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Abstract: E-commerce sales have led to a considerable increase in the demand for last-mile delivery
companies, revealing several problems in their logistics processes. Among these problems, are
not meeting delivery deadlines. For example, in Chile, the national consumer service (SERNAC)
indicated that in 2018, late deliveries represented 23% of complaints in retail online sales and were
the second most common reason for complaints. Some of the causes are incorrectly designed delivery
zones because in many cases, these delivery zones do not account for the demographic growth of
cities. The result is an imbalanced workload between different zones, which leads to some resources
being idle while others fail to meet their workload in satisfactory conditions. The present work
proposes a hybrid method for designing delivery zones with an objective based on improving the
quality of express delivery services. The proposed method combines a preprocess based on the
grouping of demand in areas according to the structure of the territory, a heuristic that generates
multiple candidates for the distribution zones, and a mathematical model that combines the different
distribution zones generated to obtain a final territorial design. To verify the applicability of the
proposed method, a case study is considered based on the real situation of a Chilean courier company
with low service fulfillment in its express deliveries. The results obtained from the computational
experiments show the applicability of the method, highlighting the validity of the aggregation
procedure and improvements in the results obtained using the hybrid method compared to the initial
heuristic. The final solution improves the ability to meet the conditions associated with express
deliveries, compared with the current situation, by 12 percentage points. The results also allow an
indicative sample of the critical service factors of a company to be obtained, identifying the effects of
possible changes in demand or service conditions.

Keywords: districting; last-mile delivery; hybrid heuristics

1. Introduction

A supply chain is the set of elements that allows the development and delivery of a
product or service to its customers. Among the stages that can be found in a chain, one of
the most important is the final stage, which is usually known as the last-mile service.

The last mile is the process by which a product is transported from the closest distri-
bution center to the final customer [1]. This last-mile concept has been gaining increasing
importance due to the enormous growth of e-commerce as well as the current COVID-19
pandemic situation, which limits people’s mobility. This is demonstrated, for example,
by statistical data from Statista, where one can see that in mid-2014, online sales generated
1.3 trillion dollars worldwide, reaching 4.2 trillion dollars in 2020 [2].

Currently, the last-mile logistics process is considered one of the most crucial in the
supply chain, not only because of the current importance of e-commerce but also because
of how decisive it is and the impact it has in terms of customer satisfaction. It is also one
of the points along the chain experiencing the most problems and that generates the most
costs in the entire chain [3].

Mathematics 2022, 10, 13. https://doi.org/10.3390/math10010013 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math10010013
https://doi.org/10.3390/math10010013
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-7788-0451
https://doi.org/10.3390/math10010013
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10010013?type=check_update&version=2


Mathematics 2022, 10, 13 2 of 21

These problems can be structured in several groups. On the one hand, there are
environmental problems that have to do with the ecological vision and commitment of each
company. On the other hand, there are transportation problems caused, among other causes,
by road congestion in densely packed areas, which prevents the efficient distribution of
products. There are also problems associated with the relationship between the service
and the customer with respect to the delivery of the product, such as not meeting delivery
deadlines, failed delivery attempts due to the recipient not being present at the destination
address, deliveries rejected by the customer given the poor condition of the packaging, and
even deliveries not fulfilled due to lost packages. In summary, this final distribution phase
presents several problems that need to be specifically addressed for an efficient operation.

The process of distribution to the final customer is usually carried out in two different
ways: either by the workers of the company itself that sells the product or by outsourcing it
to a logistics and transport company that performs the service of transfer of documents,
parcels, or luggage of various customers from one origin to a destination (courier). This
outsourcing is known as third-party logistics (3PL), is frequently used internationally, and
is the most widespread in the Chilean market, since 3PLs have more experience, which
leads them to having sustainable competitive advantages over time [4].

The courier market in Chile has experienced considerable changes in demand due
to e-commerce, resulting in lower customer service metrics since it has been difficult for
distribution companies to adapt to the increase in demand. This can be observed in the
statistical data of customer satisfaction in the 2019 semiannual report of the ProCalidad de
Chile organization and by the data provided by the website of the National Consumer Ser-
vice (Servicio Nacional del Consumidor—SERNAC). In the ProCalidad data, the Couriers
sector is classified into a group of many problems [5].

On the other hand, the National Consumer Service in 2018 received a total of 330,000 com-
plaints, of which 33% were associated with retail. The online retail sales complaints were
broken down into 53% due to noncompliance with the contracted conditions, 23% due to
delays in the delivery of what was purchased, and 11.7% due to poor quality of service [6].
In addition, in 2020 and only during the first semester (during the period of pandemic caused
by COVID-19), 72,000 complaints were received related to the delay of deliveries of products
sold through e-commerce [7].

These statistics shows the relevance of proper on-time delivery as an integral part of
any Customer Relationship Management (CRM) [8] strategy of a successful courier com-
pany. A CRM strategy should lead to improved customer satisfaction metrics, that helps to
ensure loyal customers [9,10]. In order to achieve these results, a delivery company requires
an effective logistic strategy, in which last-mile logistics play an important role. In fact,
last-mile logistic were identified as a critical step with successful logistic strategies in early
e-commerce literature, see [11] for an example, being delivery speed and delivery reliability
two of the required capabilities of any successful last-mile logistics implementation [4].

This research originates from and studies a case observed in a courier company
operating in the city of Antofagasta (Chile). Antofagasta is the mining capital of the country,
and due to being isolated, suffers from a situation in which the distribution problems
mentioned above are exacerbated. The company currently works with a distribution
model that divides the city into 10 delivery zones, each of them assigned to a third-party
delivery person who works with a long-term contract, freely organizing their operations
within the assigned zone. The company offers various products that basically depend
on the agreed delivery time. The most important service with the greatest number of
problems is the Overnight (ON) service. Overnight service requires delivery before 11:00 a.m.,
with noncompliance of that deadline leading to the highest number of customer complaints
and the highest noncompliance with internal service quality metrics. As an indicator,
the initial service situation at the time this study was conducted showed that only 83% of
deliveries met this condition, with the company’s short-term goal being to reach a level of
service quality equal to 90%.
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To alleviate the problems identified, the company needs to reevaluate its last-mile
operations, moving from a cost-saving to a customer-based operational focus. Among the
different changes that the company has to implement, this work focuses on the redesign of
the delivery zones geared towards the fulfillment of the express delivery service needs.

Note that while the design of delivery areas falls within a broader class of problems
known as districting in the scientific literature, see Section 2 for a review, our proposal
differs from previous work on the metric used to evaluate the candidate districting plans.
While the districting literature usually focuses on finding districts with a “fair” (i.e., even)
distribution among them, our goal is to optimize a quality of service associated to the total
expected number of late deliveries. This change modifies the structure of the problem,
as the proposed method focuses on an overall metric built from the contributions of the
selected delivery zones rather than on a similarity operational metric among delivery zones.

To solve this novel problem, a multi-stage hybrid optimization method is proposed
that will be able to design new zones considering the critical factors of service. These
delivery zones are defined by keeping in mind the quality of overnight service consid-
ering the time available for delivery and an estimate of the expected number of on-time
deliveries according to the characteristics of the proposed delivery areas. The proposed
procedure performs a preprocessing of the zone based on practical recommendations to
add the deliveries in basic units assignable to the delivery zones, which allows maintaining
some of the current practices’ territorial boundaries between distributors. Subsequently,
a procedure is used that combines a random territory generator and a local improvement
procedure, which generates alternative territorial configurations. Finally, these alternative
configurations are combined through an integer linear program to obtain a final proposal.
This procedure is tested in instances derived from the daily operations of the company,
as well as in a case study situation, showing significant improvements with respect to
current operations. Specifically, it is possible to achieve a level of quality of service greater
than 95%, which illustrates the improvement obtained by the proposed process. Our
experiments show the advantages of the different elements of our solution methodology.
First, the aggregation approach balances computational requirements with solution quality,
as more fine-grained aggregation schemes increase computational times without leading
to better solutions in terms of quality. Second, the proposed constructive procedure fol-
lowed by a local search method is able to provide high-quality delivery areas. Moreover,
the generated areas are sufficiently diverse to provide a pool of partial solutions, which the
combination procedure is able to use to obtain new and better districting plans.

The rest of the work is structured as follows. Section 2 performs a study of the avail-
able literature associated with the design of territories. Section 3 describes the problem
addressed and the data processing performed. Section 4 describes the proposed resolu-
tion procedure, while Section 5 details the results of the experiments performed. Finally,
Section 6 describes the conclusions reached and the possible extensions to be made in
the work.

2. Literature Review

The problem of territory design or district design is a problem that consists of grouping
small geographic areas, called basic units, into larger geographic groups called districts
or territories in such a way that these territories are acceptable according to the planning
criteria considered [12]. In the 1960s, Hess et al. [13] proposed the first works on the
design of territories in an electoral context. In his research, the authors use a mathematical
model and a heuristic to create electoral districts. The intention was to find territories
with a similar number of voters (i.e., following the premise of “one man, one vote”)
while avoiding the manipulation of electoral constituencies to favor certain candidates
or parties (a defect known as “gerrymandering” in the literature). Subsequently [14]
extended the same approach to a problem of the design of sales territories. In this case,
the objective is to achieve equitable territories with respect to the associated workload
between different vendors.
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These investigations served as a starting point for the area, which was later expanded
to a wide range of applications and resolution methods, both exact and heuristic or meta-
heuristic. Within the different applications, we can find both in the areas already mentioned,
that is, the design of political territories [15–17] and that of sales territories [18–20], as in
other areas, such as the design of service areas, in settings as diverse as home health
care [21,22], police patrolling [23,24], the design of school districts [25], the design of energy
distribution networks [26], or waste collection [27,28]. Finally, and of special interest for
this work are the applications related to the design of distribution territories [29,30], which
is the area in which this work is focused. The design of distribution territories consists of
designing zones for the pick up and/or delivery of products to customers residing in the
zone. Each of these areas is assigned one or more carriers, which will establish one or more
service routes each day, starting from a warehouse where the products are stored.

Regardless of how the territories obtained are applied, there are a series of require-
ments and attributes that all the problems of territory design share and that serve as a
point of comparison between the different studies [31]. Within the requirements, there
is a unique assignment that implies that each basic unit, that is, each geometric object
associated with customers or users, must be assigned to a single territory. Another criterion
is the balance between different territories according to some measure. For example, in the
distribution of goods, the measure is usually the workload, whose balance seeks to avoid
comparative differences between workers. This workload can be represented, for example,
by the number of customers in each zone [30].

The compactness of the generated territories is another of the typical requirements
for this type of problem. The geometric interpretation of compactness corresponds to a
preference for territories with rounded or rectangular shapes that do not have distortions
or holes. This helps, for example, that the districts include customers that are close to each
other, favoring efficient operations (for example, delivery routes). Finally, another typical
requirement is that of contiguity, which is defined as the ability to travel between basic
units of the same territory without having to leave it. Although these last two criteria have
specific definitions, there is no single representation of the concepts of compactness and
contiguity since they depend largely on the problem and its attributes.

Among the attributes of the problem, we highlight those linked to the type and
characteristics of the basic units (the representation of the units or customers to be grouped)
and of the districts (the groups to be created). For example, the type of basic unit indicates
how customers are represented in space and may correspond to coordinates [29], lines, or
geometric figures that define urban blocks [32], while the characteristics of the districts, such
as the number of territories to be created, are usually fixed according to the characteristics
of the system being designed (for example, it can be equal to the number of carriers that
the distribution service provider has) or the variables that are to be optimized [29,33,34].

Considering that the territory design problem corresponds to an optimization problem
in which one tries to optimize some objective function that indicates the quality of the
solution offered by an optimization method, it is necessary to review the resolution methods
that have been used in the literature for the problem of territory design and specifically for
the design of territories in the area of logistics and distribution.

Among the methods that can be found are the exact methods based on mathematical
programming techniques, which seek to obtain a global optimum as a solution to the
problem. Optimality has only been achieved in cases with few customers due to the
computational complexity of the territory design problem, which is a computationally
NP-hard problem [35]. Among the different exact methods are [21,26,36].

Another type of available procedure is one that combines heuristics or metaheuristics
with mathematical programming techniques, usually called matheuristics [37]. In [29] a
large-scale design of territories is performed using data from up to 45,000 delivery points,
in which the objective is to divide a set of customers into the minimum possible number
of territories that satisfy the geometric condition of having a rectangular shape, as well as
considerations of vehicle capacity and the time limit of the distribution service. To do this,
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ref. [29] apply a column generation procedure based on an extension of the capacitated
clustering problem with which they search for candidate territories that meet the conditions
and considerations described above, combining it with a metaheuristic based on the tabu
search to select the best candidates.

Another type of research that also combines a heuristic method with another based
on an exact method is that by [38]. In this work, territories are designed by partitioning
concentric rings around the distribution center with the objective of minimizing transporta-
tion costs. These costs include vehicle operating expenses, such as the cost per mileage and
delivery time, as well as an extra cost in case of exceeding the service time limit. It is impor-
tant to mention that to reduce the computational effort, the Beardwood approximation [39]
is used to calculate the service time and the distance traveled in each territory. The method
used to solve this problem is an extension of a gradient method combined with a genetic
algorithm. The procedure differs from a previous version by the same researchers [34]
in that the formulation of the variables is continuous, which avoids cumbersome data
preparation and the creation of disjointed concentric cell partitions.

In [33] a hybrid approach is also carried out in the design of territories for a meat
distribution company. In this case, two K-means algorithms are used to partition the area
and create candidate territories, which are then combined with a mathematical model
based on formulations of a set covering model, which seeks to minimize the number of
territories needed to perform the distribution service. It is important to mention that in
this research, the level of service is represented, approximating the time it takes for the
distribution service with the formula proposed in [40] since it allows an approximation
with differently shaped territories without assuming a distribution of the customers in
the zone.

A different resolution method consists of using tools derived from computational
geometry. Generally, these methods are based on Voronoi diagrams to define territories.
A Voronoi diagram consists of partitioning a plane from the intersection of the bisectors
of a set of points. Through the intersection of these bisectors, polygons are formed that
represent the area that contains the positions closest to the points of the set. In [41] the use
of a weighted multiplicative version of these diagrams to define territories was studied.
The weighted multiplicative version allows greater flexibility to create territories with a
balanced number of customers. In this research, the balance criterion approximates the
time it takes for vehicles to deliver to customers in each territory using the Beardwood
formula, adding the round-trip distance to the warehouse and considering the service time
for each customer.

Finally, there are heuristic methods that are ad hoc procedures for solving the problem.
Within these are the metaheuristics that can be classified into three groups according to the
basic ideas they represent: constructive procedures, neighbor exploration procedures, and
population procedures. The constructive procedures yield a final solution through small
steps in which simple decisions are made (for example, the inclusion of a basic unit in a
district) and, generally, they take the one that seems the best choice in each step. On the
other hand, metaheuristics based on neighbor exploration begin from an initial solution of
the problem that is progressively improved through small modifications.

Finally, population-based metaheuristics procedures imitate the process of biological
evolution, which consists of constructing new solutions from the combination of others.
Among the numerous metaheuristics available for this type of problem, the most common
are the Greedy Randomized Adaptive Search procedure, GRASP, metaheuristic [30,42–44],
genetic algorithms [45], simulated annealing [23] and the tabu search [46].

Finally, it should be noted that although the bulk of the literature considers problems
with a single objective, there are several studies that try to optimize two or more functions
together in the field of service territories [47], political territories [48], or sales territories [32].
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3. Problem Description

This section describes the problem addressed in this work, indicating the requirements
and attributes of the problem, the starting data, and the objective sought in it.

As a starting point, there is a historical log of addresses with deliveries made in a
delivery zone—in our case a city. The basic demarcations of the city are known (geographic
limits, streets, and main avenues). These demarcations constitute the set of geographical
characteristics that the company and the distributors use to designate the boundaries
of the distribution territories. For each customer, their spatial coordinates are available
(that is, their latitude and longitude) as well as the days in which a delivery was made
to the customer (so the frequency of deliveries for each customer can be obtained, that is,
the percentage of days in which the customer has had one or more scheduled deliveries). We
also know the spatial location of the warehouse from which the deliveries begin, the traffic
speed on expressways (such as “beltways” and highways) and within the city (through the
streets), as well as the number, k, of territories to be designed.

In the first phase of preprocessing, basic demarcations are used to group customers
into basic units. To do this, the city is divided using these demarcations, which are the
same ones that the distributors use to delimit their areas in a logical way (that is, through
avenues, main streets, and other physical divisions of the territory). The use of these
demarcations has two benefits: first, it allows creating logical territorial groupings with the
daily operations observed in practice; and second, it ensures that the territories (distribution
zones) are better adopted by the workers and the managers of the company. This is an
important step to ensure the applicability of the solutions provided by our solution method.
Due to the particularities of the operations considered in our case study, see Section 5.2,
the aggregation into basic units helps stakeholders to voice their opinion on how clients
should be grouped into small areas that are to be serviced together.

Figure 1 shows an example of the divisions created in one zone of the city.

Figure 1. Divisions created in a zone of the city studied in the case study. The different groupings
are shown in different colors, while the roads used to delimit the territories are highlighted in green.
Additionally, the adjacency among basic units are shown through the inclusion of two lines between
adjacent territories.

Two basic units are said to be adjacent if they share a boundary. Figure 1 indicates
these adjacency relationships through two lines. Computationally, the adjacency relations
are coded through a graph G(V, E), where the vertices, V, are equivalent to the basic units
and the edges, E, correspond to the adjacency relations between the basic units associated
with both ends of the edges.

Each basic unit also has two associated labels that correspond to its equivalent work-
load and its center of mass. The equivalent workload of a basic unit is equivalent to the sum
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of the delivery frequencies of its addresses, the blue dots that can be seen in Figure 1, that
is, the expected number of daily deliveries associated with customers located in that basic
unit. The center of mass of each basic unit corresponds to the average of the coordinates of
the customers weighted by their delivery frequency.

The basic units should be grouped into k territories under conditions of contiguity
and quality of service. The quality of service plays the role of balance in other problems
of territory design, although it does not necessarily imply that a regular distribution of
deliveries is generated. Note that compactness, as described in Section 2 is not considered
explicitly, but the blocks used to design the basic units inherently include an aspect of
compactness, and the quality of service function that will be shown below penalizes the
creation of unbalanced territories or odd structures in terms of their shape or size.

The condition of contiguity is established as a hard condition, that is, as a constraint
that all solutions must meet to be considered valid and that forces the vertices of the basic
units making up a territory to be connected in graph G(V, E). This condition can be verified
by checking whether the subgraph induced by the subset of vertices associated with the
basic units making up the territory constitutes a connected graph. This operation is easy to
evaluate through an algorithm such as that of Hopcroft and Tarjan [49].

The quality of service will be the objective criterion used to evaluate the different
territorial proposals and corresponds to an approximation of the expected number of late
deliveries based on the proposed territorial design. Note that these characteristics makes
our work depart from other works, as we focus on a service objective and estimate number
of deliveries and not the cost of performing the delivery. The approach adopted in this work
is constructed through an estimation of the time required by three components: (1) the time
required to reach the territory from the logistics center (the warehouse) and (2) the service
time required to deliver to each of the customers in the territory, and (3) the travel time in
the territory between the various customers. The time to return to the warehouse is not
taken into account since after making express deliveries, other deliveries will continue to be
distributed throughout the day. The estimation of the service time allows the calculation of
the number of maximum deliveries that can be made within the delivery window set by the
service, and the difference between the expected number of deliveries and the maximum
number of possible deliveries—in case such a difference is positive, it will be our estimate
of the quality of service.

Each of the three time estimates is determined as follows.
The time it takes for the carrier to go from the distribution center to a territory, which

we call T0, is calculated as the minimum distance between the distribution center and
the territory multiplied by the average speed of travel on expressways. The calculation
of this distance is performed by looking up the minimum distance between each basic
unit that makes up the territory and the distribution center and selecting the minimum
between them.

To determine the expected route time within the territory, the tour length to visit
the customers is estimated. Generally, this step would correspond to the resolution of a
traveling salesman problem (TSP) in case of knowing the specific customers that must be
served. Given that the exact customers of each workday are unknown and the TSP is a
complex problem in itself [50], it is decided to estimate the tour length using a “distribution-
free” approximation as proposed in [40] and then multiply the length of the route by the
average speed of travel observed within the urban center, which we denote as sw.

The estimation of the length of the tour, d, associated with the problem corresponds
to (1)

d = 2.791
√

nσ̂′xσ̂′y + 0.2669

√
σ̂xσ̂y

d̄x d̄y
nAs, (1)

where:

• d̄x (d̄y) is the average of the distances between the delivery points and the central
horizontal axis (central vertical axis);
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• σ̂x (σ̂y) is the standard deviation of Tpoints;
• σ̂′x (σ̂′y) is the standard deviation of the absolute distance of the delivery points with

the central horizontal axis (central vertical axis);
• As is the area of the territory on which the approximation will be made;
• n is the number of delivery points within the territory.

As in [40], the central horizontal axis and the central vertical axis are defined as the
midpoint of the space in which the distributions are made.

Finally, the service time per delivery, which we call Ts, corresponds to an estimate of
the time it takes for the recipient of the package to open the door, receive the package and
sign the document that proves receipt of the delivery. This time must be multiplied by the
number of deliveries to be made.

By combining the three factors, Equation (2), an estimate of the total time required to
serve a territory, T, is obtained:

T = T0 + Tsn + dsw. (2)

Given that it is intended to determine the maximum number of customers to serve
in the time available for deliveries and that all the parameters of (2) are known except the
number of customers n, the procedure to determine the quality of the service will obtain
the value maximum of n such that (2) is less than the available time window for deliveries,
and then this number will be compared with the number of deliveries within the territory.
If the maximum number is less than the number of deliveries that must be made, then the
difference between both will correspond to the number of late deliveries of the territory;
otherwise, it is estimated that all deliveries can be made on time so the quality of service
would be 100%, i.e., no late deliveries. Note that the description and the implementation
aim to minimize the expected number of late deliveries, a measure of “disservice”, rather
than to maximize the number of deliveries on-time. For all intents and purposes, both
objectives are identical and, while the code internally minimizes disservice, solutions are
reported in terms of quality of service.

In summary, the problem can be formulated as the assignment of the basic units to k
groups in such a way that:

1. Each basic unit belongs to a single grouping (i.e., to a single territory);
2. The basic units of each grouping generate a related subgraph;
3. The sum of the average number of late deliveries in the set of territories is minimized.

As mentioned above, the model does not verify the compactness of the solution,
but the function that determines the length of the delivery route, Equation (1), favors the
construction of compact districts when evaluating the deviations of the coordinates of the
deliveries. Another important aspect of the model described is that when estimating the
load of each basic unit as the value observed for the deliveries made during a period of
time in that geographical area, the model does not work directly with customer history.
This avoids the biases that could be created by assigning the past locations of customers as
the only existing basic units. Furthermore, it is no longer assumed that historical delivery
locations will be the same as future deliveries, nor will the distribution of deliveries in the
future be similar to the historical distribution.

4. Proposed Solution Methodology

This section details the hybrid procedure proposed to solve the problem. This pro-
cedure is divided into two parts. The first part, which is described in Sections 4.1 and 4.2,
corresponds to a multi-start procedure that generates alternative solutions to the prob-
lem through a constructive procedure followed by a local improvement procedure. Al-
though the multi-boot procedure has certain requests with a GRASP metaheuristic, it differs
from it in the use of a completely random constructive strategy against GRASP in that the
constructive phase limits the selection made at each step to a subset of candidates. This
part does not use the quality of service function shown in Section 3 but rather optimizes an
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alternative function with less computational calculations, which significantly reduces the
total time required by the algorithm.

In the second part, the level of service of each territory generated in the first part is
evaluated, and a mathematical model is solved that attempts to combine the territories
constructed by the multi-boot procedure looking for new and better combinations of
territories that configure the final territory design. The evaluation of the quality of the
proposed method, as well as the contribution of the second phase to the quality of the final
procedure, is shown in Section 5.

4.1. Constructive Heuristic

The constructive phase is responsible for forming feasible territories, which will act as
initial solutions for local improvement. The constructive method is detailed in Algorithm 1.

Algorithm 1 Description of the constructive algorithm
Input: Number of territories k; Graph G(V,E); Coordinates of each basic unit.
Output: Solution of the problem with k territories.
1: Select k different basic units at random and assign to each territory.
2: repeat
3: for each territory κ and basic unit v do
4: if v is not part of a territory but is adjacent to the territory κ then
5: Add the pair (v, κ) to the list of iteration candidates.
6: Select a candidate pair according to (3) and assign the basic unit v to the κ territory.
7: until Base units remain unassigned

The first step of the constructive phase is to generate an amount of “seeds” for the
territories equal to the number of clusters to be constructed. Each of these seeds corresponds
to a different basic unit and will serve as a point from which the different territories
will “grow”.

The next step is to find the basic units that can be assigned to the clusters under
construction. Initially, the basic assignable units are those that are adjacent to the seeds of
the clusters and that do not yet form a territory. Subsequently, they will correspond to any
basic unit that is not part of a territory and that is adjacent to another basic unit that is part
of a territory. Note that by restricting the search for candidates to basic units adjacent to
basic units that are part of a territory, the connectivity condition of the resulting groupings
is ensured.

After determining the candidates, we proceeded to calculate the distance between
each of the candidates and the “seed” of its adjacent territory, considering as the distance
between two basic units the Euclidean distance between the centers of mass of both basic
units and a candidate-seed pair whose probability is proportional to the inverse of the
distance between the “seed” and the district is chosen (that is, the shorter the distance of the
basic unit with the seed, the greater the probability of being chosen). Let dvκ be the distance
between a candidate basic unit v and a territory κ and let V′κ be the set of all candidates to
be assigned to district κ. Then, (3) indicates the probability that the basic unit v is selected
during this phase and is assigned to territory κ,

pvκ =
dvκ

∑k
κ′=1 ∑v′∈V′k

dv′κ′
. (3)

Equation (3) gives each pair of candidate basic unit and territory a probability propor-
tional to its distance between the basic unit and the “seed” of the district, dvk the numerator
of the equation. The denominator ensures that the sum of probabilities of all candidates
equals 1, by dividing each numerator by the total sum among all numerators of the pairs of
candidate basic units and territories.
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This approach, in which a probability is assigned to any candidate instead of limiting
the decision to the best candidate or a subset of candidates, allows increasing the diversity
of solutions facing the subsequent steps of local improvement and solution combinations.

This process of candidate identification and the assignment of a candidate to a group-
ing is repeated until all basic units are part of a territory. These solutions do not take into
account the objective of the problem directly but do try to obtain compact territories by
assigning basic units, seeking to minimize distances with respect to a central unit.

4.2. Local Search Procedure

With the initial solution constructed, a local search is performed to “improve” this
solution with respect to a metric that describes the balance of deliveries between different
districts. The development of the local search phase is summarized in Algorithm 2.

Algorithm 2 Description of the local search phase
Input: Initial solution; Number of territories k; Graph G(V,E); Workload of each basic unit.
Output: Solution of the problem with k territories.
1: repeat
2: Initialize better change to null change
3: for each basic unit v do
4: for each territory κ do
5: if the assignment of v to κ is feasible then
6: Evaluate balance load, bl, according to Equation (4)
7: if the solution is improved and better change is improved then
8: Save v and κ as better change
9: if better change is not null change then

10: Implement change
11: until better change is null change

The neighborhood used in the improvement process is defined by changing the
assignment of a basic unit. Such change corresponds to extracting a basic unit (other than
the seed of a territory) from some grouping and adding it to another grouping, maintaining
the condition of contiguity (connectivity of territories). After moving, it is verified if the
movement is feasible, that is, the two territories affected by the change continue to define
related subgraphs in G(V,E), and it is evaluated whether there were improvements with
respect to an auxiliary function that allows us to analyze the balance in the workload of the
resulting territories. For this (4) is evaluated where v is the basic unit that leaves district κ
and becomes part of district κ′, c(v) is the workload of the basic unit and C(κ) and C(κ′)
are the current workloads of districts κ and κ′ respectively. In the case that bl, Equation (4),
is positive, the move is considered an improvement since it reduces the load of the most
loaded district associated with the change.

bl = max
{

C(κ); C(κ′)
}
−max

{
C(κ)− c(v); C(κ′) + c(v)

}
. (4)

Equation (4) evaluates the effect on the workload balance between the districts in-
volved in the change. By comparing the workloads among the most loaded districts,
Equation (4) helps to identify candidate districting plans in which the workload differences
among districts are small.

Note that the verification performed in (4) does not correspond directly with the
objective function of the problem, but the calculation time of (4) is less, and preliminary
computational experiments showed that territories with similar workloads had better
quality of service values. The logic behind this result is that distributing deliveries equitably
between delivery zones helps to obtain territories with similar workloads and avoids
concentrating many deliveries in some districts, while others do not have enough; see
Section 5.2 for an analysis of the associated importance to balance the number of deliveries
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for each district. In addition, seeing the equal distribution of work between the different
distribution zones is easily interpreted within the operations of the company.

The local search is organized as a “best-improvement” procedure; that is, all possible
feasible insertions are considered, of which the one that generates the greatest impact on
the balance is kept. When all the changes have been reviewed, the change that leads to the
greatest improvement in the auxiliary function is applied, and then all possible changes
are checked again. The algorithm ends when there is no feasible change that improves the
value of the auxiliary function. The implementation chooses to organize the search as “first
improvement” since the second option showed biases in the order in which the basic units
were considered within the procedure. In the case of using a “best-improvement” type
move, it is observed that the algorithm tends to vary the districts and basic units involved
in the changes made more frequently than in the “first-improvement” type search.

4.3. Combination of Solutions through Integer Programming

As the aforementioned heuristic generates many feasible solutions and the territories
that comprise it have not been directly evaluated with the quality of service metric that is
sought to be optimized, it is important to carry out a process that evaluates the territories
according to the final metric and selects the best combination of territories according to this
criterion. For this reason, the third step of the proposed method proposes a mathematical
model that selects the best subset of territories among those found by the feasible solutions
of the heuristic to reduce the average number of expected late deliveries. This third step
also contributes to a better use of the solutions found during the first phase and can be
seen as a phase of search intensification similar to a common “path relinking” in many
implementations of the GRASP metaheuristic [51].

Let I be the set of feasible territories obtained as a result of the first phase. Each territory
i ∈ I has an associate number of late deliveries τi obtained as indicated in Section 3 and a
vector ai of length |J| which has value 1, aij = 1, if the territory i includes the basic unit j
(j ∈ J) and value 0, aij = 0, if not. For each territory i ∈ I a binary variable xi is defined
that will take value 1 if the territory is selected and 0 if not.

With these data and variables, Formulations (5)–(8) constitute a valid formulation for
the problem of selecting territories among those available.

z∗ = min ∑
i∈I

τixi (5)

s.t ∑
i∈I

xi = k (6)

∑
i∈I

aijxi = 1, ∀j ∈ J (7)

xi ∈ {0, 1}, ∀i ∈ I (8)

Equation (5) represents the objective function, which seeks to find a design of territories
that has the least number of late deliveries. This objective is achieved by adding the number
of late deliveries, τi, of the districts selected by the solution to the formulation, those
districts whose variable τi take value 1. Constraint (6) indicates that the set of territories
chosen must be composed of a number of k territories by enforcing that the number of
districts whose variable take cvalue equal to 1 is exactly equal to a predetermined constant k
which is a parameter of the problem. Constraint set (7) indicates that all urban blocks have
to be assigned to a territory, by ensuring that exactly one district is selected, its variable
takes value equal to 1, if it includes the urban block, that is, if aij = 1. Finally, the decision
variable is defined as a binary variable, as observed in condition (8). The resolution of the
mathematical model is performed through a standard integer linear programming solver;
see details in the next section. The model corresponds to a set partitioning problem with
the additional condition that exactly k districts must be chosen among the |I| available.
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Given that each of the territories of the set of territories meets the conditions of
connectivity, that the model ensures unique assignment of each basic unit to a territory
and that the number of districts to be constructed is chosen, the resulting solution of
optimizing (5)–(8) is a valid solution for the design of territories analyzed. In addition, this
model always has a feasible solution since each solution obtained during the local search
procedure is a feasible solution to the problem. Note that this step can be generalized to
any other districting problem in which the combination of different districting solutions
can be seen as a partition problem and the objective function can be obtained through the
summation of the aggregation of each district.

Finally, it is important to comment that sometimes the proposal presented can generate
solutions that do not meet some additional conditions of service that are useful in practice.
In practice, these conditions are presented in such a way that two basic units cannot be
assigned to the same territory. In this case, the model can be adapted to the requirement
by eliminating those territories that do not meet the indicated condition without needing
to change the model. Although this characteristic is not discussed in the computational
results shown in Section 5, it does contribute to the practical applicability of the resolution
procedure described.

5. Computational Experiments

This section presents the results of the computational experiments and the analysis of
the results obtained by the procedures shown under different conditions and parameters.

The procedures described in the document were programmed in C language using
IBM ILOG CPLEX version 12.10 to solve the integer linear program described in Section 4.3.
The experiments were performed on a computer running an Intel i5 8600K processor at
3.6 GHz, 16 GB of RAM under the Windows 10 professional operating system.

The instances used in the experiments come from the delivery database of a courier
company that operates in the city of Antofagasta (Chile). This database includes 21,025 de-
liveries made over 19 business days. Of the described deliveries, 4768 correspond to express
parcel service, while the rest correspond to regular service. The delivery schedule begins
at 9 a.m., and the limit imposed for express deliveries set by service conditions is 11 a.m.,
so 2 h are available for express deliveries. The number of territories (delivery zones) to be
created is set at 10 since this is the value currently used and corresponds to hiring 10 inde-
pendent distributors who work exclusively for the company. Finally, the time associated
with each delivery is equal to 2 min, and the speeds within the city are at 14 km/h, while
the speed on the main roads is 31 km/h. These values come from a study conducted by
the traffic control operational unit in Chile. Note that while the instances and constants
specifically refer to a particular situation, there is no reason to think that there is a bias
introduced within the results due to this decision.

The set of instances was obtained by sampling for three demand scenarios: low de-
mand (half of that observed in the data collection period), medium demand (that observed
in that period), and high demand (double that observed) which are equivalent to 2384,
4768, and 9536 deliveries over 19 days. For the medium demand, those registered in the
database are used as deliveries, while for the low demand, half of them are randomly
chosen. For the scenario with high demand, an identical number of new deliveries chosen
at random from the locations of the regular service deliveries are added to the deliveries
considered in the medium-demand case. Although they are services performed at different
times, they have similar demand behaviors, so this option is chosen to generate instances
with higher demand.

During the preprocessing, three levels of granularity are considered in the definition
of basic units, that is, different amounts of urban blocks (basic units) into which the city is
divided during the preprocessing. These levels correspond to 43, 85, and 128 urban blocks.

For each of these combinations of demand levels and number of basic units, the terri-
torial distribution is designed with different numbers of territories (for the low demand
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level, 5 and 7 districts are designed, for the medium level 5, 7, 10, and 12 districts and for
high demand 5, 7, 10, 12, 15, 20, 22l and 25 districts).

Finally, a limit is imposed on the number of solutions proposed by the constructive
heuristic equal to 50, 100, 200, 500, 1000, 5000, and 10,000 solutions, and the resolution
time of the mathematical model is limited to 600 s. Given the reduced computation times
of the proposed heuristic, which uses a simplified evaluation function to speed up the
calculations, the total calculation times never reached 1200 s, a time that is considered
reasonable in the practical environment analyzed since the design of territories is carried
out every several years. The computation times of the heuristic solutions and of the integer
programming procedure are also considered separately since it is possible to reuse the
solutions constructed by the heuristic to obtain alternative solutions with the mathematical
model if required.

5.1. Results from the Experiments

The results of Tables 1–3 show the detailed results for each instance, identified by the
number of basic units (column ‘BUs’), the number of districts to build (column ‘#’), and the
number of solutions generated by the first phase of the procedure (columns ‘50’ to ‘10,000’).
The number reported is the estimated number of late deliveries, so the level of service
would correspond to 1 minus the fraction between the number of late deliveries and the
total number of deliveries to be made as indicated in the description of each table.

Table 1. Average of late deliveries on the worst day by the number of solutions generated during the
first phase of the algorithm, Columns ‘50’, ‘100’, ‘200’, ‘500’, ‘1000’, ‘5000’, and ‘10,000’ and instance
parameters (number of basic units in column ‘BU’, and number of generated districts in column ‘#’)
for instances with low demand.

BUs # 50 100 200 500 1000 5000 10,000

43 5 94.26 94.54 94.6 94.74 95.01 95.39 95.68
7 99.77 99.95 100 100 100 100 100

85 5 94.1 94.23 94.33 94.63 94.8 95.16 95.27
7 99.88 100 100 100 100 100 100

127 5 94.39 94.46 94.68 94.83 95.06 95.33 95.38
7 99.97 99.98 99.98 99.98 100 100 100

Table 2. Average of late deliveries on the worst day by number of solutions generated during the
first phase of the algorithm, Columns ‘50’, ‘100’, ‘200’, ‘500’, ‘1000’, ‘5000’, and ‘10,000’ and instance
parameters (number of basic units, column ‘BU’, and number of districts generated, column ‘#’) for
instances with medium demand.

BUs # 50 100 200 500 1000 5000 10,000

43

5 77.77 78 78.12 78.35 78.5 78.59 78.6
7 84.9 85.21 85.4 85.49 85.58 85.78 85.83

10 94.52 94.87 95.15 95.48 95.57 95.85 95.87
12 98.13 98.61 98.98 99.19 99.3 99.45 99.48

85

5 77.74 77.74 77.98 78.05 78.11 78.35 78.42
7 84.93 84.96 85.02 85.36 85.53 85.67 85.72

10 93.98 94.27 94.9 95.32 95.5 95.75 95.81
12 97.73 98.14 98.73 99.26 99.41 99.65 99.68

127

5 77.58 77.77 77.82 77.87 78.05 78.09 78.17
7 84.52 84.71 84.8 84.92 85.12 85.43 85.53

10 93.54 93.95 94.11 94.52 94.97 95.6 95.71
12 95.51 96.74 97.57 98.7 99.27 99.73 99.79
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Table 3. Average of late deliveries on the worst day by number of solutions generated during the
first phase of the algorithm, Columns ‘50’, ‘100’, ‘200’, ‘500’, ‘1000’, ‘5000’, and ‘10,000’ and instance
parameters (number of basic units, column ‘BU’, and number of districts generated, column ‘#’) for
instances with high demand.

BUs # 50 100 200 500 1000 5000 10,000

43

5 70.36 70.4 70.54 70.69 70.73 70.8 70.8
7 74.25 74.27 74.48 74.61 74.63 74.66 74.67

10 79.78 79.89 80.04 80.08 80.1 80.19 80.23
12 83.14 83.37 83.49 83.56 83.59 83.7 83.75
15 87.86 88.12 88.35 88.55 88.62 88.8 88.82
17 90.34 90.7 90.89 91.15 91.31 91.5 91.56
20 92.22 92.25 92.26 92.26 92.26 92.26 92.26
22 92.26 92.26 92.26 92.26 92.26 92.26 92.26
25 92.26 92.26 92.26 92.26 92.26 92.26 92.26

85

5 70.35 70.35 70.37 70.41 70.52 70.62 70.68
7 77.8 77.83 77.98 78.15 74.38 74.48 74.51

10 79.4 79.68 79.79 79.91 79.99 80.12 80.19
12 82.95 83.18 83.37 83.52 83.61 83.72 83.76
15 87.59 88.17 88.41 88.65 88.74 88.91 88.97
17 90.96 91.26 91.43 91.81 91.95 92.12 92.18
20 93.12 94.06 94.65 94.98 95.2 95.38 95.43
22 94.74 95.35 95.64 95.93 96.09 96.22 96.23
25 95.81 96.33 96.38 96.38 96.38 96.75 96.75

127

5 70.22 70.3 70.31 70.6 70.6 70.6 70.6
7 74.02 74.09 74.11 74.14 74.28 74.44 74.47

10 79.24 79.46 79.55 79.89 80.06 80.29 80.38
12 82.79 82.9 83.19 83.5 83.68 83.92 83.96
15 87.31 87.78 88.29 88.67 88.94 89.2 89.25
17 88.58 90.02 91.13 91.8 92.22 92.58 92.66
20 92.66 93.66 94.93 95.94 96.28 96.84 96.93
22 94.55 96.21 96.82 97.4 97.7 97.97 98.05
25 96.6 97.56 98.14 98.25 98.28 98.28 98.28

In the three scenarios, it can be observed that when the number of territories (or
delivery zones) increases, the number of late deliveries decreases considerably, which
shows that increasing the number of districts positively influences the level of service. This
conclusion is logical and shows that there is a possibility of improving the quality of service
through an increase in current subcontracted services, although there comes a time when
increasing the number of districts does not generate great benefits. Specifically, for the
current demand scenario, with a medium level of demand and 10 districts, an increase
of 20% in the number of districts (going from 10 to 12 districts) would lead to substantial
improvements and an expected fulfillment of almost 100% of the on time deliveries. If the
results associated with changes in demand are compared, it can be seen that the current
delivery service would not be able to cope with a significant increase in demand (a high
number of deliveries scenario), requiring a significant growth in the number of districts to
be able to adapt to this change.

With respect to the procedure of aggregating urban blocks, it can be seen that in the
scenarios with low and medium demand, there are no appreciable differences in the results,
which indicates that the grouping factor applied does not influence the results obtained.
On the other hand, in the high demand scenario, it can be observed that increasing the
granularity (a greater number of basic units) has a positive effect on the results obtained
using this method. From this result, it can be inferred that the correct level of granularity
depends on the number of deliveries to be analyzed and that if the level of aggregation
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is correct, the effect on the results is minimal. It should be emphasized that greater
granularity implies a greater computational effort with respect to the resolution method,
so it is important to define a degree of grouping consistent with the practical needs of the
problem (for example, maintaining assigned distribution zones that make sense for the
distributor) and the possible improvements derived from subdividing the territory into
zones that are increasingly difficult to operate from a day-to-day operations point of view.

Regarding the number of independent executions of the first phase of the procedure,
it is observed that when increasing their number, there is a small decrease in the number of
late deliveries in the three respective scenarios. However, these increases are sometimes
lower and imply an increase in computational effort, so it is necessary to know to what
extent these changes are significant and thus reduce the run time of the procedure.

To measure how significant the use of different initial solutions is, a parametric
ANOVA with blocking factors test is performed. In this case, the comparison element
is the number of independent runs of the first phase of the procedure, that is, 50, 100, 200,
500, 1000, 5000, and 10,000 independent runs. A block design is chosen so that the test
considers that part of the variations are caused by the different instances used (number of
districts, granularity). The test performed takes as a null hypothesis that the treatments
are equal, which leads to a negative outcome since the treatments show significance with a
p-value of 2.2× 10−16. Additionally, a nonparametric test, the Page test [52], is performed
to avoid possible problems of the nonnormality of the residuals. This test also rejects the
null hypothesis with a p-value of 2.2× 10−16, which leads us to conclude that the number
of independent runs of the metaheuristic impacts the results obtained by the algorithm.

To identify which treatments are significantly different, a nonparametric hypothesis
test called the “Distribution free Two-Sided all-treatments multiple comparisons based on
Friedman rank sums” (Wilcoxon, Nemenyi, McDonald, and Thompson) is applied, which
performs multiple comparisons between pairs of treatments. The results of the test are
shown in Table 4.

Table 4. Results of the Wilcoxon, Nemenyi, McDonald, and Thompson test to identify possible
improvements associated with the generation of a greater number of solutions during the first phase
of the analyzed procedure.

50 100 200 500 1000 5000

100 2.4× 10−8 - - - - -
200 <2× 10−16 8.6× 10−8 - - - -
500 <2× 10−16 <2× 10−16 1.1× 10−9 - - -

1000 <2× 10−16 <2× 10−16 <2× 10−16 2× 10−6 - -
5000 <2× 10−16 <2× 10−16 <2× 10−16 <2×10−16 4× 10−10 -

10,000 <2× 10−16 <2× 10−16 <2× 10−16 <2×10−16 5.7× 10−14 0.019

The results of the nonparametric pairwise comparison test show that each increase in
the multi-boot level implies a significant difference between the medians with a significance
level of 95%. However, the comparison between 5000 and 10,000 has low significance and
may not justify the additional computational cost.

In the previous tables of the 3 scenarios, when going from 5000 to 10,000 executions of
the heuristic, it can be observed that the average change is smaller compared to the other
increases in the number of executions of the heuristic.

Finally, Table 5 evaluates the effect of adding the second phase of the method, that is,
the resolution of the mathematical model on the performance of the proposed procedure.
For this, the percentage decrease in the number of late deliveries recorded by using the
mathematical model is evaluated. This value results from dividing the difference between
the expected number of late deliveries of the best solution of the first phase and the second
phase by the expected number of late deliveries of the first phase. In this case, a different
behavior can be observed according to the levels of grouping (number of basic units),
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number of solutions generated, and number of territories to be constructed. Specifically, it is
observed that as the number of territories and alternative solutions increases, the differences
are very significant, especially when a greater number of districts are constructed.

Table 5. Percentage of improvement obtained by the use of the second phase of the proposed procedure
(number of districts generated, column ‘#’).

# Solutions 43 Units 85 Units 127 Units

10

50 12.3 3.8 0
100 16.2 6 0.1
200 19.8 12.9 1.1
500 15.6 16.6 5.4

1000 17.3 16.5 9.1
5000 20.5 16.4 14.7

10,000 18.7 17.1 16.3

12

50 61.9 17.9 2
100 65 30.8 14.9
200 73.4 48.5 33.6
500 73.7 65.2 54.6

1000 73.6 69.1 57.3
5000 73.1 75 79.4

10,000 71.5 75.3 82.8

5.2. Results from the Case Study

Considering the analysis performed in Section 5.1 with respect to the solutions ob-
tained, it is decided to offer a solution to the new territorial design using the original
conditions considered by the company (10 districts, medium demand) using a configura-
tion of the procedure that uses 5000 iterations of the constructive heuristic followed by the
combination of territories following the mathematical model.

In addition, given that the differences between the medium and high granularity
levels were not significant for the scenarios with current demand, a medium granularity
was chosen to offer solutions. This combination of characteristics of the procedure allows
generating the number of initial solutions indicated and offering an optimal solution for
the resulting mathematical model in a total of less than two minutes of run time.

The final solution proposal is shown in Figure 2. It should be noted that some territories
have a reduced number of basic units; for example, there is a territory with a single basic
unit that corresponds to a zone with a strong presence of industries and offices, while other
zones include a large number of basic units (zones with less population and/or economic
activity). This disparity is logical and is due to the structure of the city considered in the
case study.

The final solution is capable of obtaining an average quality of service of 95.7%, which
represents an improvement of 12 points compared to the current service level, which is
83% and allows a certain buffer with respect to the company’s goal to reach a service level
of 90%.

For a more detailed analysis of the behavior for each of the 19 days available in the
study, see Table 6, shows a disparity of service levels throughout the different days, showing
that on the day of greatest demand (Day 8) the service index worsens significantly.
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(a) (b)

Figure 2. Divisions created in a zone of the city studied in the case study (figure (a) shows the north
and central area, while figure (b) shows the central and south area). The territories are shown in
different colors with the basic units delimited by white lines.

Table 6. Level of service reached by the proposed solution for each of the 19 days where which
information is available.

Day Level Day Level

1 100% 11 100%
2 100% 12 98.3%
3 96.7% 13 91.8%
4 100% 14 91.8%
5 100% 15 100%
6 100% 16 100%
7 100% 17 95.5%
8 78.6% 18 82.5%
9 88.9% 19 94.5%

10 100%

Analyzing the individual results of each day, it is observed that one of the causes of
greater service delays corresponds to a strong variability in the demand depending on the
day. In addition, there is no pattern based on the day of the week or the month that justifies
this variability. While an increase in the number of delivery zones would improve the level
of service on those critical days, the change would lead to an oversized delivery service in
most days since optimal levels, 100% of deliveries, are reached in most days of service.

Another important analysis to perform is the effect of service time on the quality of
the solution. The service time is defined as the time it takes the carrier to stop the vehicle at
the delivery destination, deliver the package, and resume the route. The company assumes
that this time is two minutes per delivery, but the variability is high, and given the reduced
time available to make all the express deliveries, even small variations can significantly
vary the results. To respond to this problem, it was checked what the result would be if the
service time were increased to 2 min and 15 s and to 2 min and 30 s.

The results of this change indicate that the quality of service decreases to 93.6% when
the increase is only 15 s and to 90.3% when service time is increased by 30 s. These results
translate into large variations on the worst day, in which the quality of service drops to
70.4% and 64.1%, respectively. Therefore, one of the improvements available to be made
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in the daily operation of the system corresponds to maintaining and/or improving that
delivery time, which is of vital importance for managing a large number of shipments in
smaller time windows.

6. Conclusions and Future Work

In the present work, a procedure and a case study are proposed for the design of
delivery zones subject to quality of service conditions in express deliveries. The procedure
considers a preprocess of grouping customers into basic units that, on the one hand, helps
to generate solutions with the characteristics expected by both the management of the
company and by the carriers and, on the other hand, reduces the computational needs of
the design method.

The method for designing territories consists of an initial phase in which a set of
alternatives are generated that are subsequently combined through a mathematical model to
obtain a final territorial design. The mathematical model is general and can be used in other
districting problems that feature similar characteristics in terms of the objective function
and districts interactions. Moreover, and to minimize computation times, an alternative
objective function is used in the initial search phase and to evaluate a more detailed estimate
of the level of service offered by each territory considered only in the last phase of the
algorithm. This procedure yields quality solutions in shorter times.

Our results show that while a very coarse granularity when grouping clients may
hinder the quality of the solution, increasing granularity impacts algorithmic performance
but may not directly translate into better solutions. Consequently, there is a “sweet spot” in
which a proper degree of aggregation has a positive impact on the algorithmic performance
and the properties expected from the proposed districting plans. While this result makes
intuitive sense, previous literature on districting problems has not given much attention
to it, focusing its attention on other issues, such as defining compactness metrics to try to
reach similar results to those than can be obtained through aggregation.

If the results of the case study are examined, it is clear that the proposed territorial
design leads to evident and achievable improvements in the company’s service indices.
The redesigned delivery zones allow reaching a level of service equivalent to 95.7% without
internal operational changes. Moreover, the districting plan make sense from a practical
point of view as the borders between districts are defined by major roads and streets as in
manually generated districts. It is also observed that given the sensitivity of the average
service time, it is essential that there is a correct functioning in this process. This point is
critical in overall system performance, and incorrect functioning of the system could lead
to significant deterioration of the system.

Note that the conclusions reached within the case study may vary in different countries
or even in different areas within a country. While the proposed methodology is agnostic
to the area under study, data availability, or cultural particularities, the application of this
research results to other countries or situations may or may not be possible. For instance,
our methodology considers that the old territorial design can be ignored, while there are
cases in which changes between the previous and the new territorial design should be
minimal or units that need to be assigned to specific territories for some particular reasons.
We also consider that all overnight deliveries are identical and no preference must be given
to some of them. Other operational features, such as the existence of multiple product
offerings with different express delivery deadlines would also impact the methodology
and require changes to our approach, even if the overall methodological scheme would
still be valid.

Among the possibilities for improvement and study, we highlight the inclusion of
standard service or pickup operations, such as returns, within the express service in the
same territorial design process. This work did not take this combined approach because
the view of the company in the case study is that the standard service does not entail major
problems and can be performed without taking its limiting factors into account, but this
condition may not be true for other scenarios or settings. In this case, it would be necessary
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to approach the problem from a multicriteria perspective, evaluating the trade-off between
the different needs and objectives of each type of service offered by the company.

Similarly, this study does not consider other side constraints that may impact the
operational viability of the territories, such as the physical capacity of the vehicle or the size
of the items delivered. While these conditions need to be considered in some applications
and require additional study within the districting literature, they were not considered
necessary in this study because most overnight deliveries are small parcels and letters that
represent a small fraction of the total capacity of the vehicles used for delivery.

Finally, it would also be interesting to study the case where the number of districts
is not specified as an input. Such a situation is less frequent in delivery companies as
changes in their operations should take previous decisions (i.e., the number of territories)
into account, but it is a problem of practical relevance that deserves proper attention.
However, in some circumstances it may be interesting to reduce operational costs and
given the structure of the delivery service, where territories are handed out to independent
contractors to actually perform delivery operations, “district minimization” translates into
“cost minimization”. While the proposed solution method does not provide a direct solution
approach for such a problem, it does provide a tool to evaluate the effect on the quality
of service metric when a different number of districts, parameter k, are used, and thus it
can be seen as a possible decision-aiding tool to manually evaluate the pros and cons of
alternative plans.
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