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Abstract: General overlap functions are generalized on the basis of overlap functions, which have
better application effects in classification problems, and the (weak) inflationary BL-algebras as the
related algebraic structure were also studied. However, general overlap functions are a class of
aggregation operators, and their commutativity puts certain restrictions on them. In this article, we
first propose the notion of pseudo general overlap functions as a non-commutative generalization of
general overlap functions, so as to extend their application range, then illustrate their relationship with
several other commonly used aggregation functions, and characterize some construction methods.
Secondly, the residuated implications induced by inflationary pseudo general overlap functions are
discussed, and some examples are given. Then, on this basis, we show the definitions of inflationary
pseudo general residuated lattices (IPGRLs) and weak inflationary pseudo BL-algebras, and explain
that the weak inflationary pseudo BL-algebras can be gained by the inflationary pseudo general
overlap functions. Moreover, they are more extensive algebraic structures, thus enriching the content
of existing non-classical logical algebra. Finally, their related properties and their relations with some
algebraic structures such as non-commutative residuated lattice-ordered groupoids are investigated.
The legend reveals IPGRLs include all non-commutative algebraic structures involved in the article.

Keywords: pseudo general overlap functions; fuzzy implications; inflationary pseudo general resid-
uated lattices; weak inflationary pseudo BL-algebras

MSC: 06D72; 08A72; 68T27

1. Introduction

As a special class of aggregation operators [1], overlap functions [2,3] are mainly used
in applications involving overlap problems, and also play a significant role on the multi-
attribute group decision making and image processing [4-6]. Later, Miguel et al. [7] relaxed
two boundary conditions of overlap functions and studied general overlap functions that
can be used to handle multiple situations. However, they require commutativity in their
definitions, which limits their application in practical problems to a certain extent. On the
other hand, following the research of Paiva et al. [8] on non-associative BL-algebras [9]
based on overlap functions, they put forward the concept of inflationary BL-algebras in [10],
but both of them were gained on commutative residuated lattices. In the paper, we present
pseudo general overlap functions as a non-commutative generalization of general overlap
functions, and discuss their corresponding non-commutative algebraic structures.

It is necessary to affirm our research motivation. (1) As a kind of extension of overlap
functions, general overlap functions are also included in aggregation operators. However,
the original aggregation functions, for example, copulas [11], do not require commutativity,
which signifies that commutativity of general overlap functions is not necessary. (2) In
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non-classical mathematical logic [12], the commonly used conjunctions are t-norms [13,14]
because they can better express the nature of logical “and”. Continuous t-norms are a
special class of general overlap functions, pseudo t-norms have been proposed as their
non-commutative generalization and some results have been obtained [15-17]. In addition,
in recent years, as a non-commutative generalization of overlap functions, pseudo overlap
functions [18,19] have also been studied by some scholars, the facts have also proved that
they are more effective in some practical applications. Batista et al. have also conducted
some related research. Therefore, it is very natural to generalize the general overlap
functions. (3) In practical problems, the classes of objects may have different emphasis; that
is, they are not symmetrical. At this time, it is natural to think about using non-commutative
functions in applications.

In this regard, we detach the commutativity of general overlap functions, give a
construction theorem of pseudo general overlap functions, and explore the relationship
between them and some other aggregation functions. Then, on the basis of the continuity
of the functions, two residuated implications induced by them are discussed. Finally, a
kind of non-commutative residuated lattice is defined; the inflationary pseudo general
residuated lattices and weak inflationary pseudo BL-algebras are investigated.

The content of the article is arranged as below. In the second part, we recall a few
prior pieces of knowledge, including the concepts of general overlap functions, pseudo
overlap functions, fuzzy implications, etc. As for Section 3, we introduce the definition of
pseudo general overlap functions, elaborate some construction methods, and then analyze
their relations with continuous t-norms, continuous copula, pseudo overlap functions, and
general overlap functions. After that, we study the residuated implications induced by
them, and give some specific examples. In Section 4, inflationary pseudo general residuated
lattices and weak inflationary pseudo BL-algebras are described, and the properties satisfied
by them are discussed. Finally, the relationship between (weak) inflationary pseudo BL-
algebras and other algebras such as non-commutative residuated lattice-ordered groupoids
is studied. Conclusions and references are at the end of the paper.

2. Preliminaries

A number of basic notions that will be touched upon are listed.

Definition 1 ([2,8]). Given a binary mapping O on [0, 1], if it meets requirements as below for
arbitrary x,y,z € [0, 1], then it is called an overlap function:

(O1) O is symmetric;

(02) xy = 0 when and only when O(x,y) = 0;

(0O3) xy = 1 when and only when O(x,y) = 1;

(04) O(y,x) > O(z,x) wheny > z;

(O5) O satisfies continuity.

Definition 2 ([7]). Given a binary mapping GO on [0, 1], if it meets requirements as below for
arbitrary x,vy,z € [0, 1], then it is called a general overlap function (in short GOF):

(GO1) GO is symmetric;

(GO2) GO(x,0) =GO(0,y) =0;

(GO3) GO(1,1)=1;

(GO4) GO(y,x) > GO(z,x) wheny > z;

(GO5) GO is continuous.

Some examples of two-dimensional general overlap functions are as follows.

Example 1.

(1) Any overlap function is a GOF.
(2) The mapping GO defined as GO(x,y) = max{x* + y*> — 1,0} is a GOF rather than an
overlap function.
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(3) The function GO defined as GO(x,y) = 2xy + x*y*> — xy? — x*y is a GOF and it is also an
overlap function.

Definition 3 ([18,19]). Given a binary mapping PO on [0, 1], if it meets requirements as below for
arbitrary x,y,z € [0, 1], then it is called a pseudo overlap function:

(PO1) xy = 0 when and only when PO(x,y) = 0;
(PO2) xy = 1 when and only when PO(x,y) = 1;
(POB) PO satisfies monotonic increasing property;
(PO4) PO is countinuous.

Obviously, every overlap function is a pseudo overlap function. Some other common
aggregation operators are defined as below.

Definition 4 ([1,8]). Given a mapping A: [0,1]" — [0, 1], if it meets requirements as below then

it is called an aggregation function:

(A1)  Aisnon-decreasing about every variable: for arbitraryi € {1,2,...,n}, A(ay,...,y,...,an) >
Aay, ..., a;...,a,) wheny > a;;

(A2) A holds two boundary conditions: (i) A(ay,...,a,) = 0whena; =0(i =1,...,n) and
(ii) A(aq,...,ay) = 1lwhena; =1(i=1,...,n).

Definition 5 ([12-14]). Given a binary operation T on [0, 1], if it meets requirements as below for
arbitrary x,vy,z € [0, 1], then it is called a t-norm:

(T1) T satisfies symmetry;

(T2) T satisfies associativity;

(T3) T isincreasing;

(T4) T with 1 as unit element, i.e., T(1,x) = T(x,1) = 1.

Definition 6 ([11]). Given a binary operator C on [0, 1], if for arbitrary s, s, t, ' € [0, 1] satisfying
s < s"andt < ¥, it meets requirements as below, then it is called a copula:

(1) C(s,t)+C(s/,t') > C(s,t') + C(s,t);

(2) C(s,0) =C(0,t) =0;

(3) it has 1 as unit element, i.e., C(s,1) = C(1,s) = s.

Definition 7 ([20]). Given a two-dimensional mapping C on [0, 1], if it meets requirements as
below, then it is called a fuzzy conjunction:

(1) Cis non-decreasing about each element;
(2) boundary conditions: C(1,1) =1,C(0,0) = C(0,1) = C(1,0) = 0.

Fuzzy implication is closely related to operations and is defined as below.

Definition 8 ([3,11,20]). Given a binary function I on [0, 1], if it meets requirements as below for
arbitrary a,b, c € [0, 1], then it is called a fuzzy implication:

(I1)  decreasing about first element: I1(b,c) < I(a,c) when a < b;

(I2)  increasing about second variable: 1(c,a) < I(c,b) when a < b;

(I3) I(a,b)=1whena=b=00ra=b=1,1(1,0) =0.

After that, some existing residuated lattice structures are given to facilitate the later content.

Definition 9 ([8,21]). Analgebra L = (L, \,V,*,—,0,1) is defined as a non-associative residu-
ated lattice (also called “commutative residuated lattice-ordered groupoid”) if it meets requirements
as below:

(maR1) (L, A,V,0,1) is a lattice with 0 as the lower bound and 1 as the upper bound;

(maR2) (L, *,1) is a commutative groupoid and it has 1 as unit element;
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(naR3) xx*y < zwhen and only when x <y — z for arbitrary x,y,z € L (residuation principle).

Definition 10 ([8,21]). Given a non-associative residuated lattice A, if it meets requirements as

below for arbitrary a,b,x,y € A, then it is called a non-associative BL-algebra (in short naBL-

algebra):

(maBL1) x Ay = x x (x — y) (divisibility)

(naBL2) (x — y) Vaj(y — x) = 1, where af(y — x) = (axb) — (ax(bx*(y — x)))
(a-prelinearity)

(naBL3) (x — y) VB (y = x) = 1, where Bi(y = x) = b — (a — ((axb)*(y — x)))
(B-prelinearity)

Definition 11 ([10]). Given an algebra L = (L, A\, V, *,—,0,1), if it meets requirements as below,
then it is called an inflationary general residuated lattice (in short IGRL), where the operator
satisfies x < x x 1 for arbitrary x € L:

(L) (L, A,V,0,1) is a lattice with 0 as the lower bound and 1 as the upper bound;

(L2) (L, *) is a commutative groupoid, i.e., L is a nonempty set, the operator  is commutative
onlL;

(L3) (x,—) satisfies the residuation principle.

3. Pseudo General Overlap Functions and Residuated Implications

In this part, we state the related concepts of pseudo general overlap functions and
residuated implications induced by them.

Definition 12. Given a binary mapping PGO on [0, 1], if it meets the following requirements then
it is called a pseudo general overlap function (in short PGOF):

(PGO1) PGO(x,0) = PGO(0,y) = O for arbitrary x,y € [0,1];

(PGO2) PGO(1,1) =1,

(PGO3) PGO is non-decreasing;

(PGO4) PGO is countinuous.

Example 2.

(1) Every GOF and pseudo overlap function is a PGOF.

(2) The function PGO defined by PGO(x,y) = max{x? +y9 — 1,0} where p,q > 0 is a PGOF,
and it is a GOF when p = q.

(3) The function PGO defined by PGO(x,y) = xy(x — x*> — xy + x?y + 1) is a PGOF and is
also a pseudo overlap function, but not a GOF.

(4) The function PGO defined as PGO(x,y) = min{w,y\/}} is a PGOF, but it is not
a GOF.

Lemma 1. Given a conjunctive continuous commutative aggregation function F on [0,1], F is
a GOF.

Proof. This is obvious from [7] (Proposition 2). O

Theorem 1. Given a t-norm T, if it is continuous, then it meets (PGO1) ~ (PGO4), i.e., it is
a PGOF.

Proof. By Lemma 1, we can obtain that T is a general overlap function, and then it is
aPGOF. O

Since any continuous pseudo-t-norm is a t-norm (see [15]) and any positive continuous
copula is a pseudo overlap function (see [22]), based on the above theorem, we obtain the
following relationship diagram between some operators (see Figure 1).
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Continuous t-norms

Overlap functions
General overlap functions

Pseudo overlap functions

Pseudo general overlap functions

Figure 1. Relationship of the several kinds of functions considered in the paper.

Next, we give a construction theorem of pseudo general overlap function similarly.

Theorem 2. The mapping PGO on [0,1] is a PGOF when and only when there exist binary

operators g, hon [0,1] with PGO(x,y) = % satisfying conditions as below:

(1) g(x,z) > g(x,y),8(z,x) > gy, x) and h(x,z) < h(x,y),h(z,x) < h(y,x) wheny < z;
(2) g(x,0) = g(0,x) = 0 for arbitrary x € [0,1];

3) h(1,1) =0

(4) gand h are continuous;

(5) g(x,y)+ h(x,y) # 0 for arbitrary x,y € [0,1].

Proof.

=) Assume that PGO PGOF, and we make = PGO(x x,y) =1 —PGO(x,vy);
g:hezl PGO(x,y) = %, 1) ~ (5) are als§ (ob\yzgously estabIstleL(?l 2 ()
(<=) Suppose that there are binary operators g, k on [0, 1] keeping PGO(x,y) = ——5 (x)

8(xy)+h(xy)
and they satisfy the conditions (1)~(5), we verify that PGO is a PGOF. By (2) and (5), if xy =

0, then g(x,y) = 0 and g(x,y) + h(x,y) # 0 = PGO(x,y) = 0, i.e., PGO satisfies (PGO1).

If xy = 1, by (3) and (5), we obtain g(x,y) # 0, then PGO(x,y) = ggz; =1, ie., PGO

satisfies (PGO2). Suppose that x <y, PGO(z,x) — PGO(z,y) = RE f)(i’;l)(z 35~ 3@ j)(iz)(z 5=

X h(zy)—g(zy)h(z,x
[g(ngi)lh(é%]é((z,yy))ﬁ(z,)y)}/ by (1), we have that g(z,x) < g¢(z,y) and h(z,y) < h(z,x) =

2(z,x)h(z,y) — g(z,y)h(z,x) < 0,ie,PGO(z,x) — PGO(z,y) < 0 = PGO(z,x) < PGO(z,y),
analogously, PGO(x,z) < PGO(y,z), so PGO satisfies (PGO3). It is obvious that PGO
satisfies (PGO4) by (4). Therefore PGO is a PGOF. O

Several methods for generating new pseudo general overlap functions from existing
functions are displayed as below.
Proposition 1. Let PGOy, ..., PGO,, be pseudo general overlap functions and wy, ..., wy, be
n n
positive weights satisfying Y w; = 1, then the operation PGO(x,y) = Y w; - PGO;(x,y) isa
i=1 i=1

1=
pseudo general overlap function.

n
Proof. Monotonicity and continuity are obvious. If xy = 0, PGO(x,y) = Z w;PGO;(x,y) =

Z w;-0=0,and if xy = 1, PGO(x,y) = Z w;-1= E w; = 1. So PGO satisfies (PGO1)
=1 =1
and (PGO2), then PGO is a pseudo general overlap functlon O
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Proposition 2. Given two pseudo general overlap function PGOq1, PGO,, and a continuous
t-norm T, then the operator PGOr formulated as PGO1(x,y) = T(PGO1(x,y), PGOy(x,y)) is
a PGOF.

Proof. We can easily obtain PGO1(x,y) = PGO,(x,y) = 0 when xy = 0, since T has 1 as
identity element, PGOr(x,y) = T(PGO(x,y),PGOy(x,y)) = T(0,0) < T(0,1) = 0, i.e.,
T(0,0) = 0, so PGOr satisfies (PGO1). If xy = 1, PGO;(x,y) = PGO;y(x,y) = 1, then
PGOr(x,y) = T(PGO1(x,y),PGO2(x,y)) = T(1,1) = 1, so PGOr satisfies (PGO2). Since T
is increasing and continuous, PGOr is also increasing and continuous. It holds that PGOt
satisfies (PGO3) and (PGO4). O

We know that t-norms are included in aggregation operators, so we can expand to
obtain the proposition as below.

Proposition 3. Given pseudo general overlap functions PGO;, ..., PGO,, and A is a continuous
aggregation function, then the mapping PGO 4 formulated as PGO4(x,y) = A(PGO1(x,y), ...,
PGOy, (x,y)) is a PGOF.

Proof. We can easily obtain PGO;(x,y) = 0 when xy = 0, for any i € {1,...,n}; then
PGO4(x,y) = A(O,...,0) = 0,1e.,, PGO,4 satisfies (PGO1). Similarly, if xy = 1, PGO;(x,y) = 1
foranyi € {1,...,n}, then PGOA(x,y) = A(1,...,1) =1, so PGO,4 satisfies (PGO2). It is
obvious that PGOy is increasing and continuous. Therefore PGO4 is a PGOF. O

Proposition 4. Given a pseudo general overlap function PGO, and a continuous t-norm T, then
the mapping PGOT defined as PGO™ (x,y) = PGO(x,y) - T(x,y) is a PGOF.

Proof. PGO™(x,y) = PGO(x,y) - T(x,y) = 0-T(x,y) = 0 when xy = 0, if xy = 1, then
PGO™(x,y) = PGO(x,y) - T(x,y) = 1-T(1,1) = 1, so we have PGO! satisfies (PGO1) and
(PGO2). Tt is clear that PGOT satisfies (PGO3) and (PGO4). Therefore PGOT is a pseudo
general overlap function. [

Similarly, we can extend the t-norm in the above proposition to the aggregation
function to obtain such a proposition.

Proposition 5. Given a pseudo general overlap function PGO, and a continuous aggregation oper-
ator A, then function PGO? formulated as PGO4 (x,y) = PGO(x,y) - A(x,y) is also a PGOF.

Proof. Itis obvious that the function PGO? satisfies (PGO3) and (PGO4). Since xy=0=
PGOA(x,y) = 0-A(x,y) = 0 and PGO?(x,y) = 1- A(1,1) = 1 when xy = 1, PGO” also
satisfies (PGO1) and (PGO2). It holds that PGO” is a PGOF. [J

PGOFs also no longer have unit element, so we have the following definition.

Definition 13. Given a pseudo general overlap function PGO on [0,1], it is called deflationary
when it satisfies Vx € [0,1], PGO(x,1) < x, PGO(1, x) < x; and it is called inflationary when it
meets Vx € [0,1], PGO(x,1) > x, PGO(1,x) > x.

Example 3.
(1) The pseudo general overlap function PGO defined by PGO(x,y) = max{0, x? + y7 — 1} where
p,q > 0; when p,q > 1it is deflationary, since PGO(x,1) = xP < x and PGO(1,x) = x7 <
x. When 0 < p,q < 1, it is inflationary, since PGO(x,1) = xP > xand PGO(1,x) = x1 > x.
. , (a1 .
(2) The pseudo general overlap function PGO defined by PGO(x,y) = mm{w, yv/x}is
inflationary, since PGO(x,1) > x and PGO(1,x) > x.

Now we discuss the residuated implications induced by pseudo general overlap
functions. We first give an existing theorem as follows.
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Theorem 3 ([3]). Given a fuzzy conjunction C satisfying C(1,y) > 0 for arbitrary y € (0,1]. For
any x,y € [0,1] consider the fuzzy implication I¢ induced by C as Ic(x,y) = sup{z € [0,1] |
C(x,z) <y}, then statements as below are equivalent:

(1) C satisfies left continuity about the second element;

(2) Cand Ic meet the residuation property, i.e., C(x,y) < z < Ic(x,z) > y;

(3) Ic(x,y) =max{z € [0,1] | C(x,z) < y}.

In fact, we can easily know that not all pseudo general overlap functions satisfy
PGO(1,y) > 0 for any y € [0, 1]; for example, the mapping PGO defined as

0 min{x,y} < 1
Bix—Dy-H2+1 otherwise

PGO(x,y) = { 1)

is a pseudo general overlap function. However, when y = 0.25 > 0, PGO(1,y) = 0. So we
consider the case in the following lemma.

Lemma 2. Given an inflationary pseudo general overlap function PGO on [0,1], it is a fuzzy
conjunction satisfying PGO(1,y) > 0 for any y € (0,1].

Proof. By definition it is clear that PGO is a fuzzy conjunction. Since PGO is inflationary,
PGO(1,y) >y >0foranyy € (0,1]. O

Evidently, every PGOF is a fuzzy conjunction satisfying continuity according to def-
inition. When the two arguments of an inflationary PGOF are symmetric, it can induce
a residuated implication as an inflationary GOF (see [10]). If the function is no longer
commutative, then we have the following proposition.

Proposition 6. Given the function PGO is an inflationary PGOF, the mappings Il(jgo, I 1(?2(3)0

defined by Ilglczo(x,y) = sup{z € [0,1] | PGO(z,x) < y}, Ilgzczo(x,y) = sup{z € [0,1] |
PGO(x,z) <y}, respectively, are fuzzy implication, PGO and they satisfy the residuation principle.
In addition, II(,lgo, 11(32(30 can be marked as follows: Il(chgo(x,y) =max{z € [0,1] | PGO(z,x) <y},
Il(,zgo(x,y) =max{z € [0,1] | PGO(x,z) < y}.

Proof. For arbitrary x,y,z € [0,1], ', (x,2) = sup{z’ € [0,1] | PGO(Z,x) < z}, I (1, 2)
=sup{z’ € [0,1] | PGO(Z,y) < z}. Since PGO is increasing, it holds that PGO(z/,x) <
PGO(z',y) when x < y. Then PGO(Z',y) < z = PGO(Z/,x) < z,s0 {z/ € [0,1] |
PGO(Z',y) <z} C {/ € [0,1] | PGO(,x) < z} = sup{z’ € [0,1] | PGO(Z,y) < z} <
sup{z’ € [0,1] | PGO(Z,x) < z}, ie, Il(,lcgo(y,z) < Il(jgo(x,z). Therefore, the func-
tion Il(;,lgo is decreasing about the first element. Similarly, we can obtain that the func-

tion Il(,zgo is also decreasing about the first element. On the other hand, I%O(Z,x) =

sup{z’ € [0,1] | PGO(Z,z) < x} and Il(jlc)o(z,y) =sup{z’ € [0,1] | PGO(Z/,z) < y}. Since
PGO(Z,z) < x <y, we have that sup{z’ € [0,1] | PGO(Z/,z) < x} <sup{z’ € [0,1] |

PGO(Z,z) <y}, ie., Il(jl(%o (z,x) < Igc)o(z,y), so the function Il(;,lgo is increasing about the

(2)

second element. Similarly, we also have that the function I, is increasing about the sec-
ond element. Moreover, it holds that I%O(O,O) =sup{z € [0,1] | PGO(z,0) < 0} =
sup{z € [0,1] | 0 < 0} = 1, I5)5(1,1) = sup{z € [0,1] | PGO(z,1) < 1} = 1.
155(1,0) = sup{z € [0,1] | PGO(z,1) < 0}, since PGO is inflationary, PGO(z,1) > z. If
z € (0,1], PGO(z,1) > 0. Therefore, II(}G)O(LO) = 0. Similarly, we have that I%Z(%O(O,O) =1,
Igc)o(l, 1) =1, I},zcgo(l,O) = 0. Therefore the function IgG>O and 11(92G)O are fuzzy implication.

By the above theorem and lemma, since PGO is continuous, it is clear that PGO and Il(jlgo,
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Two fuzzy implications Il(jlgo, II(JGO

D)

pairs (PGO, IéGO) and (PGO, Iéz(%o). We give some examples as shown in the table below

(see Table 1).

2

satisfy PGO(x,y) < z iff Il(,lgo(y,z) > x iff Il(jgo(x,z) > y. Moreover,
max{z € [0,1] | PGO(z,x) <y}, 2, (x,y) = max{z € [0,1] | PGO(x,z) <y}. O

2)

Table 1. Pseudo general overlap functions and their residuated implications.

Pseudo General Overlap Function

Residuated Implications

)

)

®)

4)

®)

(6)

PGO(x,y) = max{0,x* +y1—1},0<p,qg <1

PGO(x,y) = xy(x — x> —xy + x2y + 1)

PGO(x,y) = min{ “E)V . /xy

PGO(x,y) = max{min{x,§},x+y—1}

PGO(x,y) = max{xy?, %}

PGO(x,y) = max{x*y,x +y—1}

I b7 ¥ <y
I ,Y) = 4
pco(¥%Y) { y—x1+1, otherwise
P <
I%o(x/y) = b v y'
y—xP +1, otherwise
(1) ¢vy), x>y
I , = 7
pGo (% Y) 1, otherwise
— x4/ (142 —2) +4(x—1)y
2 B 5 , X>Y
Ipen(x,y) = 2 =2)
PGO {1, otherwise
2
) L x<y o Looxsy
Ipco(xy) = Tpcovy) =
R P/ R
(1) max{min{%,]/}/]/_x+1}/ X >y
I y) = ’
pco () {1, otherwise

@ (x,y) = min{max{y —x+1,2 —2x},2y,2x}, x>y
PO\ Y) = 1, otherwise

1 max{x?, £} <y
I(l) X, _ ’ r2J = ,
pGo % Y) min{%y, %3, otherwise
1, X<y
12 (x,y) =
PGO( ) min{%y,mux{%’ \/%}}, otherwise

I%o(x,y) _ min{max{lx;x,y—x—l—l},\/g}, x>y
1, otherwise

12 (5 y) min{max{y —x+1, 7} %}, x>y
PeOR™ 1, otherwise

Where ¢(x,y) = 1 + i/—lx—i— Vol + B+ f/—rX— va? 4 B3, and

= 27y+9x(x? —x) —2(x—x?)?

_ 3x(x?—x)—(x—x%)2 )

54(x2—x)2

4. Inflationary Pseudo General Residuated Lattices and Weak Inflationary Pseudo

BL-Algebras

In this part, we extend the inflationary general residuated lattices to the inflationary

’ 9(x2—x)2

pseudo general residuated lattices, defined as below.

Definition 14. Given an algebra A = (L, A\, V,*,—,~>,0,1), where * is a non-commutative
inflationary binary operator, i.e., 1 x x > x and x * 1 > x, if it meets requirements as below then it

is an inflationary pseudo general residuated lattice (in short IPGRL):

(A1) (L,A,V,0,1) is a lattice with 0 as the lower bound and 1 as the upper bound;
(A2) (L, ) is a groupoid;

(A3) x*z <y when and only when z < x — y, z* x < y when and only when z < x ~~ y, for
arbitrary x, Y, z

€ L (two-residuation principle).

are also called residuated implications (Rpgo-
implication) induced by the pseudo general overlap function PGO, and they form adjoint
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Remark 1. Given an IPGRL L, (A3) can also be marked as x x y < z when and only when
y < x — z when and only when x <y ~- z for arbitrary x,y,z € L.

Example 4. Given an inflationary PGOF x, —, and ~- are residuated implications induced from
x,i.e, x -y =max{z € [0,1] | x*xz <y}, x ~>y =max{z € [0,1] | zxx < y}, then
L= ([0,1],A,V,*,—,~,0,1) isan IPGRL.

Next, we discuss some properties satisfied by IPGRLs.

Proposition 7. Givenan IPGRL L = (L, A\, V, *,—,~+,0,1), for arbitrary a,b, c € L, it satisfies:

(A4)
(A5)
(A6)
(A7)
(A8)
(A9)
(A10)
(A11)
(A12)
(A13)
(A14)
(A15)

(A16)
(A17)

Proof.

(A4)

(A5)

(A6)
(A7)

(A8)

(A9)

(A10)

ax(a—b)<b (a~b)xa<b;

axb<axcandbxa < c*awhenb <c;
a—b<a—=canda~b<a~cwhenb<c
c—a<b—aandc~a<b~awhenb<c
(avb)xc=(axc)V(bxc),cx(aVbh)=(cxa)V (cxD);

(avb) mc=(a—=c)AN(b—=c), (aVb)~c=(a~c)A(b~cC);

a— (bAc)=(a—=b)AN(a—c),a~ (bAc)=(a~b)A(a~c)

a<b~ (axbh),a<b— (bxa)

ax0=0x%xa=0;

a—1=a~1=1;

a<bwhena—b=1lora~b=1;

a < b iff a and b are comparable and a — (b*1) = 1 iff a and b are comparable and
aw(l*b)zl;

1xa=ax1=awhenandonlywhena ANb>axbandaANb> bxa;

If * is associative, then (a — b) * (b — c¢) <a—cand (b~ c) x (a~b) <a~c.

By (A3),a - b<a—b=ax(a— b) <b;similarly,a ~» b < a ~» b, then
(a~Db)xa<b;

Since a ¢ < axc, by (A3),itis clear thatb < ¢ — (c*b); thena < ¢ — (c*b) when
a <b,socxa<cxb.Similarly, since b*c < bxc, it holds thata < b < ¢~ (bx*c);
thenaxc <bxg

If 2 < b, by (A4) itis clear that c * (¢ — a) < a < b, by (A3) itholds thatc — a <
¢ — b; similarly, (c ~» a) xc <a < b;thenc ~»a < ¢~ b;

If a < b, by (A4) and (A5),a* (b — ¢) < bx (b — c) < ¢; then by (A3) it is clear that
b— ¢ <a—c. Similarly, (b~ c)*a < (b~>c)xb<csob~c<a~g

The former has been proved in detail in [10], here we only prove the latter. Because
a<aVbandb < aVb by (A5),cxa < c*(aVb)and cxb < cx(aVb),so
cx(aVb) > (cxa)V (cxb). On the other hand, cxa < (c*a)V (c*b) and
cxb < (cxa)V (cxb), soby (A3) it holds thata < ¢ — [(c*a) V (c*b)] and
b<c—[(cxa)V(cxb)],soaVvb<c— [(cxa)V (cxDb)]. Thereforecx* (aVb) <
[(cxa)V (cxb)]. Thenc* (aVb) = (cxa)V (c*xDb);

Sincea < aVbandb < aVb, by (A7) it holds that (aVb) — ¢ < a — c and
(avb) »c<b—c¢so(aVb)—c<(a—c)A(b— c). Analogously, it holds that
(avb)~c<a~cand (aVbh)~c<b~cthen(aVb)~c<(a~c)A (b~ c).
On the other hand, assume thatp <a — candp < b — ¢; thenby (A3),axp <c
and b*p < c. By (A8)itisclear that (aVb)xp = (axp)V (b*xp) <c=p <
(aVb) — caccording to (A3). So (a — ¢) A (b — ¢) < (aVb) — c. Similarly,
(@a~c)AN(b~c)<(aVvb)~rc.

Since b Ac < band bAc < c, by (A6) we have thata — (bAc) <a— banda —
(bhc)<a—c¢,s0a— (bAc) < (a—b)A(a— c). Similarly,a ~» (bAc) <a~+b
anda ~» (bAc) <a~c; thena~ (bAc) < (a~b) A (a~c). On the other hand,
the certificate is the same as above;
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(A11) Sinceaxb <axb,thena < b~ (ax*b) by (A3); similarly, because b xa < bxa, we
can easily obtaina < b — (bxa);

(A12) Sincea — 0> 0anda ~» 0 > 0, by (A3), itis clear thata*0 < 0and 0*a < 0. Since
ax0>0and 0xa > 0,itis clear thatax0 =0x%a = 0;

(A13) Sinceax1 <1, by (A3) wehavethatl <a — 1,buta - 1<1,s0a -+ 1=1
Similarly, 14 <1=1<a~1=a~+1=1. Therefore,a +1=a~1=1

(A14) Ifa—b=1,thenl <a— b by (A3),ax1 < b,since * is inflationary,a <ax1 <,
soa < b.Inthesamewayifa~b=1thenl <a~wb=1xa<b=a<1xa<b;
thusa < b.

(A15) We can easily obtaina < b = ax1 < bx1land 1+xa < 1xb by (A5); then
1<a— (bx1l)and 1 < a ~» (1%Db) according to (A3), sincea — (b*1) <1
anda ~ (1xb) < 1,s0a — (bx1) =a ~ (1xb) = 1. On the other hand, if
a~> (1xb) =1then1%a < 1xb,sincea and b are comparable, a < b. Similarly,
a— (bx1) =1=ax1<Dbx1,according to a and b being comparable, it also holds
thata <b.

(A16) For arbitrarya,b € L,if 1xa =ax*1 =a,by (A5),axb <axl=agandaxb <
1xb=bbxa<lsxa=aandbxa <bx1=0>b,soaxb<aAbandbxa<aAb.
On the other hand, ifaxb <aAbandbxa <aAb,itisclearthatax1 <aAl=a
and 1xa < a A1l = a. Because * is inflationary, we can obtain thata*1 > a and
1xa>a Thus,ax1=a=1x*a.

(A17) By (A4) and (A5), ax(a — b)* (b — ¢) < bx* (b — ¢) < c. According to the
residuation property, ax[(a = b)* (b —¢)] <c < (a—=b)x(b—c) <a—c.
Similarly, when [(b ~> ¢) x (a ~> b)] xa = (b ~ ¢) % [(a ~> D) *a], we have that
(b~ c)x(a~b) <a~c.

O

Theorem 4. Given an IPGRL L = (L, A, V, *,—,~+,0,1), for arbitrary x,y € L, it holds that
x—y=V{zeLlL|xxz<ylandx ~y=V{zeL|zxx <y} when (L AV,0,1)isa
complete lattice. Moreover, 1 — x < xand 1 ~» x < x.

Proof. By (A4), x*(x = y) <y,so(x = y) € {z€L|x*z <y} Sincex*z < ywhenand
onlywhenz <x — y,ie,x > y=max{z €L |x*xz<y},sox »y=V{zeL|xxz <y}
Similarly, since (x ~ y)*xx <y = (x ~y) € {z € L | zxx <y}, zxx < y when and
only whenz < x ~» y, thenx ~» y =max{z € L | zxx <y} =V{z € L|zxx <y}
Secondly, according to the above, we can obtain 1 — x = V{z € L | 1%z < x} and
1~x=V{zeL|zx1<x}. Sincel*x > xand x*1 > x for arbitrary x € L, it holds
thatz < 1xz (zx1) <xie,V{z€L|1lxz<x} <xandV{ze€L|zx1<x} <x So
lox<xandl~x<x. O

Then the notion and some properties of weak inflationary pseudo BL-algebras are
presented. We first give the definition of weak inflationary BL-algebra.

Definition 15. Given an algebra L = (L, A, V,*,—,0,1), if it is an IGRL and satisfies the
following requirements then it is called a weak inflationary BL-algebra (in short weak IBL-algebra):
(1) Ify <x,y=xx*(x — y) (general divisibility);

(2) (x— (y*1))V (y = (x*1)) =1 (general prelinearity).

In fact, weak inflationary BL-algebras are a non-associative algebraic structure includ-
ing BL-algebras (see [9]), which can be gained by the inflationary general overlap functions
with unit element 1. (If an inflationary GOF satisfies the divisibility, it is equivalent to it
having 1 as unit element.) Some scholars have also conducted generalization research on
the basis of pseudo BL-algebras [23]. Then, based on inflationary pseudo general resid-
uated lattices and considering the two residuated implications induced by inflationary
PGOFs, we introduce a new kind of algebraic structure in which operator is non-associative,
non-commutative, and does not have unit element.
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Definition 16. Given an IPGRL L = (L, A,V,*,—,~>,0,1), if it meets the following require-
ments then it is a weak inflationary pseudo BL-algebra (in short WIPBL):

(WIPBL1) y = x % (x = y) = (x ~ y) % x when y < x (general two-divisibility);

(WIPBL2) (x — (y*1))V(y — (x*1)) = (x ~ (1*xy))V(y ~ (1xx)) = 1 (general
two-prelinearity).

After that, we certify that there is a one-to-one correspondence between the inflationary
PGOFs and the WIPBLs.

Lemma 3. Given the function PGO is an inflationary PGOF on [0,1], PGO satisfies general
two-divisibility and general two-prelinearity.

Proof. We might as well write the function PGO as *, and — and ~ represent two residu-
ated implications induced by PGO.

(i) Since * is inflationary, y < x * 1 when y < x. Moreover, y > 0 = x * 0, so there
is t € [0,1] satisfying y = x*t. Then we gainy > xx*t, and t < x — y according to
residuation property (A3). Thus by (A5), y = xxt < x % (x — y). On the other hand, by
(A4), x* (x > y) <y. Soxx(x — y) = y. Analogously, (x ~ y) *xx = y wheny < x.
Therefore PGO meets (WIPBL1).

(if) Since [0,1] is linearly ordered, it holds that x < y or y < x for any x,y € [0,1].
When x <y, by (A15),x — (y*1) =land x ~» (1xy) =1, thatis, (x - (y*1)) V (y —
(x%1)) = (x~ (1*xy))V(y~ (1xx)) =1. Otherwise,y <x =y — (x*1) = 1 as well
asy ~» (1xx) =1,1ie., PGO meets (WIPBL2).

Therefore PGO satisfies general two-divisibility and general two-prelinearity. [

Proposition 8. Given the algebra A = ([0,1], A\, V, %, —,~,0,1), A is a WIPBL when A is the
minimization operator, \V is the maximization operator,  is an inflationary PGOF, — and ~- are
residuated implications induced by *.

Proof. We can easily obtain A = ([0,1], A, V, ¥, —,~,0,1) is a IPGRL; then by Lemma 3 it
is clear that Aisa WIPBL. O

Example 5. Given thealgebra L = ([0,1], A, V, *, —,~>,0,1), where x Ny = min{x,y}, xVy =

1, x< 1, <y?
max{x,y}, x xy = min{w,yﬁ}, X~~~ y={ 2 T2V and x - ¥y=9y : _yz
L, x>y T X>Y

as (3) as shown in Table 1. It is clear that L satisfies (A1) ~ (A3), i.e., it is an IPGRL. If

I

yﬁx,x%y:%,andxwy: z—z;thenx*(x%y) :min{(xfx,y}:y(since

y<x=y+vr)?<(x+1)2 = Y+ V)P —(y—vx)? < (x+1)? = dyyx < (x +

LH)VE

+1), /%
12 =2 /y/x<x+1=y< %),and(xwy)*x:min{(ﬂf,y}:y(since

2
(x = VA2 121 — %) = 22 412 = 20y /F > 0 = R+ 2VF 2 2%y =y < 2V
so L satisfies general two-divisibility. Moreover, since (x — (y*1))V (y — (x*1)) = (x —
VIV (= vVx) =1, (x ~» (1xy)) V(y ~» (1xx)) = (x ~ y) V(¥ ~ x) =1, L satisfies
general two-prelinearity. Thus the algebra L is a WIPBL.

A few natures met by WIPBLs are shown as follows.

Proposition 9. Given WIPBL L = (L, A, V, %, —,~>,0, 1), it satisfies requirements as below for
arbitrary a,b,c € L:

(WIPBL3) (a~b)xa<aandax(a—0b) <aifb<a;

(WIPBL4) b<a—bandb<a~biflxa=axl=aandb<a;
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(WIPBL5) a—b<(b—c)~(a—c)anda~~b<(b~c)— (a~c)ifax(bxc)=
(axb)*candc < b <a;

(WIPBL6) a—b<(c—a)— (c—blanda~~b<(c~a)~ (c~Db)ifax(bxc)=
(axb)*candb <a<g;

(WIPBL7) a—b < (cxa) — (cxb)anda ~»b < (axc) ~ (bxc)ifax(bxc) = (axb)x*c
and b < a;

(WIPBL8) (b —c¢)*a<b— (cxa)andax (b~ c) <b~ (axc)ifax(bxc) = (axb)*c
and ¢ < b.

Proof.

(WIPBL3)  Since weak inflationary pseudo BL-algebra satisfies general two-divisibility, then
(a~>b)*xa=b<awhenb <a,similarly,a* (a — b) <a.

(WIPBL4) Ifb <ab=ax(a — b) = (a~ b)*a. By (Al6),1xa =axl =a =
ax(a—b)<aA(a—b)<a—bsob<a— b Analogously, we can obtain
b<a~sb.

(WIPBL5)  According to general two-divisibility and (A5), if c < b < g, thena x (a —
b)* (b —c) =bx (b — c) = c < c. Then by (A3) and associativity, it holds
that (a > b)x (b —c¢c) <a—c=a—b<(b—c)~ (a— c). Analogously,
whena* (bxc) = (a*b) *xc, wehave thata ~ b < (b~ ¢) — (a~ c¢).

(WIPBL6)  According to two-divisibility and (A5),if b < a <, then (a Ac) * (a — b)
ax(a—b)=b<bandaAc=a=c)x(c—a),solcx(c—a)]*x(a—b) <
Ifax(bxc) = (axb)xc, thencx[(c > a)*x(a—b)] =[cx(c = a)]x(a—
b) <b,by(A3)(c »a)x(a—b)<c—-b=>a—b<(c—a)— (c—Db).
Analogously, a ~» b < (¢ ~» a) ~ (¢ ~ b).

(WIPBL7)  Since weak inflationary pseudo BL-algebra satisfies two-divisibility, a * (a —
b) =b < bifb <a.By(A5),cx[a*(a— b)] <cxb, thus(cxa)*(a —b) <cx
b according to the associativity. By (A3), it holds thata — b < (c*xa) — (c*b).
Similarly, (a ~> b)xa=b<b= (a~b)*axc<bxc=a~>b<(axc)~~
(bxc).

(WIPBL8) By (A5), (bAc)*a < cx*a. Sincec = bx (b — ¢) whenc < b, [bx (b —
c)]xa=bx[(b—c)=*a] <cxa, by (A3), (b —c)*a <b— (c*a). Similarly,
ifax(bxc) = (a*xb)xc,weobtainax (b~ c) <b~ (axc).

<
b.

O
Proposition 10. Each commutative WIPBL is a weak inflationary BL-algebra.

Proof. Assume that A = (L, A, V,*,—,~>,0,1) isa WIPBL, we only need to confirm that
A is commutative when and only when x — y = x ~ y, for arbitrary x,y € A. For any
x,y,z € A, if Ais commutative, x *z = z* x, then by (A3), x < z — yiff z+xx < y, that
is,xxz<y&x<z~ys0z—Yy =z~ Yy Moreover,ifz =y =z ~ y, we have
thatx <z — yiffx <z~ y, by (A3), zxx <yiffxxz <y, ie, z*x = x *z therefore A
is commutative. [J

In addition, inflationary pseudo BL-algebras are introduced by us, and they can be
regarded as a noncommutative generalization of inflationary BL-algebras; they are also a
subclass of WIPBLs, defined as below.

Definition 17. Given an IPGRL L = (L,A\,V,*,—,~,0,1), if for arbitrary x,y € L the
following statements hold then it is called an inflationary pseudo BL-algebra (in short IPBL):

(IPBL1) xAy=xx*(x = y) = (x ~y) xx (two-divisibility);
(IPBL2) (x = (y*1)V(y— (xx1)) =(x~ (1xy))V(y~ (1xx)) =1

Example 6. Given the function PGO (x) formulated as PGO(x,y) =max{x+y —1, min{3,x}},
the residuated implications Il(,lc)o(w), II(DZG)O(—>) induced by it as (4) as shown in Table 1. It is
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clear that the algebra L = ([0,1], A, V, %, —,~,0,1) satisfies (IPBL1) and (IPBL2), i.e., L is an
inflationary pseudo BL-algebra.

We can easily know that an inflationary pseudo BL-algebra must be a weak inflationary
pseudo BL-algebra, and vice versa. For example, the weak inflationary pseudo BL-algebra
L given in Example 5 above is not an IPBL, since x * (x — y) = % #xXNY = % when we
take x = % andy = %.

In fact, we can obtain that inflationary pseudo BL-algebras can be obtained from the
inflationary PGOFs with unit element 1; the details are as follows.

Proposition 11. Given the algebra L = ([0,1], A\, V, %, —,~,0,1), where A is the minimization
operator, V is the maximum operator, x is an inflationary PGOF with unit element 1, — and ~- are
residuated implications induced by *. Then L is an inflationary pseudo BL-algebra.

Proof. By Proposition 7 we obtain that the algebra L is a weak inflationary pseudo BL-
algebra,ie,y=x*(x > y) = (x ~y)*xxwheny <xand (x = (y*1))V(y — (x*1)) =
(x ~ (1%y)) V (y ~ (1xx)) = 1. If the operator * has 1 as unit element, then by (A15)
x<y=x— (yxl) =landx ~ (1*xy) =1 =x >y =1landx ~ y =1, so
x*(x = y) = (x ~ y)*xx = x = x \y; thatis, L satisfies two-divisibility. Thus L is an
inflationary pseudo BL-algebra. [

Finally, the definition of non-commutative residuated lattice-ordered groupoids is
given as below so that we can analyze the relationship between several classes of noncom-
mutative algebraic structures.

Definition 18. Given a lattice L = (L, A\, V, %, —,~+,0,1), if it meets requirements as below for
arbitrary x,y,z € L, then it is called a non-commutative residuated lattice-ordered groupoid (in
short RLG):

(RLG1) (L,A,V,0,1) has 0 as the lower bound and 1 as the upper bound;

(RLG2) (L, *) is a groupoid and has 1 as unit element;

(RLG3) L satisfies the two-residuation principle.

It is not difficult to find that WIPBLs and IPBLs are included in class IPGRL, and the
intersection of WIPBLs and RLGs is the inflationary pseudo BL-algebras. Then the relation
diagram between several types of algebras is as follows (see Figure 2).

RLGs

IPBLs

WIPBLs

IPGRLs

Figure 2. Relationship of the several kinds of non-commutative algebras considered in the paper.

5. Conclusions

In the article we first introduce a class of pseudo general overlap functions as a
non-commutative generalization of general overlap functions, including pseudo overlap
functions, continuous t-norms, and GOFs. Thus, the limitation of commutativity is can-
celled and the application range of functions is broadened. Moreover, their construction
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theorem and the methods of constituting pseudo general overlap functions through contin-
uous aggregation functions are given. Then we prove that the inflationary pseudo general
overlap functions and their induced fuzzy implications satisfy the residuation property. Fur-
ther, we propose the concept of IPGRL, generalize the IGRL to a non-commutative case, and
discuss their properties. In addition, on the basis of inflationary pseudo general residuated
lattices, we also extend the weak inflationary BL-algebras to be non-commutative, present
weak inflationary pseudo BL-algebras satisfying general two-divisibility and general two-
prelinearity, and verify that they can be obtained from pseudo general overlap functions.
Moreover, inflationary pseudo BL-algebras are also studied as a non-commutative general-
ization of inflationary BL-algebras. Finally, a diagram revealing the relationship between
several classes of lattice structures is shown in Figure 2; it is convenient to research other
related algebraic structures later.

As the next research content, the properties of pseudo general overlap functions
and their application in practical problems are worth discussing. In fact, from another
point of view, the pseudo general overlap functions can also be regarded as the pseudo
overlap functions with relaxed boundary conditions. Moreover, filters of IPGRLs and
non-commutative residuated lattice-ordered groupoids can also be studied. It is worth
mentioning that the operators corresponding to the (weak) inflationary pseudo BL-algebras
introduced in this paper require complete continuity; that is, they are continuous for each
variable, but, the operators can induce residuated implication as long as they meet the left
continuity, so we can make further generalization about this. Besides, there is a class of
MTL-algebras [24] on bounded lattices with a wider range than BL-algebras. Similarly, we
can also investigate its corresponding non-commutative generalization. Furthermore, the
fusions of pseudo general overlap functions, fuzzy rough sets, and related non-classical
logic algebras (see [25-27]) are also interesting topics worthy of research.
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