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Abstract: After experiencing years of procedural teaching in K-12 mathematics classrooms, many
students arrive at college with ideas about, and approaches towards, mathematics that are not helpful
to their learning. Students’ prior experiences and misconceptions can then negatively impact their
experiences in university STEM courses. This paper describes a short course in the “big ideas” of
calculus, that offered students an approach of problem-based learning, combined with mindset
messages, otherwise known as a “mathematical mindset approach”. The mixed-method study
considered how a ‘mathematical mindset’ teaching intervention impacted the learning, achievement,
and beliefs of incoming college students, finding that the intervention significantly changed students’
ideas about mathematics, their own potential, and the value of collaboration. At the end of the
course students also significantly improved their achievement on assessments of problem solving
and collaboration. Importantly the course allowed students to believe in their own potential and
to approach mathematics with a growth mindset, suggesting a role for such courses in students’
mathematics pathways.
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1. Introduction

In response to the global challenge of inspiring and recruiting more students into
STEM pathways, two ideas have been well researched, although typically, they are imple-
mented and studied separately. One of the ideas is to use a problem-based or project-based
teaching approach in science and mathematics, in which students are engaged actively
using rich tasks with multiple solution paths. Many research studies have shown that
project-based and problem-based approaches increase student achievement and interest
significantly [1–12]. A second idea is to develop students’ growth mindsets so they know
they have the potential to achieve [13,14], and they have ideas that can challenge stereo-
typed messages they may encounter [15,16]. This seems particularly important in STEM
environments, which have been found to be particularly “chilly” for women and students
of color [17]. This paper shares the results of a teaching intervention that combined the two
approaches, infusing mindset ideas into a calculus summer course taught to 99 incoming
students at a US university in 2019 with the research question: How does a mathematical
mindset teaching intervention impact the learning and beliefs of incoming college students?

1.1. Problem-Based Approaches in Mathematics

Project-based learning and problem-based instruction are flagship pedagogical ap-
proaches that position students actively as they explore the content they are learning [12,18].
Both approaches to instruction are found in all areas of education, including mathemat-
ics [6,12,18] and science [19], as well as other fields such as engineering, medical, and
professional education [20–22]. Research on these approaches has shown that they improve
students’ self-efficacy in mathematics [23], understanding [6] and, with proper support,
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help them transfer mathematics skills to contexts such as astronomy [1]. Problem and
project-based learning approaches also enhance valuable practices such as teamwork, prob-
lem solving and communication [24]; though effective collaboration practices and intrinsic
motivation remain understudied aspects of these approaches [21].

Project and problem-based approaches vary in their design and implementation, and
the ways they are assessed, but they usually include the provision of more open tasks
that engage students in problem solving and reasoning [25]. Open and rich tasks, which
are at the center of problem-based approaches, offer students opportunities not only to
collaborate, but to engage in deeper learning and to shift their beliefs about mathematics
and about themselves. Traditional mathematics questions that require the application of
a predetermined procedure leading to one correct answer communicate a narrow vision
of mathematics where mathematical knowledge and practice consist of a series of facts
and steps to memorize. Narrow mathematics is typically only accessible to a narrow
group of students [26]. This type of work is in stark contrast to rich mathematics tasks,
in which students are required to “connect different aspects of mathematics together,
to devise solution strategies for themselves and to explore more than one pathway to
solutions” [25] (p. 129). Open and rich tasks broaden the opportunities for student learning
to move beyond the memorization of procedures and rules to the exploring and connecting
of ideas across subject areas [27], thus providing a wider range of learning opportunities
compared to traditional mathematics problems [28]. Problem-based learning with open
tasks allows students to engage in the type of thinking and practice that more closely
aligns with what Stein and colleagues call “doing mathematics”, that is: “framing and
solving problems, looking for patterns, making conjectures, examining constraints, making
inferences from data, abstracting, inventing, explaining, justifying, challenging, and so
on” [29] (p. 456).

1.2. Infusing Mindset and Shifting Students’ Beliefs

Research on the effectiveness of mindset—instilling in students the idea that their
intelligence is malleable, and that struggle is an important part of learning—has been
conducted with students of different ages, in different subjects, showing the critical im-
portance of such messages [13,14,30]. However, some of the research has been based on
mindset interventions that deliver these messages but do not change the teaching that
surrounds them, with students often receiving counter messages through educational
practices [31]. When students are told they can learn anything, but are then presented with
closed questions, requiring one method and one answer, the positive messages regarding
mindset often fall flat [32]. This has led to criticism of the idea of mindset [33] and to
research studies that show no impact [34]. In contrast, studies that consider the impact of
delivering mindset ideas and infusing them through teaching practices show significant
impact [10,35–37]. When questions are open-ended and engage students in meaningful
contexts [28,38], students can see that they can learn and grow, and mindset ideas can more
readily take root.

A critical feature of an approach to teaching that infuses mindset ideas is one that
encourages and values student struggle, a key condition for brain growth and devel-
opment [39]. This happens when teachers provide complex tasks and communicate to
students that struggle is expected and valued. Teachers may offer messages such as “we are
giving you this complex task so that you can struggle, which is really good for your brain
and learning”. This practice and communication require a relocation of value and attention
from mathematics answers to mathematical thought and reasoning. In a study of Harvard
students learning calculus-based physics, which compared a lecture-based approach with a
problem-based approach that centered struggle, referred to as ‘active learning’, students
believed that they learned more from lectures when they actually learned more in the
active learning condition, as shown by tests of achievement [40]. The authors of the study
concluded that the students felt less comfortable when engaged in active learning as they
were not used to struggling and the additional cognitive effort that was required when
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engaged in rich and open tasks. Nor had the students ever learned that struggle was
especially good for their learning and understanding.

This infusion of mindset ideas into the teaching of mathematics is important, as
research shows that students tend to hold beliefs about mathematics and the nature of
mathematical knowledge that serve as hindrances to their own mathematical learning.
Muis conducted a meta-analysis of 33 studies on student beliefs about mathematics which
included studies from early childhood through adulthood [41]. The analysis found that
regardless of age, mathematics students tend to hold various “nonavailing” beliefs about
mathematics, that is, they hold beliefs about mathematics that either have a negative
impact on their learning of mathematics or are highly correlated with low mathematics
achievement. According to the meta-analysis, in general, students believe that mathematical
knowledge is unchanging, and passively received from some mathematical authority (i.e.,
the teacher or the textbook). Problem-based approaches that combine open tasks and
mindset messages can help to shift students toward availing beliefs about mathematics
that support their learning [41,42].

1.3. Collaboration

Studies of collaboration, sometimes referred to as cooperative learning [43], have
shown that when students work together, their solutions tend to be more sophisticated
and they learn more [11,44–46]. Mathematical communication and collaboration can
simultaneously raise student achievement and work against inequities [11,47,48]. Capar
and Tarim conducted a meta-analysis of research on cooperative mathematics learning
including studies across pre-kindergarten and through the university level [49]. They found
that the mean effect size of a cooperative teaching method on student grades was 0.59,
indicating that this teaching method is more influential in terms of student achievement in
comparison to traditional methods.

Although learning collaboratively is beneficial for students, instructors are sometimes
faced with resistance when implementing a learning environment that centers collabora-
tion [50,51]. Undergraduate students may be resistant toward collaboration for several
reasons: they are resentful of the added responsibility for their own learning [52], they feel
the instructor is not holding up their end of the education agreement of telling them the
information directly [53], they do not see peers as resources of information [54], and/or
they resent peers who may move at a slower pace [55]. To ameliorate these barriers, a
key component of building successful collaborative learning environments is that stu-
dents are given agency within the classroom to use their own ideas and resources to solve
problems [56]. One way to do this is through “Complex Instruction” (CI), a pedagogical
approach to group work that counters status differences between students and highlights
positive ways to work in groups, and that was drawn on in the teaching intervention in
this study [57]. Studies of CI in high school math classrooms have shown increases in
effective collaborative work [58], in students’ appreciation for one another’s mathematical
ideas [59], and in students’ achievement [11]. CI aligns well with problem-based learning,
as it requires departing from traditional lecture-style pedagogies and narrow content and,
instead, supporting students to collaborate on open tasks.

1.4. A Mathematical Mindset Approach to Problem-Based Learning

Problem-based learning approaches and the ideas of mindset naturally combine. Open
and rich tasks offer opportunities for students to struggle, for teachers to share positive
messages about the value of struggle, and for students to embrace mindset ideas and shift
their beliefs. Yet studies that consider the integration of mindset messages into STEM
content have rarely been conducted. When mindset messages are infused through problem-
based mathematics content, we define the approach as a ‘mathematical mindset’ approach.

This approach has been found to be effective in shifting students’ learning and beliefs
across K-12 settings. In one professional development study, teachers learned about
the mathematical mindset approach and infused it into their classroom teaching, which
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resulted in significant positive improvements in student beliefs and achievement [35]. In
a research program studying the impact of problem-based mathematics summer camps
on middle school students’ achievement and mathematical beliefs, three iterations of the
camp—all of which taught concepts through problems that were visual and encouraged
multiple approaches—resulted in students significantly increasing their achievement on a
standardized test of conceptual mathematics and reasoning. The first iteration of the camp
program, which took place without the infusion of mindset ideas, significantly increased
students’ achievement and changed their mathematics beliefs, as students worked through
rich, problem-based tasks [60]. When the approach was repeated with the infusion of
mindset ideas, including brain growth and the importance of struggle, the impact on
achievement, on a standardized test of algebraic content, was twice as large [10]. Students
in this camp were shown the evidence that brains are consistently changing and growing,
that struggle is helpful for our brains, and that there is no such thing as a “math brain”.
They were also reminded of the value of struggling when they worked on difficult content.
This effect held when the camp curriculum, with accompanying mindset messages, was
scaled beyond the initial researcher teachers and taught by teachers in 10 different school
districts [37].

This paper extends this line of inquiry to the university context, asking the following
research question: How does a mathematical mindset teaching intervention impact the
learning and beliefs of incoming college students? We report on the study of a short
teaching intervention with a ‘mathematical mindset’ approach taught through a calculus
course. The course was taught in a program offered to students the summer before their
first year in a four-year US college. The majority of students who attended the program
were students of color, approximately 50% of the students were female identifying, and all
were previously high achieving—although not necessarily in mathematics. Importantly,
they believed, like most students, in a range of harmful myths about mathematics that
could have impeded their mathematics progress that the short course was designed to
change [41]. To examine the impact of the course on students’ learning and beliefs, this case
study combined mixed methods, including student surveys, analysis of student reflections,
and a pre- and post-assessment of problem solving and collaboration.

Calculus was chosen as the content to teach, as students’ experiences with calculus are
often pivotal in their college careers [61–63]. Given that the majority of the students in the
program had taken calculus to high levels, they had experienced what many describe as
the “race to calculus” [64,65]. Most high schools in the US offer calculus as the highest-level
class and require four classes to be taken in preparation. As high school is a four-year
program, this means students need to be “advanced” in middle school to get there—missing
or compressing middle school content, and taking high school algebra in middle school.
Research has shown the ineffectiveness of this system. Bressoud studied 800,000 US
students who took calculus in high school and found that the majority of them went on to
repeat calculus or take a lower-level course in college [66]. Strogatz describes the teaching
of calculus in many US high schools as an “avalanche of methods” that few students have
opportunities to understand [67].

The mathematical mindset approach to calculus, that is the subject of this paper, strove
to offer something different to students, by bringing together two ideas: problem-based
learning and mindset. This is among the first studies of the impact of a college course
combining these dimensions of learning and could offer scholars and teachers ideas for the
teaching of calculus and other topics.

1.5. Course Design

A mathematical mindset approach was taught in a three-and-a-half-week summer
course to 99 students in the summer before the students’ first year at the University. Of the
99 students enrolled in the course, 70 students came from a program for students interested
in engineering who were from backgrounds underrepresented in engineering, which will
be referred to as the Engineering Program (EP), and 29 students came from a program
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for first-generation (first in their family to attend college) and low-income students which
will be referred to as the Leadership Program (LP). In both cases, students were invited to
campus before the start of their first year to receive support. The course met for two hours
per day, for 3.5 weeks, and both groups of students were taught together by one professor
and four graduate students – including the paper authors. Of the 99 students in the class,
96 agreed to participate in the research study. Fortunately, given such a large class size, the
classes took place in a large and modern classroom with multiple screens and tables that
could support groupwork.

The short course in the “big ideas” [68,69] of calculus was designed to share with
students a mindset approach to calculus - this involved a set of tasks that were open and
inquiry-based, and that encouraged students to engage in and appreciate struggle and to
see calculus as a multidimensional subject that could be approached in different ways. The
students entered the course with varied prior achievement in calculus, as shown in their
applications to EP and LP. Most had taken a calculus course of some kind in school, although
a small subgroup had not; some students shared that they had understood calculus in
school, while others noted that they had taken the course, but had little understanding.
For these, and other reasons, the content of the course was oriented around the “big ideas”
of calculus—core, overarching concepts rather than a narrow set of skills [68]—as set out
in Strogatz’s Infinite Powers [67]. The teaching goal was that students with previous
procedural understanding would receive access to a conceptual framing, into which they
could place methods they had learned, and that students who had never taken calculus
would see the subject through an initial lens of interest and wonder.

During the course, the students were introduced to a number of present-day math-
ematicians and engineers—through video conferences, in-person meetings, and consid-
eration of their work. To tackle stereotyped assumptions about STEM, and to reflect the
students in the course, the instructors invited as speakers, or introduced students to the
work of, mathematicians and engineers who were mainly women and people of color. The
group included: Allison Okamura, Yahya Tabesh, Keith Devlin, Steve Strogatz, Tai-Denae
Bradley, and Maryam Mirzakhani. The pedagogy of the course centered on collaborative
work, so that students could appreciate the different ideas and perspectives different peo-
ple bring to calculus problem solving. Inspired by decades of studies that have shown
that mathematical communication and collaboration can simultaneously work against
inequities and raise student achievement [11,47,48], the course carefully encouraged and
supported students to collaborate on calculus and other mathematical tasks in small groups,
drawing from the principles and practices of Complex Instruction [57]. The tasks in the
course all had the feature of being “low floor and high ceiling”—they were accessible to all
students (low floor) but led to high levels of mathematical thinking (high ceiling)—and
engaged students in visual and, at times, creative thinking [10,70]. See Appendix A for the
task schedule.

2. Materials and Methods
2.1. Data Sources

The mixed methods case study of the course combined qualitative and quantitative
data [71]. A number of data sources were collected during the course including surveys,
mathematics assessments, reflections, and interviews. Prior to the start of the course, stu-
dents wrote a ‘math history’ describing their experiences with mathematics before entering
college and took a pre-course survey that included questions about identity and belong-
ing [72]. On the first and last day of class, students completed a mathematics assessment,
taken in pairs. Throughout the course, the students were asked to complete short reflections
ranging in topics from the course readings to the tasks. Upon the completion of the course,
students submitted final reflection essays and responded to the post-course survey with
the same questions as the pre-survey.
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2.2. Data Analysis
2.2.1. Student Written Reflections

All written work collected from participants underwent a rigorous coding process.
For each of the written data sources (mathematics history essays, short reflections, and
final reflection essays), a separate codebook was developed through a multiple round
process that included open coding from which bottom-up codes emerged [73], followed by
discussion and adjudication to collaboratively develop an initial codebook [74].

Each codebook was validated through an iterative process of coding a subset of
essays to confirm applicability and assess whether any additional codes were needed. The
finalized codebook was then uploaded into Dedoose qualitative coding software so the
remainder of the data could be coded. After coding was complete, thematic analysis was
conducted for relevant codes to synthesize results.

An additional layer of analysis was applied to the final reflection essays. A catego-
rization of extremely positive, positive, neutral, or negative was developed to capture the
students’ overall impressions of the course. The rubric for these ratings is presented below
in Table 1.

Table 1. Final Reflection Rating Rubric.

Negative Neutral Positive Extremely Positive

Criteria

Majority of
response is
about a bad

experience in
this class (does

not need to
include
critique)

Mixed experience = some
positive, some negative

(about the same for each)
Or

Mostly neutral
sentiments

Majority of
response is

about a good
experience,

without going
deeply into

personal
transformation

Includes clear
evidence (multiple

indicators) for
personal

transformation and
plans to apply the
ideas of the course

to their future

2.2.2. Pre and Post Mathematical Problem-Solving Assessment

The students came to the class with very different experiences with calculus, some
having learned it for two years and some not at all, so a pre- and post-assessment was
chosen that did not assess calculus. Instead, a mathematics investigative problem was
chosen that could be given in parallel forms (pre and post) that assessed content that was
learned by all students prior to the course—combinatorics and probabilistic reasoning (see
Appendix B). The course did not include grades or timed tests of narrow questions because
such methods are inconsistent with the mindset messages of growth and problem-based
mathematics that were central to the course. The instructors of this course had the freedom
to make this choice as the placement of the course in a summer program did not necessitate
specific grading of students or structural constraints such as a common final exam.

Two low-floor high-ceiling problems were given as a pre- and post-assessments to pairs
of students. The assessments allowed for the researchers to measure students’ development
during the course. The students were required to work in pairs, to preserve another
message of the course—that mathematical collaboration is valuable—and to diminish any
anxiety students would have from being given an individual assessment, especially on the
first day. The tasks had a mathematically equivalent structure (see Table 2) and the integrity
of student pairs was maintained for the pre- and post-assessment in order to measure any
changes in the students’ collaboration as they worked. The two students in the pair used
different color pens so the contributions each student made could be easily distinguished.
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Table 2. Prompts for Pre- and Post-tasks.

Task

Pre-task
Leo the Rabbit is climbing up a flight of 10 steps. Leo can only hop up 1 or 2 steps
each time he hops. He never hops down, only up. How many different ways can

Leo hop up the flight of 10 steps? Provide evidence to justify your thinking.

Post-task
You are tiling a straight path that is 2 units wide and 10 units long. The titles you

have available are 1 unit by 2 units. How many different ways can you tile the path?
Provide evidence to justify your thinking.

The pre- and post-assessments were analyzed in two different ways: through a rubric
assessing mathematical problem solving and through a measure of collaboration. The
tasks were rated by pairs of coders to measure changes in mathematical thinking and in
collaboration. In the first round of analysis, all pre-tests were coded and in the cases where
the two pairs of coders disagreed on the rating, a discussion took place and a consensus
rating was recorded.

To evaluate their mathematical thinking, the student work was assessed using a
rubric of mathematical reasoning, developed for the two equivalent tasks. The rubric gave
positive points for appropriate strategies such as: creating a visual, a table, a tree diagram,
or finding a smaller case, and for giving mathematical justification. Additional points
were given for a correct method, a correct answer, for solving creatively or in two different
ways. Negative points were given for the use of inappropriate algebra, mathematically
unreasonable answers (such as 100 million), or for low-quality work.

Collaboration was measured by first looking for the integration of both pen colors
together across the ideas written on the paper and the connectivity between ideas written
by each person in the pair. The second round of analysis determined whether collaboration
from the pre- to the post-assessments improved, stayed the same, or declined. A pair was
rated as having “improved” their collaboration if their ideas, written in different colors,
were more physically integrated on the page, as well as more conceptually connected.
A pair was rated as having “declined” in their collaboration, if both their physical and
conceptual integration had decreased.

2.2.3. Survey Analysis

The survey included twelve statements with a Likert scale from strongly disagree to
strongly agree. The survey was taken by 97 of the 99 students as part of surveys given by
the two programs. The pre- and post-survey were statistically analyzed using a principal
components analysis, with associated alpha and omegas and t-tests for significance of
changes from pre to post [75].

3. Results
3.1. A Shift in Students’ Mindset and Beliefs about Mathematics

Students came to the course with a history of school success, and many of the students
displayed strong confidence in their mathematics histories, but the success was accompa-
nied by widespread beliefs that mathematics success involves memorization and speedy
thinking. In the pre-course survey, nearly half of the students agreed with the statement:
“People who really understand math will get an answer quickly” and over half agreed with
the statement: “Math involves mostly facts and procedures that need to be memorized”.
Students also gave insights into the ‘performance culture’ [76] they had experienced and
frequently rated themselves, referring to tests, grades, and their performance in comparison
to other people. Of the 58 students who rated themselves as good at math coming into
the course, 88% referred to mathematics as a subject of competitions, speed, perfectionism,
grades, test scores, correct answers, and rewards. Many of these beliefs about mathematics
overlap with what Muis terms “nonavailing beliefs” that can have a negative impact on
students’ learning [41].
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Thematic analysis of the math histories revealed that many students believed that
struggle with mathematical ideas was a sign of weakness. Fifty-five percent of students
referenced struggle in their histories, with the majority of students describing struggle
negatively, as something to be avoided. In the pre-survey, 65% of students agreed with the
statement, “When I make a mistake in math, I feel bad.” The evidence showing students’
negative associations with struggle seemed important, as struggle is a process in which
all learners need to engage and has been shown to increase brain activity and growth [39].
The course was specifically designed to change students’ ideas about struggle and to help
them value the times when they needed to work through difficulties.

Multiple forms of evidence showed that students’ beliefs about mathematics and their
own potential, as well as their ability to engage in problem solving (see Section 2), im-
proved. Seventy-eight percent of students’ final reflections showed a change in perspective,
indicating changes to students’ beliefs about the nature of mathematics, as illustrated by
Claude’s reflection: “This class opened my eyes and helped me realize that math is more
than just memorizing, but instead, a way of thinking.” Many of the students shared that
the course had helped them erase a single incorrect idea that had caused them to doubt
themselves: the idea that only fast thinkers can be good at mathematics. Eliza described
this in the following way: “Before this class, I knew I liked maths but I didn’t feel confident
in my maths skills...I wanted to major in it, but of course I never would have because I
[thought] I was far too slow.” A further 57% of final course reflections described changed
ideas about the value of collaboration in mathematics (see Section 2).

The third important change the students described was a change in their beliefs about
their own potential. Most of the students arrived in the course with fixed ideas about their
and others’ potential. They believed that people were born with a “math brain” or they
were not. By sharing the neuroscience of brain growth and the importance of struggle to the
development of brain connections [42], the students changed their ideas about their own
potential in mathematics. Some students even described the ways that mindset messages
had changed their approach to their lives:

Upon coming to this class, I began to see math differently, as something creative,
something without a right or wrong answer, but rather a means of positive
struggle, where I embraced all my missteps as part of a growing experience. I
took the growth mindset to heart–not only did I apply it academically, I began
going to the gym regularly, taking on a vegan diet, and doing even the little things
that used to scare me, such as karaoke night (which, might I add, was extremely
fun.) (Michelle, Final reflection)

Importantly, the change in the students’ ideas about themselves came from a different
approach to mathematics, rather than disconnected mindset messages. Evidence of this
connection was provided by the 40% of code co-occurrence between growth mindset and
changed relationship with mathematics in students’ final reflections. Ricardo’s reflection
on his changed ideas about his future in STEM highlight the importance of connecting
mindset messages to a changed approach to mathematics:

My relationship with math going in was awful, trash, garbage. I hated it and, to
be frank, it didn’t make much sense. The way it had been taught to me hadn’t
clicked and it didn’t look like it was going to click anytime soon. I was scared for
math in college, and honestly considering going from Chemistry to Linguistics to
avoid having to take calculus and physics. I am no longer considering switching.
(Ricardo, Final Reflection)

Evidence for the students’ changed ideas and beliefs also came from changes between
the pre- and post-survey. A principal component analysis of the surveys produced four
different components, two components: “nature of math” and “mindset” were statistically
significant, triangulating the changes students described in their reflections. Table 3 shows
the principal components and individual survey questions.
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Table 3. Survey Analysis.

Principal
Component

Increased
Agreement t-Value Decreased Agreement t-Value McDonald’s

Omega +
Cronbach’s

Alpha +

Math is
complex

I like to solve
complex problems 0.17

N/A ~ 0.616
I like math 0.9

Nature of Math

Math is creative 2.68 *** In math, answers are either
right or wrong −5.42 ***

0.596 0.588Math is a subject
with lots of
connections

between ideas

1.97 **

Mathematics involves
mostly facts and

procedures that have to be
memorized

−3.34 ***

Mindset

When I make a mistake in
math, I feel bad −2.35 ***

0.429 0.427

People can learn more
math, but they can’t really

change their basic math
intelligence

−4.12 ***

People who really
understand math will get

an answer quickly
−3.88 ***

Sometimes math makes
me feel afraid −2.21 **

Personal
Orientation

If I put in enough
effort, I can succeed

in mathematics
1.34 *

People can learn more
math, but they can’t really

change their basic math
intelligence

−4.12 ***

0.380 0.238
It is really helpful
to talk about math

with others
1.83 ** Sometimes math makes

me feel afraid −2.21 **

+ Scale reliability coefficient; ~ Minimum of three continuous variables required for calculation; * p < 0.1, ** p < 0.05,
*** p < 0.01.

The students’ final reflections were also coded to assess their reaction to the course,
which showed that 6% of students were negative, 13% neutral, 47% of students were
positive, and a further 34% experienced the course as “extremely positive”.

3.2. A Shift in Students’ Problem Solving and Collaborative Skills

The students’ changed beliefs about and approach towards mathematics were sup-
ported by improvements in their learning of both mathematical problem solving and
collaborative skills. Analysis of students’ maths histories revealed that, prior to the course,
87% of students had experienced highly individualized classroom environments in which
they engaged with mathematics independently, rather than in collaboration with peers. Of
the 13% of students who did mention collaboration in their maths histories, these experi-
ences were discussed as a social endeavor, a way to obtain help from peers when struggling,
or as a competition, rather than genuine collaborative problem solving. These findings
were corroborated by a collaborative problem-solving pre-assessment given on the first
day, in which 53% of students completed the task individually, despite being asked to work
in pairs.

In this same pre-assessment, the students also showed limited ability to engage in
problem solving, with only 6% of the students solving the problem. Problematically, 35% of
the students tried to convert the problem into a linear equation (which was inappropriate)
or another mathematical formula, and 52% of students gave a mathematically unreasonable
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answer (such as 100 million). Very few of the students made use of problem-solving
strategies such as using a smaller case to find a pattern (2%) or making visuals (11%) or
tables (7%) to gain insight into the problem.

Analyses of the post-intervention outcomes showed that students’ collaboration
and problem-solving skills improved and were associated with each other. In the pre-
assessment, only 19 of the 43 pairs of students demonstrated collaborative work, while the
other 24 pairs did not collaborate (i.e., only one person wrote, as indicated by the different
color pens, or both people wrote, but their ideas were neither physically nor conceptually
integrated). On the post assessment, however, the majority of pairs demonstrated collabora-
tive work. In particular, 35% of pairs (n = 15) improved their collaboration and 37% of pairs
(n = 16) demonstrated the same level of collaboration on both pre- and post-assessment
(see Figure 1). Importantly, out of the 24 pairs that did not demonstrate collaboration on
the pre-assessment, 63% of these pairs (n = 15) demonstrated collaboration on the post-
assessment. This represents a significant shift for students who entered the course with a
disposition to work independently (see Appendix B for an example). Importantly, the level
of collaboration among students was positively and significantly associated with their total
score on the mathematics assessment (n = 81, p < 0.05), with solving the problem in more
than one way (n = 81, p < 0.001), and with justifying with words (n = 81, p < 0.05).
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In the final course reflection, some of the students reflected on their changed approach
to problem solving between the pre-assessment on the first day and the post-assessment at
the conclusion of the short course:

I was made sure of this today when we approached a problem nearly identical to
the one we attempted to solve on the first day. Instead of jumping straight into
the concepts we learned in statistics and calculus, my partner and I made visual
representations of our thoughts and identified the patterns within the problem.
Even as we were doing it, my partner and I realized the differences in our thought
processes and how that led to us finding an equation that could represent what
we were trying to solve. (Kim, Final Reflection)

In addition to this shift in collaborative practices, thematic analysis of final reflections
revealed that students’ perceptions of collaboration significantly changed throughout
the course. The majority of students (57%) stated in their final reflections that they had
learned how to collaborate, gained communication skills, and changed the way they viewed
collaboration. As Tasha wrote:

This class taught me how to think. It taught me how to make connections within
the realm of calculus and with the people around me. Because of this class, I am
looking forward to working collaboratively on work, especially math, because
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I have found that some of the best learning comes from learning with others.
(Tasha, Final Reflections)

The students not only expressed general appreciation for collaboration, but also
articulated appreciation for the specific benefits of collaboration. The students indicated that
engaging with varying perspectives, making their mathematical arguments clear to others,
and participating in collaborative divergent thinking and problem-solving helped them
build a deeper conceptual understanding of calculus concepts. In recognizing their peers
as contributing to their learning, the students began to view themselves and their group
members as co-constructors of mathematical knowledge, rather than passive recipients.

3.3. Centering Mindset through Mathematics Problems: An Example

Problem-based learning encompasses many effective teaching practices, such as the
use of authentic and open tasks, learning through problem-solving, and valuing multiple
perspectives for the same problem. Research has shown that problem-based mathematics
combined with mindset messages, or mathematical mindset teaching, enhances student
learning [10,37]. As discussed earlier, the analysis of student final reflections on the short
course produced a 40% code co-occurrence between growth mindset and changed relation-
ship with mathematics, with comments such as Chantelle’s:

When we began to engage in more of the hands-on activities, I started to shift
my mindset and continue to try things out. The moment that I believe changed
me the most was the cube task. In that task, we worked so well together, and the
work was distributed pretty evenly. I felt accomplished, as well as did my group
surrounding me. (Chantelle, Final Reflection)

Chantelle’s reflection that her mindset changed through engagement in open tasks that
were collaborative illustrates the importance of infusing mindset through the mathematics
students learned. This supports previous research that has shown the importance of
mindset messages being integrated into the teaching approaches, rather than delivered
outside of content [31,35].

The interconnectivity of mathematics tasks and mindset is further illustrated by a
description of student engagement with a task given in the course to find the volume
of a geometric solid. The day before the lesson, the students read the first chapter of
Infinite Powers [67], the course reader. The chapter tells the story of the origins of calculus,
including the contributions of lively characters such as Archimedes and Newton, the
“allure” of infinity, and the importance of limits to the solving of problems in the historical
and modern world. The class of 99 students sat in small groups, each of which was given a
lemon and asked to find its volume. They were also provided access to a resource table that
included knives, cutting boards, play-doh, vases, bowls, pipe cleaners, string, painter’s
tape, sticky notes, a funnel, meter sticks, rulers, and digital calipers (Figure 2). The students
were told that they could use any two resources at one time.
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Students were advised not to cut their lemon until their group had come to consensus
on the approach they would use. From there, students were given 40 minutes to explore
together, with the reminder that they respect each other’s thinking and work to include all
group members (Figure 3). They were also told to make a poster sharing their ideas, which
they would present to the class at the conclusion of the exploration.
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During the time spent exploring the task, students proposed different approaches to
the problem, a sample of which is shown in Table 4.

Table 4. Sampling of Student Strategies for the Lemon Task.

Strategy Image Description

Water displacement
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Table 4. Cont.

Strategy Image Description

Cylinder Slices
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A detailed lesson plan and films showing student group work and presentations is
available at: https://www.youcubed.org/exploring-calculus (accessed on 7 June 2022).

An important aspect of supporting a growth mindset is opening problems so that
students can see different possible pathways. The Lemon task provided the reason for
students to appreciate the multiplicity of ways people can contribute to mathematics, and
from there the potential they had to learn any mathematics, as Esther noted:

The first problem that really helped open my eyes was the lemon problem. My
group thought really creatively about the three methods that we tried, and actu-
ally physically manipulating the lemon helped me see why the different methods
worked well. But it was at the end of it, when we discussed the problem as a
class, that I saw all of my groups’ solutions were basically just different ways to
perform summation/integration. It was the first time that I saw the integration
formula/graph, and it actually made sense to me. Since that problem I have
been riding a kind of high in the class. I now feel like if I try hard enough, and
if I think creatively enough, then I can genuinely figure anything out. (Esther,
Final Reflection)

Esther’s reflection, similarly to Chantelle’s, illustrates the interrelated role played by
the tasks students were given, the opportunities to collaborate, and the change in student
mindset. Analysis of student reflections indicated that the experience of working on tasks
in an environment that valued different perspectives on the problems, changed students’
perspective on mathematics going forward.

3.4. Students Who Resisted the Messages of the Course

At the beginning of the course, many students were uncomfortable with the need to
engage with problems that were not well-defined with specific methods to apply. Students
reflected on this challenge in their final reflections, with some sharing that the need to think
and problem solve exposed a weakness in their understanding of mathematics, which
made them uncomfortable, as Marina expressed:

Being forced to learn math at a fundamental level was very frustrating at first
because beneath the memorization of formulas and functions, it made me feel
like I didn’t actually understand it at all. (Marina, Final Reflection)

While the majority of students in the course overcame this initial discomfort, a small
group of students noted in their final reflections that they did not overcome their discomfort,
sharing statements such as Adriana’s: “I tried to be as engaged as I could be, but I often felt
lost.” Analyses of student mathematics histories revealed that these students were slightly
more likely to have been coded as experiencing ‘mathematics anxiety’ coming into the
course [77]. Classroom observations showed that some of these students engaged less with
the tasks and appeared hesitant to participate in group discussions.

The finding that students’ inability to embrace the messages of the course may be
in part driven by mathematics anxiety and a discomfort in being challenged with more
conceptual work seems important for our field. Despite the challenges faced by the students
whose final reflections were coded “negative”, the final problem-solving assessment results
showed that the improvement of this group of students was greater than for those with
“extremely positive” or “positive” reflections, suggesting that their discomfort in the course
was not matched by their learning of mathematics. The students who expressed negative
sentiments in their final course reflection were the lowest scoring group on the problem-
solving assessment coming into the course (Kruskal–Wallis test, H = 5.77, p = 0.025) and
the significantly highest scoring group on the post-test (Kruskal–Wallis test, H = 4.51,
p = 0.025).

The mismatch between the students’ comfort with the course and their relative achieve-
ment echoes the finding of Deslauriers and colleagues, who found that students who felt
they learned more from, and preferred lectures, actually learned more through an active
approach in which they were encouraged to problem solve and struggle [40]. Student
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discomfort with active learning, in which they are required to increase their cognitive effort,
is important, as it can create negative teaching conditions and limit the effectiveness of the
approach. Such discomfort for students also highlights the importance of interventions
such as this one, that work to change students’ beliefs and comfort with active engagement
and with collaboration, especially as most students will be required to engage actively in
university courses in their future, as well as any work in the STEM industry. Deslauriers
and colleagues increased students’ willingness to engage actively, in a follow-up course, by
sharing the evidence of negative correlations between learning and perceptions of effec-
tiveness [40]. At the end of their course, 65% of students reported that their feelings about
active learning had significantly improved [40]. The current study adds to the findings of
Deslauriers and colleagues that negative student perceptions and discomfort with active
learning do not necessarily match their learning—these students improved their achieve-
ment during the course, even more so than the students who expressed comfort with and
enjoyment in the course [40].

4. Discussion and Conclusions

The main goals of the course were to improve students’ relationships with mathematics
and support students to develop a growth mindset through a conceptual, problem-based
approach to calculus, giving meaning to procedures that many students had learned in
traditional mathematics courses. Students often cite their experiences in calculus as the
reason for leaving STEM [62,63] and this short course was designed to change students’
ideas and mathematical approaches to help avert such departures. Mathematics, and
the topic of calculus, can be experienced in completely different ways. In one version,
experienced by the majority of people, students learn to memorize methods, to follow
rules, and to “perform” through frequent testing and grading. However, there is another
version of the subject, described by mathematician Francis Su as a mathematics of “human
flourishing”, that was the goal of the 3.5-week course offered to students [78]. This is a
mathematics approach that is not based around grades or narrow tests, and that centralizes
human contributions to the development of concepts. The students in the course learned to
value each other’s ideas and it was important that mindset messages—centralizing struggle
and the potential of all students—were woven throughout the course. It was ultimately the
combination of mindset and open, collaborative mathematics that supported the majority
of students to shift their “nonavailing” beliefs [41] and engage differently with mathematics.
Positive collaboration, in particular, was highly meaningful for the students, in contrast
with the individualized version of mathematics most of the students had experienced
in school.

Some people might argue that students who had been achieving highly in mathematics
in school do not need such an intervention; however, students’ reflections and initial work
on a mathematics pre-assessment suggested otherwise, as described by Briaunna:

Taking this class has been my best decision at college so far. I feel like I will go
into my first-year maths courses knowing a secret that no one else knows: Maths
does not have to be intimidating. It is not maths’ fault that it has been portrayed
to be an evil subject only conquered by "geniuses" and/or white males. With a
little love and understanding, maths can be kind, compassionate, and even fun to
be around. (Briaunna, Final Reflection)

Briaunna’s assertion that this is “a secret that no one else knows” speaks to the
widespread nature of the “nonavailing” beliefs held by students about mathematics [41].
Many teachers, at the high school and college levels, would argue that a course focused
on mindset and open, collaborative mathematics is not possible, as there are so many
methods and concepts to teach, that there is no time for exploration and collaboration.
This is why the provision of such a course as a short experience that could prelude other
content-focused courses seems important. Our students shared that they had never expe-
rienced “mathematical freedom” before, where they were able to separate mathematical
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thinking from the pressures of performance, nor had they ever seen the “human” side
of mathematics.

To change ideas about something as deeply historical as mathematics and calculus is
not easy, and the course was not successful in changing the perceptions of all the students.
The inverse association between the students’ acceptance of the approach and the learning
they experienced is an important addition to previous research highlighting this curious
relationship [40]. The field would benefit from further research in this area.

One study of more than 600 K-12 teachers found that 98% of teachers believed that
mindset teaching had the potential to positively impact students and their achievement, but
only 20% reported confidence in their own ability to foster a growth mindset in students [79].
This mismatch in teachers’ beliefs in the importance of mindset and their ideas about ways
to encourage growth mindsets may be understood more readily when considering the
findings of this study, which highlight the importance of collaboration and of seeing
many different approaches to mathematics problems, in developing growth mindsets.
Many people believe that students’ mindsets can be changed with shared messages about
potential, but this study suggests that teaching needs to be completely reconceived in order
for mindset ideas to take root. It may be that widespread student mindset change will only
come about when repetition of procedures is replaced by exploration of ideas.

Mathematical mindset teaching, a combination of problem-based instruction and
mindset messages, allows for a robust exploration of mathematical ideas while tending
to student perceptions of themselves as doers of mathematics. A shift from traditional
mathematics instruction to problem-based learning is a big ask of teachers, particularly
when they are striving to achieve goals of content coverage and narrow test improvement.
Teachers of middle and high school, as well as college, often have extensive amounts of
content to teach, causing teachers to believe they do not have time to engage students in
deeper activities that value students’ multiple ideas and thoughts. The results of this study
highlight the need to change this situation, and to shift secondary and college policies to
make room for a “mathematical mindset” approach.

This study had limitations—the research was conducted around a short intervention,
and with a particular group of students—high-achieving university students. Yet the
results may still be important, not only for teachers of STEM subjects, but for all teachers
whose students do not believe in their own potential, and believe incorrect ideas about
learning. As stated in the introduction, other work [10,37,60] has shown the effectiveness
of this approach with middle school students of varying achievement levels. These studies,
combined with the results of the intervention shared in this paper, suggest that such an
approach has broad implications for improving interest and achievement.

An important area for future investigation will be implementing this approach in
more diverse contexts with a wide range of students. We hope this article lays out some
important ideas for consideration in course design and thinking for people who might
implement courses like this in the future. We also hope it adds evidence for the efficacy
of centering student thinking and active learning in STEM classrooms [80]. The results
show the potential of short interventions that precede students’ attendance in regular
mathematics programs, in high school or in college. If universities chose to illuminate
the true and humanizing nature of mathematics through short programs such as this one,
we may halt the widespread exit of students from STEM, particularly for women and
underrepresented students of color, and change the inequitable patterns of participation
that have dominated higher levels of mathematics for centuries. Problem-based learning
has a long and important history of success with students; this study has shared the
additional impact that may be achieved when mindset ideas are not only shared, but
infused throughout the content.
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Appendix A

Table A1. A Table of the tasks covered each day in the class.

Mathematics Calculus

Day 1 Maths Pre-Task
Opening Algebra

Day 2 Rod Trains

Day 3 Negative Space

Days
4 & 5

Lemon Task
Volume of a round object and integrals as Riemann sums

Day 6 Koch Snowflake Task
Geometric Series

Day 7 Bicycle Path Task
Derivatives as tangent lines

Days
8 & 9

Galileo’s Investigation
Derivatives as movement

Day 10 Collatz Conjecture/Four 4’s

Day 11 Walking the graph
Derivatives as velocity and acceleration

Day 12 Donut to Coffee Mug
Topology

Day 13 Curved Shapes Task
Integrals as Riemann Sums

Day 14 Maths Post-Task

https://www.youcubed.org/exploring-calculus


Educ. Sci. 2022, 12, 694 18 of 21

Appendix B

Table A2. One pair of students’ pre- and post-assessments, coded non-collaborative at pre, and
collaborative at post.
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