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1. Introduction

Hypercompositional algebra, a new branch of abstract algebra, started its development
in 1934, when F. Marty introduced the concept of hypergroup as a natural generalization of
the concept of group. The law of synthesis of two elements was extended, in the sense that
the operation (defined on a group) was substituted with a multivalued operation (called
hyperoperation), i.e., the result of the hyperoperation being a subset of the underlying
set. As a consequence, new algebraic hypercompositional structures are defined and the
properties of the classical structures are conserved, or not, for similar hyperstructures. This
is also the case of the modules, extended to hypermodules, introduced firstly by Krasner [1],
and known today as Krasner hypermodules. Their additive part is a canonical hypergroup.
The fundamental aspects of the theory of hypermodules are very well covered, for example,
by the studies of Massouros [2], Nakassis [3], Anvariyeh [4,5], Ameri and Shojaei [6], and
Bordbar and Cristea [7-9].

Recently, the concept of smallness in module theory has been transported and in-
vestigated by Moniri et al. [10] in the class of hypermodules. Similarities and differences
of this concept in both theories have been clearly highlighted and supported by several
examples. As it was defined in [11] and then recalled in [12] already in the 1960s, a left
R-submodule N of an R-module M, where R is an arbitrary unitary associative ring, is
small if N + K = M, for any R-submodule K of M, implies K = M, and it is denoted by
N < M [13]. An R-module M is called a hollow if every proper R-submodule of M is small
in M. In a similar way, we may define these two concepts in hypermodule theory, but we
must pay attention, as it is explained in [10], to their meaning in a Krasner hypermodule
(where the additive part is a canonical hypergroup) and in a general hypermodule having
the additive part an arbitrary hypergroup (that can be also non-commutative). In addition,
an R-hypermodule M, with the property that the intersection of its two R-subhypermodules
is again an R-subhypermodule, is called supplemented if for each proper R-subhypermodule
N of M there exists a proper R-subhypermodule K of M such that K+ N = M = N +K
and N N K < K. In a Krasner hypermodule, the intersection of two subhypermodules is
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always a subhypermodule, while in a general hypermodule this property may not hold for
arbitrary subhypermodules, only for closed subhypermodules [10].

In this paper, we aim to obtain more properties of supplements in Krasner R-hypermo-
dules and understand their role related to projective hypermodules, in particular with
normal 7t-projective hypermodules. After a brief introduction on hypermodules, homo-
morphisms, and supplements in hypermodules, in Section 3, we provide new properties
of supplemented Krasner R-hypermodules. We prove that any quotient hypermodule
of a supplemented hypermodule is again supplemented (see Theorem 1), and, similarly,
the sum of two supplemented hypermodules is supplemented, too (see Theorem 2). In ad-
dition, we will provide also a new characterization of the finitely generated supplemented
hypermodules (see Theorem 4) and finitely generated amply supplemented hypermodules
(Theorems 5 and 6). In Section 4 we define the normal 7r-projective R-hypermodule and
present several properties related to direct summands and supplements. The main results
are represented by Proposition 2 and Corollary 2. The concept of normal projectivity has
been recently introduced by Ameri and Shojaei [6], using different kinds of epimorphisms
defined in the Krasner hypermodule category. Then, Bordbar and Cristea [14] provided
their characterization by mean of chains of hypermodules. This study is a step forward in
the theory of projective Krasner hypermodules.

2. Preliminaries and Notation

In this section, we briefly recall the main concepts and results related to Krasner
hypermodules that we will use throughout this paper. For a better understanding of the
topic, we start with some fundamental definitions in hypercompositional algebra presented
in several books [15,16] and overview articles [3,17,18]. We refer the reader also to the
first chapters of the book [13], containing an up-to-date account on lifting modules that
generalize the projective supplemented modules, and to the book [19] for an introduction
to module theory.

Hypermodules. Let H be a nonempty set and P*(H) be the set of all nonempty subsets
of H. The couple (H, o) is a hypergroupoid, where the hyperoperation on H is a function
o: Hx H — P*(H). For any nonempty subsets X and Y of H, one defines X oY =
Uyrex, yeyX o y. We simply write a o X and X o a instead of {a} o X and X o {a}, respectively,
for any a € H and any nonempty subset X of H. A hypergroupoid (H, o) is called a
semihypergroup if the hyperoperation o is associative, i.e., for every a,b,c € H, we have a o
(boc) = (aob)oc. Ahypergroupoid (H, o) is called a quasihypergroup if the reproduction
law holds, i.e., for every x € H, xo H = H = H o x. If the hypergroupoid (H, o) is a
semihypergroup and quasihypergroup, then it is called a hypergroup. A nonempty subset S
of a hypergroup (H, o) is called a subhypergroup of H if, for everya € S,a0S =S5 = Soa.
A canonical hypergroup is a hypergroup (H, o) satisfying the following conditions: (i) it
is commutative, i.e., for every a,b € H, aob = boa; (ii) there exists e € H such that
{a} = (aoce)N(eca) for every a € H (such an element e is called an identity of the
hypergroup); (iii) for every a € H there exists a unique a~! € H such thate € aca~! (the
element 4’ is called the inverse of a); (iv) for every a,b,c € H,ifc €aob, thena € cob™!
andbealoc.

An algebraic system (R, +, ) is called a Krasner hyperring if

—_

(R, +) is a canonical hypergroup;

2. (R,-)isasemigroup having zero as a bilaterally absorbing element, i.e,a-0 =0=0-a
foranya € R;

3. The multiplication distributes over the addition on both sides, i.e., for any a,b,c € R,

a-(b+c)=a-b+a-cand(b+c)-a=b-a+c-g

while (R, +, ) is called a general hyperring (or simply, a hyperring) if

—_

(R, +) is a canonical hypergroup with the scalar identity Og;
(R, -) is a semihypergroup;

N
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3. The multiplication distributes over the addition on both sides.

A hyperring R is called commutative if it is commutative with respect to the multipli-
cation. If a € a- 1g N'1g - a for every a € R, then the element 1y is called a unit element of
the hyperring R.

Now, let R be a hyperring with the identity element 1. A left R-hypermodule is
defined as an algebraic system (M, +, o), where the hypergroup (M, +) is endowed with
an external multivalued operation o, i.e., 0 : R x M — P*(M) such that, for every x,y € R
and a,b € M, the following statements hold:

1. xo(a+b)=xo0a+xob;
2. (x+y)oa=xoa+you;
3. (x-y)oa—xo(yoa)
4. a€lgoa.

Similarly, the concept of right R-hypermodule is defined and we say that (M, +, o) is
an R-hypermodule if it is a left and right one. Some authors call this hypercompositional
structure a general hypermodule. A nonempty subset N of an R-hypermodule M is called
a subhypermodule of M if N is an R-hypermodule under the same hyperoperations of M,
and we denote this as N < M. In other words, N is a subhypermodule of M if and only
ifxoa C Nanda—b € N forevery x € Rand a,b € N [20]. A hypermodule M having
the additive part of a canonical hypergroup is called a canonical R-hypermodule if it is a
hypermodule over a Krasner hyperring (R, +, -).

If we consider a Krasner hyperring R, then we may endow a canonical hypergroup
(M, +) with an external operation - : R x M — M defined as (r,m) — r-m € M. If,
for every x,y € Rand a,b € M, the following statements hold:

1. x-(a+b)=x-a+x-b;

2. (x+y)a=x-a+y-a
3. (x-y)-a=x-(y-a)
4. a=1g-a;

5. X'OMIOR,‘

then M is called a Krasner left R-hypermodule. Similarly, a right Krasner R-hypermodule is
defined and it is called a Krasner R-hypermodule (or simply a Krasner hypermodule) if it
is both left and right.

Let {N;}ic; be a family of subhypermodules of an R-hypermodule M. The set
Yict Ni = U{Yicra;|a; € N; forevery i € I suchthat 3n € N:a; =0, for all but finitely
many i > n} is a subhypermodule of M. A nonempty subset | of a commutative hyperring
Ris called a hyperideal,if x —y C Jand a-x C Jforeverya € R and x,y € J. Recall that
every hyperideal | of a hyperring R is a subhypermodule of the R-hypermodule R.

Let M be a left Krasner hypermodule over a Krasner hyperring R and K be a sub-
hypermodule of M. Consider the set 4 = {a+ K|a € M}. Then, ¥ is a left Krasner
hypermodule over R under the hyperoperation defined as + : % X % — P (%) and the
external operation ® : R x 1 — M defined as (a + K) + (@ +K)={b+K|beca+d}
andx® (a+K) = {b+K |be x-a} foreverya,a,b € Mand x € R. The Krasner hyper-
module % is called the quotient hypermodule of the hypermodule M. Note that a + K = K if
and only if a € K.

A nonzero Krasner R-hypermodule M is called simple [20] if the only subhypermodules
of M are {0y} and M itself. We denote by S(M) the set of all simple subhypermodules of
the Krasner R-hypermodule M.

The following technical result will be often used in the next sections.

Lemma 1 ((Modularity law) [21]). Suppose that M is a Krasner R-hypermodule and A, B, and C
are subhypermodules of M such that B < A. Then, AN (B+C) =B+ (ANC).

Small subhypermodules. A subhypermodule N of a left Krasner R-hypermodule M is
called a small subhypermodule of M and denoted by N < M, if N + L # M for every proper
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subhypermodule L of M. We refer the reader to [21] for basic properties related to small
subhypermodules. We recall here some basic properties of small subhypermodules that
will be used throughout the paper.

Lemma 2 ([21]). Let M be a hypermodule and X <'Y be subhypermodules of M. Then

(1) Y < Mifandonlyif X < Mand ¥ < .
(2)  Any finite sum of small subhypermodules of M is again small in M.
(3) IfY isadirect summand of M and X < M, then X < Y.

A left Krasner R-hypermodule M is called a hollow [10] if every proper subhypermod-
ule of M is small in M. Similarly to module theory, a left Krasner R-hypermodule is a
hollow if and only if the sum of any of its proper subhypermodules is a proper subhyper-
module. Moreover, M is called local if it has a proper subhypermodule that contains all
proper subhypermodules of M.

Let M be a left Krasner R-hypermodule. We will denote by Rad (M) the sum of all small
subhypermodules of M, that is, Rad(M) = Y ; . L. If M has no small subhypermodules
of M, then we set Rad(M) = M. Notice that Rad (M) is always a subhypermodule of the left
Krasner R-hypermodule M and M is local if and only if M is hollow and Rad(M) # M [10].

Homomorphisms. Let M and M’ be two left Krasner R-hypermodules. A function
f: M — M is called a homomorphism if for everya,b € Mandr € R, itholds f(a+b) C
f(a)+ f(b) and f(roa) = ro f(a), while it is called a strong homomorphism if f(a +b) =
f(a) + f(b) and f(roa) = ro f(a). For any subhypermodule N of a left Krasner R-
hypermodule M, the image f(N) is a subhypermodule of M" and the kernel ker(f) = {a €
M| f(a) = Opp } is a subhypermodule of M. If f : M — M’ is a strong epimorphism,
i.e., a strong surjective homomorphism, and ker(f) < M, then f is called a small strong
epimorphism. A subhypermodule U of a Krasner R-hypermodule M is called fully invariant
in M if a(U) is a subhypermodule of U, for every strong endomorphism « : M — M.

Supplements. Two subhypermodules N and N " of a left Krasner R-hypermodule M are
called independent if NN N = {0y}, and in this case, their sum N + N is denoted by
N & N’ and called direct sum. Moreover, a subhypermodule N of M is called a direct
summand of M if M = N @ K for some subhypermodule K of M [21]. A left Krasner
R-hypermodule M is called semisimple, if its subhypermodules are direct summands in
M [20]. As a generalization of semisimple hypermodules, in [10], the class of supplemented
hypermodules was introduced. Let M be a left Krasner R-hypermodule and U, V be
subhypermodules of M. V is called a supplement of U in M if it is a minimal element in
theset {L < M| L+ U = M }. Then M is called supplemented if every subhypermodule
of M has a supplement in M [10]. Thus, it is clear that V is a supplement of U in M if
andonly if V+U = Mand UNV < V, i.e., the canonical map V — % is a small
strong epimorphism. Moreover, U has amply supplements in M if, whenever U +V = M, V
contains a supplement V’ of U in M. The left Krasner R-hypermodule M is called amply
supplemented if every subhypermodule has amply supplements in M. These definitions
have been initially introduced in [10] for general hypermodules, and several examples have
been illustrated there.

It is clear that semisimple modules and hollow modules are examples of amply sup-
plemented Krasner R- hypermodules. Moreover, a supplemented Krasner R-hypermodule
M with zero Rad (M) is semisimple. Thus, we can write the following implications between
the three classes of Krasner R-hypermodules:

semisimple hypermodules=—- amply supplemented hypermodules=—> supplemented
hypermodules.
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3. Some Results of (Amply) Supplemented Hypermodules

Throughout this paper, we work with left Krasner R-hypermodules, that we briefly
call hypermodules.

In this section, some basic properties of (amply) supplemented hypermodules are
presented. For a better understanding of the concept, we will start with one example of
amply supplemented hypermodule.

Example 1 ([10]). Take the set R = {0,1,2,3} equipped with the hyperoperation + and operation
- defined as follows:

+ 01 2|3

ine0 | 0|1 213

inel [1)0,1]3]23| {2, ifr,s € {2,3}
me2 | 2|3 01 0, otherwise.
ine3 3123|101

ine

Then R is a Krasner hyperring and M = R is a left Krasner R-hypermodule with the
proper subhypermodules {0}, K = {0,1}, and L = {0,2}. Since L + K = M, it follows that
{0} is the only small subhypermodule of M. In addition, all subhypermodules are direct
summands of M and thus M is amply supplemented.

Recall here a result on the smallness property in quotient hypermodules.

Proposition 1 ([10]). Let M be a hypermodule and U C L be subhypermodules of M. Then é isa
small subhypermodule of % if and only if for all subhypermodules K of M the equality L + K = M
implies U + K = M.

In the following auxiliary result, we will present some properties of the supplements
of a hypermodule and of the set Rad(M) = Y_; .y L. Notice that very often we make use
of the second isomorphism theorem [22].

Lemma 3. Let M be a hypermodule and K, L two subhypermodules such that L is a supplement of
Kin M.

1. If U is a subhypermodule of L, then % is not small in %
2. If U is a subhypermodule of L and U is a small subhypermodule in M, then U is a small
subhypermodule in L.
3. Rad(L) = LNRad(M),
Rad K
Rad(M) = RedUDTK,

5. Rad(M) = (L+ Rad(M))N (K+ Rad(M)) = (LN Rad(M)) + (KN Rad(M)).
Proof. (1) Let U be a subhypermodule of L. If % is small in %, ie., % < %, then,
by Proposition 1, it follows that K + U = M, which contradicts with the minimality of L as
a supplement of K. Thus, ﬁ is not small in %

(2) Suppose that U + T = L, for some subhypermodule T of L. Then (U + T) + K =
L+ K = M. Therefore U + (T + K) = M, and since U < M, it follows that T+ K = M,
with L a supplement of K in M. Thus, by the minimality of L, we have T = L. Hence,
UL

(3) It is clear that Rad(L) C L N Rad(M). Conversely, let a € L N Rad(M). Since
Rad(M) is the sum of all small subhypermodules of M, it follows that Ra < M. Then,
by (2), we obtain Ra < L, i.e., a € Rad(L). Thus, L N Rad(M) C Rad(L), and therefore
Rad(L) = LN Rad(M).

(4) Since L is a supplement of K in M, the canonical map L — % is a small strong
epimorphism. From mLK >~ M we have that Rad( L) = Rad(%}). Since KN L C Rad(L),

it follows that Rad (£ ) = Rzlé%) . Therefore, every maximal subhypermodule of L contains
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KN L. In additi h = KiL o hich implies Rad Rad(1)1K B

n addition, we have ==« KmL which implies Ra ( ) = —%—. By using

the canonical strong eplmorphlsm M — M, on one side we have R“d(%HK < Rad(lgHK.

On the other side, Rad(L) + K < Rad(M) + K, and therefore Rad(%}) = L]I\(M
(5) Let N = Rad(M) and ¢ : M — M be the strong canonical epimorphism. Since
_ Rad(L)+K ., Rad(L) Rad(L) _ Rad(L) L
P(Rad(L) = = = FARed(l) ~ KNLNRadd) ~ knL ~ "(gAT)
Rad(M)+K  Rad(L)+K
K N K

(a2

Rad( %) and knowing (4), it follows that . Thus, we can write

N +K = Rad(M) + K = Rad(L) + K = (LN N) + K.

Then, N+ (NNK) = NN (N+K) = NN [(LNN) + K], which implies that N =
(LN N) + (KN N), meaning that Rad(M) = (LN Rad(M)) + (KN Rad(M)). It remains
to prove the first part of the formula. Again we use the modularity law and we obtain
LN(N+K)=LN(LNN+K)=(LNN)+ (LNK)=LNN. Therefore, (N +K) N (N +
L)=N+ ((N+K)NL) =N+ (LNN) = N, meaning that

Rad(M) = (L+ Rad(M)) N (K + Rad(M)).
Now the proof is completed. O

Recall from [6] that an R-hypermodule P is normal A-projective if, for every strong
epimorphism g € Homg (A, B) and every strong homomorphism f € Homg(P, B), there
exists f € Homg(P, A) such that go f = f. If P is normal A-projective in the category
Hmod for every hypermodule A, then P is called a normal projective hypermodule. In
addition, from [21], we know that, for any hypermodules M and N, a strong epimorphism
g: M — N is a small strong epimorphism if and only if for every strong homomorphism
f;if g o f is a strong epimorphism, then f is a strong epimorphism, too. Moreover, if f :
P — M is a small strong epimorphism and P is a projective R-hypermodule, then P is
called a projective cover of M.

Some fundamental results of supplements related to homomorphisms and projective
covers are gathered in the next result.

Lemmad4. 1.  In the following commutative diagram, suppose that <y and 0 are strong epimor-
phisms, while « is a small strong epimorphism related to the hypermodules U, V, W, S.

B

u Vv

144

If X is a supplement of ker(vy) in U, then B(X) is a supplement of ker(0) in V.

2. If X is a subhypermodule of the hypermodule M and 4} has a projective cover, then X has a
supplement in the hypermodule M.

3. If Lis asupplement of K in a hypermodule M and vy : M — M is a strong endomorphism
with Im(1 — n) a subhypermodule of K, then 1 (L) is a supplement of K in M.

4. IfLisa supplement of K in a hypermodule M and X is a subhypermodule of K, then M isa

supplement of & x in A}f

Proof. (1) By the hypothesis, we have X + ker(y) = U and X Nker(y) < X. Let us
consider the following short exact sequence constructed with the hypermodules and their

strong homomorphisms: X — ker( j—W—S=U— B(X) — % — S. Since
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B(X) + ker(6) = V and B(X) Nker(8) < B(X), it follows that B(X) is a supplement of
ker(6) in V.

(2) Let P be a projective cover of ¥ < i-e., the function f : P — % is a strong
epimorphism and P is a projective hypermodule Then, for the strong epimorphism
h € Homg(M, %), there exists B € Homg (P, M) such that go B = f, i.e., the following

diagram commutes.
P i M
id lg
p—1 4

Since ker(id) = {0p}, it follows that P is a supplement of {Op} = ker(id) in P and by
item (1) it results that B(P) is a supplement of X = ker(g).

(3) Let L be a supplement of K in the R-hypermodule M. Since Im(1 — 1) is a subhy-
permodule of K, it follows by item (1) that the following diagram

7

M M

=

=

is commutative and 7(L) is a supplement of K in M.
(4) The statement follows by applying item (1) to the following diagram

|

|

where (L) = X and Kera = §. O

The last item of Lemma 4 can be written as follows.
Theorem 1. Every quotient hypermodule of a supplemented hypermodule is supplemented, too.

In order to characterize the sum of supplemented hypermodules, we first prove the
following auxiliary result.

Lemma 5. Let M be an R-hypermodule.

1. Let N,K, L be three subhypermodules of M such that N + K+ L = M. If N is a supplement
of K+ L in M and K is a supplement of N 4 L in M, then N + K is a supplement of L in M.

2. Let N and K be two subhypermodules of M such that N is supplemented. If N + K has a
supplement in M, then K has a supplement in M, too.

Proof. (1) Since N is a supplement of K + L in M, it follows that (K+ L) "N < N and,
similarly, (N + L) N K < K. We will prove that LN (N + K) < N + K.

By the modularity law we have LN (N +K) = N+ (LNK) and KN (N+L) =
N+ (KNL). Therefore, LN (N +K) C [NN(L+K)] + [KN (L + N)] and since the sum of
small subhypermodules is a small subhypermodule, we have that LN (N + K) < N + K.
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(2) Let X be a supplement of N + K in M. Thus, N+ K+ X = Mand (N+K)NX <
X. We know that N is supplemented, therefore N N (K + X) has a supplement Y in N,
ie, NN(K+X)+Y=Nand NN(K+X)NY = (K+ X)NY < Y. Then we have

M=N+K+X=NnN(K+X)+Y+ (K+X)=K+X+Y
and
KN(X+Y)C[XN(K+Y)]+[YN(K+X)] C[XN(K+N)]+[YN(K+X)].

Since XN (K+ N) <« Xand YN (K+ X) < Y, it follows that KN (X 4+ Y) < X + Y (the
sum of small subhypermodules is a small subhypermodule). Thus, X + Y is a supplement
of Kin M. [

Theorem 2. The sum of two supplemented hypermodules is supplemented, too.

Proof. Let M; and M, be two supplemented hypermodules. We will prove that M = M; +
M, is supplemented, too. Let U be a subhypermodule of M. Since M; is supplemented,
it follows that its subhypermodule (M; + U) N M; has a supplement V in M,. Then
M=M+M, =M+ (M +UNM+V = M; + U+ V. In addition, since V is a
supplement of (M; + U) N My in My, wehave (M1 +U)NV = (M;+U)NM) NV K V.
This means that V is a supplement of M; + U in M. Since M; is supplemented, by Lemma 5
(2), it follows that U has a supplement in M. Therefore, M is supplemented. [
Corollary 1. If in the exact sequence 0 — U — M — % — 0 of hypermodules U and %
are supplemented and U has a supplement in every subhypermodule X, with U < X < M, then
the hypermodule M is supplemented.

Proof. Let V be a subhypermodule of M, ¥ 77 bea supplement of V+u in %, and Y be a
supplementof Uin X. Wehave U+Y = X, UNY < Y, YL + ¥ = Hand U N ¥ < §.
Hence V+U+X=M, (V+U)NY < (V+U)NX,s W*}P”Y < <V+”)”X < 5 Thus
we suppose that there exists a subhypermodule T of Y such that (V+U) N Y +T =Y. Then
w + % = % By using W < U' it follows that % =X Thus, U+ T = X.
Since Y is a supplement of U in X, we have T = Y. Therefore, Y is a supplement of V + U
inM,ie,YN(V+U)<Y. Then, by Lemma 5 (2), we conclude that V has a supplement
inM. O

Recall that an R-hypermodule M is local if and only if M is hollow and Rad(M) #
M [10]. It can be easily seen here that if a hypermodule M is a hollow and Rad(M) # M,
then M is cyclic and Rad(M) is the largest subhypermodule of M.

Theorem 3. If M is a direct sum of hollow hypermodules and Rad(M) is small in M, then M is
supplemented.

Proof. Let M = ©,cqM,, with M, a hollow hypermodule and Rad(M) < M. Defining
Mo — My+Rad(M) M, M,
T Rad(M) ARad(M) ~ Rad(M

hollow hypermodule for every v € (), it follows that %Mw) is hollow, too, accordingly

with [21], Proposition 2.4. Then Rad(M) = @&,cqRad(M,) and Rad(M) < M. Moreover,
since M, is a hollow hypermodule and Rad(M,) < M, for every v € (), it follows
that Rad(M,) < M,. Thus, Rad(M,) # M, for every v € Q and Rad(M,) is the

largest subhypermodule of M, for every 7 € Q). Therefore, - d( 5 is simple for every

, we obtain M, = + — for every 7 € O. Since My is a
v

v € Q. This implies that M = W(M) = ®7€QW = EBWEQMV. Therefore, for an
arbitrary subhypermodule U of M, there exists ® C Q) with M = (@WGQ%}(A’”) @ U. Let
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V = ®ycoMy. Then, M = UG Vand UNV < Rad(M). So UNV < M. Because Rad(M)
is small in M, we have U NV <« M and since V is a direct summand of M, we conclude
that UNV < V. Therefore, V is a supplement of U in M. Hence M is supplemented. [

Theorem 4. For a finitely generated hypermodule M, the following statements are equivalent:

(a) M is supplemented.
(b)  Every maximal subhypermodule of M has a supplement in M.
(¢) M isasum of hollow subhypermodules.

Proof. (a) = (b) This implication is clear.

(b) = (c) Let S = Y {U < M | U is ahollow subhypermodule of M}. Then SCM.
Now suppose SCM. Since M is finitely generated, by Zorn’s lemma we know that S is
contained in a maximal subhypermodule N of M. By hypothesis (b), N has a supplement
Kin M,ie., M = N+ Kand NNK <« K. Since % = % i ﬁ, it follows that N N K
is a maximal subhypermodule of K and NN K <« K. Thus, K is local with the largest
subhypermodule N N K. From K < § < N it follows that M = N+ K = N, which is a
contradiction. Then S = M.

(c) = (a) We know that M is finitely generated and M = Y., c M, with Q) a finite
set, where each M, is a hollow subhypermodule and Rad(M) < M. Let K be any proper

subhypermodule of M. We can write z 21w = ¥, %{lﬂfm. Since Rad(M,) C

Rad(M)
M, N Rad(M) and MVRJ;[I;(‘I 16[()1\/1 ) o~ A mj\lf;d( 77+ these factors are simple or zero. We gain
M

the equation R = Do EQ'%W’ and since Rad(M) < M, we conclude that

M =Y, Mg with local subhypermodules My for any 6 € Q' C Q. Thus, K is contained
in a maximal one, and K has a supplement in M, as we saw in Theorem 3, so M is
supplemented. O

Example 2 (See [10], Example 2.4). Let (Zy x Zg, *,©) be a hypermodule over the hyperring
(Z,®,®), where (a,b) * (c,d) = {(a,b),(c,d))}, no(a,b) = {n(a,b)}, n®&m={n,m}and
n©m = {nm} forall (a,b),(c,d) € Zy x Zg and n,m € Z. Since every proper subhypermodule
of (Zy X Zy, *,) is small, it follows that (Zy X Zyg, *,) is a hollow. By using Theorem 4, we
conclude that (Zy X Za, x,©) is also supplemented.

We conclude this section with some characterizations of amply supplemented hyper-
modules.

Theorem 5. For a hypermodule M, the following statements are equivalent.

(a) M is amply supplemented.

(b) Every subhypermodule N of M is of the form N = Nj + N, with Ny supplemented and
Ny < M.

(c) For every proper subhypermodule N of M, there exists a supplemented proper subhypermodule
N of N with Nﬂ] < %

Proof. (a) = (b) Let M be an amply supplemented hypermodule and N be a proper
subhypermodule of M. Then N has an ample supplement K in M, i.e., M = K+ N and
there exists a supplement Nj of K in M which lies in N. It follows that NN (K + Np) =
NN M = N, while by the modular law we have NN (K+ N;) = N; + (KN N). Thus,
N1 4+ (KN N) = N. Denote N, = KN N, which is small in M. It remains to be shown
that Nj is supplemented. By the hypothesis for a subhypermodule A of Ny, let L be a
supplement of A + K in M that is contained in Nj. Then L is also a supplement of A in N;
because LN A < L, and from the minimality of Ny, it follows that L + A = Nj.
(b) = (c) If N = Ny + N, with N, < M, it follows immediately that Nﬂl < %
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(c) = (a) Let N be a subhypermodule of N. By hypothesis, there exists a supple-

mented subhypermodule Nj of N with Nﬂ] < NM1 It follows that U + N; = M, and if N is a

supplement of U N Nj in Nj, then using the small strong epimorphism N L — U?W]}\h = %,

we conclude that N' is a supplement of U in M and it is contained in Nj. Thus, N has an
ample supplementin M. O

Theorem 6. A finitely generated hypermodule M is amply supplemented if and only if every
maximal subhypermodule has ample supplements in M.

Proof. For an arbitrary ample supplemented hypermodule M, first we prove the following
property. If A+ B = M and both subhypermodules A and B have ample supplements in
M, then so has A N B. Indeed, from (AN B) + C = M, it follows that A+ (BNC) = M =
B+ (ANC), and since M is ample supplemented, we have a supplement B'<BNCof A
and a supplement A" < AN C of Bin M. It follows that A" + B' < C is a supplement of
ANBin M.

Suppose now that M is finitely generated and every maximal subhypermodule]\?as

ample supplements in M. By Theorem 4, we know that M is supplemented, hence Rad(M)

is semisimple. Thereby, for every subhypermodule U of M, the factor hypermodule

Rad(M)TU 18 semisimple and finitely generated. Since Rad(M)TU 18 )s(emlslmpleé it iollows
M _ ses M _ X i _ i i
that Rad( gzzieg) = 0. Inaddition, Rad(gezimrg) = Nielraasn = Red(w+u 107

every maximal subhypermodule

f Rad(ZXI/IHU' Thus, Rad(M) + U = N[ X; for

W is finitely generated, there exists a

finite subset I' of I such that Rad(M) + U = N;ey Xi- Thus, by the first part of the proof,
we conclude that Rad(M) + U has ample supplements in M, so also U. [

X;
Rad(M)+U ©
all maximal subhypermodules X; of M. Since

4. Normal rt-Projective Hypermodules

The aim of this section is to introduce the notion of normal 7t-projective hypermod-
ule, to find its properties related to direct summands and supplements, and to provide a
relationship between direct summands and supplements for this particular case of hyper-
modules.

Definition 1. An R-hypermodule M is called normal rt-projective if for every pair (U, V) of
subhypermodules of M satisfying U + V = M, there exists a strong homomorphismy : M — M
with Im(n) < U and Im(1 —n) < V, where 1 denotes the identity strong homomorphism of M.

Subhypermodules U and V are called normal mutually-projective if U is normal V-projective
and V is normal U-projective [6].

Lemma 6. For a normal rt-projective hypermodule M, the following statements hold:

1. IfU+V = Mand U is a direct summand in M, there exists a subhypermodule v of V with
UsV =M.

2. IfU+V = Mand Uand V are direct summands in M, then sois UN V.

3. IfUeV =Manda:U— V isastrong homomorphism with a direct summand Im(«)
in V, then ker(a) is a direct summand in U.

4. IfU®V = M and a subhypermodule u' of U exists such that % is isomorphic to a direct

. !, . .
summand in V, then U is a direct summand in U.

Proof. (1) Let M = U+ V and M = U & X for some subhypermodule X of M. Since
M is a normal 7-projective hypermodule, there exists a strong homomorphism # : M =
V+U — MwithIm(1—#) < Uand Im(y) < V. Therefore 7(X) < (M) < V, meaning
that 7(X) is a subhypermodule of V. Then, it follows that M = U & 5(X). Thus, there
exists a subhypermodule V' = 7(X) of V with U & V' = M.
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(2) Suppose that U 4+ V = M and U and V are direct summands in M. Then, by (1),
there exist a subhypermodule U of U and a subhypermodule V' of V such that M =
UpV =U @ V. Itfollows that M = (UNV) @ (U + V).

(3) Suppose that U & V = M and Im(«) is a direct summand in V. Then there
exists a subhypermodule V' of V such that Im(a) V' = V. Let A = U+ V and B =
{u+a(u)|lueU}. ThusM = A+B=AdIm(ax) = B®V and ANB = ker(a), so
applying (2), we obtain that ker(«) is a direct summand in M and also in U.

(4) Suppose that U & V = M, and % is isomorphic to a direct summand in V, where

U'is a subhypermodule of U. Therefore there exists a strong injective homomorphism
B: % — V such that Im(p) is a direct summand in V. Now consider the strong canonical

epimorphism 77 : U — % andleta = Bom: U —s V. By (3), we obtain that ker(a) = U’
is a direct summand in U. O

Example 3. Let I and | be right hyperideals in a hyperring R, with I C | C I', where I is the
intersection of all maximal hyperideals containing 1. Consider the hypermodule M := % X % and
the subhypermodules A = R - (1,0), C = R-(1,1) and C = R - (0,1). Since I C ], it follows
immediately that M = A+B = A©C = B®Cand ANB = {Og} - }. Because ] C I, it
follows that % C Rad(R), thus AN B < M and therefore AN B # {0} is not a direct summand
in M. Moreover, the subhypermodules A and B are mutual supplements in M, that is M = A + B,

ANB <K Band ANB < A.

Lemma 7. If M = U ® V is a normal rt-projective hypermodule, then the subhypermodules U
and V are normal rt-projective, too. In addition, they are normal mutually-projective.

Proof. To show the normal 7r-projectivity of U, suppose that X + Y = U, where X and
Y are subhypermodules of U. Since X 4+ (Y + V) = M and M is a normal 7t-projective
hypermodule, it follows that there exists a strong endomorphism a of M such that Im(«) is
a subhypermodule of X and Im(1 — &) is a subhypermodule of Y + V. This induces a map
7 : U — U defined by #(u) = a(u), for each u € U. Then we have Im() = a(U) < X
and Im(1 —#n) = Im(1 —a) <Y, since UNV = {0}. Therefore, U is a normal rt-projective
subhypermodule, and similarly we can prove the assertion for V.

It remains to be proved that V is U-projective. For this, for an arbitrary hypermod-
ule Q, consider an arbitrary strong epimorphism  : U — Q and an arbitrary strong
homomorphism ® : V. — Q. Therefore Y = {u —v|u € U,v € Vand B(u) = ®(v) } is
a subhypermodule of M such that U +Y = M. Hence, since M is a 7-projective hyper-
module, a strong endomorphism « of M exists such that Im(x) < U and Im(1 —«) <.
Therefore, the map  : V. — U induced by g, i.e., ¥(v) = a(v), for any v € V, the equality
By = Pholds. O

Lemma 8. For a normal rt-projective hypermodule M, the following statements hold:

(1) IfU+V = Mand U has a supplement in M, then U has a supplement contained in V.

(2) IfU+V = Mand U and V have supplements in M, then U NV also has a supplement in
M.

(3) IfU+V = Mand V is a fully invariant subhypermodule in M, then every supplement of U
liesin V.

(4) IfUandV are mutual supplements in M, then M =U @ V.

Proof. (1) By hypothesis, the hypermodule M = U + V is m-projective, so there exists
a strong endomorphism « of M such that Ima < V and Im(1 —a) < U. Since U has
a supplement W in M, by Lemma 4 (3) it follows that a(W) is a supplement of U and
a(W) < V.

(2) Accordingly with point (1), the subhypermodule U has a supplement V' in M,
with V' < V, and the subhypermodule V has a supplement U in M, with U < U.
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Therefore, M= U +V =V + U, withUNV <V andVNU < U By the modularity
law, we can write U = UNM = UN(V+U') = (UNV)+ U and similarly, V =
(UNV)+ V. Therefore,

M=U+V=[UnNV)+U]+[UNV)+V]=UNV+U +V)
and
(U +vHnunv
u+vaounv
u'nv)+w nu)
< u+v.

U +vhinunv) =

It follows that U’ + V' is a supplement of U NV in M.

(3) Let W be a supplement of U in M. Since M is a normal 7r-projective hypermodule,
there exists a strong endomorphism « : M = W+ U — M, with Im(1 —a) < W and
Im(a) < U. Therefore, taking 7 = 1 — &, we obtain that (V) = W < V, since V is a fully
invariant subhypermodule of M.

(4) Let U and V be mutual supplements in M. It is enough to show that UNV = 0,
since clearly, M = U + V. Consider the strong epimorphisms a : U X V — % X %,
defined by a(u1,v) = (v+ U, u+ V), forall (u,v) e UxV,B:UxV — M, defined as
B(u,v) = u+uv, forall (u,v) € Ux Vand w: M — ¥ x ¥, with the definition law
n(m) = (m+U,m+ V), forall m € M. Since

(7tB)(u, ) nu+v)=((u+ov)+U (u+0)+V)=(@w+Uu+V)
= wa(u,v),

it follows that the following diagram

UxV—"—s M x ¥
/7
B -
//71'
M=U+V

is commutative. It can be seen that ker(a) = (UNV) x (UNV). Since UNV <« U
and UNV <« V, we obtain that ker(a) is small in U x V. It means that « is a small
strong epimorphism. Since M is normal 7t-projective, there exists a strong homomorphism
n:M— Mwith Im(y) < Uand Im(1—n) < V. Let f : M — U x V be defined
by f(m) = (y(m), (1 — y)(m)), for all m € M. Then (Bf)(m) = B(f(m)) = (y(m), (1 -
n)(m)) =n(m)+ (1 —n)(m) =m = Ipy(m) and so B splits. It means that ker(pB) is a direct
summand of U x V. Therefore ker(f) < ker(a). It follows that ker(f) < U x V and so
ker(B) = 0. Hence UNV =0. O

Proposition 2. For a normal rt-projective hypermodule M, the following assertions are equivalent.
1. IfU+V = Mand UNV has a supplement in M, then U and V have a supplement in M,

too.

2. IfU+V = Mand UNYV has a supplement in M, there exist u’ < U and V' < V with
uUuaeVv =M.
Moreover, if Rad(M) < M, then these two assertions are further equivalent to the next three,
where M = —M__

Rad(M)
3. IfU < Mand U is a direct summand in M, then U has a supplement in M.
Every direct summand of M is the image of a direct summand in M.
5. Every decomposition of M is induced by a decomposition of M.

L
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Proof. (1) = (2) By hypothesis, U has a supplement in M. Thus, accordingly to Lemma 6
(1), there exists V' < VsuchthatU+V =Mand UNV < V', soUhasa supplement V'
in M. Similarly, V' has a supplement U’ < U, and therefore U’ & V' = M by Lemma 8 (4).

(2) = (1) Let U+ V = M and W be a supplement of UNV in M. Therefore,
M = (UNV)+ W. Based on the modularity law, we can write V. = MNV = [(UNV) +
WINV =UnNV)+ (VNW)and similarly, U = (UNV) + (UNW). Therefore,

M

U+vV=[UnV)+(VNW)]+[(UNV)+ (UNW)]
Unv+vnw+un w
U+ (Vaw).

Since W is a supplement of U NV in M, it follows that (UNV)NW =UN (VN W) is
a small subhypermodule of M. By hypothesis, there exist subhypermodules U < U and
174 < V N W such that U oV = M. Nowitisclear that M = U+ V' = V + U'. Since
Unv' <un(VNw)isasmall subhypermodule of M and V' is a direct summand of M,
we obtain that U NV is a small subhypermodule of V'.Hence V' isa supplement of U in
M. In the same way, it can be shown that U’ is a supplement of V in M.

Suppose now that Rad(M) < M.

(2) = (5) UV = M with Rad(M) < U and V < M, then there exist U < U and
V <vwithU eV =M by the hypothesis, and hence it follows that U' = U and V' = V.

(5) = (4) Clear.

(4) = (3) For W & U = M, there exists a direct summand V of M with V = W by the
hypothesis. It follows that V is a supplement of U in M.

(3) = (1) Let U+V = M and W be a supplement of UNV in M. It follows
for Vv == VNWthat U+ V; = Mand UNV; C Rad(M). Because M is normal 7t-
projective and Rad(M) is a fully invariant subhypermodule in M, it can be shown that
(U + Rad(M)) N (V1 + Rad(M)) = Rad(M), thatis, U & V; = M, so U has a supplement
in M by the hypothesis. Similarly, the property holds for V. O

As a direct consequence of Proposition 2, we state the following necessary and suf-
ficient condition for a normal 7r-projective hypermodule with small radical to be supple-
mented.

Corollary 2. A normal rt-projective hypermodule M with small radical is supplemented if and
only if the quotient hypermodule M = is semisimple and every direct summand of M is the

image of a direct summand in M.

M
Rad(M)

5. Conclusions

In classical algebra there is a unique concept of module over a ring, while in hypercom-
positional algebra we must distinguish between the general hypermodule and the Krasner
hypermodule, depending on their additive structure: if the additive part is a canonical
hypergroup, then we talk about a Krasner hypermodule. Thus, some properties hold only
in Krasner hypermodules and not in general ones, such as, for example, the following one.
The sum of two arbitrary Krasner subhypermodules is always a Krasner subhypermodule,
whereas, the sum of subhypermodules of a general hypermodule may not be a subhyper-
module. As a consequence, Rad(M), which is the sum of all small subhypermodules of a
hypermodule M (a general one or a Krasner hypermodule), plays a fundamental role in
the characterization of hollow hypermodules. These are hypermodules with the property
that every subhypermodule is small.

In this article, we have focused on Krasner hypermodules and in particular we have
related the notions of supplement and direct summand to normal projectivity. Especially,
we have proved that the class of supplemented Krasner hypermodules is closed under finite
sums and under quotients. In addition, we have showed that a finitely generated Krasner
hypermodule is supplemented if and only if it is a sum of hollow subhypermodules. Some
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characterizations of amply supplemented Krasner subhypermodules have been provided.
One of them says that a finitely generated hypermodule M is amply supplemented if and
only if every maximal subhypermodule has ample supplements in M. After presenting
some fundamental properties of normal 7r-projective hypermodules related to the behavior
of direct summands and supplements, we have concluded our study with a necessary and
sufficient condition for a normal 7r-projective hypermodule M with small radical Rad(M)
to be supplemented.

We believe that this study could open new lines of research, one being related with
embeddings. It would be useful to know that any Krasner R-hypermodule is embed-
ding in a normal 7r-projective hypermodule, because then we can easily work with the
characterizations provided in this article for normal 7-projective hypermodules. Another
future research idea could be related with the category of Krasner R-hypermodules. If we
consider a normal 7t-projective R-hypermodule M with strong endomorphism hyperring
S = End(M), then we may ask about the relationship between the class hom3 (M, N) of
all strong R-homomorphisms from M to an arbitrary subhypermodule N and S as an
S-subhypermodule.
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