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Abstract: In this article, we analyze the basis of a proposal that allows teaching the notions of reflec-
tion, refraction, interference and diffraction from a unified perspective, using Fermat’s variational
principle, recovered by Richard Feynman in his formulation of the paths sum for quantum mechanics.
This allows reconsidering the notions of geometrical and physical optics, using the probabilistic and
unified model of quantum mechanics by means of mathematical notions that are accessible to high
school students.
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1. The School Study of Light

Light, and the phenomena in which it intervenes, have always had and still have
a universal interest because they are inherently linked to the history of humanity. The
purpose of studying these phenomena is present both in formal education institutions,
from the first levels of the educational system to high school, and in informal education
institutions such as science museums or planetariums [1–11]. In this sense, we can consider
that light is a conceptual field involving various sciences, such as physics, astrophysics,
chemistry, nuclear medicine, etc.

However, for diverse reasons, the curriculum, school organization, and teaching
successively divide knowledge, first into areas and disciplines, which may or may not be
supported by scientific, technological, or professional communities of reference that validate
this knowledge. Thus, the curriculum refers to physics, chemistry, astronomy, language,
natural sciences, social sciences, earth sciences, biology, health sciences, mathematics, art,
etc., to then, within each one of them, atomize knowledge into “topics” that comprise the
program of those school disciplines. In almost all of the aforementioned areas, phenomena
related to the behavior of light arise, which, in the best of cases, are studied in an atomized
way, without an interdisciplinary or intra-disciplinary relationship.

Likewise, closer examination of the segmentation of the world that is carried out for
educational purposes, the phenomena related to light are proposed within what is called
optics, which is defined as a branch of physics that studies light. The school study of light is
basically developed from two models: that of geometric optics, which adopts the notion of
light ray as the rectilinear trajectory of “material particles” coming from luminous bodies.
In this mechanistic and corpuscular model, we could inscribe some representatives of
classical Greece and Newton himself, Descartes and Snell, who provided an account of the
phenomena of reflection, refraction, and the decomposition of light, as well as the detailed
study of various types of lenses. The so-called Law of Refraction was first discovered by Ibn
Sahl in the 10th century, who used it to resolve the shapes of anaclastic lenses (which focus
light with geometric aberrations). It was rediscovered in the 16th century and revealed
again in the 17th century by Snell. In French-speaking countries, Snell’s law is known as
the “second law of contraction” or “Descartes’ law”).
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On the other hand, in 1690, Huygens (1629–1695) proposed a wave model for light and
deduced the laws of reflection and refraction. Light waves were understood as longitudinal,
and his model required the existence of a mechanical medium, which was called ether,
disputing his ideas with Newton. In the 19th century, Young discovered the phenomena of
interference and diffraction of light, which are explained with the wave model, but not with
the ray model. In addition, he assumed that they were three-dimensional transverse waves.
For his part, Faraday established an interplay between electromagnetism and light by
noting that the direction of polarization of a light ray can be altered by the action of a strong
magnetic field and suggested that light could have an electromagnetic nature. James Clerk
Maxwell (1831–1879) in turn, extensively developed the wave model and demonstrated
that light waves, such as radio waves, X-rays, etc., are electromagnetic waves, and they do
not need any material medium to propagate.

Subsequently to these events, at the beginning of the 20th century, more specifically in
1905, Einstein received the Nobel Prize for explaining the photoelectric effect, proposing
the quantization of energy and the “strange” event that when light falls on the cathode
in a vacuum tube, it manages to “pull” electrons that generate a current, the intensity of
which depends on the frequency of the incident light. From these facts, new phenomena
and debates linked to the interactions between “matter” and “radiation” began. Einstein
presented a solution by means of the most famous formula in the world, which also appears
in one of his 1905 papers: the paper proposing the Special Theory of Relativity, which
he would generalize in 1915 by formulating General Relativity. However, the news and
facts requiring explanation did not end there. The photoelectric effect, the quantization of
energy applied to the study of the atom and atomic spectra, to black body radiation and
to radioactive phenomena that revealed the emergence of new particles, opened the way
to new controversies linked to phenomena of the field that today we know as “Quantum
Mechanics”, where facts involving light arise.

As a general rule, the knowledge developed since the mid-19th century, including
wave mechanics, special relativity, and quantum mechanics, is not commonly taught in
schools as an integrated subject. Furthermore, it is worth noting that there is a significant
variation in how this topic is approached in different countries, particularly in Latin
America [12–15]. Thus, students study atomized parts of optics and electromagnetism
without even dabbling in the wave model, nor in the phenomena of interference and
diffraction, even when their study is prescribed in the curriculum. However, the curricular
inclusion of relativistic phenomena and quantum models is more the exception than
the rule.

Let us mention that it is not our aim to provide a comprehensive historical account of
the development of optics in this paper, and therefore, many of its major contributors are
not included. Rather, we have focused on the key figures that we consider to be pillars for
the conceptual framework we propose, specifically Fermat and Feynman. By doing so, we
aim to offer a more focused discussion of the theoretical underpinnings of our work.

In high school, reflection and refraction are typically taught through the lens of
geometric optics, but not through the framework of wave optics or quantum mechanics.
We believe that this limited approach can be a disadvantage when it comes to understanding
these phenomena across different scales and experimental contexts, which can prevent
students from fully exploring their potential. It is particularly noteworthy that the quantum
context is almost entirely neglected in the teaching of these concepts, which further limits
students’ understanding and exploration of the phenomena.

In this paper, we try to answer the following questions:

o Can waveless wave optics be taught in high school?
o How can geometrical, wave and quantum optics be taught together in secondary school?

2. Fermat’s Principle

Fermat (1601–1665) made a central contribution in his time, which, as we try to show
in this work, has acquired a greater dimension today. In 1650, he enunciated a fundamental
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principle for light rays, which is still valid today. This expresses that of all the paths that
light can follow to go from one point to another as illustrated in Figure 1; it always “chooses”
the one that corresponds to the shortest time. Fermat’s is a variational principle, which is
very relevant from a physical and didactic point of view, because in this second case, it
makes possible the quantum treatment of light that we have been trying to introduce in
secondary education for several years. Variational principles express mathematically the
fact that a natural phenomenon seems to occur in the most optimal way possible.

Educ. Sci. 2023, 13, x FOR PEER REVIEW  3 of 20 
 

o How can geometrical, wave and quantum optics be  taught  together  in  secondary 

school? 

2. Fermat’s Principle 

Fermat (1601–1665) made a central contribution in his time, which, as we try to show 

in  this  work,  has  acquired  a  greater  dimension  today.  In  1650,  he  enunciated  a 

fundamental principle for light rays, which is still valid today. This expresses that of all 

the paths that light can follow to go from one point to another as illustrated in Figure 1; it 

always “chooses” the one that corresponds to the shortest time. Fermat’s is a variational 

principle, which is very relevant from a physical and didactic point of view, because in 

this  second  case,  it makes possible  the quantum  treatment of  light  that we have been 

trying to introduce in secondary education for several years. Variational principles express 

mathematically the fact that a natural phenomenon seems to occur in the most optimal 

way possible. 

 

Figure 1. Representation of Fermat’s Principle. The path of least time is S4. 

As we know, the refraction index associated with a given medium is defined by: 

𝑛
𝑐
𝑣

 

where  c  the  speed  of  light  in  the  vacuum  and  v  the  speed  of  light  in  that medium. 

Traveling time can be expressed as 

𝑡
𝑠
𝑣

𝑠 𝑛
𝑐

 

where s is the distance traveled by light in the medium. Thus, in a homogeneous medium, 

the minimum time corresponds to rectilinear propagation (the shortest path). However, if 

the medium  changes, minimizing  time  implies  traveling “as much as possible”  in  the 

medium with the highest speed, that is, with the lowest n. This is the reason why the path 

of light is “broken” when passing from one medium to another in refraction. We will look 

at this and other aspects in more detail in the next section. 

3. Reflection 

In addition  to  the experimental evidence  that exists  for  the  laws of  reflection and 

refraction, these laws can be obtained relatively easily using Fermat’s principle. Take, for 

example, a beam of light that propagates from point A to point B, reflecting on a flat mirror 

as showed in Figure 2. 

Figure 1. Representation of Fermat’s Principle. The path of least time is S4.

As we know, the refraction index associated with a given medium is defined by:

n =
c
v

where c the speed of light in the vacuum and v the speed of light in that medium. Traveling
time can be expressed as

t =
s
v
=

s n
c

where s is the distance traveled by light in the medium. Thus, in a homogeneous medium,
the minimum time corresponds to rectilinear propagation (the shortest path). However,
if the medium changes, minimizing time implies traveling “as much as possible” in the
medium with the highest speed, that is, with the lowest n. This is the reason why the path
of light is “broken” when passing from one medium to another in refraction. We will look
at this and other aspects in more detail in the next section.

3. Reflection

In addition to the experimental evidence that exists for the laws of reflection and
refraction, these laws can be obtained relatively easily using Fermat’s principle. Take, for
example, a beam of light that propagates from point A to point B, reflecting on a flat mirror
as showed in Figure 2.
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Obviously, we can imagine infinite trajectories for the beam of light and it is clear that
these depend on the point of the mirror in which that beam is reflected. The position of
point P is the one that corresponds to the real, least time, trajectory. In Figure 3, points M,
N represent the intersection of the orthogonal projections of points A and B on the plane
mirror and x the distance from P to point M. Thus, it can be written:

AM = h1, BN = h2, MN = l

then
MP = x PN = l − x

Educ. Sci. 2023, 13, x FOR PEER REVIEW  4 of 20 
 

 

Figure 2. Possible paths of a beam of  light reflected from a plane mirror. The  incident rays on P 

correspond to the path of least time. 

Obviously, we can  imagine  infinite trajectories for the beam of  light and  it is clear 

that these depend on the point of the mirror in which that beam is reflected. The position 

of point P is the one that corresponds to the real, least time, trajectory. In Figure 3, points 

M, N represent  the  intersection of  the orthogonal projections of points A and B on  the 

plane mirror and x the distance from P to point M. Thus, it can be written: 

𝐴𝑀  ℎ  ,𝐵𝑁  ℎ  ,𝑀𝑁 𝑙 

then 

𝑀𝑃 𝑥   𝑃𝑁 𝑙  𝑥  

 

Figure 3. Calculation of the minimum time path. 

Then, the length of the path of the light beam will be: 

𝑠  𝐴𝑃  𝑃𝐵   𝑥 ℎ  𝑙 𝑥 ℎ   

while the time it takes light to travel the distance s, which is represented in Figure 4, will 

be: 

𝑡  
 𝑥 ℎ 𝑙 𝑥 ℎ

𝑣
 𝑛 

 𝑥 ℎ 𝑙 𝑥 ℎ

𝑐
 

 

Figure 3. Calculation of the minimum time path.

Then, the length of the path of the light beam will be:

s = AP + PB =

√
x2 + h1

2 +

√
(l − x)2 + h2

2

while the time it takes light to travel the distance s, which is represented in Figure 4, will be:

t =

√
x2 + h1

2 +
√
(l − x)2 + h2

2

v
= n

√
x2 + h1

2 +
√
(l − x)2 + h2

2

c
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Note that x is the variable that indicates the different paths. Applying Fermat’s
Principle, the derivative of the time with respect to x is calculated and set equal to zero:

dt
dx

=
2xn

c
√

x2 + h1
2
− 2(l − x)n

c
√
(l − x)2 + h2

2
= 0

from which results
x√

x2+h1
2
= (l−x)√

(l−x)2+h2
2

sinθ1 = sinθ2
θ1 = θ2

That is, for the time to be minimal, the angles of incidence and reflection must be
equal when the reflection of light occurs. Note that the test of the first zero derivative at
a point is a necessary condition for a relative minimum, but not a sufficient one. For it to
be a relative minimum, the second derivative must be positive in that point. We do not
elaborate further here (or in what follows) on this because it is standard, but the reflection
point can be shown to be an absolute minimum in this case.

4. Refraction

Similarly, the Snell–Descartes law for refraction can be obtained using Fermat’s Prin-
ciple. Let us consider, for example, the case of a light beam that propagates from point A
located in a medium of refractive index n1 to a point B located in a medium of refractive
index n2 as indicated in Figure 5.
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In this case, we can also imagine infinite trajectories that differ by the position of the
point P on the interface. Next, we consider one of the possible paths s that light can follow,
as shown in Figure 6. The length will be:

s = AP + PB =

√
x2 + h1

2 +

√
(l − x)2 + h2

2

While the time it takes for light to travel s will be

t = n1

√
x2 + h1

2

c
+ n2

√
(l − x)2 + h2

2

c

Applying Fermat’s Principle, the time derivative is calculated and set equal to zero:

dt
dx

=
2xn1

c
√

x2 + h1
2
− 2(l − x)n2

c
√
(l − x)2 + h2

2
= 0
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from which it results
xn1√

x2+h1
2
= (l−x)n2√

(l−x)2+h2
2

n1sinθ1 = n2sinθ2

This formula, called Snell’s Law, must be fulfilled for the least time path in the
light refraction.
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Another important consequence of Fermat’s principle is the principle of reversibility.
This principle establishes that if s is the trajectory which, according to Fermat’s principle,
a beam of light that propagates from A to B follows, then s in the opposite direction is
followed when going from B to A.

5. Curved Mirrors and Reflection

What happens when light reflects off an elliptical, parabolic, or hyperbolic surface?
Let us consider for example the case of the ellipse, represented in Figure 7. As we know,
the ellipse is defined by the set of all points P in a plane, such that the sum of the distances
d from P to two fixed “foci” points F and F′ on the plane is constant. If the coordinates of
the foci are F = (c,0) and F′ = (−c,0), every point P that belongs to the ellipse satisfies that
d(P,F) + d(P,F′) = k, where k is a constant greater than zero.
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If in particular the point A that belongs to the ellipse is taken, it is established that
k = 2a. Then any point P on the ellipse satisfies the equation:√

(x− c)2 + y2 +
√
(x + c)2 + y2 = 2a
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Now suppose that a ray of light had come out of one of the sources and had been
reflected in P arriving at Q as showed in Figure 8.
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Then the time that light takes for that path is

t =
n
v

(√
(x− c)2 + y2 +

√
(x + h)2 + y2

)
where v is the speed of light in the medium. Its derivative with respect to x is

2n(x− c)

v
√
(x− c)2 + y2

+
2n(x + h)

v
√
(x + h)2 + y2

= 0

The derivative is zero when h = −c. The application of Fermat’s principle indicates
that of all the possible paths that light could take (the ray that starts from one focus, is
reflected in the ellipse and passes through the other focus), is the path of least time.

6. Total Internal Reflection

Apart from the classical applications to lenses (which are not covered here), an inter-
esting application of Snell’s law occurs when there are two media with refractive indices
n1, n2, where n2 > n1 and the light source is located in the medium with the highest index
of refraction (here, the incidence is in medium 2, in contrast to the previous section). In
this case, according to Snell’s law: n1sinθ1 = n2sinθ2, the angle of refraction θ1 is always
greater than the angle of incidence θ2.

As can be seen in Figure 9, the limiting case occurs when the refracted ray is parallel to
the interface between both media (indicated in red). The limiting incidence angle θ2lim(for
which θ1 = π

2 ), is fulfilled according to Snell’s law:

sinθ2lim =
n1

n2
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In other words, the limiting incidence angle depends on the relationship between the
refractive indices of the two media. It follows that for angles of incidence greater than θ2lim,
the sinθ1 should assume values greater than one, this being mathematically impossible.
From a physical point of view, this is interpreted considering that if the light rays hit with
angles greater than θ2lim, there will be no refraction. Experimentally it can be seen that in
this case there is only reflection and no refraction, so the interface works as a perfect mirror.
This phenomenon is called total internal reflection and is used in the propagation of light
in optical fibers, where information loss due to refraction is avoided.

7. Quantum Mechanics and the Feynman Approach Applied to Light Phenomena

Quantum mechanics and the theory of relativity are the most important revolutions in
physics of the first quarter of the twentieth century. Although the latter is probably better
known, quantum mechanics has had a much greater impact on subsequent technological
development. After almost a century, the concepts of quantum mechanics continue to defy
common sense, which is based on the macroscopic world, on a human scale. In particular,
the wave–particle duality has been the basis of the difficulties involved in conceptualizing
the notion of a quantum system. The central question within the framework of this work is
to introduce the basic ideas of a complex subject such as quantum physics in an accessible
way for high school students, and to explain light phenomena with a unified framework.

Feynman’s Multiple Paths approach is an alternative for studying the behavior of
electrons and electromagnetic radiation that allows us to address the concept of probability,
the principle of superposition and correspondence, and offers the possibility of under-
standing the fundamental and universal nature of the laws of quantum mechanics. Its
potential, from a didactic point of view, consists in the use of a vector geometric framework
to calculate probabilities, which is applied to a simple case of emission and detection of
light or a free electron. Then, the results can be applied to more complex cases, such as
diffraction and interference, for example in the Double Slit Experience (DSE).

Our proposal for teaching quantum mechanics is based on the path integral technique,
which we will call here the sum of all alternatives (SAA) developed by R. Feynman in
1949, making use of the previous ideas of Paul Dirac. Such a formulation is equivalent
to the traditional approach to quantum mechanics, the canonical Hamiltonian formalism,
previously developed by Schrödinger, Heisenberg, and Dirac in 1925–1926. There are
several proposals for teaching quantum mechanics based on the SAA approach and the
use of computational tools, such as that of [16–23]. In general, these proposals focus on the
behavior of light and the electron, using computer simulations.

Here, we propose to expose the main ideas of the method, eliminating the mathe-
matical formalism. It is worth mentioning that our group has implemented and analyzed
didactic sequences based on Feynman’s approach for quantum mechanics oriented to high
school, both for the behavior of electrons and light [24–30]. It is important to recall that
these works were not based on the wave–particle duality. In addition, these didactic inves-
tigations used the theoretical framework of the Theory of Conceptual Fields (TCC) [31], as
well as the notions of didactic transposition and teaching by inquiry [32]. While our work
focuses on the transpositive aspects of teaching optics using this approach, it is important
to note that analysis of conceptualization will require classroom implementation. As such,
we plan to explore this aspect further in future research involving actual classroom settings.

Research on the presentation of quantum concepts related to light in school
books [12,14,15,33] shows that little importance is given to the various scientific models that
explain light phenomena, since they do not explain their basic principles or assumptions in
either geometric optics or wave optics. A limited number of bibliographical sources make
reference to the quantum characteristics of light, or do so in a way that is both physically
and didactically questionable. For instance, some texts use the photoelectric effect as a
means to introduce the quantization of light, and in doing so unequivocally link the notion
of photon to this experiment, while referring to “the components of light” in a way that
suggest the photon to be a tiny corpuscle. Furthermore, educational materials tend to prior-
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itize the wave–particle duality, a topic that often leads students into a discourse that seems
absurd, since the idea of wave and particle does not represent anything more divergent
than these two concepts.

This article adopts a semantic and pragmatic perspective on scientific models, accord-
ing to [34,35]. Within this conceptual framework, science is not concerned with ontological
truth, but instead uses models as tools in order to represent the world and gain significant
knowledge about it.

7.1. The Feynman Approach

We start with some concepts related to quantum mechanics and its validation in general.
Events: In Quantum Mechanics we consider events. For instance, in the reflection of

light from a flat surface, an event may be that light emitted at A is reflected in the mirror at
point P (Figure 2).

Probabilities: Quantum Mechanics does not predict the certainty, but rather the proba-
bility of an event. In the above example, it is possible to predict the probability that the
light emitted at A will be reflected at point P in the mirror.

Theory–experiment comparison: the predictions of the theory are compared with the
experiment in the following way: if P(e) is the probability predicted by the theory for the
occurrence of an event e, Ne is the number of times the event occurs in the experiment
and N is the total number of recorded events, then P(e) tends to Ne/N, as N grows. In the
example of Figure 2, e can be the light detection event at a point P on the surface, then Ne is
the observed number of times light is detected at that point and N is the total number of
detections (on the entire surface).

Note the crucial difference between the quantum model and the Fermat model. In the
latter, there is only “one” case: the one of least time. However, in the quantum model, there
are many alternatives and probabilities for each of them.

After analyzing how to compare theory and experiment, the rules of Quantum Me-
chanics to calculate P(e) are considered. To simplify, we will restrict to the case of light in a
vacuum, although all the concepts are easily generalizable to other situations.

Consider a particular event e which is the detection of light at a point on a screen F
having been emitted from I. For this general situation, Feynman defines a method which is
adapted here to a language that involves no more than vector addition.

• Multiple paths. Figure 10a shows some paths or alternatives that connect I with F.
• A vector for each path. To each possible path that connects I with F we associate a

vector. The module (length) of this vector does not depend on the path, it is always
the same, and it is assigned module 1.

• The angle θ that the vector associated with a given path forms with the x-axis is
proportional to the time t it would take light to travel that path. The proportionality
constant between the angle and the time is the “classical” light frequency ω:
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θ = ω t

Note that from the point of view presented by the model, ω is a constant that simply
takes different values for each “type” of light. In other words, it will adopt different
values depending on whether it is “red”, “green”, etc. Although frequency is a concept
associated with the classical wave model of light, this association is deliberately omitted,
since we intend to present a purely quantum model that extends Fermat’s point of view to
multiple alternatives.

For a homogeneous medium, the time spent by light is proportional to the distance
traveled: d = vt, where v is the speed of light in that medium. This is practical and allows
the analysis both in terms of times and distances (as we did with the Fermat principle).

• Sum of the contributions of all paths (principle of superposition). The vectors associ-
ated with all the possible paths connecting I with F are added. This gives the resulting
vector, as shown in green in Figure 10c.

• Probability calculation. The square module of the resulting vector is proportional to
the probability of the event considered. This raises the problem of adding “infinite”
vectors. Next, we will see how to approximately calculate this sum. To this end, let
us consider again the Figure 10a. The path (D) that is in the center is the shortest,
that is, a straight line. Around it, there are also very close paths (C,E) that have
approximately the same length as the straight line. Since the direction of the vector
associated with a given path is proportional to the length of that path, the vector
associated with the straight line and its surroundings will have approximately the
same direction. It is observed that around the shortest path (D) the length changes are
such that the associated vectors maintain approximately the same direction. This is
due to the properties of the minimum (variations to the first order are 0). In contrast,
paths further away, such as A, B, F and G in the figure, have completely arbitrary
lengths, so their associated vectors point in arbitrary, unrelated directions. Figure 10b
schematically shows this behavior.

If one could sum “all” the possible paths to calculate the probability of detecting light
in F having been emitted in I, it would be observed that the contributions of the paths far
from the shortest would tend to cancel each other (statistically). The final result would
be that only the contribution of the shortest path and those of its closest environment
contribute to the final sum (green arrow in Figure 10c), and therefore, to the probability. In
this sense, it is possible to conclude that the most probable path to go from I to F is the line
that joins them, which is the one predicted by the Fermat model. Assuming the point of
view of the rules for the addition of paths for light from Quantum Mechanics previously
exposed, next we return to analyze the experiments of the first part.

7.2. The Law of Reflection: The Shortest Path Is the Most Probable

Let us analyze the reflection of light, according to the laws of Quantum Mechanics.
Light detection events are considered as shown below.

Some possible paths are selected to calculate the probability of detecting light at P that
is emitted at S and reflected in the mirror, as shown in Figure 11a. As we have seen, around
the shortest path G (classical reflexion) the length changes are such that the associated
vectors maintain approximately the same direction. However, around the paths away
from G, the variations are longer (Figure 11b). When performing the sum, the vectors
corresponding to the paths that are far from the shortest path and with the shortest time
for light cancel out and do not contribute to the sum, while the minimum classical path
and its surroundings have associated vectors of similar length, and then they contribute to
the sum (Figure 11c).
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Figure 11. Possible paths connecting the light detection point P with the emission point S, reflecting
in the mirror (a). The shortest (least time) path is G. The vectors that contribute the most to the sum
correspond to the paths closest to the shortest path and are indicated in red (b). The square module
of the resulting vector (indicated in green) is proportional to the probability of detecting light at P
that was emitted at S and reflected in the mirror (c).

Consequently, from the quantum point of view, all events are possible, although
the event in which the angle of incidence and reflection are equal, which is the shortest
path, is the most probable and is the one that is most easily detected. If a very careful
experiment were carried out, light would be detected at other points that do not satisfy the
reflection law. That is, the classical reflection law that was formulated experimentally with
a macroscopic model is an “approximate” law.

7.3. Refraction from the Quantum Model

As we have already analyzed from Fermat’s Principle, if light travels from one medium
to another, its trajectory changes. Here, the angle of incidence and the angle of the refracted
beam are different. Using the Quantum Mechanics model, the probabilities of an event
where the angle of incidence differs from the refracted one are analyzed. Using the Feyn-
man method, light detection events are considered as shown in Figure 12a. Among the
possible paths that light could follow to go from I to F, we seek to calculate the probability
of detecting light in F having started from I, for which it is necessary to analyze the contri-
bution to the sum of each path. As before, around the minimum time path, which in this
case will not be the shortest because there is a change of medium, the time variations are
such that the associated vectors maintain approximately the same direction (Figure 12b).
Around paths away from the least-time path, the changes are greater. As before, when
performing the sum, the paths far from the shortest time path for light cancel and do not
contribute to the sum, while the shortest time path and its surrounding paths are the ones
that contribute the most (Figure 12c).
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Therefore, from the quantum point of view, all events are possible, although the path
in which light takes the shortest time is the most likely. If an extremely careful experiment
were carried out, we could detect light at other points that do not “comply” with the
phenomenon of refraction.

8. The Double Slit Experience from Feynman’s Approach

In this section, we analyze the double slit experiment from the point of view of path
addition of quantum mechanics. The double slit experiment can be carried out simply in
the laboratory. Figure 13 schematizes this experiment. Light from a laser (not shown in the
figure) incised from the left on a screen with two very thin slits, separated by a distance d.
This gives rise to a pattern of alternating stripes on a detection screen located at a distance
D� d, indicated schematically to the right of Figure 13.
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Figure 13. Scheme of the double slit experiment, indicating the two main paths R_(1,2) that are used
in the path addition method of Quantum Mechanics, and the corresponding experimental result (see
text for further details).

The pattern of alternate stripes does not admit a description in terms of rays, that is,
Fermat’s principle does not account for the phenomenon. The “classical” description of
this behavior is (as we know) in wave terms, considering light as an electromagnetic wave
and applying wave superposition.

This is a standard textbook procedure, which we do not follow here, because it
involves an extensive entry into Maxwell’s electromagnetism, which we avoid in this work.
However, briefly and accepting an underlying wave model, we can say that places on the
detection screen where the waves arrive in phase “interfere” constructively, whereas those
where waves arrive in out of phase cancel each other out. This gives rise to the pattern
observed on the screen, which is distributed as a continuum of intensities that alternates
between maxima and minima.

Figure 14 shows images of pattern formation on the detection screen, in increasing
times, from left to right. The first thing to notice is that the pattern is not continuous,
but rather that light is detected on the screen as discrete events (dots). At first, as can be
observed in the panels on the left, the detection events do not show a definite pattern; they
appear to be randomly distributed. However, as the exposure time increases and more
events are detected, a regularity begins to emerge (middle panel of Figure 14). The more
events are detected, the more the pattern of alternating fringes is defined (right panel of
Figure 14). In the limit of a long exposure time, this granularity is “lost” and merges into a
continuum, which is what we observe in Figure 13.
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Figure 14. Experimental sequence of images showing the detection screen in increasing times in the
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time progresses, the images show a granular distribution of alternating fringes of maximums and
minimums, as shown in the panels on the right.

Figures 13 and 14 show two aspects of the interference phenomenon. Figure 13 shows
it in a “classical” context where there is no granularity and the classical electromagnetism
framework appropriately describes the intensity distribution on the screen. On the other
hand, Figure 14 shows the “detail” of the pattern formation with very low intensity light,
which allows us to follow the formation process. In this context, the “quantum” discrete
character of the detection events is central and the pattern formation exhibits a statisti-
cal character.

Here, as mentioned above, we avoid the description of the interference in terms of
classical electromagnetism and will directly describe the phenomenon from the quantum
point of view. This has several advantages. On the one hand, it describes the phenomenon
at all scales, that is, Figures 13 and 14 as extreme cases. On the other hand, the idea of
Fermat paths is taken up again through the generalization of Feynman path sums. Finally,
it avoids the incursion into classical electromagnetism, which also only accounts for the
“classical” part of the phenomenon.

To apply Feynman’s method to interference, consider Figure 13 to calculate the prob-
ability of detection at a given point on the screen. Note that the quantum approach
incorporates the discreteness of the detection events shown in the formation of the pattern
in Figure 14. Unlike the classical model, which considers the intensity distribution, the
quantum model describes a probability distribution. Both concepts are “proportional”,
although it should be clarified that they belong to different models.

Let us start by calculating the sum of the vectors associated with all the paths that go
from the source to a point on the screen.

There are two direct paths connecting the source to a given point x on the screen,
as shown in Figure 13. One is the one that goes from the source and passes through the
bottom slit, and the other is the one that goes through the top slit. There are multiple
possible alternatives; for example, going through one of the slits and taking a completely
arbitrary path until reaching the screen. However, according to the previous analysis, we
know that the shortest path and its surroundings are the most important. Then, only the
contributions of the two main paths are taken (even neglecting the neighborhood of each
one) to calculate the probability. Note the difference in the application of the technique
with respect to previous cases of quantum reflection for example. Although always (except
in the center) one direct path is shorter than the other, depending on x, the two main paths
are needed here to capture the interference from the quantum point of view.

Furthermore, this is a concrete example of quantum superposition. Now, let us analyze
the conditions in which a maximum is found at a point on the screen. According to the
quantum mechanics rules, the vectors associated with the two main paths that go from
each slit to that point should point in the same direction. One case where this will happen
is at the center of the screen, since the distances of the slits to the center of the screen are
equal and then their associated vectors have the same angle, so their sum, and therefore,
the probability, is maximal. That is to say, that the theory predicts a maximum in the center
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of the screen and this is observed experimentally. However, there are also other maxima,
for example when in the difference of paths, the vector gives an integer number of cycles.
The same strategy can be followed to detect the minima on the screen. Any resemblance to
the classical mathematics of interference is not coincidental. However, here we are dealing
with the purely quantum model.

To obtain the expression of the probability as a function of the distance to the screen
(not only maxima and minima), we proceed as follows. We consider the two-unit vectors
associated with the two main paths (R1 and R2 in Figure 13), whose angles are proportional
to the time that light takes in each case. Then, we add both vectors and calculate the square
module of the sum vector.

For the first slit the associated vector V1 is:

V1 = (cosθ1, sinθ1)

in which θ1 = ωt1 = ωR1/v = kR1, that is, we can express the angle as a function of time
or distance by changing the constant of proportionality from ω to k = ω/v, where v is the
speed of light in the medium. Similarly, the main contribution for the other slit is:

V2 = (cosθ2, sinθ2)

Therefore, the resulting vector is:

VR = V1 + V2 = (cosθ1 + cosθ2, sinθ1 + sinθ2)

whose square module |VR|2 is proportional to the Probability P(x) of detecting light at a
point x on the screen (Figure 13). By performing this calculation (which is omitted because
it only involves trigonometric algebra) we obtain:

P(x) ∝ cos2
(

θ1 − θ2

2

)
where the proportionality constant is irrelevant here. The previous formula can be ex-
pressed in terms of distances by using θ1,2 = kR1,2

P(x) ∝ cos2
(

k
R1 − R2

2

)
We can additionally express the difference in paths R1 − R2 as a function of the sepa-

ration between the slits d and the distance between the screen and the wall D. Considering
that D� d, we compare similar triangles in Figure 13, that:

R1 − R2 =
x
D

d

Then, replacing this expression in P(x) we finally obtain:

P(x) ∝ cos2
(

kd
2D

x
)

Strictly speaking, this expression does not represent a probability because it is not
normalizable; that is, the sum of all the probabilities of detecting light in any part of the
screen is not 1, but diverges. It is interpreted as a probability that “oscillates” between 0 and
a relative maximum value of probability of finding light. It is not a punctual probability
either, but a probability density; that is, it gives the probability of detecting light between x
and x + dx, although here we continue talking about probability, leaving technicalities aside.

This is the expression for the probability of detecting light at a distance x from the
center of the screen, which is derived from quantum mechanics, and allows us to predict
not only the maxima and minima, but all intermediate values of probability.
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This formula also allows us to analyze the dependence of the probability on the color
of the light, which was initially fixed; that is, increase or decrease the value of k, leaving
the other parameters (d and D) constant. Another possibility would be to fix the color and
carry out the experiment varying the separation of the slits, and analyze the dependence of
the probability with this separation. As can be seen, working with the parameters of the
expression can be very enriching, not only for the quantum mechanical aspect related with
probability, but also because it allows us to check the limits of validity of wave optics.

Finally, it is important to note that this formula describes a wave phenomenon, such
as the distribution of maxima and minima on the screen, without the need to discuss any
underlying wave mechanism.

9. Didactic Considerations for Teaching Optics Based on Fermat’s Principle and Its
Quantum Generalization

In this section, we present the general framework of our didactic proposal for teaching
optics based on Fermat’s principle and its quantum generalization by Feynman. We address
key aspects for its implementation in the classroom and contextualize it in terms of our
previous research. The purpose of this didactic proposal is to teach high school students
in the last or penultimate year of their studies fundamental concepts about light from the
unified framework of quantum mechanics, using the path integral technique proposed by
Richard Feynman.

In previous investigations using this approach, we developed a didactic sequence to
teach the quantum behavior of matter, focusing on the electron as a quantum system, the
probabilistic function, and the quantum-classical transition. This proposal was successfully
implemented in two courses of the last year of high school in Argentina [24–30] and in four
courses of high school in Colombia, with 118 students aged 16 to 17 [13].

To teach the behavior of light using Feynman’s Path Integrals approach, we use el-
ementary mathematical concepts, such as vectors and vector sums, through a sequence
of situations related to the behavior of light. A first didactic sequence was designed, im-
plemented, and evaluated to teach the quantum behavior of light, considering simple
experiments involving reflection, refraction, and the double-slit experiment. This sequence
was implemented in four courses (83 students) in the Argentina high school [36] in the sub-
ject of Physics, which is taught for three hours per week. The sequence has an approximate
duration of eight weeks.

Based on our previous investigations, this paper revisits the physical foundations and
key concepts that are essential to teaching optics in a broad context in secondary school.
These notions cover both traditional optical aspects and the phenomena of interference
and diffraction, without delving into classical wave optics. We accomplish this through
the application of Feynman’s approach, which generalizes Fermat’s Principle of least time.
Building on our previous work, we propose to extend and generalize our didactic sequence
to include the treatment of Fermat’s principle in addition to experiences of reflection,
refraction, and total internal reflection.

To avoid mathematical formalism, we utilize existing simulations of the experiments
and others specifically designed using GeoGebra. These simulations allow us to analyze the
mathematical expressions of the time it takes light to travel a certain path and the minimum
time required when applying Fermat’s principle to the aforementioned experiments. This
approach enables us to effectively teach these fundamental concepts without the need for
extensive mathematical knowledge, making it accessible to secondary school students.

This didactic sequence comprises four phases, each consisting of different situations.
Phase 1 (situations 1–4), starts with a situation about light reflection, which is studied by
conducting an experiment with a laser pointer and a mirror. Here, by applying Fermat’s
principle, the Snell–Descartes law is derived. In situation 2, the behavior of light when
passing from air to a liquid is studied with a laser pointer, a container of liquid, and a
protractor. Fermat’s principle is applied to obtain the law of refraction. To complement
both experiences, free simulation software will be used, namely https://phet.colorado.

https://phet.colorado.edu/sims/html/bending-light/latest/bending-light_all.html?locale=es
https://phet.colorado.edu/sims/html/bending-light/latest/bending-light_all.html?locale=es
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edu/sims/html/bending-light/latest/bending-light_all.html?locale=es and http://www.
sc.ehu.es/sbweb/fisica3/ondas/fermat/fermat.html (accessed on 1 May 2023). Situation 3
proposes carrying out an experiment with a laser pointer, a metal plate with two thin
slits spaced d = 10−3 m apart, and projecting the light onto a wall located at a distance of
D = 1 m from the slits. This produces a visible image similar to that presented in Figure 13,
allowing students to identify “places” or “zones” on the screen where there is light and
zones of darkness,” demonstrating that the light is not distributed uniformly on either the
screen or the two regions corresponding to the slits. Finally, in situation 4, the results of the
experiment are analyzed based on a set of images showing the discrete arrival of light, as
depicted in Figure 14.

Phase 2 of the sequence (situations 5–6) addresses the quantum model of light and
the use of the technique of summing all alternative paths. After analyzing the behavior
of light in Phase 1, it is necessary to propose a set of principles or laws that describe
all the experiments from a unified conceptual framework. In this phase, we present the
formulation of the laws of quantum mechanics for light, using Feynman’s path integral
technique, referred to in the sequence as the “Sum Alternative Paths” (SAP) [28]. We
adapted the original technique, which involved advanced mathematical methods, to make
it suitable for classroom use, using essential mathematical concepts, such as vectors, angles,
and geometric vector addition, that students already possess. Situation 5 briefly introduces
the students to the fundamental concepts of this theory, such as events and probability, and
describes the steps of the probability amplitude calculation method that will be used to
describe from a quantum point of view the four experiments presented. It also includes a
simulation designed by our team that allows students to visualize the connection between
the selected paths and the angle of the associated vector. Situation 6 enables the calculation
of the probability amplitude from the graphical addition of vectors. It presents a set of
results obtained from the previous simulation, and challenges the students to perform the
geometric addition of vectors in GeoGebra.

Students can conclude that vectors associated with paths far from the path of least
time cancel each other out and do not contribute to the sum, and hence, to the probability.
Only paths close to the path of least time contribute to the sum. Therefore, only the path of
least time and those in its vicinity should be considered when calculating the probability of
the event considered.

Phase 3 of the sequence (situations 7–9) groups together situations where the SAP
technique is applied to the experiments conducted in phase 1. In Situation 7, the technique
is employed in reflection through a simulation conducted using GeoGebra. Students can
select various alternative paths that connect the starting point of light and the endpoint,
and observe the angles of the vectors associated with each of them. Situations 8 and 9 apply
the SAP technique to refraction and total internal reflection, respectively.

Finally, phase 4 of the sequence (situations 10–11) involves applying the SAP technique
to the double-slit experiment. In Situation 10, probability is calculated according to the
experiment’s variables. Situation 11 interprets the results of the double-slit experiment on
the screen from the quantum theory perspective. Students establish the correspondence
between the probability maxima and minima graphically represented in Situation 10, and
the results of the double-slit experiment that show individual detections.

Assessment in a sequence of this nature arises from the activity that students carry
out in each stage. We have discussed the advantages of this sequence in the conclusions of
this work.

In summary, this proposal introduces new simulations in GeoGebra and other simula-
tion tools, which expand on our previous implementations [36]. In this way, we strengthen
our vision of a broad-spectrum optics education based on the principle of least time and its
generalization in quantum mechanics.

https://phet.colorado.edu/sims/html/bending-light/latest/bending-light_all.html?locale=es
https://phet.colorado.edu/sims/html/bending-light/latest/bending-light_all.html?locale=es
http://www.sc.ehu.es/sbweb/fisica3/ondas/fermat/fermat.html
http://www.sc.ehu.es/sbweb/fisica3/ondas/fermat/fermat.html
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10. Discussion and Final Considerations

In the preceding sections, we have analyzed certain aspects of light in a unified and
non-traditional framework, which adapts and contextualizes Feynman’s Path Integrals
approach with the aim, in this case, of applying it to the explanation of phenomena of light.
This approach has the following main advantages:

Avoids the confusing development of the photon concept that is presented in most
textbooks. In this sense, we advocate not imposing quantum concepts and principles
on students and developing an explanatory mechanism that addresses the fundamental
aspects of Quantum Mechanics, such as the probabilistic description and the notion of
event, probability and superposition, using elementary mathematical notions, since at this
level there are not many physical or mathematical concepts available.

The technique is applied to monochromatic light of any kind, particularly lasers, which
are easily accessible to students. We emphasize that the mathematical level used is based
on elementary operations with vectors (addition and module) and that the probabilistic
aspect of Quantum Mechanics is emphasized.

Despite the complex mathematical level that its technical implementation implies, the
understanding of the main idea and the results of applying the technique of considering
Alternative Paths can be visualized through the use of calculation simulation computer
tools especially designed for it. In particular, these tools replace the analytical framework
with the geometric one, using basic operations with vectors. The geometric context would
allow students to visualize the addition process and reaffirm the idea that it is the phase of
the vector and not the module that varies from one path to another.

Special care is taken to refer only to properties of light, avoiding asking the usual
question in school books, “what is light?”, since as we pointed out before, in physics and in
sciences, this type of essentialist questions makes no sense. In other words, it is explicitly
assumed that physics seeks to build models to account for the observed phenomena and
predict new ones, generating more knowledge.

Finally, we emphasize that this way of linking the knowledge of school physics pro-
vided by the approach proposed here connects two aspects that habitual teaching presents
in a very distant and separate way, when it does so. We refer to Fermat’s Principle of least
time and to Feynman’s quantum electrodynamics in its formulation of path integrals.

In traditional teaching, geometric optics begins adopting a ray model. Usually, a uni-
fying variational principle, such as Fermat’s least time, is not presented, but rather the laws
of rectilinear propagation, reflection and refraction are stated directly. In contrast, when
Fermat’s principle is mentioned, it is done to support the idea of the rectilinear propagation
of light, without applying it to the physical phenomena of reflection and refraction.

Occasionally, certain aspects of the wave model are introduced to account for phenom-
ena such as interference and diffraction, which cannot be described with the geometric
model. However, taking this step properly requires dealing with the classical electromag-
netism. Light, from this point of view, is an emergent of the interaction between electric
and magnetic fields described by the set of five Maxwell equations. It is well known that in
order to approach this phenomenology, mastery of mathematical techniques for solving
differential equations and notions of analytic and vector geometry are required, which are
not available at the secondary level or in the first years of university.

Even in the case of having notions of classical electromagnetism, conceptually it is still
halfway there, because classical electromagnetism cannot account for the phenomenon of
“granularity” that is observed in the formation of the interference pattern in the experiment
of the double slit shown in Figure 14, nor of the underlying statistical character. This is one
among many examples of quantum behavior that are not approachable from the classical
electromagnetism model.

The next step, then, is to embark on the study of quantum mechanics. From the
traditional (canonical) point of view, it begins with the quantum treatment of “matter” at
a non-relativistic level with the Schrödinger equation. The quantum approach to light is
considered an “advanced” quantum mechanics topic. For this, and always in the canonical
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formalism, the electromagnetic field is “quantized”, from which the “enigmatic” photon
emerges. An even more complete treatment calls for incorporating relativistic aspects,
which finally leads to quantum electrodynamics, or QED. Finally, this theory can account for
the “granularity” of the formation of the interference pattern of Figure 14 and much more.

Consequently, from this perspective it would seem impossible, in the school time
available, to be able to find a framework that allows, at least qualitatively, to address such
a variety of phenomena: from rectilinear propagation following the principle of least time,
to the granularity or discreteness of quantum phenomena.

The adaptation of Feynman’s framework of path integrals, with the entire chain of
delicately designed didactic transformations, which were initiated by Feynman himself and
continue to this day [25–27,29,30,37,38], seem the most satisfactory way to communicate
these aspects of light apparently so far away.

Unlinking the interference to the wave phenomena of classical electromagnetism is a
prescription that we assume in terms of the didactic proposal. In no way it implies that
we should stop studying electromagnetism in high school. Our approach takes a quantum
point of view from the beginning, based on the idea of least time and its generalization to
Feynman multiple paths. In this way it is possible to “overlook” the classical wave optics
and describe the interference phenomena from a general point of view.

This framework and its associated didactic proposals connect two worlds, two eras,
two visions, and the genius of Fermat and Feynman in a unified model. As we have tried
to show through the examples, this framework makes it possible to approach directly,
without sophistication, without excesses of language and with a mathematics accessible
at the secondary and elementary university level, the vast range of phenomena that are
involved in the functioning of a magnifying glass, fiber optics and lasers.
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