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Abstract: In this work, we focus on the long-time behavior of the solutions of the stochastic fractional
complex Ginzburg-Landau equation defined on R" with polynomial drift terms of arbitrary order.
The well-posedness of the equation based on pathwise uniform estimates and uniform estimates on
average are proved. Following this, the existence and uniqueness of weak pullback random attractors
are establsihed.
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1. Introduction

In this paper, we investigate the random dynamics of the stochastic fractional Ginzburg-
Landau equation defined on R"” with polynomial drift terms of arbitrary order. To be spe-
cific, we consider the following stochastic fractional complex Ginzburg-Landau equation
onR”, fort > 0 and givena € (0,1),

du(t) + (1+iv)(=A)*u(t)dt + (1 +ip) |u(t)|Pu(t)dt =pu(t)dt + g(t, x)dt O
+o(t,w,u(t))dW(t),

with initial condition

u(0,x) = up(x), xe€R", ()
where u(x, t) is a complex-valued function on R” x [0, +o0). In (1), i is the imaginary unit,
a, B, i, v and p are real constants with p > 0 and § > 0, (—A)* is fractional Laplace operator,
g € L2 (R,L*(R")) is given, ¢ is a local Lipschitz nonlinear diffusion coefficient, and W is
a two-sided cylindrical Wiener process in a Hilbert space defined on a complete filtered
probability space (Q), F, { Ft}ter, P), {Ft}ter is an increasing right continuous family of
sub-c-algebras of F that contains all P-null sets. For simplicity in our discussion, we write
p=28+2andg= %

The Ginzburg-Landau equation [1,2] is one of the most studied nonlinear equations
in physics. It describes a vast variety of phenomena from nonlinear waves to second-order
phase transitions, from superconductivity, superfluidity, and Bose-Einstein condensation
to liquid crystals and strings in field theory. The Ginzburg-Landau equation with fractional
derivatives [3] is used to describe processes in media with fractal dispersion or long-range
interaction. In [4], the authors analyzed a one-dimensional fractional complex Ginzburg-
Landau equation. In [5], the dynamics of a two-dimensional fractional complex Ginzburg-
Landau equations is studied. In [6], the authors studied the dynamics of 3-D fractional

complex Ginzburg-Landau equation. During the derivation of these ideal models, small
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perturbations (such as molecular collisions in gases and liquids and electric fluctuations
in resistors) may be neglected. Therefore, one may represent the micro-effects by random
perturbations in the dynamics of the macro observable through additive or multiplicative
noise in the governing equation.

In the past two decades, a great deal with mathematical efforts has been devoted
to the fractional Ginzburg-Landau equation which is driven by an additive noise or a
linear multiplicative noise. Respectively, a fractional Ginzburg-Landau equation on the
line with special nonlinearity and multiplicative noise was analyzed in [7]. A stochastic
fractional complex Ginzburg-Landau equation with multiplicative noise in three spatial
dimensions was studied in [8]. In [9], the author established fractional stochastic Ginzburg—
Landau equation driven by colored noise with a nonlinear diffusion term to the case where
n € (%, 1). Time-space fractional stochastic Ginzburg-Landau equations are also studies
in [10,11]. Considering the complexity of the environment, many disturbances can not
be described by multiplicative noise or additive noise, and nonlinear noise can better fit
the phenomenon, at this point it is very necessary to study nonlinear noise. However, in
spite of quite contributions about these literature, there are no result taking into account of
the existence of pathwise pullback random attractors for the stochastic equation (1) with a
nonlinear diffusion term ¢.

The purpose of this paper is to establish the well-posedness of (1) and (2) in L? (R;
L%(R™)) and study the mean random dynamical system generated by the solution operators.
The counterpart of the concept of mean random dynamical system is the pathwise random
dynamical system. The global attractors for pathwise random dynamical system have been
extensively studied, see, e.g., [12-23] and [24-35] for autonomous and non-autonomous
stochastic equations, respectively. There are few results about mean random dynamical
system ([36,37]), but these results are about real-valued functions. This paper is about
complex-valued function.

In Equation (1), we assume that the diffusion coefficient o(t, w, u(t)) : R x Q x H —
L,(U, H) is locally Lipschitz continuous in its third argument uniformly for (t,w) € R x ();
namely, for every r > 0, there exists a positive number M, depending on r such that for all
teR,we Qand uy, up € Hwith |Jug]] < rand |Jup|| <7,

o (t, w,u1) — o (t, w, u2) || ) < Mrllun — ua]- ®3)

In addition, o(t, w, u) grows linearly in u € H uniformly for (t,w) € R x (); that is,
there exists a positive number L such that for all t, w,u € R x Q) x H,

lo(t, w, )|l gy by < L [[u])- (€

We further assume that o(t,w, u) : R x Q — £,(U, H) is progressively measurable
for every fixed u € H.

The arrangement of the article is as follows. In Section 2, we introduce some related
concepts and preliminaries. In Section 3, we prove the well-posedness of (1) and (2) driven
by regular additive noise. In Section 4, we study the existence and uniqueness of solutions
with general additive noise. In Section 5 and Section 6, we respectively investage the
well-posedness of (1) and (2) with globally and locally Lipschitz continuous diffusion
coefficients. In the last Section, we focus on the existence and uniqueness of weak pullback
random attractor for (1) and (2).

2. Preliminaries and Notations

In this section, we first recall the concept of the fractional Laplace operator on R" as
well as the definition of some spaces, norm and inner product. Then, we introduce the
concept of weak pullback mean random attractors for mean random dynamical systems &
over filtered probability spaces and the definition of solutions for the stochastic equations
under investigation. At the last of this section, we list some inequalities and theorems
which will be used in this paper.



Mathematics 2022, 10, 4485

3 0f 36

Let S be the Schwartz space of rapidly decaying C* functions on R”. Then by [38],
we have for 0 < o < 1 the fractional Laplace operator (—A)* is defined by

(~8)u(x) = —3Cn,a) [ TV +|;|<f+;y>‘2“<x>dy, xeR forucs, ()

where C(n, a) is a positive constant given by

()
C(n,a) = pe rT R (6)

For 0 < a < 1, the fractional Sobolev space H*(R") is defined by
n+2u

H*(R") = {u € L2(R") /n/nudxdy<oo}

endowed with the norm

1
3
u
(]l e ey = (/ |u(x 2dx+/n/n it n+2a| dxdy) .

By [39], The norm [|u| g« () is equivalent to the norm (||u||L2 gy T+ I (*A)%”Hiz(Rn))%
for u € H*(R"); more precisely, we have

2 a Ny
|| ||H:x(Rn = || ”LZ (R™) W || (—A)ZMH%Z(Rn),fOT’ allu e H (]R ) (7)

The inner product of H*(R") in complex field is defined by

(1, 0) o (rr) :/ x)dx + /n/n Lﬁfgz _5(y))dxdy, u, v € H*(R").

For convenience, we write H = L?>(R") and V = H*(R"). Then, we have V <« H =
H* < V*, where H* and V* are the dual spaces of H and V, respectively, H* is identified
with H by Riesz’s representation theorem. We respectively denote the norm and the inner
product of L>(R") by || - || and (-, -). Lyu,m) is used for the space of Hilbert-Schmidt
operators from a separable Hilbert space U to H with norm || - {| 2, i1, p)-

Let D be a collection of some families of nonempty bounded subsets of L?(Q, F; H)
parametrized by 7 € R, that is

D= {D = {D(1) C L2(Q), Fr; H) : D(1) # @ bounded, T € R}

: D satisfies TEIEIOOEPTHD( )HLZ O, FpH)= } ®)

where Dl 20, 7.1 = sup [[ull2(q,7,;1) for asubset D in L2(Q, Fr; H).
ueD

Definition 1 ([40]). D is called inclusion-closed if D € D and if D = {D(7)}cR is a random
subset of H with D(t) C D(7) forall T € R then D € D.

Definition 2 ([36]). A family ® = {®(t,7) : t € RT, T € R} of mapping is called a mean ran-
dom dynamical system on L2(Q, F; H) over L2(Q, F,{Fi }1er, P) if forall T € Rand t,s € RY,
(i)  ®(t,T) maps L>(Q, Fr, H) to L>(Q, Frir, H),
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(i) (0, 7) is the identity operator on L2(Q, Fr, H),
(iii) ®(t+s,7) =D(f,T+5) o D(s,1).

Definition 3 ([36]). A family K = {K(7) : T € R} € Dis called a D-pullback weakly attracting
set of mean random dynamical system ® on L?(Q, F; H) over L?(Q, F,{Fi }ser, P), if for every
T € R, D € D and every weak neighborhood N'“(K (7)) of K(t) in L?(Q, F; H), there exists
T =T(t,D,N“(K(t))) > O such that forall t > T,

®(t, T —t)(D(r—t)) C N(K(1)),

where N (K(7)) is the weak neighborhood of K(t). For a subset K(t) € L*(Q, F, H), every
weakly open set containing K() is called a weak neighborhood of K(t) in L?(Q, F, H). In addition,
if K(7) is a weakly compact subset of L?(Q), F; H) for every T € R, then K = {K(t) : T € R} is
called a D-pullback weakly compact weakly attracting set for ®.

Definition 4 ([36]). A family A = {A(7) : T € R} € D is called a weak D-pullback mean

random attractor for ® on L?(Q, F; H) over L2(Q, F, { Fi }scr, P) if the following conditions are

fulfilled,

(i) A(7) is a weakly compact subset of L>(Q), F; H) for every T € R,

(i) Ais a D-pullback weakly attracting set of @,

(iti) A is the minimal element of D with properties (i) and (ii), that is, if D = {D(t) : Tt €¢ R} € D
is a D-pullback weakly compact weakly attracting set of ®, then A(t) C D(7) forall T € R.

Theorem 1 ([36]). Let D be an inclusion-closed collection of some families of nonempty bounded
subsets of L (Q), F; H) as given by (8). If ® has a weakly compact D-pullback absorbing set B € D
on L2(Q), F; H) over L(Q, F,{Fi}1cr, P), then ® has a unique weak D-pullback mean attractor
A € Don L2(Q, F; H) over L2(Q, F,{Fi }1cr, P), which is given by, for each T € R,

A(T)=0“B,7) = U®tT—H(B(T-1t) ,

r>0t>r
where the closure is taken with respect to the weak topology of L2(Q), F; H).

Definition 5. Let ug € L>(Q), H) be Fo-measurable. Then, a continuous H-valued Fi-adapted
stochastic process u is called a solution of (1) and (2) if

u € L*(Q,C([0,T],H)) (| L*(Q,L*(0, T; V)) (| LP(Q, LF (0, T; LF(R"))), VT >0,  (9)

such that forall t > 0and ¢ € VN LP(R"),

N|R

0,0+ Qi) [[(0)5u), (810 + [ [ (1 ip)lats) PPule)ex)ands

= (w0 &)+ p [ (), )ds + [ (50, 2)ds + [ Gols,us))aw, (10)

P—almost surely, where ¢ in the stochastic term is identified with the element in H* = H by
Riesz’s representation theorem.

Note that if u is a solution of (1) and (2) in the sense of Definition 5, then by (9) we have

(—=A)*u € L?(Q, L?(0,T; V*)) .
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Consequently, a continuous H-valued F;-adapted stochastic process u is a solution of (1)
and (2) in the sense of Definition 5 if and only if u satisfies (9), and for all t > 0,

u(t)+(1+iv) /Ot(—A)”‘u(s)ds + /Ot(l +ip) [u(s)|?Pu(s)ds = ug

t t t
+p/0 u(s)ds + /0 2(s)ds + /0 o (s, u(s))AW in (V| LP(R"))", (1)
P-almost surely. In other words, (10) and (11) are equivalent.

3. Existence of Solutions: Regular and Additive Noise

In this section, we study the well-posedness of solution to problem (1) and (2) with
a diffusion term ¢ taking values in a regular space.
Let Vp be a separable Hilbert space satisfies V) < V and Vj < LP(R"). In this section,
we assume that 0 : R x Q — £,(U, V}) is a progressively measurable process such that

o L2(Q,L%0,T; £2(U,Vy))) forevery T > 0. (12)
Considering the following stochastic equation with additive noise:

du(t) + (14 iv) (=A)*u(t) + (1 +ip) [u(t, x)|*Pu(t, x)dt

13
= pu(t)dt + g(t, x)dt + o(t,w)dW, x € R", t >0, (13)

with the initial condition
u(0,x) = up(x), x € R". (14)

We need to approximate the locally Lipschitz nonlinearity (1 + iy)|u|*fu by a globally
Lipschitz function to prove the existence and uniqueness of solutions to (13) and (14).
Therefore, for every n € N, we define a function ¢,, : C — C by

o=y IS

= if |s| > n.

s]

Then, §, : C — C is globally Lipschitz continuous. In fact, we have ¢, (0) = 0,
1€n(s1) — Cul(s2)| < |s1 —sal, forallsy,s; € C, (15)
and
Sn(s)| < m, |En(s)| < Is| forallseC. (16)

Given n € N, for almost all (f,x) € [0,T] x R", we choose a globally Lipschitz
continuous function (1 +iu)|&n(u)|?P&, (1) ; exactly, for every n € N, there exists ¢, > 0
such that

(14 i) |G () [PPEn (1) — (1 +1p0) |G (12) PPEn (u2) | < eulur —ual, (17)

for all uy,u; € C and for almost all (¢,x) € [0, T] x R". By (17) we obtain, for almost all
te0,T],

L+ 550180 (1) P2 (1) — (1451120 (0)2880 ()| < callu— o], forallu,o € H. (18)
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Since (1 +ip)|&x(0)|?&,(0) = 0, by (18) we obtain, for almost all ¢ € [0, T],
L 90) 6 (10) P2 ()| < callull, For all u € H. (19)
In addition, for all ¢ € R, we infer that
Re( 1 i) & (1) [P & () — (1+iy)|gn(v)|2ﬁgn(v),u—v) >0, foralluve H (20)
and by the definition of ¢, we deduce

& (un ) up > |€n(”n)|2- (21)

Given n € N, consider the following approximate stochastic equation for (13) and (14)
in V* fort > 0:

duty (t) + (1 +iv) (—A) un (£)dt + (1 + ip) |En (un) [P En (un)dt = pun (t)dt + g(t)dt + o (t, w)dW, (22)
with initial condition
1y (0) = ug. (23)

By (18)~(20), it follows from [41] that for every Fo-measurable 1 € L?(Q), H), problem
(22) and (23) has a unique solution u, in the sense that u, is an H-valued F;-adapted
continuous process such that

uy € L*(Q,C([0, T, H)) (| L*(Q, L*(0, T; V), VT > 0,

and forallt > 0,

un(t) + (14 1iv) /Ot(—A)"‘un(s)ds + /Ot(l + iy)|§n(un)|2/5§n(un)ds =uy+p /Ot un(s)ds

/ s)ds + / )in V¥, (24)
P-almost surely.

Next, we will derive uniform estimates of the approximate solution u, and prove the
limit of this sequence is a solution of problem (13) and (14). The first uniform estimate of
uy is given below.

Lemma 1. Suppose (12) holds, then there exists a subset Q) of Q with P(Q) = 1 such that for
all w € O, the solution u, of (22) and (23) satisfies

H”n(w)Hé([o,T],H) + [Jun (w )||L2 or.v) T H‘fn(“n(w)||Zp(0,T;Lp(Rn))

I+ i) G (1) P& () 1] g ey < L(T ),

where L(T, w) is a positive number depending only on T and w, but independent of n € N.

Proof. Let v, (t) = un(t fo ), then we have v, (t) € L?(Q,L%(0,T; V)), which
implies that there ex1sts a subset Ql of Q with P(Q);) = 1 such that for all w € ()4,

v, € L2(0,T; V). (25)

On the other hand, by (24) we find that there exists a subset (), of Q with P(();) =
such that forallw € () and t > 0,
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oult) = = (1) /(=8 un()ds = |1+ ) PP (0

(26)
+p/ Uy (s ds+/ s)ds in V*.
By (26) we obtain that for all w € (),
d ,
P00 (1 i0) (At (6) — (14 0) 1) PP () + pua(E) + 8(8) i 120, T5 V7). @)

Let Q3 = O N Q. Then, we have P(Q3) = 1. Moreover, by (25) and (27) we obtain
from [42] that, for all w € Q43,

d|on (1) ]2 4on
i 2Re<ﬁ’vn(t)>(V*,V> .

on (0, T) in the sense of scalar distribution. It follows from (27) and (28) that for all w € Q3,

dlloa(B)? _

L —2Re((1 + iv)(—A)*un(t), va(t))

*ZRe((l + iﬂ)|§n(”n)|2ﬁ§n(”n)rvn(f)) + 2Re(pun(t), v (t)) + 2Re(g(t),va(t)),  (29)

for almost all t € [0, T'.
We now deal with each term on the right-hand side of (29). For the first term on the
right-hand side of (29), by Young’s inequality, we have

—2Re((141iv)(=A)*uu(t),va(t)) = —2Re((1 +iv) (= A)*uy (1), uy () — /Ot U(s)dW(s))

< 20/ (=8) Fun ()P + 3| -8 Fua (D + 218 [ o(aW ) P

TP+ 22 (-8)F [ es)aws))?

<~ I=)Eum P+ 201+ )] [ oW (s) [ (30)
For the second term on the right-hand side of (29), By (21), we have
— 2Re( (1 +ip0) |2 (1) 6 (1n), v (1))
= ~2Re((1-+ 0018 ) P42 () (1) | ()W) )
= =2 [ 1o 00) P ()t + 2Re (140 ) PP, [ ()W () )
< 2 16 ) P42 2] (L i) 1) P ), [ ()W) |

Then, we estimate the last term on the right-hand side of above inequality. By Young's
inequality, we have
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2| (@ e ) P, [ o)W >)\

< [ 2@ | [ Q)
2642 t 2B+2
< dxter [ [ o(s)aw dx,
< [ lentun) PPty [ | [Co()aws)|
where ¢; = (24/1+ u?) 2/3+2 ;gz)zg;, = 2B+ 2in (31). Then, we have,
—2Re (1 i) ) PP (), 00(1)) < ] [ @AWY, = [ 160G Pz, 2
where p = 2 + 2 in (32). For the third term on the right-hand side of (29), we have
26Re(0,(1) + [ (W ($),04(0) ) < 20000 ()P + 201 [ AW - o (O]
2 2 ! 2
< 20+ ) on ()" + ||/0 o (s)dW(s) 1, (33)
For the last term on the right-hand side of (29), we have
2Re(g(t), vu(t)) < loa (D> + g1, (34)
for almost all ¢ € [0, T], It follows from (29)—(34) that for all w € Q3,
d||v, ()] I3
WontOIE 4 )b + [ Jenon(t)) Pt
(35)

< allonIP + sl [ o AWEIE, + s

for almost all t € [0, T], where c; = (p + 1)?,¢c3 = (c1 +2v? + 3). By (12) and Burkholder-
Davis—-Gundy Inequality, we obtain

B sup | [ o)W () ) < sl [ o(5) 2 0095) < o0

0<t<T

which implies that there exists a subset Q4 of () with P(€Q)4) = 1 such that for all w € Q,

.
c5(T,w) = sup || [ o(s)dW(s)|ly, < . (36)
o<t<t JO

Let Qs = Q3N Q4. Then, P(Q)s) = 1 and for all w € Qs, by (35) and (36) we obtain,

dfloa ()|

L I8 (01 + [ 18wt P < callow()2 + gD + cacs, (37)

for almost all ¢ € [0, T]. Multiplying (37) by e~2! and then integrating on (0, t), we obtain,
forallw € Qsand 0 <t < T,

e on) 2+ [ (e (100 2m @ + [ 6 (unls) P ) ) ds < o)
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t
+ [ e g6 +escs)ds

Therefore,
lon(D)11* < (Jluol|* + co)e™". (38)
By (38) and (36), we have that for all w € Q3,

lun()lco,r,m) = O@a<XT||un( Mu <c7, (39)

where c7 is a positive number only depending on T and w. Integrating (37) on [0, T], by
(38) we obtain, for all w € Qg,

/OT||( Ay \|2dt+/ / 1 (1 (D)) P dxd < cs, (40)

where cg is a positive number depending only T and w. By (39) and (40) we obtain, for all

w € Qks,
T
A

which together with (39)—(41) completes the proof. [

(un)|2ﬁgn(un))(qudt = c9 /OT /Rn\gn(un(t))\i’dxdt, (41)

Next, we establish uniform estimates on the expectation of the solution.
Lemma 2. Suppose (12) holds, then the solution u, (t) of (22) and (23) satisfies
2
ln (22000 10,7y 1)) + 118 (D1 E2,210,m1,vy) + 160 ) Epi 0,700y

< Ll( )(HMOHLZ 0O,H) + HgHL2 0,T;H) + HUH%Z(Q,LZ(O,T;Q(UIH))))/

where L1(T) is a positive number only depending on T.

Proof. By (24) and integration by parts of Ito’s formula, for all 0 < t < T, we obtain

u

meufw-7<W%um//1ﬂmmmmeMmS

- Hu0||2+2p/ it (s ||2ds+2Re// dxds+2Re/ o (s)itn (5)AW(s) (42)

+Awwmmw

P-almost surely, by Riesz’s representation theorem, 1, in the stochastic term is identi-
fied with the element in H* = H. For the third term on the left-hand side of (42), by (21)
we have, for0 <t < T,

Re /(; /]RH (1 +1p)|Gn (un) ‘2/3671 (un)itn(s)dxds = /(: /Rn |G (14n) ‘2/3671 (un)iln(s)dxds

/ / ) 2B+ 2dxds. 43)
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By Young'’s inequality, we have

2Re/0t(g( ), ttn(s))ds <z/ 1(g(s), 1n(s))|ds
< [ sy 1Ps + [ s)1Pas.

It follows from (42)—(44) that, forall 0 <t < T,

(44)

i (17 +2 [ 1805 un(s) P+ [ [ 1)) it
< ol + 20 +1) [ )5+ [ lglPas+ [0 yumds @9
+2Re /O ()0 (5)AW (s).

By (45), we imply that forall0 <t < T,

t T
E( sup ([lun(r)*)) < E([luoll?) + (ZP+1)/O E( sup (IIun(r)IIZ)dSJr/0 g (s)>ds

0<r<t 0<r<s
T
+E< / lo(s)]12 (UH)ds>+2E sup : (46)
0 2 0<r<t

By the Burkholder-Davis-Gundy inequality, we have forall0 <t < T,

%
) <010E<( [ 1o 5) )
§c10E<sup [|un (s ||</ (s || quS) ) (47)
0<s<t
1 2 1 2 f 2
< EE <OS<1£t||un(7)|| > +2C10E(/0 o ()12, (ut,my s ) -

By (46) and (47) we obtain, forall0 <t < T,

/0 "t (5)0r(s)dAW (5)

/0 "t (5)0(s)dW (5)

2E| sup
0<r<t

t T
E(sup IIun(r)Hz) SZE(Iluo||2)+(4p+2)/ E( sup (Ilun(r)llz)dsH/ FOIRE
0<r<t J0 0<r<s 0
T
+(c§0+2)E</0 ||a(s)||2£2(ulH)ds). (48)

By (48) and the Gronwall inequality, we find that forall 0 <t < T,

E(sup [lun(r)[?) < enel®*2", (49)
0<r<t

T T
where c11 = 2E([[uo[|?) +2 [y llg(s)l*ds + (c3 +2) [y Ello()I1Z, (1 pryds
On the other hand, by (45) with t = T, we obtain

2 ( [ 1)t Pas) +E( [ [ [6un(s)) s
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T 2 T 2
B(lnl) + 20+ DE( [l e)1Ps) + [ lg(s) s
1 2 T 2
(14560 [ Elo(6) 3,00,
which together with (49) implies that
T ® ’
B[ I-o05un(s) s ) +B( [ [ el (s)) s )
(50)

< con (Bl + [ lgPds + [ E(Iot6) 20005,

which together with (49) and (50) completes the proof. [

We will prove the existence and uniqueness of solutions to problem (13) and (14).

Lemma 3. Suppose (12) holds and ug € LZ(Q, H) is Fo-measurable, then problem (13) and (14)
has a unique solution u in the sense of Definition 5. Moreover, u satisfies,

[Ju(t )”LZ ac(o1,H) T [Ju(t )||L2 @2(o1,v) T [Ju(t )HZP(Q,LP(O,T;LP(R"))) (51)

< LZ( )(HuOHLZ 0O,H) + HgHLZ 0,T;H) + HUHLZ 0,12 OTLZ(UH))))
where Ly (T) is a positive number only depending on T.

Proof. We first prove the existence, then the uniqueness, and finally the measurability of
the solutions.

Step 1. Existence of solutions for almost every fixed w € (). Let (g be the subset of
Q in Lemma 12 with P(Q)y) = 1. Then, for every fixed w € (), there exist if(w) € H and
u(w) € L®(0,T; H))NL*(0,T; V), x1(w) € LP(0, T; LP(R")), x2(w) € LI(0, T; LT(R"))
and a subsequence {7, }$r_; of {n}?°_; such that

Up,, (w, T) — ii(w) weakly in H, (52)

Up,, (W) — u(w) weak — star in L= (0, T; H), (53)
U, (w) = u(w) weakly in L*(0,T; V), (54)

Cnp (Un,, (w)) — x1(w) weakly in LF (0, T; LP(R™)), (55)

and
(1+ip) &y, (14, (@) PP, (1, (@) — x2(w) weakly in L0, T; LT(R")).  (56)

Let vy, (w,t) = Uy, (w,t) fo s)dW and v(w,t) = u(w,t) fo s)dW. Then,
by (53) we have

vy, (W) = v(w) weak — star in L= (0, T; H). (57)
By (54) we obtain

{on,, (W)}, is bounded in L*(0, T; V). (58)
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On the other hand, by (24), we see that there exists a subset (21 of Q with P(()y) =1
such that for every w € (g,

t ' X t
Un,, (w, 1) = —/0 (1+1iv)(—A)*up, (w,s)ds —}—p/o Up,, (W, s)ds 59

- (1 130) B (1t (@) PP B (11 (0,5) ) + 11g + / ' o(s)ds in V™.

Note that (59) is a deterministic equation parametrized by w € ), which implies that
for every w € ()4,

d N .
% =— (14+iv)(—=A)*up, (w,t) + puy,, (w, ) (60)
- (1 + 1]/[) |€nm (u”m (CL))) |2ﬁ§”m (unm ((,U, t)) + g(t> in V*/
for almost all t € [0, T]. By (54), (56) and (60) we infer that
dUn ((U) . . N\ *
# is bounded in L7(0, T; (V (| LP(R"))"). (61)

Let p : R" — [0,1] be a smooth function satisfies p(x) = 1if |x| < 1;and p(x) = 0if
|x| > 2. Givenk € N, denote by Vy = {u € V : u = 0 for almost all |x| > 2k}, Hy = {u €
H:u =0 for almost all |x| > 2k} and L} = {u € LF(R") : u = 0 for almost all |x| > 2k}.
For brevity, we also write Oy = {x € R" : [x| < k} and 3y, (w, t, x) = p(%)vn, (w,t,x) for
w e O, te0,T]and x € R". Then, by (58) we have

{,,(w)}o_, is bounded in L*(0, T; V). (62)
Similar to (61), by (60), we can verify that

Ay, (w)

o is bounded in L70, T; (Vi [ LD)™). (63)

Since the embedding Vj < Hy is compact and Hy = (Hy)* — (Vi LZ)* is continu-
ous, by (62) and (63) and the compactness theorem in [42] we infer from (57) that for every
w € Oy = 0N Qg and k € N, there exists a further subsequence (not relabeled) such that

)o(w) strongly in L*(0, T; Hy,). (64)

=&

{n,, (@)} = p(
By (64), we have, up to a further subsequence,

On,y (w, t,x) = p(+)v(w, t,x) for almost all (t,x) € (0,T) x Oy,

= R

and hence
On,, (W, t,x) = v(w, t,x) for almost all (t,x) € (0,T) x O. (65)
Based on (65), by a diagonal process, we find that, up to a subsequence,
On,, (w, t,x) = v(w, t,x) for almost all (t,x) € (0,T) x R". (66)
By (66) we obtain, for w € )y,
Up,, (w,t,x) — u(w,t,x) for almost all (t,x) € (0,T) x R". (67)
By (15) we have

|G (i (@) — u(w)| < |8y, (1, (W) = oy ((0))] + Gy () — ()|
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S |M"m ((,U) - M((U)‘ + |§nm (M(CLJ)) - u(w)|/
which together with (67) implies that, for w € (),

Crp (Un,y, (w, t,x)) = u(w, t,x) foralmost all (t,x) € (0,T) x R™. (68)
By (55), (68) and Mazur’s theorem, we obtain x; (w) = u(w) and we have
Cn (Uny, (W, t,x)) = u(w, t, x) weakly in LP(0, T; LP(R")). (69)
In addition, by (68), for almost all (¢, x) € (0, T) x R", we obtain
(1 + i) |G,y (1, (0, 1, %)) P&, (1, (0, £, %)) = (14 ip) [u(w, £, 2) PPu(w, t,x). (70)
By (56), (70) and Mazur’s theorem, we obtain ), (w) = (1 +ip)|u(w)|*Pu(w) and

(L +1p0) |Gy, (i, (@) PP, (i, (@, 1, )

(71)
— (1 +ip) |u(w)[*Pu(w) weakly in L1(0, T; L9(R")).

Next, we take the limits of (22) to prove that u(w) is a solution of (13) and (14). By (60),
we know that for every w € O, € VN LP(R") and ¢ € C°(0, T),

T

[ 0,9 O+ (1) [ pO() b, ), () F

0

(1) ) P (i, ), )

—p/ ) (un,, (w, t), dt+/ ,E)w(t)dt. (72)
Letting m — oo in (72), by (54), (57) and (71), we have
T & &
—/ dt+(1+1u)/0 lp(t)((—A)fu(w,t),(—A)fg)dt
T
2
+/ 1+1y |u|Pu, g dt p/ w,t),é‘)dt—i—/o (g(t),O)w(t)dt.  (73)

By (73) for every w € ()y and ¢ € V(N L (R"), we infer that

d(v(;t;)/g) + (1 +iv)((=A)2u(w), (—A)2E) + /Rn(l +ip) [u(w) PPu(w)g (x)dx

= p(u(w,t),8) + (g(), &)

on (0, T) in the sense of scalar distribution.
We next prove v(w) : [0, T] — H is continuous. Firstly, by (54), (71) and (74) we have

(74)

dvéf) is in L2(0, T; V*) | L7(0, T; LY(R")). (75)

By (54) and (69) we see that

u(w) is in L*(0, T; V) (| LP(0, T; LP (R™)),
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and hence
v(w) is in L*(0, T; V) (| LP(0, T; L (R")).
By (75) and (76), it follows from [36] that v(w) € C([0, T], H) and

d||v(w)]|? do(w)
it = 2( it fv(w»(v*ULW(R”),VQLW(R"))/

in the sense of scalar distribution on (0, T). As a result, we find that u(w) € C([0,

(76)

T), H).

Next, we show that u(w) has initial condition ug(w) when t = 0. By (60), we infer that for

every w € (), € VO LP(R") and ¢ € C*([0,T)),

(0 0, T, () = (o, (,0),E9(0) — [ (o, (), 009 (1)1

(S

T 19
HUiv) [(8) (w0, (-8) i

T
[ A 0 ) PP, ()2 (1) g (1)t

_p/ ) (it (w, £), dt+/ L E)p(t)dt.

Letting m — oo in (77), it follows from (52), (54), (57), (69) and (71) that

T

(#6@) = [ oW, )p(1) = (ua(e) E1p0) = [ (00, ' 1)

+(1+iv) /()T((—A)%u(w,t),(—A)%g)w(t)dt

+ AT ‘/Rn (1 + 1]4) |€nm (u”m) ‘2‘367% (”nm)é’(t)lp(f)dxdt

—p/ u(w,t), dt+/

On the other hand, by (74), we obtain

(vt 1) = [ oW, )p(T) = (0,00, 09(0) - [ (ole0) 1 (01

+ (1 +iv) ./()T((*A)%u(w,t),(—A)%g)lp(t)dt
*/ T/ (1 + i) (e, ) PPu(w, )G (1) (t)dxdt

—p/ u(w,t), dt+/

By (78) and (79), we obtain

(u(w, T) = #(w), E)p(T) = (u(w,0) = uo(w),§)(0)-

(77)

(78)

(79)

(80)

Choosing ¢ € C*([0, T]) with (0) = 1 and ¢(T) = 0, we obtain from (80) that for

every w € () and ¢ € VN LF(R"),

(#(w,0) —uop(w),§) =0,
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which shows that
u(w,0) = up(w) in H. (81)

Similarly, choosing ¢ € C*([0,T]) with ¢(0) = 0 and ¥(T) = 1, we can obtain
from (80) that for every w € )y,

u(w,T) = ii(w) in H. (82)
By (52) and (82), we know that
p,, (w, T) = u(w, T) weakly in H. (83)
By (83), we can also infer that for every t € [0, T],
Up,, (w,t) = u(w,t) weakly in H. (84)

By (74) we find that for every w € (), { € VO LP(R") and t € [0, T],

t

(0(w,1),8) + (1+1v) [ ((=8)3u(w,s), (~8)5e)ds

0

+/Ot/”(1+iV)|”(“’/S)|2ﬁu(%5)§(x)dxds

— (0(w,0),&) +p /Ot(u(w,s),é)ds n /Ot(g(s),éj)ds. (85)

By (81) and (85) we obtain, for every w € (), { € VO LP(R") and t € [0, T},
t o &
(n(,£),8) + (1 +1v) [ (=) u(w,s), (~8)ie)ds

+/Ot /Rn(l+iy)|u(w,s)|2ﬁu(wls)€(x)dxds

= (wo(@), &) +o [ (u(w,s), s+ [ (g(6), 005+ [ coaws). 9
Note that for every fixed w € (),
u(w) € C([0,T), H)(L*(0, T; V) (| LP(0, T; LP (R™)). (87)

Next, we prove the uniqueness of solutions to (86) with property (87).

Step 2. Uniqueness of solutions for almost every fixed w € Q). Given w € (), let u1 (w)
and u;(w) be the solutions of (86) satisfying (87). We want to show u1(w, t) = uy(w, t) in
Hforallt € [0,T].

Letu'(w,t) = uj(w,t) — up(w,t). Then by (87) we have

u'(w) € C([0,T], H) (| L*(0, T; V) (| LP(0, T; LP(R™)). (88)

On the other hand, by (86) we obtain, for all { € VN LP(R") and t € [0, T],

t

(0 (@,,8)+ (1+1) [ (=)

0

NIR
N2

, t
u'(w,s), (—A)2¢)ds :p/o (' (w,s),&)ds

= [ (e i, @9 - (4 i, s) Pua(eo, ) s,
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which together with (88) implies that

du' (w)
dt

=— (1+iv)(=8)" (w) + pu' (w) — ((1 +ip) i (@) [PPun (w)

(89)
— (L4810 12() PPz (@) )

in L2(0, T; V*) U L1(0, T; L9(R")).
By (88) and (89) we obtain

dllu (w,1)|? du’ (w, t
H (dt ) =2Re( Eit )ru/(wrt)>(V*UL‘I(]R”),V(']LP(R”))

= —2[|(=A) 20/ (w)||? + 201’ (w) 2 (90)
— 2Re((1 +ipug |PPug — (14 iy|u2|2ﬁu2),u/(w)).

According to (20), we obtain

d|ju (w, 1)|?

< I 2
S <20 (@ DR,

which together with Gronwall’s inequality, we obtain that for all t € [0, T},
[ (o, )] < e[’ (w, )2, 1)

and v/ (w,0) = up(w) — ug(w) = 0, therefore, uy(w,t) = uz(w,t) forall t € [0, T].

Step 3. Measurability and regularity of solutions. By (84) we know that for every
w € (), there exists a subsequence {uy,, (w)}5_; of {u,(w)}s ;, which may depend on w,
such that

Up,, (w,t) = u(w,t) weakly in H. (92)

Since u#(w) is the unique solution of (86) with property (87), we know from (92) that
the entire sequence u, (w, t) (not just a subsequence) weakly converges in H; namely, for
everyw € (pand t € [0, 7],

up(w,t) — u(w,t) weakly in H. (93)

Since for each n € N, the process u; is F;-adapted, it follows from (93) that u is also
Fi-adapted.

Next, we show the measurability of u : (3 — LZ(O, T; V). By Lemma 2, we see that u,, is
bounded in L?(Q), L%(0, T; V)), hence there exists u’ € L2(Q, L?(0, T; V)) and a subsequence
(not relabeled) such that

uy — u' weakly in L>(Q, L*(0,T; V)). (94)

By (94), (67) and Mazur’s theorem, we obtain that u(w) = u'(w) in L?(0, T; V) for
almost all w € O, and hence u : QO — L?(0, T; V) is measurable and

2 . 2
1120 120mv)) < Hintllalli o, 120,1v))- 5)

We now prove the measurability of u : 3 — LP(0,T;LP(R")). As before, given
w € )y, since u(w) is the unique solution of (86) with property (87), by (69) we obtain, for
every w € (),

Cn(up(w)) — u(w) weakly in LP (0, T; L (R")). (96)
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du(t) + (14 iv) (=A) u(t)dt + (1 +ip) [u(t)|PPu(t)dt =pu(t)dt + g(t, x)dt

In addition, by Lemma 2, the sequence {{ (1) };_; isbounded in L” (Q), L (0, T; L¥ (R"))),
and hence there exists ¢ € LV (Q), L7 (0, T; LP(R"))) and a subsequence (not relabeled) such that

¢n(un) — ¢ weakly in LP (0, T; LF (R")). (97)

By (96) and (97) and Mazur’s theorem, we find that u(w) = ¢(w) in L7 (0, T; LP (R"))
for almost all w € Q. This implies u : QO — LP(0, T; LP(R")) is measurable and

(98)

p - p
”u”LV(Q,LP(O,T;v)) < liminf ”u””LP(Q,LP(O,T;V))'

Note that u is a continuous H-valued F;-adapted process. Therefore, u : O —
C([0, T], H) is measurable. By (53) and the uniqueness of solution of (86), for every w € Q,

up(w) — u(w) weak-star in L= (0, T; H),
which implies
[[1(c) [ 0,7,y < Hmuinf [[un () [| o 0,7;8) - (99)

By (99) and Fatou’s lemma we obtain

S oy @P < [ timin e () e o 7,)2P

(100)
<timinf | (@)l om0 4P-
By (100) and Lemma 2, we obtain [, ||u(w) ||%m(0 T.H)dP < o0, which along with the

path continuity of u implies u € L?(Q, C([0, T], H)). By (86) and the above measurability
of u, we see that u is a solution of (13) and (14) in the sense of Definition 5. We obtain the
uniqueness of the solutions follows from Step2, and the uniform estimates of (51) follows
from (95), (98), (100) and Lemma 2. [

4. Existence of Solutions: General Additive Noise

In this section, we study the existence and uniqueness of solutions to problem (1)
and (2) with a general additive noise,

+o(t, w)dW, (10D
with initial condition
u(0) = ug, (102)
where 0 : R x Q) — £,(U, H) is a progressively measurable process such that
o€ L*(Q,L%(0,T; Lo(U, H))) for every T > 0. (103)

We investigate the existence and uniqueness of solutions to problem (101) and (102)
under condition (103).

Lemma 4. Suppose (103) holds and uy € L2(Q, H) is Fo-measurable, then problem (101) and
(102) has a unique solution u in the sense of Definition 5. Moreover, u satisfies,

H”(t)||%2(g,c([o,T],H)) + ||u(t)H%Z(Q,LZ([O,T]/V)) + ||u(t)HZP(Q,LP(O,T;LP(R")))

(104)
< La(T)(|

2 2 2
MOHLZ(Q,H) + HgHLZ(O,T;H) + HU||L2(Q,L2(O,T;£2(U,H))))/
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where L3(T) is a positive number depending only on T.

Proof. We first approximate the drift coefficient o with (103) by regular drift terms and
construct a sequence of approximate solutions. We then derive uniform estimates, and
prove that the limit of the approximate solution is a solution of (101) and (102). Finally, we
show the uniqueness of the solutions.

Step 1. Approximate solutions. We first approximate ¢ with (103) by regular functions.

Therefore, we choose a positive integer kg such that kg > %. Then, we obtain that
H%o(R") < LP(R"). Given m € N, denote by

1, .
om = (I— %A) kg,

Then we have o, € L?(Q, L?(0,T; £(U, Vp))). By Lemma 3 we find that, for every
m € N, there exists a unique continuous H-valued F;-adapted stochastic process u,, with

um(w) € L*(Q,C([0,T], H)) (| L*(Q, L*(0, T; V)) (| LF(Q, L (0, T; LF(R"))), VT >0,

such that forall f > 0and & € VN LP(R"),

t

(m(w,t),6) + (1 +iv) /0 (=) 2um(w,s), (~8)5)ds
t
+/ / (1 + i) |t (0, 8) PPt (0, 8)& (%) dxdls (105)
0 R)’l
t t t
&)+ p [ (e, )5+ [ (5(),8)ds + [ com(s)aW(s)

P-almost surely. Where ¢ in the stochastic term is considered as an element of H* by
Riesz’s representation theorem. Moreover, by (51), Lemma 3 and the contractility of the
operator (I — LA)~%, we find that for all m € N, there exists a positive number C; = C;(T)

independent of m such that

P
o4 (2 HLZ @)y T llum( HLZ o201,y T 1L o100 @)

< Cl(HuOHLZ O,H) + ”g”LZ 0,T;H) + ”‘TH%Z(Q,LZ(O,T;Q(U,H))))- (106)

By (41) and (106) we obtain that, for all m € N,

11+ il‘)|”m‘2/5”"1HZ‘KQ,LW(O,T;L”’(R")))

< C9Cl(||u0||L2 OH) + ”g”LZ 0,T;H) + ||0'HL2 0,12 OTﬁz(UH)))) (107)

Next, we derive further uniform estimates of the approximate solutions.

Step 2. Uniform estimates on {u,, }5_,. Note that by the proof of Lemma 3, for every
m € N, the solution u,, of (105) is given by the limit of the solution u,, , of the following
equation in V*,

1)+ (L 0) [ ((=8) i (5)+ (5801t ()PP (5

t t t
= uo—i—p/o um,n(s)d5+/() g(s,x)ds—i—/o O (s, w)dW. (108)
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By (108) and integration by parts of Ito’s formula, we obtain, for all m1, my € N, with
() = Uy n () = tmy,n (2),

O +2 [ 1(~8) i
+2Re /O L U000 (10 0y (5) P (0, (5)) = 180ty (5)) PP (b (5))) s
! 2 ! 2
=20 [ Nl Pds + [ o (@) — 0y (@) [ 111y

4 2Re /0 i (5) (0o, (0) — Oy () JAW.

:>

n(s)]|%ds

(109)

Together with (20), we obtain
& t
O +2 [ 1(~8) 2t (5)| 5 < 2p [ NP

t t
+/O o, (W) — Oy (w)||2£2(ulH)ds +2Re/0 D (5) (O (W) — Oy (w) )AW,

from which we can deduce that, for each T > 0,

E(sup [ mn(r)[|)

o<r<t
<29 [ BCsup (1)) + B [ om () = 0@l 105
- 0 0<r<s 4 1 2 2( ’ )
;
+2E( sup / B (5) (g (@) — Oy (@))AW(5)] ]
0<r<tl/0

By the Burkholder-Davis—-Gundy inequality and Young's inequality, we infer

)

t
B sup nn()P) + cual (| o () = (@) 05 ).

0<r<t

[ ()@ () = (@)W (s)

2K ( sup

0<r<t

<

N —

Therefore, we have

t
E(sup |imn(r)[|) §4P./0 E(sup || (r)|*)ds

0<r<t 0<r<s
T
+2(1+cp)E (/0 lom, (W) — o, (w) |2£2(u,H)d5>~

Applying the Gronwall inequality, for all t € [0, T], we deduce,

T
]E( Sup Hﬁm,n(r)”Z) S 2(1 —+ C12)e4pt]E (/0 ||Um1 ((,U) — (Tm2<(u)||2£2(ulH)dS> .

0<r<t

By (109), we obtain

T . T
z@(/ ||(—A)zam,n|2ds) gsz(/ ||12m,n||2ds)
0 0

T
+ (c12 + 1)E</0 ||Um1 (w) — sz(w)|‘2£z(U,H)ds>’
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which together above we can deduce, there exists a positive number ¢35 = ¢13(T) indepen-
dent of m, m, and n such that

E( Sup (1) ~ umz,n<t>||2> B [ M (1) = i 0) B

0<t<T

T
< i [ o () = o @)l s ). (10)
where cia = (201 + )Tl + T+ 5] + 23
Note that the proof of Lemma 3, we know that there exists a subset (21 of (3 with
P(Q)q) = 1 such that for every w € ) and every fixed m € N, as n — oo,

Um (W) = Uy (w) weak-star in L*(0, T; H), (111)
U (W) — ty(w) weakly in L2(0, T; V), (112)
En(Umn)(w) = um(w) weakly in LP (0, T; LP (R")), (113)

(14 i) [ (i (@) PP En (ttmn (@) — (1 + ipe) [t (@) PP 1ty n ()

(114)
weakly in L7(0, T; L1(R")).
By (112) and Fatou’s lemma, we obtain
E(””’”l N ”"12”%2(01%)) < liminf E(””’”l - ”’"2”%2(01#))
r ) (115)
<ci3E (/0 oy — ‘Tmz”cz(u,H)dS)'
Similarly, we obtain
2 T 2
E(Huml - ”mzHC(O,T;H)> < c3E (/0 llom, — U'm2||£2(u,H)ds>~ (116)

Note that 0, — ¢ in L>(Q, L*(0,T; L2(U, H))) as m — oo, and hence {0, }%_; is a
Cauchy sequence in L2(Q, C([0, T], H)) N L2(Q, L?(0, T; V')) such that
lim u, = uin L*(Q,C([0,T], H)) (| L*(Q, L*(0, T; V)). (117)

m—o0

By (117) we see that u is a continuous H-valued F;-adapted process. On the other
hand, by (117) we infer that, up to a subsequence (not relabeled) such that

Uy — u almost everywhere in Q x [0, T] x R". (118)

By (107), there exists x € L1(Q, L9(0, T; L7(R"))) such that, up to a subsequence,
(14 ip) |t |*Pum — x weakly in L1(Q), L(0, T; L1(R™))). (119)

By (118) and (119) and Mazur’s theorem, we obtain x = (1 4 ip)|u|?Pu and thus

(14 ipt) [t | Prtyy — (14 ip) |u|*Pu weakly in L9(Q, L1(0, T; LY(R™))).  (120)
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(0,8 + 1 +iv) [ (-a)

Similarly, by (106) and (118), we obtain
Uy — uweakly in LP(Q, LP (0, T; LF (R"))). (121)
Next, we take the limit of (105) as m — oo.
Step 3. Limit of approximate equation. Let ¢ € L*(Q),R) and { € V N LP(R"). Then,
by (117) we obtain, for all t € [0, T],
E((um(t),8)¢) — E((u(t),5)¢). (122)
In addition, for each t € [0, T], by (117) we obtain

E<¢/Of((—A)%um(s),(-A)‘%g)ds> = E(/()T((_A)éum(s>,1[0,@(5)(1,(_&3@615)

— E(/OT((_A)%M(S)/1[0,t](s)¢(_A)g(:)dS> —E(q)/ot((—A)ﬁu(s),(_A)%g)ds>. (123)

Similarly, for each t € [0, T], by (120), we obtain

B(g [ (o i) 5) P ()2 )

t (124)
- E<¢/O /Rn(uiy)u(s)zﬁu(s)g(x)dxds).
Since 0y, — ¢ in L2(Q, L?(0, T; £(U, H))), we obtain, for each t € [0, T],
t t
E<¢ /0 Ejam(s)dW(s)> —>E<¢ /0 §U(s)dW(s)>. (125)

Multiplying Equation (105) by ¢, taking the expectation, and then letting m — oo,
by (117) and (122)—(125) we obtain, for each t € [0, T] and § € V N LP(R"),

B(p(u(1),0) + L+ 0B (¢ [[(-8)1u(s), (-0)10)s
+B(o [ [ 0+l PPu(o(ds )

— B(p(u0,£)) + B9 [ (), 0)d5) +E(o [ (5(5),£)s)
+E(p [ to@aw(s)).

(126)

Since ¢ € L*(Q,R) is arbitrary, by (126), we infer that for every t € [0,T]| and
¢ € VN LP(R"), there exists a subset (), (depending on t and &) of Q) with P(Q);) = 0 such
that for all w € O\,

NlR

u(w,s),(—A)%é)ds—i-/ot /Rn(l+i]/t)|u(w,s)|2/3u(w,s)§(x)dxds

= (w0(@), ) +p [ (u(w,), s + [ (5(5), s + [ cols)aw(s) a27)

Note that the subset (), may depend on t € [0,T] and ¢ € V N LP(R") in general.
However, since every term in (127) is continuous in t and the space { € V N LP(R") is
separable, we are able to choose a subset (2 of P-probability zero, which is independent
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of t and ¢, such that (127) is valid forall w € O\ (), forallt € [0,T] and ¢ € V N LP(R").
By (117) and (121), we have

u € L*(Q,C([0,T], H)) (| L*(Q, L*(0, T; V)) (| LP(Q, L (0, T; LF (R™))). (128)

Moreover, taking the limit in (106) with respect to m, by (128), we know that

Hu(t)H%Z(Q,C([O,T],H)) + Hu(t)H%Z(Q,LZ([O,T],V)) + Hu”iﬂ(Q,LP(O,T;LF’(R”)))

< CI(HMOHLZ O,H) + Hg”LZ 0,T;H) + ||U||%2(Q/L2(0/T;LZ(UIH))))' (129)

By (127)—(129) we see that u is a solution of (101) and (102) with the desired estimates.

Step 4. Uniqueness of solutions. Suppose #1 and uy be the solutions of (101) and (102)
in the sense of Definition 5 with initial conditions ug; and ug 5, Let # = u; — up, then we
have, forall € VN LP(R") and t € [0, T], P-almost surely,

t

((1),6) + (1 +1v) [ (-8)

0

NI=

(s), (~A)2¢)ds

t t
= (u1 —u02,8) = [ [ (L4 i)a PPy = (L4 i) o iz & () s + p [ (0(5), ). (130)
Similar to (91), we obtain that
(e, 1) < e[ (w, 0) 1%,

which implies that

2),

]E(||u1 - u2||%([O’T],H)) < TR

and hence the solution is unique. O

5. Existence of Solutions: Globally Lipschitz Noise

In this section, we suppose that ¢ : R x Q x H — L,(U, H) is globally Lipschitz
continuous in its third argument uniformly for (tw) € Rx namely, there exists a
positive number L such that forallt € R,w € Q) and uy,up € H,

|o(t, w,u1) — o(t,w,u2) 2, um) < Lollur — uz. (131)

In addition, o satisfies (4). We suppose that for every fixed u € H, o(-,-,u) : R x QO —
L,(Q), H) is progressively measurable.

Lemma 5. Suppose (131) holds and ug € L?(Q), H) is Fo-measurable, then problem (1) and (2)
has a unique solution u in the sense of Definition 5. Moreover, the solution u is continuous in
up from L2(Q, H) to L>(Q, C([0, T]; H)) N L?(Q, L2(Q, L2(0, T; V))) and u satisfies the energy
equation

||2+z/ 1(—A)3u( ||2ds+2// || %+ 2dxds
t

- \|u0|\2+zp/0 Hu(s,x)||2ds+2Re/0 (u(s),g(s))dS—I—ZRe/O u(s)o(s, w(s))dW

t
+/O llor(s, u(s)) 1711y,
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forall t € [0, T], P-almost surely. In addition,

Hu(t)”%Z(Q,C([O,T],H)) + [Ju(t )HLZ (Q,L2([0,T),V + [|u(t )Hzp(QILP(O,T;LP(R”)))

< Ly(T )(”uO”LZ 0O,H) +||g||L2 OTH)) (132)
where Ly(T) is a positive number only depending on T.

Proof. For an JFy-measurable initial condition uy € L?(Q), H) and a given progressively
measurable process z € L?(Q, L?(0, T; H)), we investigate the following stochastic equation:

du(t) + (14 iv) (=A) u(t)dt + (1 +ip) [u(t) |PPu(t)dt = pu(t)dt + g(t)dt + o (t,z(t))dW, (133)
with initial condition
u(0) = up. (134)

Since z € L?(Q, L?(0, T; H)) is a progressively measurable process. By (4) and (131),
we notice that o (-, z(+)) € L2(Q, L?(0, T; £L(U, H))) is also progressively measurable. Then,
for every Fy-measurable 1y € L?(Q, H), by Lemma 4, problem (133) and (134) has a
unique solution u in the sense of Definition 5 which satisfies (104). We define a map
G:L2(Q,L2%(0,T; H)) — L?(Q,L%(0,T; H)), for every z € L?(Q,L%(0,T;H)), G(z) = u,
where u is the unique solution of (133) and (134).

Next we prove that G is a contraction when L?(Q), L2(0, T; H)) is endowed with an
equivalent norm using Banach fixed point theorem.

Step 1. Contractility of G. Let z1, zy be progressively measurable in LZ(Q, LZ(O, T;H)),
and uq, u be the solution of (133) and (134) given by Lemma 4. Let i = u; — up and
2 = z1 — z. Then, we have

a(t) + (1 +iv) /Ot(—A)“ﬁ(s)ds + /Ot((l +ip) |ug |PPuy — (1 +ip) |ua|*Puy)ds

= p/ ds+/ 0(s,z1(s)) — o (s,22(s)))dW(s) in (VﬂL”(R”))*. (135)

Let ko be a positive integer such that ko > (G )1 ) . Then we have W04 (R") < L2(R").
We set that
fe = (I —eA)Fog,

fe(#) = (I = e8) (1 + i) [ur [Py — (14 ipe) [uaPu),
U€(t) = (I - ‘C:A)iko (0’(1’,21) - U(t/ZZ))'

Hence, we obtain

() + (1 + iv) /Ot(—A)"‘ﬁe(s)ds—i—/Otfg(s)ds :p/ot ﬁg(s)ds—i—/otag(s)dW(s) in H. (136)

Let 6 > 0 be a fixed constant, ¢ = e~%i,, 1% = e~%1. By (136), we obtain that

t

+9/ s)ds + ( 1—1—11/)/0 (—A)”‘ﬁf(s)ds—i—/otef"sfs(s)ds )

:p/O ﬁe(s)ds+/o ¢80, (s)dW(s)
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in H. By (137) and integration by parts of Ito’s formula, we obtain

a

(B)[2 +26 / Jaf ||2ds+2/ I(~a)8a <)||2ds+2Re/ “05(fuls), 12(s))ds

t
=2p [ [1A(s)]Pds +2Re / 00 (5)0 () AW (s) + / le~®0e(s) 113, s (138)
Forallr € (1,00), h € L"(R"), we have

(1= eA) " | pr gy < V[l ey and lim I(I—eA) "k = hl|prgey = 0. (139)

By (139) and the dominated convergence theorem, we obtain that, for every t € [0, T],

lim |27 (£)||> = |2°(#)[|?, (140)
e—0
lim / 129 (s) [2ds = / 129 (s) |2, (141)
4 t [14
lim/ I(=n)8a( ||2ds:/ 1(—A)5 a0 (s)||2ds, (142)
e—0 0
tim [ e %%0u(5) 2 s = [ e (s 21(5)) = 005 2206 s, (149

tim | e(s) — (U i) (5) PPras () = (1 -+ i0) o () PPrea(5)) s ey = O,

and
lim (|27 (s) — 2°(s) |y () = O
e—0

Then, we obtain
lim Ife(s)2(s) — (1 +ip) ua(s)[PPur(s) — (1 +ip) [ua(s) [PPuz(s))2° (5) | 1 gy = O

By (139) and the dominated convergence theorem, we obtain

lim t ~O5Re(fe(s), 19 (s))ds

e—0

(144)
= / 0 [ (5) (L i) 3 (9) PP (5) = (1 i)z () PPr(s)) s,

To prove the stochastic term in (138), we need to prove the convergence of quadratic
variation,

1
2

|:Re /Ot efesﬁg(S)O'g(S)dW(S) —Re /Ot e,(-)sﬁe(o.(s,zl(s)) . U(S,ZZ(S)>dW(S>)

T
= |[Re(e™*a(s)oe(s)) — Re(e™ ™% (0(s,z1(s)) — (s, 22(5))) | 20,2, (u,m))

< le=%ad (s)oe(s) — e~ af(s) (o (s, 21(5)) — (5, 22(5) | 20,75, ()

e (8 (s) — 2°(5)) (05, 21(5)) — (5, 22D 202 12 (145)
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By (139), we have, for s € [0, T],

e~ al(s)oe(s) — e~ al(s) (0 (s, 21(5)) — 05, 22())) | £ umy)

< e %[ (5) llox(s) = ((s,21(5)) = 0(5,22(5)) | ey ) — Oase = 0. (146)

By (139) and (146), we obtain

lle=®ad (s)oe(s) — e~ ad (s) (0 (5,21 (5)) — (s, 22(5))) | ey u )

< 2¢~ %% (s) ||| (o (s, 21(5)) — (5, 22(5))) | £, 11 m))- (147)

It follows from (146) and (147) and the dominated convergence theorem, we have
lim [le=% 2 (s)0e(s) — e~ (s) (0(5,21(5)) = 0 (5, 22(5)) 20, pumy) =0 (148)
and

lim [|e= (8 () — 2°(s) (e (s, 21(5)) = (5, 22(5))) | 20,738, (1)) = O- (149)

By (145) and (148) and (149), we obtain

1
2

nngeGmﬂ@%@mw@>—Aﬂz%ﬁ@xa@gﬂg)—aggﬁg»mwg) —0

e—0 T

in probability, and hence

lim te_esﬁf(s)ag(s)dW(s) = /Ote_gsﬁe(s)(a(s,zl(s)) —0(s,22(s)))dW(s), (150)

e—0.J0

in probability uniformly for t € [0, T]. Letting ¢ — 0 in (138). By (140)—(144) and (150), for
t € [0, T] we infer

(01 +20 [ ad(s)Pas+2 [ (-0 s
+2Re /tefes/ (1 +ip) g (s)|PPuy (s) — (1 +ip)|uz(s)[*Puy(s))a® (s)dxds

=20 [ °(5)ds + 2Re [ 00°(5)(0(5,21(5)) — o5, 22(5)) )W)

+/Hes (5,21(5)) — 05, 22(5))) 12, 10 (151)

Taking the expectation of (151), and applying in (131), we obtain

208 ( [ e 1(5) — ua(s)) |2 ) s

< 208 [ e ()~ ua(s)) P ) +2E< sup Re [ eﬂ%ﬁ(s)(v(s,zl(s))—a(s,zZ<s>>>dw<s>>

0<t<T

</ le=%((s,z1(s)) =0 (s, z2(5))) ||£2(UH)d)
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By the Burkholder-Davis—-Gundy inequality and Young's inequality, we obtain

)

< clg,E( L 1Pt 20(5) - a(s,zxs))niz(u,m)

2]E< sup /Ot efesﬁe(s)(a(s,zl (s)) — (s, za(s)))dW(s)

0<t<T

2

Hence, we have

208 [ e ts) - ()| )

2
< o+ BB ( [ 1o un(s) — ualo)) P s+ 238 [ e (aa(5) — 2(6)) P ). a52)

For fixed 6 > 0, denote by L3(Q), L?*(0, T; H)) the space L*(Q), L*(0, T; H)) equipped
with the equivalent norm

1

T 3
gz = (B( [ le®u@)I?) )" foru e 12,2207 1)).
Then by (152) we obtain, for 8 > p + %,

1G(z1) — g(ZZ)HLg(Q,LZ(o,T;H)) = |1 — MZHLg(Q,LZ(o,T;H))

V2L (153)
< ———==121 ~ 22lliz0,12(0,r;11))-
\V20—-20—F
We choose a positive number 6 large enough such that ﬁiLoz < 1. Then, we
262035

obtain that G is a contraction. Therefore, it has a unique fixed point, which is the unique
solution of (133) and (134) in the sense of Definition 5.

Step 2. Continuity of solutions in initial date. Let ug,up> € LZ(Q, H) be Fo-
measurable, u; = G(uy),up = G(uy) be the fixed points of G corresponding to initial
date ug; and ugp. Denote by i = u; —up, g = g1 — tpp. By (151) with 6 = 0, for
t € [0, T], we obtain

t « . t .
()P +2 [ I(=a)ta(s)|Pds < 1ol +2p [ [1a(s)]%ds

+2Re /Ot 1(s)(o(s,ui(s)) — (s, ua(s)))dW(s) + /Ot llo(s,ui(s)) —o(s, “2(5))||2£2(U,H)d5' (154)

By (154), we find that forall 0 <t < T,

E(sup ||ﬁ<r>|2) < B(o]*) + 29 /(fE( sup ||a<r>|2>ds

0<r<t 0<r<s

[ 666 (05, 11(9) = (s, 12(5)))W (s)

+2E| sup
0<r<t
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+E (/OT llo(s, uq(s)) —o(s, ”2(5))|252(U,H)d5>- (155)

By the Burkholder-Davis-Gundy inequality and (131), we deduce, forall0 <t < T,

<c16E<( [ 1Pt s >>—a(s,uz<s>>||iz(u,mds)2)

< C16E< sup |la(s)]| (/; llo(s,ui(s)) — (s, uz(s))||2£2(u/H)ds> 2)

0<s<t

[} 1(6) (ot m(5)), (5, 1a(6))aW(s)

2E < sup

0<r<t

< §E< sup ||a<r>||2> + 386B ([ Nots,(9) = (5 1025)) I 11

0<r<t

1 2 122 < f 2 >
Z2 12k — d
< 35 g 1) + et [ ) - e

< ;E<sup 1a(r)| ) + c16L2/O E<sup ||ﬁ(r)|2>ds. (156)

o<r<t 0<r<s

By (131), (155) and (156), we obtain, forall0 <t < T,

E(Sup IIﬁ(r)Hz) < 2E(|[2(0)[|?) + (cf6L§ +2L5 + 4p) /OtE< sup IIﬁ(V)Hz)dS- (157)

0<r<t 0<r<s

By (157) and the Gronwall inequality, we find that forall0 <t < T,

E( sup ||ﬁ<r>||2> < 26(FLTH2LTHOIE (|| 2(0)[|2). (158)

0<r<t
In addition, by (156), (158) and (154) with t = T, we obtain
T ° ”
B( [ I-0)tas) ds) < cB(lnl?) 159)

where c17 > 0 depending only on T. By (158) and (159), we obtain
l[ur — qu%Z(Q,C([O’T],H)) + [lug — uZH%Z(Q’LZ(O’T;V)) < cxolluon — uO,z“%Z(Q,H)‘ (160)
Therefore, the solution is continuous in initial data.

Step 3. Uniform estimates of solutions. We suppose u is the solution of (1) and (2) with
initial data uy € L2(Q, H), Then we have

u(t)+(1+iv)/ot( A)u ds+/ (14 ip)|u(s)|?Pu(s )ds—uo+p/ ds—i—/

t
+/ o (s, u(s))dW in (V () LP(R"))", (161)
0
P-almost surely. We set

ue(t) = (I—ed)u(t),uge = (I —eA) Mug, ge(t) = (I —en) Fg(t)
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and
FE(8) = (T—eD) (1 +ipu) |u(t) PPu(t), o°(t) = (I —er) 0o (t,u(t)).

Then by (161) we obtain, for t € [0, T],

we(t) + (14 iv) /Ot(—A)"‘ug(s)ds + /Otfg(s)ds

—uog—i-p/ e (s ds—l—/gE ds+/ )in H, (162)

P-almost surely. By (162) and integration by parts of Ito’s formula, we obtain, for
every t € [0, T],

o

|| e ( ||2+2/ |(—A)2u H2ds+2Re/ / fE(s, x, u(s))ig(s)dxds

_ 2 2 S - "o
— [l —|-2p/0 e (s, %) dxds+2Re'/O /Rngg(s)ug(s)dxdsulae/o UE ()0 (s, w(s) AW

t
[0 (50 Iy (163)

P-almost surely. Taking the limit of (163) as ¢ — 0, we obtain, for t € [0, T],

&

||2+2/ (=) % u ||2ds+zRe// (1 + ip) u(s)[Pu(s)a(s)dxds

- ||u0||2—|—2p/0t Hu(s,x)||2dxds—|—2Re/0t(u(s),g(s))ds+2Re/0tu(s)(7(s,w(s))dw

t
+ [ s, 1) I, 0 (164)

P-almost surely. Similar to the proof of Lemma 2 and by (4), we can derive the uniform
estimates (132). O

6. Existence of Solutions: Locally Lipschitz Noise

In this section, we prove the existence and uniqueness of solutions to problem (1)

and (2) with a locally Lipschitz continuous diffusion term.
Let o : R" x QO x H — L,(U, H) which satisfies condition (3) be locally Lipschitz
continuous in its third argument uniformly for (f,w) € R x (), we introduce a truncation

operator 7, : H — H given by
w o if flul <n,
;7”(“) = nu .

T if |ul| > n.
Then 7, : H — H is globally Lipschitz continuous with unit Lipschitz coefficient,
170 (1) — 1u(u2) || < [lug —uz2|l, foralluy,up € H, (165)
and

|7 (u)|| < n, forallu e H. (166)
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Givenn € N, we set 0, (t, w, u) = o(t,w,u(u)) fort € R,w € Qand u € H. By (3)
and (4) and (165) and (166), we infer

lon(t, w,u1) — ou(t, w,u2) g,y < Mallur — uzl], (167)
and
lon(t, w, )|l 2, by < L(LA+ [Juf]). (168)

Therefore, we can apply Lemma 5 to approximate o by globally Lipschitz continuous
function ¢,. Given n € N, we consider the following stochastic equation:

duty (8) + (14 i) (=) un (£)dt + (1 + ipe) | (8) [PPray (£)dt =puy (£)dt + g(t, x)dt (169)
+ o (¢, x, 1y )dW,
with initial condition
un(0) = up. (170)
By (167) and (168), for every Fo-measurable uy € L2(Q), H), problem (169) and (170)

has a unique solution u, as given by Lemma 5. In addition, u, satisfies (132) and the energy
equation

t [14
w142 [ -8 ()P +2 [ [ o) 2
- ||u0||2+2p/ it s, x)szxds—i—ZRe/ (1t (s), g(s, x))ds (171)

+2Re/0t un(s)on (s, x, un(s))dW(s) +/0 ”‘Tﬂ(s'u”(s))HZEQ(U,H)dS’

forall t € [0, T], P-almost surely.

Next, we establish the uniform estimates on the sequence {u, }°_; and prove its limit
is a solution of problem (1) and (2).

We define a stopping T, (for each n € N) by

T, =inf{t > 0: ||u,(t)|| > n} AT, (172)

where inf{t > 0 : ||u,(£)]| > n} = oo if { > 0 : [|u,(t)|| > n} # @. We write
uy () = 1y (t A Ty). We will prove {uy" }°°_ is consistent.

Lemma 6. Suppose (3) and (4) hold Let uy be the solution of (169) and (170) and T, be the
stopping time given by (172). Then, u)",; = u;" and T, 11 = Ty a.s. foralln € N.

Proof. Let i, = u, 1 — u,. Then, we obtain

dily + (1+iv) (—=A) udt + (1 + ip) |1 [PPrnin — (1+ ip) [ [PPuy)dt = pit,dt
+(Un+1(tl un+1) - U'n(t/ un))dw (173)
Similar to (151) with # = 0, we can obtain that for ¢ € [0, T],

AT,
||ﬁn(tATn)||2+2Re/0 /Rn((l—i—iy)|un+1|25un+1 — (1 1) |t PPty ) 1 () el

19

—|—2/ )2l ||2ds = 2Re /OMTn 1 (8) (0311 (5, ty11(8)) — ou(s, un(s)))dW(s)+
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tATh R 5 tAT, 5
20 [ ) Ps+ [ i (s (6) = (s, (D By s (A7)

By the definition of #,, we infer from 0y, (s, u,(s)) = 0y,4+1(s, un(s)) for s € [0, T,], for
€[0,T],

I AT = i () = O <20 [ it (5) = un5) s
#2Re [ 011(5) = 10(5)) (041541 (9) = G (5,10 (5) AW

tATy
[ (5 n1(5)) = G 510 () [

By (167), we imply that for ¢t € [0, T},

E( sup [[u,(7) —u;n<r>||2> <2 /(fE( sup [, (r) = (r >||2>ds

o<r<t 0<r<s

[ 005109 = 102(90) @02 (5 10:1(9)) = G (5,100 (6))) AW )

0<r<tATy,

+2E ( sup

)

t
+Mﬁ+1 | IE(Osup ||un+1(r) ”(r)||2> ds. (175)
<r<s

2E| sup
0<r<tAT,

AT, %
< cigE < (/O [41(5) = 1 ()01 (5, 11 () = Gura (5, 1tn(s)) Iiz(u,mds) )

1
2
SCISMHHE(Oiup I = O ([ 519 "<s>||2ds))
r<

For the second term on the right-hand side of (175), we have

[ 00425) = 100(90) @115, 10012(5)) = 2510 (5))AWCS)

<

1 t
E( sup | (r) — ”(r)||2> + M | E( sup [|uy (r) - ”(T)I|2d5>- (176)

0<r<t 0<r<s

N —

It follows from (175) and (176) that for t € [0, T,

IE( sup ||un+1( r)— u;"(””z)

0<r<t

t
< (dp+eisMlyy +2M ) [ E( sup [y (r) - umr)uz)ds
0 0<r<s

By Gronwall inequality, we obtain, for t € [0, T],

E(SUP ey (7) —MZ”(7)|2> =0.

o<r<t

Therefore, u™

el = = u,". By (172), we can get that for all n € N, we can infer 7,1 >
Ty [
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Since T,11 > Ty a.s., the stopping time T is well-defined:

T= hm Ty = sup Ty. (177)
o neN

Next, we prove T = T almost everywhere.

Lemma 7. Suppose (3) and (4) hold and ug € L?>(Q), H) is Fo-measurable. Let T be the stopping
time given by (177). Then, T = T almost surely.

Proof. For all n € N these estimates are independent of the Lipschitz coefficient M,, of oy,
in (167), therefore, the solution u, of (169) and (170) satisfies the estimates given by (132).
In addition, by (172) we have {7, < T} C {{|unllc(jo,7,5) = 1}, applying Chebyshev’s
inequality and Lemma 5 yields

1 c
P{ts < T} < P{llunllcom,m = 1} < —EllunlZom,m) < S5-

By the Borel-Cantelli lemma, we have

p(ﬁ G{TH<T}):O.

k=1n=k

As a result, there exists a subset () of Q) with P(Q) = 0 such that for each w € Q\ Qy,
there exists ny = ng(w) such that t,(w) = T for all n > ny. Then, T(w) = lgn T(n)=T
n—oo

forallw € O\ Q. O

Next we prove the existence and uniqueness of solution (1) and (2).

Theorem 2. Suppose (3) and (4) hold and ug € L*(Q), H) is Fo-measurable. Then, problem (1)
and (2) has a unique solution u in the sense of Definition 5. Moreover, u satisfies the energy equation:

ua(t ||2+2/ 1(=A)3u( |2ds+2// (52 +2dxds

= lluol® +2p /Ot (s, x)||2ds + 2Re /Ot(u(s),g(s))ds 4 2Re /Ot u(s)o (s, w(s))dW

t
+ /O lo (s, 1)) 17, (11,1157 (178)
forall t € [0, T], P-almost surely. In addition,

Hu(t)H%Z(Q,C([O’T]’H)) + [fu(t )HLZ O,12([0,T],V + [|u(t )HZP(Q,LP(OIT;LP(RH)))

< Ls(T )(HMOHLZ 0O,H) +||g||L2 OTH)) (179)
where Ls(T) is a positive number depending only on T.

Proof. By Lemma 6 and Lemma 7, we know that there exists a measurable set )y of ()
such that P(Q)9) = 1 and for all w € Oy,

T(w) =T and ul"(w) = ui(w), Vn > m. (180)
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we define a function u : [0, T] x Q — H by

(181)

u(t,w) = uy(t,w) ifweQoandt € (0,7, (w)];
T \wo(w)  ifwe M\Qandt € [0,T).

By above definitions, we can conclude that u is a continuous H-valued F;-adapted
process and the fact:

lim u,(t,w) = u(t,w), forallt € [0,T] and w € Q. (182)

n—o0

By Lemma 5, the solution u, satisfies (132) for all n € N. By (182) and Fatou’s lemma,
we conclude that there exists a positive number L5(T) depending only on T such that

H”(t)”%Z(Q,C([O,T],H)) + Hu(t)||%2(Q,L2([O,T],V)) + ||u(t)HiP(Q,LP(O,T;U’(R")))

< Ls(T) (ol ) + 11820010 (183)

which gives (179). We are now prove that u satisfies (1) and (2). u, is the solution of (169)
and (170), then we have, for t € [0, T|,

AT,
un(t/\Tn)—l—(1+iv)/0 (—A) (s ds+/ (1 + i30) |t (8) 2B 1 (5) s

AT, AT, AT,
=1uy+ p/o uy(s)ds + /0 g(s)ds + /0 0 (s, up(s))dW(s) in (VN LP(R"))*, (184)

P-almost surely. By (181), we know that u,(t A 7,) = u(t A1) for t € [0,T] and
ou(s, un(s)) = o(s,u(s)), fors € [0, 7,] a.s., then, by (184) we obtain, for all t € [0, T],

u(tAT) + (1+1iv) /Ot/\Tn(—A)'Xu(s)ds + /OMTn(l + iy)|u(s)|25u(s)ds

— o+ p /O P s)ds + /O " o(s)ds + /O " s, u(s)dW(s) in (V(LP(R™)", (185)

P-almost surely. Letting n — o0 in (185) we obtain, for all ¢ € [0, T],

u(t)+(1+iv)/ot() ds+/1+1y>|u()|2ﬁu()s—uo+p/ ds+/

+ /Ot o (s, u(s))dW(s) in (V O LP(R™))*, (186)

P-almost surely. We make t = t A 7, with (171), letting n — oo, we can obtain the
energy equation (178). O

7. Weak Mean Random Attractors

In this section, we prove the existence and uniqueness of weak pullback mean random
attractors. For p > 0, we consider the following stochastic equation, for t > T,

du(t) + (14 iv) (=A) u(t)dt + (1 +ip) |u(t)|PPu(t)dt =pu(t)dt + g(t, x)dt

+o(t,x,u)dW(s), (187)
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with initial condition
u(t) = up. (188)

By Theorem (165), we obtain that for every T € R and every F;:-measurable 1 in
L?(Q), H), the problem (187) and (188) has a unique continuous H-valued F;-adapted solution
u(t, T, up) with initial condition u( at T in the sense of Definition 5. Note that u(t, T, 1) €
L*(Q,C([t, T+ T],H)) for all T > 0, which implies that u € C([t, o), L?(Q), H)).

Suppose that @ is the mean random dynamical system generated by (187) and (188)
on L2(Q), F; H). We will investigate the existence and uniqueness of weak pullback mean
random attractors for ®.

We use D to denote the collection of all families of nonempty bounded sets satisfying
(8), and assume that for all (£, w,u) € R x Q) x H, the function g(t) satisfies that

T
/ Mg (t)[Pdt < oo, VT € R. (189)

The next lemma is concerned with the uniform estimates of the solutions in L?(Q, H).

Lemmas8. Suppose (189) holds. Then, for every T € Rand D € D, thereexists T = T(t,D) > 0
such that for all t > T, the solution u of (187) and (188) satisfies

T
E([lu(r, T —tuo)|?) < My +M1/ e g(s) | ds,
where ug € D(T — t), and M; is a positive constant independent of T and D.

Proof. By the energy Equation (178), we have

dE([|u(t)|*)

o+ 2E([[(=8)u(B)]?) + 2ReE (1 +ip)lu(t) PPut), u(t) ) = 20E(u(t)]|?)

+2ReE (u(t),g(t)) +E(Ila(t,u(t))llfzz(u,m)-

By (4) and Young's inequality, we deduce

dE([|lu(t)]? 7 2
SO 1 amhu(o)r) +oB () ) < (2 -+ 20)EC (o)) + B0 17) + 227
Applying Young’s Inequality again, we have

O+ omuo) < SEClg(01) + (o).

Applying Gronwall’s inequality on the interval (7 — t,7), we get

E(Ju(r,w— Luo)|P) < e P E(luol?) + S0 4 2 [* e Dgias oo
P P Jr—t

Dueto ug € D(t —t) and D € D, we have
e PE(|lupl|?) < e P D(t —t)||*> = 0, as t — oo.
which completes the proof. [

Next, we prove the existence of weak D-pullback mean random attractors for .
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Theorem 3. Suppose (189) holds, then problem (187) and (188) has a unique weak D-pullback
mean random attractor as Definition 5 A = {A(t) : T € R} € D in L2(Q, F; H) over
(Q, F,{Ft}ter, P).

Proof. Given T € R, denote by
D(7) = {u € L}(Q, F; H) : E(||u[?) < L(7)},

where .
L(t) = My + M; / e?5=7)|| ¢ (s) | %ds.
Since D(7) is a closed ball in L?(Q), Fr; H) centered at the origin, we know that D(t)
is weakly compact in LZ(Q, Fr; H). On the other hand, by (190), we have

T
dim D () [0,y = My lim o My Tim [ e g(s)]Pds =0,

and hence D = {D(7) : T € R} € D. By Lemma 8, we infer that D is a weakly compact
D-pullback absorbing set for ®. According to Theorem 1, we conclude that the existence
and uniqueness of weak D-pullback mean random attractors for . O

We emphasize that via Theorem 3, we obtain the long time behavior of the solution of
(1) and (2).

8. Conclusions

In this work, we consider the long-time behavior of the stochastic Ginzburg-Landau
equation driven by nonlinear noise. The existence and uniqueness of the solution of the
equation in the corresponding space is established with detailed discussion in Section 3
(with regular additive noise), Section 4 (with general additive noise), Section 5 (with
global Lipschitz continuity noise) and Section 6 (with local Lipschitz continuity noise).
Meanwhile, the corresponding estimate of the solution in the corresponding space is
obtained respectively. In our analysis for the estimate of the solution, we employ the tools
of the Ito’s formula, Gronwall’s inequality, Young’s inequality and Burkholder-Davis—
Gundy inequality. We point out that in Section 7, based on the theory of weak pullback
attractors established in [36], we obtain the existence of weak pullback random attractors
for the mean stochastic dynamical systems constructed through the Equations (1) and (2).

The detailed discussion in current work will naturally lead us to investigate the
existence of invariant measures for the distribution of solutions of stochastic fractional
Ginzburg-Landau equations. Furthermore, when the parameters, functions and initial
values in the Equation (1) are determined and satisfy the corresponding conditions, the
specific form of the solution can be studied by numerical methods (see [43] for some
discussion).

To end this section, we demonstrate that the method used to study the stochastic
Ginzburg-Landau equation is quite different from those employed to analyze the deter-
ministic one. To be specific, for the deterministic equations, one obtains the estimate for
solutions, the so-called a priori estimates, by first constructing the energy equation through
inner products, then applying suitable inequalities to the resulting energy equations. Based
on the discussion, one then can prove the existence of pullback attractor (for more detailed
discussion, one may refer to [6]). For the stochastic one, one mainly employ the Ito formula
to obtain the estimate of the solutions, and then prove the existence of weak pullback
attractors as analyzed in current work.
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