluated for the 2R rigid robot, while Figures 2b and 3b
display the second term of Equation (17) obtained as a result of the optimization problem.

The used coefficients of the feedback loops are KP1 = 25 Nm, KP2 = 22 Nm, KD1 = 0.42 Nms and
KD2 = 0.22 Nms.

In Figures 4–7 are compiled the results obtained for the two examined cases, respectively for the
linear and the parabolic case.

In particular, Figures 4 and 6 show the reference path (dashed black line) for the tip of the arm
in which the start and end points are highlighted with a circle and a star, respectively. These figures
also exhibit the actual trajectories of the two ends of the links, as well as some intermediate
deformed configurations for the links. The deformations of the links are clearly in the range of
large deflections, and therefore, any linearization procedure is not allowed in the investigated cases.
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Figure 2. Linear trajectory case: (a) reference rigid torques; (b) correction torques.
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Figure 3. Parabolic trajectory case: (a) reference rigid torques; (b) correction torques.
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Figure 5. Linear trajectory case: (a) actual torques; (b) relative tracking error for the tip.
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Figure 6. Stroboscopic motion for the parabolic trajectory case.
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Figure 7. Parabolic trajectory case: (a) actual torques; (b) relative tracking error for the tip.

Figures 5a and 7a display the actual joint torques resulting from the control strategy of
a feedforward with an optimal input command and a feedback of the signals, angles and
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angular velocities, acquired from the joints. These plots evince the difference between the two joint
torques, as well as the power required by the motors and therefore their size. Of course, once the
time law (21) has been set, to limit the maximum torque that can be provided, it is possible to change
the task time. Thus, we set the task times for the considered cases in order to limit the torques at
reliable values.

Figures 5b and 7b exhibit the tip error in following the desired trajectory for the three studied cases.
We can see from the graphs that the errors normalized to the full length of the robotic arm were less
than 4.5% despite the great deformability of the links and the shortness of the task time. Tables 1 and 2
summarize the coefficients, obtained minimizing the functional J, to represent the torques in terms of
the interpolation polynomial functions considered for the analyzed cases.

Table 1. Optimal torque coefficients for the linear trajectory case.

a(i)
0 a(i)

1 a(i)
2 a(i)

3 a(i)
4 a(i)

5 a(i)
6

Link 1 113.65 −590.40 102.40 210.97 3612.9 −3800.3 −0.00178
Link 2 −0.1364 105.65 −780.47 1570.4 −848.80 −108.65 −0.01214

Table 2. Optimal torque coefficients for the parabolic trajectory case.

a(i)
0 a(i)

1 a(i)
2 a(i)

3 a(i)
4 a(i)

5 a(i)
6 a(i)

7 a(i)
8

Link 1 0.8090 1.114 −11.239 −1.681 1.297 19.485 14.592 −6.116 −15.732
Link 2 0.2139 −1.434 2.659 0.0668 −9.700 10.966 3.453 −5.661 −0.2856

The order of the interpolating polynomial was fixed by increasing it subsequently until the error
obtained by the optimization process stabilized. To perform the minimization, we employ a MATLAB
code that makes use of the function fminsearch.

To estimate the efficiency of the proposed approach, we compare the used control strategy with a
standard PD control with a feedback of the angular joints (ϑi, ϑ̇i) using a desired trajectory evaluated
for the linear and parabolic rigid cases, respectively, Equations (20) and (22) and the time law (21).
Figure 8 shows the relative tracking error of the manipulator tip in both examined cases with the PD
feedback gains: KP1 = 25 Nm, KP2 = 22 Nm, KD1 = 4.2 Nms and KD2 = 2.2 Nms. The tracking
performances obtained exhibit a maximum relative error of about 30%, much greater than the optimal
pre-shaping input approach.
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Figure 8. Relative tracking error for the tip with collocated PD control: linear trajectory case (a);
parabolic trajectory case (b).

4. Conclusions

In this article, we propose a lumped parameters modeling approach for flexible robotic
manipulators in the nonlinear regime. In this context, the method of the assumption of the modes,
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typically used, cannot be utilized because the hypotheses on which it is based are inadequate for the
given problem. We propose to use this formulation for its great simplicity of modeling and for its
intrinsic nonlinear nature, instead of the finite element method, which requires a greater modeling
effort even if it has a faster convergence speed. Furthermore, an isogeometric formulation, still not
fully affirmed as an alternative to the standard FEM, can also improve the results because at equal
accuracy, it requires a lesser number of degrees of freedom and seems to be promising for further
advances (see, e.g., [54–56] for recent developments).

The number of degrees of freedom that should be treated in the nonlinear case of large
link deflections does not allow us to opt for a well-established control strategy such as online
computed-torque; therefore, a different control approach must be developed. We present a control
approach based on a pre-shaping input that, instead of using appropriately designed signal filters,
produces a feedforward command signal for the motors using an optimal problem in which
a functional, properly defined, is minimized on the basis of the positioning error of the end effector of
the manipulator. In order to stabilize the response close to the desired one, a feedback signal is used
together to make the system less sensitive to external disturbances. The employed control strategy
is therefore more suitable to treat a greater number of degrees of freedom and can be implemented
with minimal hardware equipment. The system considered is under-actuated, and therefore, it is not
possible to obtain a perfect positioning of the manipulator tip. However, the simulated numerical
cases show that under very strict operating conditions, it is possible to obtain a trajectory tracking with
an error of less than about 4.5%. A comparison with a standard feedback PD control strategy shows
that, with the optimal pre-shaping input, it is possible to achieve a better tip positioning.

The optimal problem in this paper has been solved numerically to explore the possibilities offered
by the proposed method. The preliminary results achieved are quite encouraging, and therefore,
as a future research direction, it would be interesting to address the optimal problem rigorously with
the calculus of the variations and, in this way, characterize the minimum error obtainable accurately in
the various operating conditions.
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