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Abstract

:

This paper is devoted to proposing a modified conjugate residual method for solving the generalized coupled Sylvester tensor equations. To further improve its convergence rate, we derive a preconditioned modified conjugate residual method based on the Kronecker product approximations for solving the tensor equations. A theoretical analysis shows that the proposed method converges to an exact solution for any initial tensor at most finite steps in the absence round-off errors. Compared with a modified conjugate gradient method, the obtained numerical results illustrate that our methods perform much better in terms of the number of iteration steps and computing time.
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1. Introduction


As is well known, the tensor equations as generalizations of matrix equations have been intensively applied in the field of theory and applications. Particularly, the generalized coupled Sylvester tensor equations have drawn significant attention because they play an increasingly important role in control theory [1,2,3,4,5,6,7,8], finite difference [9], finite element [10] and information retrieval [11], etc. This motivated us to propose two effective iterative methods for solving the tensor equations.



In this paper, we are interested in developing two iterative algorithms to solve the following generalized coupled Sylvester tensor equations:


       X 1   × 1   A 11  +  X 2   × 2   A 12  + ⋯ +  X  n − 1    ×  n − 1    A  1 ( n − 1 )   +  X n   × n   A  1 n   =  B 1  ,        X 2   × 1   A 21  +  X 3   × 2   A 22  + ⋯ +  X n   ×  n − 1    A  2 ( n − 1 )   +  X 1   × n   A  2 n   =  B 2  ,               ⋮                      ⋮                       ⋮        X n   × 1   A  n 1   +  X 1   × 2   A  n 2   + ⋯ +  X  n − 2    ×  n − 1    A  n ( n − 1 )   +  X  n − 1    × n   A  n n   =  B n  ,      



(1)




where the matrices    A  i j   ∈  R   I j  ×  I j     , the right-hand side tensors    B i  ∈  R   I 1  ×  I 2  × ⋯ ×  I n      are given   ( i , j = 1 , ⋯ , n ) ,   and    X j  ∈  R   I 1  ×  I 2  × ⋯ ×  I n      must be unknown. As a special case of Equation (1) (   X j  = X   for   j = 1 , 2 , 3  ), the third-order Sylvester tensor equation (known as 3D matrix equation) is


  X  × 1   A 1  + X  × 2   A 2  + X  × 3   A 3  = B ,  



(2)




which arises frequently from the discretization of radiative discrete ordinates equations [12,13] and high-dimensional partial differential equation [14]. One application of Equation (2) in heat transfer is to solve the three-dimensional microscopic heat transport problem [15]


    ρ  C p   κ   (   ∂ U   ∂ t   +  τ q     ∂ 2  U   ∂  t 2    )  =  ∇ 2  U +  τ q   (    ∂ 3  U   ∂ t ∂  x 2    +    ∂ 3  U   ∂ t ∂  y 2    )  +  τ U     ∂ 3  U   ∂ t ∂  z 2    +   Q +  τ q  ∂ Q / ∂ t  κ  ,  



(3)




where Q is a heat source, U is temperature,   C p   is specific heat,  ρ  is density,  κ  is conductivity, and   τ q   and   τ U   are the time lags of the heat flux and temperature gradient, respectively. From the mixed collocation-finite difference method, Equation (3) can be discretized as Equation (2) with its coefficient matrices given by


      (  A 1  )   j i      =      −  τ q    (  π  δ x   )  2   (    I x 2  + 2  3  )  −   Δ t +  τ q    α Δ t   ,        i f    i = j       − 2  τ q    (  π  δ x   )  2     ( − 1 )   i + j     sin 2   [  1 2   (   2 π  β j    δ x   −  x i  )  ]    ,       i f    i ≠ j ,             (  A 2  )   s k      =      −  τ q    (  π  δ y   )  2   (    I y 2  + 2  3  )  ,                    i f    k = s       − 2  τ q    (  π  δ y   )  2     ( − 1 )   k + s     sin 2   [  1 2   (   2 π  γ s    δ y   −  y k  )  ]    ,       i f    k ≠ s ,             (  A 3  )   q p      =      −  τ U    (  π  δ z   )  2   (    I z 2  + 2  3  )  ,                   i f    p = q       − 2  τ U    (  π  δ z   )  2     ( − 1 )   p + q     sin 2   [  1 2   (   2 π  η q    δ z   −  z p  )  ]    ,      i f    p ≠ q ,          



(4)




where    x i  =   2 π i   I x   ,  y k  =   2 π k   I y     and    z p  =   2 π p   I z   ,   and    β j  =   j  δ x    I x    ,    γ s  =   s  δ y    I y     and    q  δ z    I z    for   i , j = 0 , ⋯ ,     I x  − 1  ,   k , s = 0 , ⋯ ,  I y  − 1   and   p , q = 0 , ⋯ ,  I z  − 1 .   Some effective iterative algorithms have been proposed for solving Equation (2). For example, according to the hierarchical identification principle, Chen and Lv proposed a gradient-based iterative method and its modification version [16] for solving the tensor equation when it has a unique solution. To accelerate the rate of convergence of the GI method, Ali Beik and Ahmadi Asl [17] derived a so-called residual norm steepest descent algorithm for solving the tensor equation. If    X j  = X   for   j = 1 , ⋯ , n  , then Equation (1) reduces to the generalized Sylvester tensor equation


  X  × 1   A 1  + X  × 2   A 2  + ⋯ + X  × n   A n  = B ,  



(5)




which has been widely applied in the signal image, blind source separation, restoration of color and hyperspectral images. For more details, one may refer to [18,19,20,21,22,23] and the references therein.



In the last decade, some efficient algorithms for solving Equation (5) have been developed well. For example, Chen and Lv [24] proposed a generalized minimum residual (GMRES) method and its preconditioned version in their tensor forms for solving Equation (5). By employing the Arnoldi process and the full orthogonalization method, Ali Beik et al. [25] introduced the conjugate gradient and nested conjugate gradient methods to search the solution of the generalized Sylvester tensor equation, respectively. Moreover, Karimi and Dehghan [26] presented a new method based on the global Bidiag 1 process [27] for finding an approximate solution of (5), which is a promising method. Wang et al. [28] studied the performance of an iterative algorithm that obtains the least square solution of Equation (5) over the quaternion algebra. Additionally, Xu and Wang [29] extended the BiCG and BiCR methods to solve the Stein tensor equation, which is a general form of the Lyapunov matrix equation. Li et al. [30] developed five numerical algorithms for solving the discrete Lyapunov tensor equation. Huang and Li [31] proposed some Krylov subspace methods including the conjugate residual, generalized conjugate residual, biconjugate gradient, conjugate gradient squared and biconjugate gradient stabilized methods in their tensor forms for solving a tensor equation. Hajarian [32] gave the matrix form of the biconjugate residual algorithm for studying the generalized reflexive and anti-reflexive solutions of a generalized Sylvester matrix equation. Then, Hajarian [33] derived four efficient iterative methods for obtaining the reflexive periodic solutions of general periodic matrix equations. Additionally, Hajarian [34] presented a conjugate gradient-like method for solving a general tensor equation with respect to the Einstein product. In [35], Najafi-Kalyani et al. derived some effective iterative methods for solving the tensor Equation (5), which are based on the tensor form of global Hessenberg process. Liu et al. [36] investigated the solvability of a quaternion matrix equation. Mehany and Wang [37] studied some necessary and sufficient conditions for the solution of the three symmetrical systems of coupled Sylvester-like quaternion matrix equations. Combining the standard Tikhonov regularization technique, a new iterative method to solve the ill-posed tensor Equation (5), was also established. By CP decomposition, Bentbib et al. [38] developed Arnoldi-based methods (block and global), which possess the global convergence for solving the tensor Equation (5) efficiently. Additionally, Heyouni et al. [39] established the generalized Hessenberg method in its tensor form for solving (5). However, so far, there has been little research on solving the generalized coupled Sylvester tensor Equation (1), numerically. Only Lv and Ma [40] presented a modified conjugate gradient (MCG) method for investigating its iterative solutions.



For solving an n-by-n symmetric linear system   A x = b  , the classical conjugate residual (CR) method as a special case of GMRES method was derived in [41]. In this case, the residual vectors are always A-orthogonal, and the vectors   A  p i    are also orthogonal for   i = 0 , 1 , … , n  . This fact shows that the method converges fast to an exact solution within finite steps in the absence round-off errors. Compared with the CG method, the computational work and storage costs of CR method may increase slightly, but its convergence behavior is more smooth. Note that the classical CR method cannot be extended directly to solve the tensor Equation (1), because it is nonsymmetric. So, we propose a modified conjugate residual (MCR) method for studying Equation (1). Also note that preconditioning is an effective mean of reaching improved convergence of iterative methods. Preconditioners, such as incomplete LU factorizations preconditioner [42], Neumann preconditioner [43], and nearest Kronecker product (NKP) approximate preconditioner [44], have been confirmed as powerful tools for solving large linear systems. In [45], some iterative methods with the NKP preconditioner performed much better than other preconditioners. In this paper, we present a preconditioned MCR method based on Kronecker product approximations for solving Equation (1), which is superior to the MCR method.



The rest of this paper is organized as follows: In Section 2, we recall some notations and preliminaries that will be used in the sequel. In Section 3, we formulate a modified conjugate residual method to solve the generalized coupled Sylvester tensor Equation (1), and present its preconditioned version to speed up the rate of convergence of MCR method. The established convergence analysis shows that an exact solution to Equation (1) can be given for any initial tensor at most finite steps in the absence of round-off errors. In Section 4, we provide some numerical examples to illustrate the effectiveness of the methods proposed in here. Finally we draw some conclusions in Section 5.




2. Preliminaries


In this section, we recall some definitions and useful results that will be used in the sequel. Let  R  denote the real number field. Given a positive integer n, an order n real tensor   X =  (  x   i 1   i 2  ⋯  i n    )   ( 1 ≤  i j  ≤  I j  , j = 1 , 2 , ⋯ , n )    is a multidimensional array consisting of    I 1   I 2  ⋯  I n    entries [46,47]. We denote the set of all real tensors by   R   I 1  ×  I 2  × ⋯ ×  I n    . If   n = 2  , then we call the tensor  A  as an    I 1  ×  I 2    matrix, denoted by A. We denote the set of real matrices by   R   I 1  ×  I 2    . An    I 1  ×  I 1    identity matrix is denoted by    I  I 1   .   For a matrix   A ∈  R   I 1  ×  I 2     ,    A T  ∈  R   I 2  ×  I 1      is then said to be the transpose of A. Given matrices   A =  (  a  i j   )  ∈  R  m × n     and B, their Kronecker product, denoted   A ⊗ B  , is defined as


  A ⊗ B =       a 11  B      a 12  B    ⋯     a  1 n   B        a 21  B      a 22  B    ⋯     a  1 n   B      ⋮   ⋮   ⋱   ⋮       a  m 1   B      a  m 2   B    ⋯     a  m n   B      .  








For matrices A and B,     ( A ⊗ B )   − 1   =  A  − 1   ⊗  B  − 1   .   The unfolding of a tensor  X  along mode 1, denoted by   X  ( 1 )   , is an    I 1  ×  I 2   I 3  ⋯  I n    matrix with its column being a column of  X  along mode 1. The symbol   vec ( X )   denotes a vectorized matrix by stacking its column to form a vector.  O  is called a zero tensor if its entries are zero. Given tensors   X , Y ∈  R   I 1  ×  I 2  × ⋯ ×  I n     , their inner product is a scalar given by


   〈 X , Y 〉  = vec   (  X  ( 1 )   )  T  vec  (  Y  ( 1 )   )  =  ∑   i 1  = 1   I 1    ∑   i 2  = 1   I 2   ⋯  ∑   i n  = 1   I n    x   i 1   i 2  ⋯  i n     y   i 1   i 2  ⋯  i n    .  



(6)




If   〈 X , Y 〉 = 0  , then  X  and  Y  are said to be orthogonal. The Frobenius norm over   R   I 1  ×  I 2  × ⋯ ×  I m     is defined as


   ∥ X ∥  =   〈 X , X 〉   =    ∑   i 1  = 1   I 1    ∑   i 2  = 1   I 2   ⋯  ∑   i m  = 1   I m    x   i 1   i 2  ⋯  i m   2    .  











For a tensor   X ∈  R   I 1  ×  I 2  × ⋯ ×  I n      and a matrix   A ∈  R  m ×  I k     , their k-mode product, denoted by   X  × k  A  , is an nth order    I 1  × ⋯ ×  I  k − 1   × m ×  I  k + 1   × ⋯ ×  I n    dimensional tensor with its entries given by


    ( X  × k  A )    i 1  ⋯  i  k − 1   j  i  k + 1   ⋯  i n    =  ∑   i k  = 1   I k    x   i 1  ⋯  i k  ⋯  i n     a  j  i k    ,       j = 1 , ⋯ , m .  



(7)







From the definition of unfolding and the results in [48,49], the following statements hold:




	(1)

	
If   Y = X  × 1   A 1   × 2   A 2   × 3  ⋯  × n   A n   , then    Y  ( 1 )   =  A 1   X  ( 1 )    (  A n  ⊗  A  n − 1   ⊗ ⋯ ⊗  A 2  )    holds;




	(2)

	
For different mode multiplications (  k ≠ n  ), it follows that   X  × n  A  × k  B = X  × k  B  × n  A ;  




	(3)

	
If   k = n  , then   X  × n  A  × n  B = X  × n   ( B A )  ;  




	(4)

	
The k-mode multiplication commutes with respect to the inner product, that is,    〈 X , Y  × k  A 〉  =  〈 X  × k   A T  , Y 〉  .  










3. A Modified Conjugate Residual Method for Solving the Tensor Equations


In this section, we propose a modified conjugate residual method for solving the tensor equation Equation (1), and establish its precondition version to speed up the rate of convergence. First of all, we present a necessary and sufficient condition for the existence of solution of (1). From the above results in Section 2, Equation (1) can be rewritten as the following linear system of equations


  A x = b ,  



(8)




where


     A =           I  I n   ⊗ ⋯ ⊗  I  I 2   ⊗  A 11       I  I n   ⊗ ⋯ ⊗  A 12  ⊗  I  I 1      ⋯     A  1 n   ⊗  I  I  n − 1    ⊗ ⋯ ⊗  I  I 1          A  2 n   ⊗  I  I  n − 1    ⊗ ⋯ ⊗  I  I 1        I  I n   ⊗ ⋯ ⊗  I  I 2   ⊗  A 21     ⋯     I  I n   ⊗  A  2 ( n − 1 )   ⊗ ⋯ ⊗  I  I 1        ⋮   ⋮   ⋱   ⋮       I  I n   ⊗ ⋯ ⊗  A  n 2   ⊗  I  I 1        I  I n   ⊗ ⋯ ⊗  A  n 3   ⊗  I  I 2   ⊗  I  I 1      ⋯     I  I n   ⊗ ⋯ ⊗  I  I 2   ⊗  A  n 1        ,       x =          vec (    X 1    ( 1 )   )       vec (    X 2    ( 1 )   )      ⋯      vec (    X n    ( 1 )   )      ,         b =      vec (    B 1    ( 1 )   )       vec (    B 2    ( 1 )   )      ⋯      vec (    B n    ( 1 )   )      .     











Then, we have the following results.



Lemma 1

([40]). Equation (1) has a solution if and only if the linear system of Equation (8) is consistent. In this case, its solution is unique if the coefficient matrix A is nonsingular.





Actually, for Equation (8), it is difficult to find its solution by the classical conjugate residual method because the matrix A cannot be guaranteed to be symmetric. Moreover, the above method cannot be achieved in actual implementations because its computational work and storage costs are very expensive for larger    I j  , j = 1 , ⋯ , n  . Thereby we propose a modified conjugate residual method based on tensor form for solving Equation (1). Similar to [40], we define two operators   L i   and    L ¯  i  (  i = 1 , ⋯ , n  ) over   R   I 1  ×  I 2  × ⋯ ×  I n     as


       L 1   (  X 1  , ⋯ ,  X n  )  =  X 1   × 1   A 11  +  X 2   × 2   A 12  + ⋯ +  X n   × n   A  1 n   ,        L 2   (  X 1  , ⋯ ,  X n  )  =  X 2   × 1   A 21  +  X 3   × 2   A 22  + ⋯ +  X 1   × n   A  2 n   ,                ⋮               ⋮               ⋮        L n   (  X 1  , ⋯ ,  X n  )  =  X n   × 1   A  n 1   +  X 1   × 2   A  n 2   + ⋯ +  X  n − 1    × n   A  n n        



(9)




and


        L ¯  1   (  R 1  , ⋯ ,  R n  )  =  R 1   × 1   A  11  T  +  R 2   × n   A  2 n  T  + ⋯ +  R n   × 2   A  n 2  T  ,         L ¯  2   (  R 1  , ⋯ ,  R n  )  =  R 1   × 2   A  12  T  +  R 2   × 1   A  21  T  + ⋯ +  R n   × 3   A  n 3  T  ,               ⋮                 ⋮            ⋮         L ¯  n   (  R 1  , ⋯ ,  R n  )  =  R 1   × n   A  1 n  T  +  R 2   ×  n − 1    A  2 ( n − 1 )  T  + ⋯ +  R n   × 1   A  n 1  T  ,      



(10)




where


       R 1  =  B 1  −  L 1   (  X 1  , ⋯ ,  X n  )  ,        R 2  =  B 2  −  L 2   (  X 1  , ⋯ ,  X n  )  ,         ⋮                 ⋮        R n  =  B n  −  L n   (  X 1  , ⋯ ,  X n  )  .      



(11)







From Equations (9) and (10), we can obtain the following lemma.



Lemma 2.

If tensors    X i  ,  Y i  ∈  R   I 1  ×  I 2  × ⋯ ×  I n    , i = 1 , ⋯ , n  , and scalars   μ , ν ∈ R  , then


       L i   ( μ  X 1  + ν  Y 1  , ⋯ , μ  X n  + ν  Y n  )      = μ  L i   (  X 1  , ⋯ ,  X n  )  + ν  L i   (  Y 1  , ⋯ ,  Y n  )  ,         L ¯  i   ( μ  X 1  + ν  Y 1  , ⋯ , μ  X n  + ν  Y n  )      = μ   L ¯  i   (  X 1  , ⋯ ,  X n  )  + ν   L ¯  i   (  Y 1  , ⋯ ,  Y n  )  ,      



(12)




i.e.,   L i   and    L ¯  i   are linear operators from   R   I 1  ×  I 2  × ⋯ ×  I n     to itself. Moreover,


          〈  X 1  ,  L 1   (  Y 1  ,  Y 2  , ⋯ ,  Y n  )  〉  +  〈  X 2  ,  L 2   (  Y 1  ,  Y 2  , ⋯ ,  Y n  )  〉  + ⋯ +  〈  X n  ,  L n   (  Y 1  ,  Y 2  , ⋯ ,  Y n  )  〉           =  〈  Y 1  ,   L ¯  1   (  X 1  ,  X 2  , ⋯ ,  X n  )  〉  +  〈  Y 2  ,   L ¯  2   (  X 1  ,  X 2  , ⋯ ,  X n  )  〉  + ⋯ +  〈  Y n  ,   L ¯  n   (  X 1  ,  X 2  , ⋯ ,  X n  )  〉  .      



(13)









Proof. 

For the first statement, we only prove that Equation (12) holds for   i = 1  ; the rest (  i = 2 , ⋯ , n  ) can be deduced similarly. If   μ , ν ∈ R  , then


      L 1   ( μ  X 1  + ν  Y 1  , ⋯ , μ  X n  + ν  Y n  )      =  ( μ  X 1  + ν  Y 1  )   × 1   A 11  + ⋯ +  ( μ  X n  + ν  Y n  )   × n   A  1 n   ,        = μ  L 1   (  X 1  , ⋯ ,  X n  )  + ν  L 1   (  Y 1  , ⋯ ,  Y n  )  ,         L ¯  1   ( μ  X 1  + ν  Y 1  , ⋯ , μ  X n  + ν  Y n  )      =  ( μ  X 1  + ν  Y 1  )   × 1   A  11  T  + ⋯ +  ( μ  X 1  + ν  Y 1  )   × 2   A  n 2  T         = μ   L ¯  1   (  X 1  , ⋯ ,  X n  )  + ν   L ¯  1   (  Y 1  , ⋯ ,  Y n  )  .     











For Equation (13), it follows that


       〈  X 1  ,  Y 1   × 1   A 11  +  Y 2   × 2   A 12  + ⋯ +  Y n   × n   A  1 n   〉  +  〈  X 2  ,  Y 2   × 1   A 21  +  Y 3   × 2   A 22  ⋯ +  Y 1   × n   A  2 n   〉         + ⋯ + 〈  X n  ,  Y n   × 1   A  n 1   +  Y 1   × 2   A  n 2   + ⋯ +  Y  n − 1    × n   A  n n   〉        =  [  〈  X 1   × 1   A  11  T  ,  Y 1  〉  +  〈  X 1   × 2   A  12  T  ,  Y 2  〉  + ⋯ +  〈  X 1   × n   A  1 n  T  ,  Y n  〉  ]   + [   〈  X 2   × 1   A  21  T  ,  Y 2  〉  +  〈  X 2   × 2   A  22  T  ,  Y 3  〉         + ⋯ +  〈  X 2   × n   A  2 n  T  ,  Y 1  〉   ] +   [  〈  X n   × 1   A  n 1  T  ,  Y n  〉  +  〈  X n   × 2   A  n 2  T  ,  Y 1  〉  + ⋯ +  〈  X n   × n   A  n n  T  ,  Y  n − 1   〉  ]         =  〈  Y 1  ,  X 1   × 1   A  11  T  +  X 2   × n   A  2 n  T  + ⋯ +  X n   × 2   A  n 2  T  〉  +  〈  Y 2  ,  X 1   × 2   A  12  T  +  X 2   × 1   A  21  T  ⋯ +  X n   × 3   A  n 3  T  〉         + 〈  Y n  ,  X 1   × n   A  1 n  T  +  X 2   ×  n − 1    A  2 ( n − 1 )  T  + ⋯ +  X n   × 1   A  n 1  T  〉        =  〈  Y 1  ,   L ¯  1   (  X 1  ,  X 2  , ⋯ ,  X n  )  〉  +  〈  Y 2  ,   L ¯  2   (  X 1  ,  X 2  , ⋯ ,  X n  )  〉  + ⋯ +  〈  Y n  ,   L ¯  n   (  X 1  ,  X 2  , ⋯ ,  X n  )  〉  .     











   □





Now, we present the following modification of conjugate residual method for solving Equation (1):



From Algorithm 1, one can see that the key computations are the computation of   R i  ( k + 1 )    and   P i  ( k + 1 )    with   i = 1 , 2 , ⋯ , n .   Both of them require   O (  I 1   I 2  ⋯  I n   (  ∑  i = 1  n   I i  + 1 )  )   floating point operations (flops). So, we can obtain that the amount of flops required by each iteration of Algorithm 1 is   O ( 4 n  I 1   I 2  ⋯  I n   (  ∑  i = 1  n   I i  + 1 )  )  .



To investigate the convergence of Algorithm 1, we first give some properties of the tensor sequences generated by the algorithm as follows:



Theorem 1.

Let    {  R  l  k  }  ,  {  P  l  k  }  ,  {   L ¯  l   (  R  1  k  , ⋯ ,  R  n  k  )  }    and   {  L l   (  P  1  k  , ⋯ ,  P  n  k  )  }    ( l = 1 , ⋯ , n , k = 0 , 1 , ⋯ )   be the tensor sequences given by Algorithm 1. Then, for   i ≠ j , i , j = 0 , 1 , ⋯  , we have


        〈   L ¯  1   (  R  1  i  , ⋯ ,  R  n  i  )  ,   L ¯  1   (  R  1  j  , ⋯ ,  R  n  j  )  〉  + ⋯ +  〈   L ¯  n   (  R  1  i  , ⋯ ,  R  n  i  )  ,   L ¯  n   (  R  1  j  , ⋯ ,  R  n  j  )  〉  = 0 ,        〈  L 1   (  P  1  i  , ⋯ ,  P  n  i  )  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉  + ⋯ +  〈  L n   (  P  1  i  , ⋯ ,  P  n  i  )  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )  〉  = 0 .       



(14)







Moreover, for   j < i  , it follows that


          〈  R  1  i  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉  + ⋯ +  〈  R  n  i  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )  〉           =  〈  P  1  j  ,   L ¯  1   (  R  1  i  , ⋯ ,  R  n  i  )  〉  + ⋯ +  〈  P  n  j  ,   L ¯  n   (  R  1  i  , ⋯ ,  R  n  i  )  〉  = 0 .      



(15)














	Algorithm 1 A modified conjugate residual method for solving Equation (1)



	
	
Given initial values    X i 0  ,  B i  ∈  R   I 1  ×  I 2  × ⋯ ×  I n     ,    A  i j   ∈  R   I j  ×  I j     ,   k = 0  , and set   ϵ > 0  .



	
Compute


        R  1  0  =  B 1  −  L 1   (  X  1  0  , ⋯ ,  X  n  0  )  ,        R  2  0  =  B 2  −  L 2   (  X  1  0  , ⋯ ,  X  n  0  )  ,         ⋮                ⋮        R  n  0  =  B n  −  L n   (  X  1  0  , ⋯ ,  X  n  0  )  ,               P 1 0  =   L ¯  1   (  R  1  0  , ⋯ ,  R  n  0  )  ,        P 2 0  =   L ¯  2   (  R  1  0  , ⋯ ,  R  n  0  )  ,         ⋮                 ⋮        P n 0  =   L ¯  n   (  R  1  0  , ⋯ ,  R  n  0  )        











and


     s 0      = ∥    L ¯  1   (  R  1  0  , ⋯ ,  R  n  0  )    ∥  2   + ∥    L ¯  2   (  R  1  0  , ⋯ ,  R  n  0  )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1  0  , ⋯ ,  R  n  0  )  ∥  2  ,       p 0      = ∥   L 1   (  P  1  0  , ⋯ ,  P  n  0  )    ∥  2   + ∥   L 2   (  P  1  0  , ⋯ ,  P  n  0  )    ∥  2  + ⋯ +   ∥  L n   (  P  1  0  , ⋯ ,  P  n  0  )  ∥  2  ,       η k      = ∥   R 1 k    ∥  2   + ∥   R 2 k    ∥  2  + ⋯ +   ∥  R n k  ∥  2  .     











	
For   k = 0 , 1 , 2 , ⋯   until    η k  < ϵ   do:



   α k  =   s k   p k    ,


            X 1  k + 1   =  X 1 k  +  α k   P 1 k  ,        X 2  k + 1   =  X 2 k  +  α k   P 2 k  ,          ⋮        ⋮        X n  k + 1   =  X n k  +  α k   P n k  ,                R  1   k + 1   =  R  1  k  −  α k   L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,        R  2   k + 1   =  R  2  k  −  α k   L 2   (  P  1  k  , ⋯ ,  P  n  k  )  ,           ⋮                  ⋮        R  n   k + 1   =  R  n  k  −  α k   L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,                   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  =  R  1   k + 1    × 1   A  11  T  +  R  2   k + 1    × n   A  2 n  T  + ⋯ +  R  n   k + 1    × 2   A  n 2  T  ,         L ¯  2   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  =  R  1   k + 1    × 2   A  12  T  +  R  2   k + 1    × 1   A  21  T  ⋯ +  R  n   k + 1    × 3   A  n 3  T  ,                 ⋮                           ⋮                      ⋮         L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  =  R  1   k + 1    × n   A  1 n  T  +  R  2   k + 1    ×  n − 1    A  2 ( n − 1 )  T  + ⋯ +  R  n   k + 1    × 1   A  n 1  T  ,             s  k + 1    = ∥    L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )    ∥  2   + ∥    L ¯  2   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ∥  2  .     











	
Compute    β k  =   s  k + 1    s k   ,  


       P 1  k + 1   =   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P 1 k  ,        P 2  k + 1   =   L ¯  2   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P 2 k  ,          ⋮                   ⋮        P n  k + 1   =   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P n k  ,      










   p  k + 1    = ∥   L 1   (  P  1   k + 1   , ⋯ ,  P  n   k + 1   )    ∥  2   + ∥   L 2   (  P  1   k + 1   , ⋯ ,  P  n   k + 1   )    ∥  2  + ⋯ +   ∥  L n   (  P  1   k + 1   , ⋯ ,  P  n   k + 1   )  ∥  2  .  



















Proof. 

The first half of Equation (15) can be obtained by straightforward computation. We now prove that Equations (14) and (15) hold by induction. Suppose   k = 1  , from Lemma 2; it follows that


       〈   L ¯  1   (  R  1  1  , ⋯ ,  R  n  1  )  ,   L ¯  1   (  R  1  0  , ⋯ ,  R  n  0  )  〉  + ⋯ +  〈   L ¯  n   (  R  1  1  , ⋯ ,  R  n  1  )  ,   L ¯  n   (  R  1  0  , ⋯ ,  R  n  0  )  〉         = 〈   L ¯  1   (  R  1  0  −  α 0   L 1   (  P  1  0  , ⋯ ,  P  n  0  )  , ⋯ ,  R  n  0  −  α 0   L n   (  P  1  0  , ⋯ ,  P  n  0  )  )  ,   L ¯  1   (  R  1  0  , ⋯ ,  R  n  0  )  〉        + ⋯ + 〈   L ¯  n   (  R  1  0  −  α 0   L 1   (  P  1  0  , ⋯ ,  P  n  0  )  , ⋯ ,  R  n  0  −  α 0   L n   (  P  1  0  , ⋯ ,  P  n  0  )  )  ,   L ¯  n   (  R  1  0  , ⋯ ,  R  n  0  )  〉        = [ ∥   L ¯  1   (  R  1  0  , ⋯ ,  R  n  0  )   ∥ 2  + ⋯ + ∥   L ¯  n   (  R  1  0  , ⋯ ,  R  n  0  )   ∥ 2  ]        −    ∥    L ¯  1   (  R  1  0  , ⋯ ,  R  n  0  )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1  0  , ⋯ ,  R  n  0  )  ∥  2     ∥   L 1   (  P  1  0  , ⋯ ,  P  n  0  )    ∥  2  + ⋯ +   ∥  L n   (  P  1  0  , ⋯ ,  P  n  0  )  ∥  2     [ ∥   L 1   (  P  1  0  , ⋯ ,  P  n  0  )    ∥  2   + ⋯ + ∥   L n   (  P  1  0  , ⋯ ,  P  n  0  )    ∥ 2  ]         = 0 ,         〈  L 1   (  P  1  1  , ⋯ ,  P  n  1  )  ,  L 1   (  P  1  0  , ⋯ ,  P  n  0  )  〉  + ⋯ +  〈  L n   (  P  1  1  , ⋯ ,  P  n  1  )  ,  L n   (  P  1  0  , ⋯ ,  P  n  0  )  〉         = [  〈  L 1   (   L ¯  1   (  R  1  1  , ⋯ ,  R  n  1  )  , ⋯ ,   L ¯  n   (  R  1  1  , ⋯ ,  R  n  1  )  )  ,  L 1   (  P  1  0  , ⋯ ,  P  n  0  )  〉         + ⋯ + 〈  L n   (   L ¯  1   (  R  1  1  , ⋯ ,  R  n  1  )  , ⋯ ,   L ¯  n   (  R  1  1  , ⋯ ,  R  n  1  )  )  ,  L n   (  P  1  0  , ⋯ ,  P  n  0  )  〉 ]        +  β 0   [  〈  L 1   (  P  1  0  , ⋯ ,  P  n  0  )  ,  L 1   (  P  1  0  , ⋯ ,  P  n  0  )  〉  + ⋯ +  〈  L n   (  P  1  0  , ⋯ ,  P  n  0  )  ,  L n   (  P  1  0  , ⋯ ,  P  n  0  )  〉  ]         = [  〈  L 1   (   L ¯  1   (  R  1  1  , ⋯ ,  R  n  1  )  , ⋯ ,   L ¯  n   (  R  1  1  , ⋯ ,  R  n  1  )  )  ,  1  α 0    (  R  1  0  −  R  1  1  )  〉         + ⋯ + 〈  L n   (   L ¯  1   (  R  1  1  , ⋯ ,  R  n  1  )  , ⋯ ,   L ¯  n   (  R  1  1  , ⋯ ,  R  n  1  )  )  ,  1  α 0    (  R  n  0  −  R  n  1  )  〉 ]        +  β 0   [ ∥   L 1   (  P  1  0  , ⋯ ,  P  n  0  )    ∥  2   + ⋯ + ∥   L n   (  P  1  0  , ⋯ ,  P  n  0  )    ∥ 2  ]         =  1  α 0    [   〈   L ¯  1   (  R  1  1  , ⋯ ,  R  n  1  )  ,   L ¯  1   (  R  1  0  , ⋯ ,  R  n  0  )  −   L ¯  1   (  R  1  1  , ⋯ ,  R  n  1  )  〉         + ⋯ + 〈   L ¯  n   (  R  1  1  , ⋯ ,  R  n  1  )  ,   L ¯  n   (  R  1  0  , ⋯ ,  R  n  0  )  −   L ¯  n   (  R  1  1  , ⋯ ,  R  n  1  )  〉 ]        +  β 0   [ ∥   L 1   (  P  1  0  , ⋯ ,  P  n  0  )    ∥  2   + ⋯ + ∥   L n   (  P  1  0  , ⋯ ,  P  n  0  )    ∥ 2  ]         = −  1  α 0    [ ∥    L ¯  1   (  R  1  1  , ⋯ ,  R  n  1  )    ∥  2   + ⋯ + ∥    L ¯  n   (  R  1  1  , ⋯ ,  R  n  1  )    ∥ 2  ]         +  β 0   [ ∥   L 1   (  P  1  0  , ⋯ ,  P  n  0  )    ∥  2   + ⋯ + ∥   L n   (  P  1  0  , ⋯ ,  P  n  0  )    ∥ 2  ]         = 0 .     











Since


       P 1 0  =   L ¯  1   (  R  1  0  , ⋯ ,  R  n  0  )  ,        P 2 0  =   L ¯  2   (  R  1  0  , ⋯ ,  R  n  0  )  ,          ⋮                ⋮        P n 0  =   L ¯  n   (  R  1  0  , ⋯ ,  R  n  0  )  ,      








it follows that


      〈  P  1  0  ,   L ¯  1   (  R  1  1  , ⋯ ,  R  n  1  )  〉  + ⋯ +  〈  P  n  0  ,   L ¯  n   (  R  1  0  , ⋯ ,  R  n  0  )  〉  = 0 .     








If Equations (14) and (15) hold for   0 ≤ j < i ≤ k ( k > 1 )  , then for the case   0 ≤ j < i ≤ k + 1   and   0 ≤ j < k   we have


       〈   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ,   L ¯  1   (  R  1  j  , ⋯ ,  R  n  j  )  〉  + ⋯ +  〈   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ,   L ¯  n   (  R  1  j  , ⋯ ,  R  n  j  )  〉         = [  〈   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  ,  P  1  j  〉  + ⋯ +  〈   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ,  P  n  j  〉  ]        −  β  j − 1    [  〈   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  ,  P  1   j − 1   〉  + ⋯ +  〈   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ,  P  n   j − 1   〉  ]         −  α k   [  〈  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉  + ⋯ +  〈  L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )  〉  ]         +  α k   β  j − 1    [   〈  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L 1   (  P  1   j − 1   , ⋯ ,  P  n   j − 1   )  〉         + ⋯ + 〈  L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L n   (  P  1   j − 1   , ⋯ ,  P  n   j − 1   )  〉 ]        = 0 ,         〈   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ,   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  〉  + ⋯ +  〈   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ,   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  〉         = 〈   L ¯  1   (  R  1  k  −  α k   L 1   (  P  1  k  , ⋯ ,  P  n  k  )  , ⋯ ,  R  n  k  −  α k   L n   (  P  1  k  , ⋯ ,  P  n  k  )  )  ,   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  〉        + ⋯ + 〈   L ¯  n   (  R  1  k  −  α k   L 1   (  P  1  k  , ⋯ ,  P  n  k  )  , ⋯ ,  R  n  k  −  α k   L n   (  P  1  k  , ⋯ ,  P  n  k  )  )  ,   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  〉        = [  〈   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  ,   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  〉  + ⋯ +  〈   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ,   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  〉  ]        −  α k   [   〈   L ¯  1   (  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  , ⋯ ,  L n   (  P  1  k  , ⋯ ,  P  n  k  )  )  ,  P  1  k  −  β  k − 1    P  1   k − 1   〉         + ⋯ + 〈   L ¯  n   (  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  , ⋯ ,  L n   (  P  1  k  , ⋯ ,  P  n  k  )  )  ,  P  n  k  −  β  k − 1    P  n   k − 1   〉 ]        = [ ∥   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )   ∥ 2  + ⋯ + ∥   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )   ∥ 2  ]        −  α k   [   〈  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  −  β  k − 1    L 1   (  P  1   k − 1   , ⋯ ,  P  n   k − 1   )  〉         + ⋯ + 〈  L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L n   (  P  1  k  , ⋯ ,  P  n  k  )  −  β  k − 1    L n   (  P  1   k − 1   , ⋯ ,  P  n   k − 1   )  〉 ]        = [ ∥   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )   ∥ 2  + ⋯ + ∥   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )   ∥ 2  ]        −  α k   [ ∥   L 1   (  P  1  k  , ⋯ ,  P  n  k  )    ∥  2   + ⋯ + ∥   L n   (  P  1  k  , ⋯ ,  P  n  k  )    ∥ 2  ]         = 0 ,         〈  L 1   (  P  1   k + 1   , ⋯ ,  P  n   k + 1   )  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉  + ⋯ +  〈  L n   (  P  1   k + 1   , ⋯ ,  P  n   k + 1   )  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )  〉         = 〈  L 1   (   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P 1 k  , ⋯ ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P n k  )  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉        + ⋯ + 〈  L n   (   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P 1 k  , ⋯ ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P n k  )  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )  〉        = 〈  L 1   (   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  , ⋯ ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  )  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉        + ⋯ + 〈  L n   (   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  , ⋯ ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  )  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )  〉        +  β k   〈  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉  + ⋯ +  〈  L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )  〉         = 〈  L 1   (   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  , ⋯ ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  )  ,  1  α j    (  R  1  j  −  R  1   j + 1   )  〉        + ⋯ + 〈  L n   (   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  , ⋯ ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  )  ,  1  α j    (  R  n  j  −  R  n   j + 1   )  〉        =  1  α j    [  〈   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ,   L ¯  1   (  R  1  j  , ⋯ ,  R  n  j  )  〉  + ⋯ +  〈   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ,   L ¯  n   (  R  1  j  , ⋯ ,  R  n  j  )  〉  ]         −  1  α j    [  〈   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ,   L ¯  1   (  R  1   j + 1   , ⋯ ,  R  n   j + 1   )  〉  + ⋯ +  〈   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ,   L ¯  n   (  R  1   j + 1   , ⋯ ,  R  n   j + 1   )  〉  ]         = 0 ,         〈  L 1   (  P  1   k + 1   , ⋯ ,  P  n   k + 1   )  ,  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  〉  + ⋯ +  〈  L n   (  P  1   k + 1   , ⋯ ,  P  n   k + 1   )  ,  L n   (  P  1  k  , ⋯ ,  P  n  k  )  〉         = 〈  L 1   (   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P 1 k  , ⋯ ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P n k  )  ,  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  〉        + ⋯ + 〈  L n   (   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P 1 k  , ⋯ ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P n k  )  ,  L n   (  P  1  k  , ⋯ ,  P  n  k  )  〉        = −  1  α k    [   〈   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ,   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  〉         + ⋯ + 〈   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  〉 ]        +  β k   〈  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  〉  + ⋯ +  〈  L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L n   (  P  1  k  , ⋯ ,  P  n  k  )  〉         = −  1  α k    [ ∥    L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )    ∥  2   + ⋯ + ∥    L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )    ∥ 2  ]         +  β k   [ ∥   L 1   (  P  1  k  , ⋯ ,  P  n  k  )    ∥  2   + ⋯ + ∥   L n   (  P  1  k  , ⋯ ,  P  n  k  )    ∥ 2  ]         = 0 ,         〈  P  1  j  ,   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  〉  + ⋯ +  〈  P  n  j  ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  〉         = 〈  P  1  j  ,   L ¯  1   (  R  1  k  −  α k   L 1   (  P  1  k  , ⋯ ,  P  n  k  )  , ⋯ ,  R  n  k  −  α k   L n   (  P  1  k  , ⋯ ,  P  n  k  )  )  〉 〉        + ⋯ + 〈  P  n  j  ,   L ¯  n   (  R  1  k  −  α k   L 1   (  P  1  k  , ⋯ ,  P  n  k  )  , ⋯ ,  R  n  k  −  α k   L n   (  P  1  k  , ⋯ ,  P  n  k  )  )  〉        =  〈  R  1  k  −  α k   L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉   + ⋯ + 〈   R  n  k  −  α k   L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )         = [  〈  R  1  k  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉  + ⋯ +  〈  R  n  k  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )  〉  ]        −  α k   [  〈  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉  + ⋯ +  〈  L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )  〉  ]          = 0  ,         〈  P  1  k  ,   L ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  〉  + ⋯ +  〈  P  n  k  ,   L ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  〉         = [  〈  R  1  k  ,  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  〉  + ⋯ +  〈  R  n  k  ,  L n   (  P  1  k  , ⋯ ,  P  n  k  )  〉  ]        −  α k   [  〈  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  〉  + ⋯ +  〈  L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,  L n   (  P  1  k  , ⋯ ,  P  n  k  )  〉  ]         = [  〈   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  ,  P  1  k  〉  + ⋯ +  〈   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ,  P  n  k  〉  ]        −  α k   [ ∥   L 1   (  P  1  k  , ⋯ ,  P  n  k  )    ∥  2   + ⋯ + ∥   L n   (  P  1  k  , ⋯ ,  P  n  k  )    ∥ 2  ]          = [   〈   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  ,   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  +  β  k − 1    P  1   k − 1   〉   + ⋯ + 〈    L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ,   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )         +  β  k − 1    P n  k − 1    〉 ]  −  α k   [ ∥   L 1   (  P  1  k  , ⋯ ,  P  n  k  )    ∥  2   + ⋯ + ∥   L n   (  P  1  k  , ⋯ ,  P  n  k  )    ∥ 2  ]         = [ ∥   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )   ∥ 2  + ⋯ + ∥   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )   ∥ 2  ]        −  α k   [ ∥   L 1   (  P  1  k  , ⋯ ,  P  n  k  )    ∥  2   + ⋯ + ∥   L n   (  P  1  k  , ⋯ ,  P  n  k  )    ∥ 2  ]         = 0 .     








Consequently, Equations (14) and (15) hold for   0 ≤ j < i ≤ k  . From the definition of the inner product on   R   I 1  ×  I 2  × ⋯ ×  I m    , it also follows that


       〈   L ¯  1   (  R  1  i  , ⋯ ,  R  n  i  )  ,   L ¯  1   (  R  1  j  , ⋯ ,  R  n  j  )  〉  + ⋯ +  〈   L ¯  n   (  R  1  i  , ⋯ ,  R  n  i  )  ,   L ¯  n   (  R  1  j  , ⋯ ,  R  n  j  )  〉        =  〈   L ¯  1   (  R  1  j  , ⋯ ,  R  n  j  )  ,   L ¯  1   (  R  1  i  , ⋯ ,  R  n  i  )  〉  + ⋯ +  〈   L ¯  n   (  R  1  j  , ⋯ ,  R  n  j  )  ,   L ¯  n   (  R  1  i  , ⋯ ,  R  n  i  )  〉  ,        〈  L 1   (  P  1  i  , ⋯ ,  P  n  i  )  ,  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  〉  + ⋯ +  〈  L n   (  P  1  i  , ⋯ ,  P  n  i  )  ,  L n   (  P  1  j  , ⋯ ,  P  n  j  )  〉        =  〈  L 1   (  P  1  j  , ⋯ ,  P  n  j  )  ,  L 1   (  P  1  i  , ⋯ ,  P  n  i  )  〉  + ⋯ +  〈  L n   (  P  1  j  , ⋯ ,  P  n  j  )  ,  L n   (  P  1  i  , ⋯ ,  P  n  i  )  〉  .      








This shows that Equation (14) holds for   i ≠ j  .    □





Next, we present a useful lemma that can be used to study the convergence of Algorithm 1.



Lemma 3.

Assume that the generalized coupled Sylvester tensor Equation (1) is consistent. If it has solutions    X  1  *  , ⋯ ,  X  n  *   , then


          〈   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  ,  X  1  *  −  X  1  k  〉  + ⋯ +  〈   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ,  X  n  *  −  X  n  k  〉            = ∥   R  1  k    ∥  2  + ⋯ +   ∥  R  n  k  ∥  2  .      



(16)







Moreover,


          〈  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,  R  1  k  〉  + ⋯ +  〈  L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,  R  n  k  〉            = ∥    L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ∥  2  .      



(17)









Proof. 

It follows from Equation (13) that


       〈   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  ,  X  1  *  −  X  1  k  〉  + ⋯ +  〈   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ,  X  n  *  −  X  n  k  〉         =  〈  R  1  k  ,  L 1   (  X  1  *  −  X  1  k  , ⋯ ,  X  n  *  −  X  n  k  )  〉  + ⋯ +  〈  R  n  k  ,  L n   (  X  1  *  −  X  1  k  , ⋯ ,  X  n  *  −  X  n  k  )  〉         = 〈  R  1  k  ,  L 1   (  X  1  *  , ⋯ ,  X  n  *  )  −  L 1   (  X  1  k  , ⋯ ,  X  n  k  )  〉        + ⋯ + 〈  R  n  k  ,  L n   (  X  1  *  , ⋯ ,  X  n  *  )  −  L n   (  X  1  k  , ⋯ ,  X  n  k  )  〉        =  〈  R  1  k  ,  B 1  −  L 1   (  X  1  k  , ⋯ ,  X  n  k  )  〉  + ⋯ +  〈  R  n  k  ,  B n  −  L n   (  X  1  k  , ⋯ ,  X  n  k  )  〉          = ∥   R  1  k    ∥  2  + ⋯ +   ∥  R  n  k  ∥  2  .     











For Equation (17), we have


       〈  L 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,  R  1  k  〉  + ⋯ +  〈  L n   (  P  1  k  , ⋯ ,  P  n  k  )  ,  R  n  k  〉         =  〈  P  1  k  ,   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  〉  + ⋯ +  〈  P  n  k  ,   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  〉         = 〈   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  +  β  k − 1    P 1  k − 1   ,   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  〉        + ⋯ + 〈   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  +  β  k − 1    P n  k − 1   ,   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  〉         = ∥    L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ∥  2         +  β  k − 1    [  〈  P 1  k − 1   ,   L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )  〉  + ⋯ +  〈  P n  k − 1   ,   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  〉  ]          = ∥    L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ∥  2  .     











   □





From Equation (16), we can obtain that    L l   (  R  1  k  , ⋯ ,  R  n  k  )  ≠ O   if    ∥   R  1  k    ∥  2  + ⋯ +   ∥  R  n  k  ∥  2  ≠ 0 ,  ( l = 1 , ⋯ , n )  ;   otherwise, the tensor equations (1) are nonconsistent. Similarly, from Equation (17), if    ∥    L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ∥  2  ≠ 0 ,   then    R  l  k  ≠ O   and    L l   (  P  1  k  , ⋯ ,  P  n  k  )  ≠ O ,  ( l = 1 , ⋯ , n )  .   Overall, we have the following results.



Proposition 1.

Let    {  R  l  k  }  ,  {  P  l  k  }  ,  {   L ¯  l   (  R  1  k  , ⋯ ,  R  n  k  )  }    and   {  L l   (  P  1  k  , ⋯ ,  P  n  k  )  }   be the tensor sequences given by Algorithm 1,   l = 1 , ⋯ , n , k = 0 , 1 , ⋯ .   Then


    ∥   R  1  k    ∥  2  + ⋯ +   ∥  R  n  k  ∥  2  = 0   








if and only if


    ∥    L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ∥  2  = 0 .   













According to the foregoing observations, we present the following theorem to show that Algorithm 1 converges to an exact solution at most finite steps in the absence round-off errors.



Theorem 2.

Assume that the generalized coupled Sylvester tensor equations, Equation (1), are consistent. If the tensor sequences    {  R  l  k  }  ,  {  P  l  k  }  ,  {   L ¯  l   (  R  1  k  , ⋯ ,  R  n  k  )  }    and   {  L l   (  P  1  k  , ⋯ ,  P  n  k  )  }   are given by Algorithm 1,   l = 1 , ⋯ , n , k = 0 , 1 , ⋯ ,   then we can obtain a solution for any initial tensors    X 1 0  , ⋯ ,  X n 0    at most   n  I 1   I 2  ⋯  I n  + 1   steps in the absence round-off errors.





Proof. 

If


   ∥    L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ∥  2  = 0 ,   ( k = 1 , ⋯ , n  I 1   I 2  ⋯  I n  − 1 )  ,  








then it follows from Proposition 1 that    R l k  = O  , i.e.,    X 1 k  , ⋯ ,  X n k    are solutions of Equation (1). If


   ∥    L ¯  1   (  R  1  k  , ⋯ ,  R  n  k  )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1  k  , ⋯ ,  R  n  k  )  ∥  2  ≠ 0   ( k = 1 , ⋯ , n  I 1   I 2  ⋯  I n  )  ,  








then we have    L l   (  P  1  k  , ⋯ ,  P  n  k  )  ≠ O ,  ( l = 1 , ⋯ , n )   , i.e.,


   ∥   L 1   (  P  1  k  , ⋯ ,  P  n  k  )    ∥  2  + ⋯ +   ∥  L n   (  P  1  k  , ⋯ ,  P  n  k  )  ∥  2  ≠ 0 .  








So, we can obtain     L ¯  l   (  R  1   n  I 1   I 2  ⋯  I n  + 1   , ⋯ ,  R  n   n  I 1   I 2  ⋯  I n  + 1   )   . Therefore, by Equation (14), it follows that


         〈   L ¯  1   (  R  1  i  , ⋯ ,  R  n  i  )  ,   L ¯  1   (  R  1  j  , ⋯ ,  R  n  j  )  〉  + ⋯ +  〈   L ¯  n   (  R  1  i  , ⋯ ,  R  n  i  )  ,   L ¯  n   (  R  1  j  , ⋯ ,  R  n  j  )  〉           =       ∥    L ¯  1   (  R  1  i  , ⋯ ,  R  n  i  )    ∥  2  + ⋯ +   ∥   L ¯  n   (  R  1  i  , ⋯ ,  R  n  i  )  ∥  2  ,    j = i ,       0 ,    j ≠ i .          



(18)




holds for   0 ≤ j , i ≤ n  I 1   I 2  ⋯  I n  + 1  . Let


   M i  =        L ¯  1    (  R  1  i  , ⋯ ,  R  n  i  )   ( 1 )               L ¯  2    (  R  1  i  , ⋯ ,  R  n  i  )   ( 1 )            ⋱            L ¯  n    (  R  1  i  , ⋯ ,  R  n  i  )   ( 1 )        ,  








where     L ¯  1    (  R  1  i  , ⋯ ,  R  n  i  )   ( 1 )   , ⋯ ,   L ¯  n    (  R  1  i  , ⋯ ,  R  n  i  )   ( 1 )     denote the unfolding of themselves along mode 1. From Equation (18), we have


   〈  M i  ,  M j  〉  =       ∥   M i    ∥  2  ,    j = i ,       0 ,    j ≠ i .       








Hence,    M i   ( i = 1 , ⋯ , n  I 1   I 2  ⋯  I n  + 1 )    is an orthogonal basis of matrix space


  L =   S | S =       S 1           S 2          ⋱          S n       ,  








where    S l  ∈  R   I 1  ×  I 2  ⋯  I n    ,  ( l = 1 , ⋯ , n )   . However, it is impossible for    M  n  I 1   I 2  ⋯  I n  + 1   ≠ O   because the maximum dimension of  L  is   n  I 1   I 2  ⋯  I n   . Using Proposition 1, it follows that    R  l   n  I 1   I 2  ⋯  I n  + 1   = O  . This fact shows that    X  1   n  I 1   I 2  ⋯  I n  + 1   , ⋯ ,  X  n   n  I 1   I 2  ⋯  I n  + 1     are solutions of Equation (1).    □





Since the preconditioned technique is used to solve nonsingular linear systems, in the rest of this paper, without specification, we assume that Equation (1) always has a unique solution; i.e., the matrix A of Equation (8) is nonsingular. Now, we want to find a preconditioning matrix P to approximate   A  − 1    such that


  P A x = P b  



(19)




and Equation (8) has a same solution. Additionally, Equation (19) could be solved more effectively than the original systems.



The nearest Kronecker product (NKP) preconditioner, which is based on the Kronecker product approximations, was firstly described by Pitsianis and Van Loan in [44]. For a general matrix A, they derived a method for finding its nearest Kronecker product   M ⊗ N  , which causes   P =  M  − 1   ⊗  N  − 1     to approximate   A  − 1    sufficiently. Then, Langville and Stewart [45] extended the above results on matrices with special structure. The goal is to find matrices    Q 1  ,  Q 2  , ⋯ ,  Q n    such that


   ∥ A −   Q 1  ⊗  Q 2  ⊗ ⋯ ⊗  Q n    ∥  2   



(20)




is minimized, where   A =  ∑  j = 1  m   ⊗  i = 1  n   A  j   ( i )    . From [45], we can see that


      Q 1     ≈  a 11   A  1   ( 1 )   +  a 12   A  2   ( 1 )   +  a  1 m    A  m   ( 1 )   ,       Q 2     ≈  a 21   A  1   ( 2 )   +  a 22   A  2   ( 2 )   +  a  2 m    A  m   ( 2 )   ,        ⋮              ⋮       Q n     ≈  a  n 1    A  1   ( n )   +  a  n 2    A  2   ( n )   +  a  n m    A  m   ( n )   .      











Similarly, we now want to find matrices   R ,  P 1  ,  P 2  , ⋯ ,  P n    such that


   ∥ A − R ⊗   P 1  ⊗  P 2  ⊗ ⋯ ⊗  P n    ∥  2   



(21)




is minimized. Here, A is the same as in in Equation (8). It is easy to see that the matrix A can be written as


    A    =  R 11  ⊗  I  I n   ⊗ ⋯ ⊗  I  I 2   ⊗  A 11  +  R 12  ⊗  I  I n   ⊗ ⋯ ⊗  A 12  ⊗  I  I 1   + ⋯ +  R  1 n   ⊗  A  1 n   ⊗  I  I  n − 1    ⊗ ⋯ ⊗  I  I 1          +  R 21  ⊗  A  2 n   ⊗  I  I  n − 1    ⊗ ⋯ ⊗  I  I 1   + ⋯ +  R  2 n   ⊗  I  I n   ⊗  A  2 ( n − 1 )   ⊗ ⋯ ⊗  I  I 1   +  R  n 1   ⊗  I  I n   ⊗ ⋯ ⊗  A  n 2   ⊗  I  I 1          + ⋯ +  R  n n   ⊗  I  I n   ⊗ ⋯ ⊗  I  I 2   ⊗  A  n 1   ,     








where


   R  i j   = j       ⋱    ⋱      1      ⋱    ⋱      i   








is an   n × n   matrix,   i , j = 1 , ⋯ , n  . By Equation (20), it follows that


     R    ≈  r 11   R 11  +  r 12   R 12  + ⋯ +  r  1 n    R  1 n   +  r 21   R 21  + ⋯ +  r  2 n    R  2 n   + ⋯ +  r  n 1    R  n 1   + ⋯ +  r  n n    R  n n   ,       P 1     ≈  p 10   I  I n   +  p 11   A  1 n   +  p 12   A  2 n   + ⋯ +  p  1 n    A  n n   ,       P 2     ≈  p 20   I  I  n − 1    +  p 21   A  1 ( n − 1 )   +  p 22   A  2 ( n − 1 )   + ⋯ +  p  2 n    A  n ( n − 1 )   ,          ⋮                        P n     ≈  p  n 0    I  I 1   +  p  n 1    A 11  +  p  n 2    A 21  + ⋯ +  p  n n    A  n 1   ,      



(22)




where    r  i j   ,  p  i k     are unknown parameters,   i , j = 1 , ⋯ , n , k = 0 , 1 , ⋯ , n  . Moreover, in order to reduce the complexity of finding the inverse of R, we only take   R ≈  r 11   R 11  +  r 22   R 22  + ⋯ +  r  n n    R  n n    , i.e.,


  R ≈      r 11           r 22          ⋱          r  n n       .  








As stated in [24,45], the optimal parameters then can be solved by the nonlinear optimization software quickly, such as fminsearch in MATLAB, nlp in SAS, multilevel coordinate search. So, we have   A ≈ R ⊗  P 1  ⊗  P 2  ⊗ ⋯ ⊗  P n   , and take


    P    =   ( R ⊗  P 1  ⊗  P 2  ⊗ ⋯ ⊗  P n  )   − 1   =  R  − 1   ⊗  P 1  − 1   ⊗  P 2  − 1   ⊗ ⋯ ⊗  P n  − 1            =       r  11   − 1    P 1  − 1   ⊗  P 2  − 1   ⊗ ⋯ ⊗  P n  − 1                  r  22   − 1    P 1  − 1   ⊗  P 2  − 1   ⊗ ⋯ ⊗  P n  − 1                  ⋱               r  n n   − 1    P 1  − 1   ⊗  P 2  − 1   ⊗ ⋯ ⊗  P n  − 1            



(23)




as a preconditioner for solving Equation (8). Obviously, according to Equation (23) and the fact   ( A ⊗ B ) ( C ⊗ D ) = ( A C ⊗ B D )  , the tensor equation, Equation (1), can be rewritten as


       X 1   × 1   P n  − 1    A 11   × 2  ⋯  × n   P 1  − 1   +  X 2   × 1   P  n   − 1    × 2   P  n − 1   − 1    A 12   × 3  ⋯  × n   P 1  − 1         + ⋯ +  X n   × 1   P n  − 1    × 2  ⋯  × n   P 1  − 1    A  1 n   =  B 1   × 1   P n  − 1    × 2  ⋯  × n   P 1  − 1   ,        X 2   × 1   P n  − 1    A 21   × 2  ⋯  × n   P 1  − 1   +  X 3   × 1   P n  − 1    × 2   P  n − 1   − 1    A 22   × 3  ⋯  × n   P 1  − 1         + ⋯ +  X 1   × 1   P n  − 1    × 2  ⋯  × n   P 1  − 1    A  2 n   =  B 2   × 1   P n  − 1    × 2  ⋯  × n   P 1  − 1   ,               ⋮                         ⋮                        ⋮        X n   × 1   P n  − 1    A  n 1    × 2  ⋯  × n   P 1  − 1   +  X 1   × 1   P n  − 1    × 2   P  n − 1   − 1    A  n 2    × 3  ⋯  × n   P 1  − 1         + ⋯ +  X  n − 1    × 1   P n  − 1    × 2  ⋯  × n   P 1  − 1    A  n n   =  B n   × 1   P n  − 1    × 2  ⋯  × n   P 1  − 1   .      



(24)







From the above discussion, we propose a preconditioned modified conjugate residual (PMCR) method for solving Equation (1) (Algorithm 2).






	Algorithm 2 A preconditioned modified conjugate residual method for solving Equation (1)



	
	
Given initial values    X i 0  ,  B i  ∈  R   I 1  ×  I 2  × ⋯ ×  I n     ,    A  i j   ∈  R   I j  ×  I j     ,   k = 0  , and set   ϵ > 0  ,   i , j = 1 , ⋯ , n  .



	
Compute     B ¯  i  =  B i   × 1   P n  − 1    × 2  ⋯  × n   P 1  − 1   ,   and set


           M 1   (  X 1 0  , ⋯ ,  X n 0  )  =  X  1  0   × 1   P n  − 1    A 11   × 2  ⋯  × n   P 1  − 1   + ⋯ +  X  n  0   × 1   P n  − 1    × 2  ⋯  × n   P 1  − 1    A  1 n   ,        M 2   (  X 1 0  , ⋯ ,  X n 0  )  =  X  2  0   × 1   P n  − 1    A 21   × 2  ⋯  × n   P 1  − 1   + ⋯ +  X  1  0   × 1   P n  − 1    × 2  ⋯  × n   P 1  − 1    A  2 n   ,               ⋮                                  ⋮        M n   (  X 1 0  , ⋯ ,  X n 0  )  =  X  n  0   × 1   P n  − 1    A  n 1    × 2  ⋯  × n   P 1  − 1   + ⋯ +  X  n − 1  0   × 1   P n  − 1    × 2  ⋯  × n   P 1  − 1    A  n n   ,                  M ¯  1   (  R 1 0  , ⋯ ,  R n 0  )  =  R  1  0   × 1    (  P n  − 1    A 11  )  T   × 2  ⋯  × n    (  P 1  − 1   )  T  + ⋯ +  R  n  0   × 1    (  P n  − 1   )  T   × 2  ⋯  × n    (  P 1  − 1    A  2 n   )  T  ,         M ¯  2   (  R 1 0  , ⋯ ,  R n 0  )  =  R  1  0   × 1    (  P  n   − 1   )  T   × 2    (  P  n − 1   − 1    A 12  )  T   × 3  ⋯  × n    (  P 1  − 1   )  T  + ⋯       +  R  n  0   × 1  ⋯  × 3    (  P  n − 2   − 1    A  n 3   )  T   × 4  ⋯  × n    (  P 1  − 1   )  T  ,              ⋮                             ⋮         M ¯  n   (  R 1 0  , ⋯ ,  R n 0  )  =  R  1  0   × 1    (  P n  − 1   )  T   × 2  ⋯  × n    (  P 1  − 1    A  1 n   )  T  + ⋯ +  R  n  0   × 1    (  P n  − 1    A  n 1   )  T   × 2  ⋯  × n    (  P 1  − 1   )  T  ,         











	
Define    R  i  0  =   B ¯  i  −  M i   (  X 1 0  , ⋯ ,  X n 0  )  ,     P i 0  =   M ¯  i   (  R 1 0  , ⋯ ,  R n 0  )   , and compute


     s 0      = ∥    M ¯  1   (  R  1  0  , ⋯ ,  R  n  0  )    ∥  2  + ⋯ +   ∥   M ¯  n   (  R  1  0  , ⋯ ,  R  n  0  )  ∥  2  ,       p 0      = ∥   M 1   (  P  1  0  , ⋯ ,  P  n  0  )    ∥  2  + ⋯ +   ∥  M n   (  P  1  0  , ⋯ ,  P  n  0  )  ∥  2  ,       η k      = ∥   R 1 k    ∥  2  + ⋯ +   ∥  R n k  ∥  2  .     











	
For   k = 1 , 2 , ⋯   until    η k  < ϵ   do:


           R  1   k + 1   =  R  1  k  −  α k   M 1   (  P  1  k  , ⋯ ,  P  n  k  )  ,        R  2   k + 1   =  R  2  k  −  α k   M 2   (  P  1  k  , ⋯ ,  P  n  k  )  ,          ⋮                 ⋮        R  n   k + 1   =  R  n  k  −  α k   M n   (  P  1  k  , ⋯ ,  P  n  k  )  ,                  M ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  =  R  1   k + 1    × 1    (  P n  − 1    A 11  )  T   × 2  ⋯  × n    (  P 1  − 1   )  T  + ⋯       +  R  n   k + 1    × 1    (  P n  − 1   )  T   × 2  ⋯  × n    (  P 1  − 1    A  2 n   )  T  ,         M ¯  2   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  =  R  1   k + 1    × 1    (  P  n   − 1   )  T   × 2    (  P  n − 1   − 1    A 12  )  T   × 3  ⋯  × n    (  P 1  − 1   )  T  + ⋯       +  R  n   k + 1    × 1  ⋯  × 3    (  P  n − 2   − 1    A  n 3   )  T   × 4  ⋯  × n    (  P 1  − 1   )  T  ,               ⋮                       ⋮                     ⋮         M ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  =  R  1   k + 1    × 1    (  P n  − 1   )  T   × 2  ⋯  × n    (  P 1  − 1    A  1 n   )  T  + ⋯       +  R  n   k + 1    × 1    (  P n  − 1    A  n 1   )  T   × 2  ⋯  × n    (  P 1  − 1   )  T  ,             s  k + 1    = ∥    M ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )    ∥  2  + ⋯ +   ∥   M ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  ∥  2  .     











	
Calculate    β k  =   s  k + 1    s k   ,  


       P 1  k + 1   =   M ¯  1   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P 1 k  ,        P 2  k + 1   =   M ¯  2   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P 2 k  ,          ⋮                  ⋮        P n  k + 1   =   M ¯  n   (  R  1   k + 1   , ⋯ ,  R  n   k + 1   )  +  β k   P n k  ,      










   p  k + 1    = ∥   M 1   (  P  1   k + 1   , ⋯ ,  P  n   k + 1   )    ∥  2  + ⋯ +   ∥  M n   (  P  1   k + 1   , ⋯ ,  P  n   k + 1   )  ∥  2  .  






















4. Numerical Experiments


In this section, we give some numerical experiments to illustrate the effectiveness of the algorithms proposed in here. All codes were written in Matlab 2016b and run on a PC with Inter(R) Core(TM) i7-9750H @2.6 GHz and 8.00 GB memory. Additionally, all operations were based on tensor toolbox (version 2.5) proposed by Bader and Kolda [49]. We compare the MCR and PMCR algorithms with MCG [40] in terms of the number of iteration steps (“IT”), the elapsed CPU time (“CPU”) in seconds and the residual Frobenius norm (“RES”) defined as   η k  . In all of the following examples, we take   X = O   as initial tensors, and    η k  <  10  − 16     or the number of iteration steps exceeding 5000 as the stopping criteria.



Example 1.

Consider the third-order Sylvester tensor equation, Equation (2), with its coefficient matrices being the form of Equation (4). Such matrices are scaled by the same parameter   1   I x   I y   I z    , and   B = t e n r a n d (  I x  ,  I y  ,  I z  ) .   From [15], we let    τ q  =  1  π 2   +  10 3  ,  τ U  =  1  π 2   − 1.99 ×  10  − 5   , α =   ρ  C p   κ  = 1 ,    Δ t =  10  − 3    ,    δ x  =  δ y  = 0.1   and    δ z  =  10  − 5    .



In this case, we implement the proposed algorithms and MCG for finding the iterative solution of Equation (2), and reported the numerical results in Table 1. From this Table, we can observe that our algorithms in here are feasible and effective, and the elapsed CPU time corresponding to MCR algorithm is slightly less than MCG. The number of iteration steps to MCR algorithm is no more than    I x   I y   I z  + 1  , which coincides with the results of Theorem 2. It is also shown that the PMCR algorithm outperforms other algorithms, and its convergence rate is about four times that of the MCG method. Additionally, from Figure 1, we can see that the convergence behavior of MCR is more stable than that of MCG.





Example 2.

As the second example, we consider the following convection-diffusion equation [9,16,25,29]


       − v Δ u +  c T  ∇ u     = f    i n    Γ =   [ 0 , 1 ]  n  ,      u    = 0     o n    ∂ Γ .     .   



(25)







From the standard finite difference discretization on equidistant nodes and a second-order convergent scheme (Fromm’s scheme), Equation (25) can be discretized as Equation (5) with


        A i  =  v  h 2        2    − 1          − 1    2    − 1         ⋱   ⋱   ⋱         − 1    2    − 1         2    − 1       m × m   +   c i   4 h        3    − 5    1       1   3    − 5         ⋱   ⋱   ⋱   1       1   3    − 5         1   3      m × m   ,      








where   h =  1  m + 1     is the mesh size,   i = 1 , ⋯ , n .   Set   n = 5 , m = 10  , and


        ( 1 )  . v = 100 ,  c 1  = 1 ,  c 2  = 1 ,  c 3  = 1 ,  c 4  = 1 ,  c 5  = 1 ,         ( 2 )  . v = 100 ,  c 1  = 10 ,  c 2  = 30 ,  c 3  = 50 ,  c 4  = 70 ,  c 5  = 90 ,         ( 3 )  . v = 1 ,  c 1  = 1 ,  c 2  = 1 ,  c 3  = 1 ,  c 4  = 1 ,  c 5  = 1 ,         ( 4 )  . v = 1 ,  c 1  = 10 ,  c 2  = 30 ,  c 3  = 50 ,  c 4  = 70 ,  c 5  = 90 ,         ( 5 )  . v = 0.01 ,  c 1  = 1 ,  c 2  = 1 ,  c 3  = 1 ,  c 4  = 1 ,  c 5  = 1 ,         ( 6 )  . v = 0.01 ,  c 1  = 10 ,  c 2  = 30 ,  c 3  = 50 ,  c 4  = 70 ,  c 5  = 90 ,      








and   B = t e n r a n d ( 10 , 10 , 10 , 10 , 10 )  .



In this example, we utilize the proposed algorithms and MCG to solve Equation (5). The obtained numerical results are reported in Table 2. From this table, one can see that the number of iteration steps to MCR is less than    10 5  + 1  . On the other hand, the performance of MCR is slightly better than MCG in terms of the elapsed CPU time. It is also shown that PMCR algorithm converges faster than that of MCG and MCR.





Example 3.

Consider the following generalized coupled Sylvester tensor equations


        X 1   × 1   A 11  +  X 2   × 2   A 12  +  X 3   × 3   A 13  =  B 1  ,        X 2   × 1   A 21  +  X 3   × 2   A 22  +  X 1   × 3   A 23  =  B 2  ,        X 3   × 1   A 31  +  X 1   × 2   A 32  +  X 2   × 3   A 33  =  B 3  ,       



(26)




where   A 11   and   A 22   are the matrices   A 1   and   A 2   of Equation (4), respectively, and the remaining matrices and tensors are given by


       a l p h a = 100 ;         A 12  = r a n d  (  I 2  ,  I 2  )  + d i a g  ( o n e s  (  I 2  , 1 )  )  ∗ a l p h a ,    A 13  = r a n d  (  I 3  ,  I 3  )  + d i a g  ( o n e s  (  I 3  , 1 )  )  ∗ a l p h a ;         A 21  = r a n d  (  I 1  ,  I 1  )  + d i a g  ( o n e s  (  I 1  , 1 )  )  ∗ a l p h a ,    A 23  = r a n d  (  I 3  ,  I 3  )  + d i a g  ( o n e s  (  I 3  , 1 )  )  ∗ a l p h a ;         A 31  = r a n d  (  I 1  ,  I 1  )  + d i a g  ( o n e s  (  I 1  , 1 )  )  ∗ a l p h a ,    A 32  = r a n d  (  I 2  ,  I 2  )  + d i a g  ( o n e s  (  I 2  , 1 )  )  ∗ a l p h a ;         A 33  = r a n d  (  I 3  ,  I 3  )  + d i a g  ( o n e s  (  I 3  , 1 )  )  ∗ a l p h a ,    B i  = t e n r a n d  (  I 1  ,  I 2  ,  I 3  )  ,  i = 1 , 2 , 3 .      











Our tested experimental results in Table 3 show that the elapsed CPU time to all of the algorithms are increasing as the dimension increases, and the number of iteration steps to MCR algorithm does not exceed    I 1   I 2   I 3  + 1  . It also reflects that the elapsed CPU time to MCR with nearest Kronecker product preconditioner is much lower than that of MCR and MCG. From Figure 2, one can see that the MCG algorithm has a quiet irregular convergence behavior but MCR is rather stable. Additionally, we can see that the MCR algorithm is less than MCG in terms of the elapsed CPU time.






5. Conclusions


In this paper, we proposed a modified conjugate residual algorithm and its preconditioned version based on the Kronecker product approximations for solving the generalized coupled Sylvester tensor Equation (1). Our convergence analysis showed that the MCR algorithm is convergent to an exact solution for any initial tensors at most finite steps in the absence round-off errors, and its convergence behavior is more smooth than MCG for solving some problems. From the Kronecker product approximations, we developed the PMCR method for solving the original tensor Equation (1). The performance of PMCR outperforms other algorithms in terms of the elapsed CPU time and the number of iteration steps. Note that the nearest Kronecker product technique can also be applied to some existing methods, such as the biconjugate gradient method and biconjugate residual method. So, the preconditioned technique is very promising.
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Figure 1. Convergence history of Example 1,    I 1  = 15 ,  I 2  = 15 ,  I 3  = 20  . 
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Figure 2. Convergence history of Example 3:    I 1  = 5 ,  I 2  = 10 ,  I 3  = 15   (left),    I 1  = 15 ,  I 2  = 15  , and    I 3  = 15   (right). 






Figure 2. Convergence history of Example 3:    I 1  = 5 ,  I 2  = 10 ,  I 3  = 15   (left),    I 1  = 15 ,  I 2  = 15  , and    I 3  = 15   (right).
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Table 1. Comparison results of Example 1.






Table 1. Comparison results of Example 1.





	
Algorithms

	
MCG [40]

	
MCR

	
PMCR




	
    [  I x  ,  I y  ,  I z  ]    

	
IT

	
CPU

	
RES

	
IT

	
CPU

	
RES

	
IT

	
CPU

	
RES






	
   [ 5 , 5 , 5 ]   

	
15

	
0.1463

	
5.9784 × 10    − 18   

	
14

	
0.1396

	
3.6714 × 10    − 18   

	
5

	
0.0313

	
6.2438 × 10    − 19   




	
   [ 10 , 10 , 15 ]   

	
301

	
0.9928

	
9.6023 × 10    − 17   

	
296

	
0.9434

	
8.8758 ×   10  − 17   

	
62

	
0.2183

	
6.2891 × 10    − 17   




	
   [ 15 , 15 , 20 ]   

	
632

	
2.7739

	
9.6572 ×   10  − 17   

	
624

	
2.6599

	
9.5403 × 10    − 17   

	
149

	
0.5866

	
8.6559 ×   10  − 17   




	
   [ 15 , 20 , 25 ]   

	
1189

	
8.0489

	
6.4185 × 10    − 17   

	
1152

	
7.8583

	
4.5580 × 10    − 17   

	
359

	
2.2154

	
1.5868 × 10    − 17   




	
   [ 20 , 20 , 30 ]   

	
1696

	
10.2321

	
9.2562 × 10    − 17   

	
1648

	
9.7157

	
9.1825 × 10    − 17   

	
478

	
3.0135

	
4.8919 × 10    − 17   
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Table 2. Comparison results of Example 2.
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Algorithms

	
MCG [40]

	
MCR

	
PMCR




	
IT

	
CPU

	
RES

	
IT

	
CPU

	
RES

	
IT

	
CPU

	
RES






	
(1)

	
232

	
3.1112

	
9.7305 × 10    − 17   

	
226

	
3.0947

	
8.6237  ×  10  − 17    

	
58

	
0.8934

	
8.1465 × 10    − 17   




	
(2)

	
321

	
4.2594

	
8.8469 × 10    − 17   

	
299

	
3.9742

	
8.9632 × 10    − 17   

	
66

	
1.0423

	
7.7125 ×   10  − 17   




	
(3)

	
283

	
3.9432

	
9.9765 × 10    − 17   

	
278

	
3.9099

	
9.3321 × 10    − 17   

	
63

	
0.9578

	
9.0356 × 10    − 17   




	
(4)

	
400

	
5.2723

	
8.9944 × 10    − 17   

	
382

	
5.2150

	
9.1298  ×  10  − 17    

	
82

	
2.1283

	
7.9046 × 10    − 17   




	
(5)

	
376

	
5.0942

	
9.4951 × 10    − 17   

	
358

	
4.9285

	
9.8407  ×  10  − 17    

	
79

	
1.9201

	
8.9957 × 10    − 17   




	
(6)

	
487

	
6.0027

	
9.3902 × 10    − 17   

	
462

	
5.9755

	
9.4925 × 10    − 17   

	
124

	
2.4562

	
9.1929 × 10    − 17   
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Table 3. Comparison results of Example 3.
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Algorithms

	
MCG [40]

	
MCR

	
PMCR




	
    [  I 1  ,  I 2  ,  I 3  ]    

	
IT

	
CPU

	
RES

	
IT

	
CPU

	
RES

	
IT

	
CPU

	
RES






	
   [ 5 , 10 , 15 ]   

	
76

	
0.5844

	
3.1415 × 10    − 17   

	
74

	
0.5179

	
4.3350 × 10    − 17   

	
20

	
0.1248

	
2.5513 × 10    − 17   




	
   [ 10 , 15 , 20 ]   

	
465

	
3.4385

	
8.1439 × 10    − 17   

	
442

	
3.1806

	
6.1823 × 10    − 17   

	
102

	
0.6026

	
7.6829 × 10    − 17   




	
   [ 15 , 15 , 15 ]   

	
130

	
0.9715

	
1.1913 × 10    − 17   

	
128

	
0.9237

	
1.0795 × 10    − 17   

	
42

	
0.2556

	
6.4513 × 10    − 17   




	
   [ 20 , 25 , 30 ]   

	
1310

	
9.5945

	
9.1953 × 10    − 17   

	
1289

	
9.1217

	
8.3788 × 10    − 17   

	
363

	
2.0159

	
7.2917 × 10    − 17   




	
   [ 25 , 25 , 25 ]   

	
1255

	
9.0559

	
8.2675 × 10    − 17   

	
1210

	
8.8567

	
7.4489 × 10    − 17   

	
325

	
1.8219

	
7.6519 × 10    − 17   
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