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Abstract: Outsourcing is one of the major challenges for production firms in the current supply chain
management (SCM) due to limited skilled workers and technology resources. There are too many
parameters involved in the strategic decisions of the outsourcing level, quantity, quality, and cost.
The outsourcing process removes the burden of capital investment; however, still it creates crucial
concerns related to inventory control and production management by adding extra inventories.
The semi-finished products are outsourced for a few processes due to limited resources and then
returned to the manufacturer for the finishing operations. The article is based on the mathematical
modeling and optimization of the process outsourcing considering imperfect production with variable
quantity for the effective supply chain management. The numerical experiment was performed based
on the data taken from the industry for the application of the proposed outsourcing-based SCM
model. The results are significant in finding optimal production and outsourcing quantity with a
minimum total cost of SCM. The sensitivity analysis was performed to see how important the effect
of input parameters is on the total cost. The research is an important contribution in developing a
mathematical model of process outsourcing in SCM. The research study is beneficial for managers
to find the economic feasibility of process outsourcing for managing inventory and supply chain
between manufacturer and outsourcing vendor.

Keywords: process outsourcing; inventory management; imperfect production; mathematical
modeling; supply chain management

1. Introduction

In the present socio-economic scenario, outsourcing is a dominant production
mode that is rampant around the globe. To compete in this technologically advanced
age, the market is saturated in terms of product variety and product life cycle [1].
Further, to take advantage of the competitor, an organization must focus on specialized
processes and outsource other activities [2]. Nowadays, it is difficult to meet all
customers’ needs; therefore, the basic objective of outsourcing should be flexibility
enhancement and letting the organization focus on their specialized activities [3].
Initially, firms would usually outsource the non-specialized activities, but how each
activity can be outsourced irrespective of the specialized or non-specialized activity
has changed with the times [4].

Outsourcing has become the prime attention of organizations due to several
advantages, e.g., low initial investment, reduction of cost, and enhanced customer
services [2]. In the basic production order quantity model, it is assumed that a complete
lot of products that are produced are non-defective; however, in real-life productions,
there are some defective items. These defective products are discarded, while others
are reprocessed to ensure good-quality products. An example of outsourcing is an
anime figure designing company in Japan that outsources its production activities
to its CM. They outsource the coloring process, which is a difficult task and usually
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takes more time to complete the duplicated figure. The CM to which this company
outsources its activities reduces the estimated amount by about 25%.

Outsourcing in a supply chain (SC) is an epithet of economic globalization, which,
on the other hand, decentralizes the SC and encounters the OPM with uncertainty. A
few years back, a survey conducted by Deloitte depicted that almost 71% of a pool of
600 executives from worldwide companies observe SC risk as a significant factor affect-
ing the company’s strategic decisions [5]. Particularly, the original product manufacturer
(OPM) designs a new product due to technological advantage in developed countries.
Later on, it outsources its manufacturing to a contract manufacturer from a developing
country. The advantages are obvious, such as freeing up the capital, labor cost reduction,
and worker productivity [6].

Several researchers have attempted to deal with yield uncertainty in which they
have typically used multiplicative fashion to model it. However, these researchers have
assumed a case in which the items produced are exactly equal to the ordered quantity,
which is physically not always possible. A production environment that follows make-
to-order scenario may face a lack of the Requisite products. Still, there is certain
research work in which the researchers have picked production and order quantity
of their own choice [7,8]. In these cases, the optimization of both the production
as well as of order quantity is equally important. Several researchers have done
work on product outsourcing, but very little work is available on process outsourcing
and its mathematical model’s development. The purpose of this project takes into
consideration the process of outsourcing in an imperfect environment for optimization
to minimize the cost. Organizations with restricted resources require outsourcing to
satisfy customer demands. Additionally, in the proposed research, the mathematical
models for the supply chain are developed and tested using the data, which provides a
platform to the decision makers to minimize total cost by optimizing the lot size and
outsourcing quantity.

Due to certain restrictions, i.e., production programing in some SMEs, which
produces some kind of special products as per make-to-order policy or manufacture
commodities, reprocessing of imperfect products is not possible. Therefore, such orga-
nizations outsource the reprocessing of these imperfect products to some other firms,
i.e., repair stores. Moreover, reprocessing these imperfect products, some specific
operations i.e., welding, milling/lath machines, or any other kind of equipment that
may not be available at the facility and purchasing of that equipment, may not reason-
able. On the other hand, imperfect products have a significant value to a company,
and therefore, the rework of imperfect items is outsourced. It is assumed that in the
after-repair process, the products are as good as perfect ones, especially in the case of
remanufacturing. It is considered that the HC of repaired products is higher than the
initial HC [9–11]. Additionally, it is assumed that in a repair shop, the repair process is
always under control, and all the imperfect products can be repaired. Furthermore, the
repaired items are added to inventory in the same production cycle.

2. Literature

Outsourcing is considered as a prime factor to gain the best possible perfor-
mance by an organization [12]. For flexible, low-cost production in a supply chain,
outsourcing from suppliers is critical. In this regard, better supplier selection as an
outsourcer is important. Kumar et al. developed a logical method in which, for multi-
objective modeling, they used three different types of fuzzy logic and some hard
constraints. In addition to this, they also opted for goal programming for the problem
solution [13]. To simultaneously find the order quantity and formulation impression,
more sophisticated fuzzy multi-objective methods have been considered by [14]. In
another study, [15] developed a model in which the consumer needs to determine the
goods that need to be ordered, the amounts, the suppliers, and the times. To find the
best suppliers and how to assign orders among them, Karpak et al. [16] used goal
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programming, evaluating trade-offs between multiple objectives, such as cost, quality,
and delivery, simultaneously.

Next, outsourcing strategies are also one of the important aspects of production
business schemes of specific operations. While outsourcing some of their operations,
the organizations can have a special focus on their core operations. In conventional
outsourcing, only the non-specialized activities are outsourced except the activities
that may have a competitive advantage [17–19]. In a production environment, differ-
ent researchers have modeled several optimal batch problems considering different
production conditions to minimize the total system cost. For instance, E.W. Taft [20]
is among the pioneers who developed Economic Production quantity (EPQ) inven-
tory model. Subsequently, this basic model was modified and expanded by other
researchers. Previous research studies have shown that small perturbations in parame-
ters of EOQ and EPQ models do not impose any significant impact on the solution of a
problem. Owing to this, the Economic Production quantity (EPQ) model emerged as
an optimal substitute, which shows promising results for a production environment
when applied with some assumptions.

In an actual production environment, the system runs with some imperfections.
The imperfections in a production system produce low-quality items for several rea-
sons, namely defects in raw materials, changes in machine capabilities, backorders,
rework, and differences in the experience of the operators. Some research studies
are available in the literature in which the proposed models have considered these
imperfections. For example, Jamal et al. [21] studied the EPQ model to obtain the op-
timum Batch size. The proposed model is considered a re-work process after several
production cycles. Expanding the contributions of Jamal et al. [21], Sarkar et al. [22] for-
mulated the same problem with additional terms of backorders. The model proposed
by Cardenas-Barron [23] encompasses numerous parameters. The model undertakes
the reworked production quantities and other production system defects. Wee et al. [24]
adopted the same methodology and developed a model that considered the develop-
ment of refurnished products with non-conformities. It was concluded that in repeated
manufacturing cycles, there is an effective way to reprocess faulty products. The data
obtained confirmed the critical aspects could be more related to the manufacturing
cost and the service expenditures of the process. An identical model was presented
by [25], which focused on the inflation effect. It was shown that the prolonged use
of the manufacturing units could potentially damage the smooth operating of the
system, i.e., could produce defects in the system. The focus of the research was on how
to overcome the defects produced during the smooth operation and to reprocess the
defective products. The overtime of the workers could be the potential reason for the
introduction of defects into the system, or it could be due to unrealized reasons. Lastly,
the study of Talizadeh et al. [26] is emphatic towards dealing with imperfection in an
outsourcing supply chain environment.

Another factor in outsourcing is optimally tweaking the resources. In this area,
Alvarez and Stenbacka [27] and Benaroch et al. [28] researched flexible sourcing models
for finding the optimal expected time to change resources. The outsourcing cost per
transaction in their considered dynamic models is variable. Inderfurth and Kelle [29]
and Spinler and Huchzermeier [30] took the outsourcing strategy when both cost and
demand are not certain. Liu and Nagurney [31] put forward a model with a global
outsourcing and quick-response mechanism. Vibrational inequality theory was used for
investigation by considering uncertainty in cost and demand. Some cases were analyzed
to take both demand and production costs into account. Nosoohi and Nookabadi [32]
developed a model of outsourcing for the industrialist to study optimal ordering policy
under the uncertainty of customer demand and final processing costs. They used
different options contracts for neutralizing the effect of uncertainty in cost parameters.
Chen et al. [33] studied the outsourcing and coordination mechanism for two Stackelberg
game models by considering numerous uncertainty parameters, such as disruption risk,
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demand, and capacity. They concluded that the manufacturer will not be interested
in outsourcing if the disruption-risk/production capacity is low/high. Zhao et al. [34]
studied a situation where an industrialist outsources a portion of his production to
a supplier. They considered the ordering behavior of companies that outsource their
products over long distances. Min [35] considered the usual outsourcing techniques
of logistics operations in factories of the United States and recognized the significant
elements of outsourcing in logistics operations.

Research has also been carried out on outsourcing risk from various perspectives.
Lacity et al. [36] stated that risk is the degree to which a transaction exposes a party
to a chance of damage or loss. Qin et al. [37] studied the risks linked with ITO in
Chinese institutions and concluded that mismatch in culture and goals, limited choice
of vendors, and IT literacy are the significant risks. Oh et al. [38] utilized the stock
market’s reaction to study the perceived transactional risks linked with ITO engage-
ment. They determined the market’s reaction based on the cultural similarity with the
vendor and the asset specification of the IT resources. Earl [39] pinpointed the role
of inexperienced staff, lack of innovation, organizational learning, and hidden costs
as risks in outsourcing. Gewald and Dibbern [40] determined the levels of perceived
risk as well as benefits for finding the extent to which banks would select to outsource
their processes.

Research on service outsourcing has been carried out widely by different re-
searchers. Choi et al. [41] performed research and suggested service outsourcing as
a critical topic in service supply chain management. Tsai et al. [42] examined the
potential risks structural relationships that can lead to failure in an outsourcing rela-
tionship. Typically, business is linked with forward and reverse flows of products. Yet,
customers are vastly involved in the service process. The valuation of the service level
is critical to the market demand [43]. Nowadays, outsourcing is a major development
in the service industry for increasing the level of service. Chen et al. [44] considered
an outsourced supply chain that consists of one original equipment manufacturer,
one contract manufacturer, and a retailer. They studied the results of encroachment
on the profit. Akan et al. [45] investigated two outsourcing settings, namely order
fulfillment and call center, and examined how asymmetric demand information will
affect the two parties. Xin et al. [46] compared the proactive inventory of relief items
both in the presence and absence of outsourcing. They concluded that social efficiency
improvement depends on the monitoring costs and the perishable rates under the
outsourcing strategy. Wu et al. [47] investigated the incentives for information shared
with two retailers in Cournot competition and with multiple suppliers in Bertrand
competition. Li et al. [48] also studied the service channel choice. Huang et al. [49]
investigated the quality risk from the viewpoint of a 4PL and considered asymmet-
ric information in between 3PL and 4PL. Zhang et al. [50] discussed the retailer’s
information-sharing strategies when the service is delegated to the retailer or under-
taken by the manufacturer. Yue and Ryan [51] carried out a comparison between single
sourcing and multi-sourcing. They found that buyers always desire single sourcing
to multi-sourcing. Ching et al. [52] used time-based competition for analyzing the
model of outsourcing to multiple make-to-order suppliers. Ding et al. [53] used the
customized integration service chain model for evaluating the business performance
and found that it extends the service supply chain with multiple service providers
in the oilfield service industry. Summing up the literature on outsourcing, an ample
amount of work has been done by various researchers in service as well as manufac-
turing streams considering imperfection, outsourcing strategies, supplier selection,
risk assessments of outsourcing products, etc., as illustrated in Table 1. However,
mathematical modelling of outsourcing the processes with attributes of imperfection
and recycling has not been pondered by any researcher, and this work provides insight
into this gap.
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Table 1. Authors Contribution.

Author Corporate SC
Outsourcing

Recycling Imperfection
Outsource

Modeling
Process Product Single Multiple

Ching et al. [51] x x x
Ding et al. [52] x x

Yue and Ryan [50] x x x x x x
Choi et al. [40] x x x
Stenbacka [26] x x x x x
Nosoohi and

Nookabadi [31] x x x

Chen et al. [32] x x x x x
Talizadeh et al. [26] x x x x x x

Proposed Study x x x x x x

3. Mathematical Modelling

A supply chain management model was developed, considering manufacturer and
multi-vendor, to deal with the inventory and production control by modelling process
outsourcing operation. The assumptions, notations, and model formulation are part of
mathematical modelling. The centralized inventory diagram of the proposed mathematical
model is given in Figure 1.

3.1. Assumptions

Before proceeding with the modeling, the following assumptions are considered:

• Due to a lack of in-house resources, the manufacturer outsources certain operations;
• The demand of customers is only fulfilled in phase 3;
• The demand and production rates are known and constant;
• A single type of item is considered in the model;
• Raw material holding cost per unit item is smaller than the unit holding cost of work

in process;
• Phase A has a higher production rate than phase 2, which is higher than phase 3;

therefore, there are no shortages. (P1 > ∑ Pvi > P3 > D);
• The inspection is performed during the production and rework phase;
• The scrape is zero in the production phase as well as in the rework phase;
• The rate of reworking is the same as the production rate;
• Inventory holding cost is based on the average inventory;
• The screening cost is considered negligible in this model.

As shown in Figure 1, there are three production phases to the inventory diagram.
Manufacturer activities are included in phase 3, whereas outsourcing processes are repre-
sented in phase 2. T1, T2, and T3 are the three portions of the total time T, which are further
subdivided into t1, t2, t3, t4, t5, t6, t7, t8, and t9. The customer demand rate is denoted by
“D”. In the first and third phases Imax1 and Imax3 represent maximum inventories, Imax11
and Imax31 represent the inventories produced after the rework of defective parts, and Imax12
and Imax32 indicates production Quantities without defective items. In the second phase,
Imax2i indicates the maximum inventory level of the ith outsourcer, Imax2i1 indicates inven-
tory produced after the rework of defective parts for ith outsourcer, and Imax2i2 indicates
ith outsourcer production quantity without defective items. The manufacturer produced
amount Q1 in the first phase, which is distributed into n number of vendors in optimal
Quantities Q21, Q22, . . . , Q2n. In the second step, vendors perform operations and send it
back to the manufacturer. Finally, the products enter the manufacturer’s third phase, where
they are turned into final products and distributed to customers.
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3.2. Notation

The decision variables are “Q, Q1, Q2, Q3, . . . , Qn”. Q is the production quantity
for manufacture. Q1 is the production quantity for the first vendor, Q2 is the production
quantity for the second vendor, and Q3 is the production quantity for the third vendor,
while Qn is the production quantity for nth vendor. To express the mathematical model
discussed in this study, certain notations were adopted in this research. The table below
contains and explains these notations.

3.3. Modelling

The SCM model is divided into three phases (first, second, and third phases). Raw
material inventory decreases when production starts during time t1, t4, and t7 in phases
1, 2, and 3, respectively, and similarly, the quantity of products continues increasing
and approaching its maximum level. The first and the last phase is of the manufacturer
and the second phase include all vendors. The demand of the customer is fulfilled only
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in the third phase. The objective function of our model is to minimize the total cost
of supply chain TC, which is equal to the total cost of the manufacturer and total cost
of vendors.

TC = TCm + ∑ TCvi (1)

In addition,
∑ TCvi = TCv1 + TCv2 + TCv2 + . . . TCvn (2)

The cost of manufacturer is given as

TCm = Sm + PCm + Hm + CEm + ICm (3)

Similarly, the cost of the ith vendor will be

TCvi = Svi + M2i + Hvi + CEvi + ICvi (4)

where i = 1, 2, 3, . . . , n.

3.3.1. Cost of Manufacturer and Outsourcer

The manufacturing process is divided into two phases: phase 1 and phase 3.
Both phases have their own set of costs. The setup cost, production cost, holding
cost, carbon emission cost, inspection cost, and rework cost are all included in the
manufacturing cost.

Setup Cost

This is a fixed cost that is unaffected by quantity or time. This cost includes costs such
as tool setup, changeovers, and so on. It is the cost of setting up the production system for
the first time. Manufacturers’ setup costs are determined by

Sm =
sm × D

Q
(5)

Similarly, vendors’ setup costs can be shown as

Svi =
svi × D

Q
(6)

Manufacturing and Rework Cost

This cost is primarily dependent on the demand for manufactured goods. Pro-
cessing, machine, labor, and material costs are all included in this cost. For the same
phase, the manufacturing cost per unit item and the reworks cost per unit item are
assumed to be equal. As a result, the manufacturing and rework costs for phases A and
C are provided.

Phase A Manufacturing Cost

M1 = m1 × D× (1 + α1) (7)

Phase C Manufacturing Cost

M3 = m3 × D× (1 + α3) (8)

Manufacturing and rework cost for outsourcer is given in Equation (9)

M2i = m2i × D(1 + α2i) (9)
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Holding Cost

Holding cost is the cost incurred through carrying an inventory of raw material and
semi-finished and finished goods. This cost also includes the transportation cost of semi-
finished goods between manufacturer and supplier. Mathematically, this can be depicted
from Equation (10).

Hm =
Q
2
(hmX + hr1 + hr3) (10)

where

X =

{
D
(1− α1)

P1

}
(1 + 2α1) +

α2
1D
P1

+

(
1− D

P1
− α1D

P1

)
+

D
P3

(
1− D

P3
− α3

)
(1 + 2α3) +

α2
3D
P3

(
1− D

P3

)
+

(
1− D

P3
− α3D

P3

)2

(11)

The derivation of holding cost is given in Appendix B for all three phases. Similarly,
the holding cost of outsourcers is given in Equation (12):

Hvi =
Q
2
(hviYi + hr2i) (12)

where i = (1, 2, 3), and

Yi =
Q2i
2

{
D(1 + α2i)

P2i
(1 + 2α2i) +

α2
2iD
P2i

+

(
1− D

P2i
− α2iD

P2i

)}
(13)

Carbon Emission Cost

During the production process, carbon emission occurs. Minimized carbon emission
is of great concern for not only government and industries, but the customer also demands
green products. This production model includes carbon emission costs for managerial
concerns. For the manufacturer, the cost of carbon emission per unit production can be
represented by Equation (14):

CEm = em × fm × D (14)

For outsourcers, it is shown by Equation (15):

CEvi = evi × fvi × D (15)

Inspection Cost

To ensure customers receive 100% good products, inspection is done at all the
phases of manufacturing. Defective parts are sent back for rework, and good items are
sent for packing. The cost of inspection for the manufacturer is given in Equation (16):

ICm = (I1 + I3)× D (16)

For vendors, the inspection cost will transform, as represented in Equation (17):

ICvi = I2i × D (17)

Total Manufacturing Cost

Overall manufacturing cost is the addition of setup cost, production cost, hold-
ing cost, carbon emission cost, and inspection cost of the manufacturer. According to
Equations (5), (7), (8), (10), (12) and (14), the total cost of the manufacturer in Equation (3)
can be represented as Equation (18):

TCm =

[
Q
2
(hmX + hr1 + hr3) +

smD
Q

+ M1D(1 + α1) + M3D(1 + α3) + em fmD + (I1 + I3)D
]

(18)
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Total Cost of Outsourcers

Similarly, the general equation for the total cost of all the vendors can be shown as
Equation (19) by inserting the Equations (6), (9), (11), (13), and (15) in Equation (4):

TCv = MR

[
n

∑
i=1

[
Q
2
(hviYvi + hr2i) +

sviD
Q

+ m2iD(1 + α2i) + evi fviD + I2iD
]]

(19)

Total Cost of the Supply Chain

Combining Equations (18)–(19) into Equation (1) to obtain the overall cost of the
supply chain, Equation (20) is as follows:

TC =
[

Q
2 (hmX + hr1 + hr3) +

sm D
Q + M1D(1 + α1) + M3D(1 + α3) + em fmD + (I1 + I3)D

]
+MR

[
n
∑

i=1

[
Q
2 (hviYvi + hr2i) +

svi D
Q + m2iD(1 + α2i) + evi fviD + I2iD

]] (20)

The first-order derivative can be written as

TC′ =
[

1
2
(hmX + hr1 + hr3)−

smD
Q2

]
+ MR

[
n

∑
i=1

[
1
2
(hviYvi + hr2i)−

sviD
Q2

]]
(21)

3.3.2. Constraints

The actual manufacturing system has some constraints. The following constraints are
defined to make the mathematical model behave like a real-life scenario. Both equality and
non-equality constraints are included.

Production constraint
Total production quantity at all three phases is the same:

Q1 = Q2 = Q3 (22)

where,

Q2 = Q21 + Q22 + Q23 + . . . + Q2n =
n

∑
i=1

Q2i (23)

Demand constraint
Q = Q1 = Q2 = Q3 ∼= D (24)

Space constraint
c ∗Q ≤ Cm (25)

c ∗Q2i ≤ Cvi (26)

To avoid shortage

P1 ≥
n

∑
i=1

P2i ≥ P3 ≥ D (27)

Non-negativity constraint
Q1, Q2, Q3 ≥ 0 (28)

3.3.3. Algorithm

The problem at hand is a complex quadratic problem. Because no existing basic
optimization method can solve the problem, this study presents a solution algorithm to
solve the model.

Step 1
Define the function

TC (Q, Q2i), shown in Equation (19) noted Q = ∑Q2i
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Define the derivative of the function
TC’ (Q, Q2i), shown in Equation (20)
Step no 2
Initially, guess

Q0 = 1

where
Q0 = Q21 + Q22 + Q23 . . . + Q2n

Find
TC (Q0)

Then,
TC’ (Q0), noted Q0 = Q21 + Q22 + Q23 . . . + Q2n

Step no 3
Find

Q1 = Q0 − TC (Q0)/TC’ (Q0)

Then,

Q2 = Q1 − TC (Q1)/TC’ (Q1) and so on . . . Qr+1 = Qr − TC (Qr)/TC’ (Qr)

Step no 4
Stop iteration when

Qr+1 = Qr

Step no 5
When Qr+1 = Qr, it means Qr is optimal, represented as Q *
As we know,

Q = Q21 + Q22 + Q23 . . . + Q2n

To find
Q *21, Q *22, Q *23 . . . , Q *2n

Repeat the same steps for each Q2i.
Finally,

Q * = Q *21 + Q *22 + Q *23 . . . + Q *2n

for n number of outsourcers.

4. Numerical Example

To check the model validity, a numerical example was performed for which the
data were acquired from the previous literature review based on the automobile spare-
part industry. Parameters such as production rate, demand, setup cost, holding cost,
and manufacturing cost were taken from the paper of Sarkar et al. (2014) [1]. The data
of carbon emission in tons per unit item production were taken from work done by
E. Bazan and M.Y. Jaber (2016) [2]. The inspection data were collected from the research
study of Sarkar (2016) [3]. Parameters such as defective rates and marginal cost were
taken directly from the industry because they depend on industrial conditions and
state regulations. All the data for the manufacturing phase are collected in Table 2,
given below.
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Table 2. Manufacturing data for phase 1 and phase 3 (spare-part-manufacturing industry).
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Phase 3 300 400 8 50 9 23 0.02

For the second phase of vendors, the data are given in Table 3, considering only
three vendors.

Table 3. Outsourcing data (spare-part-manufacturing industry).
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1 450 6 56 45 6 9.5 23 0.04 0.18
2 550 7 50 50 7 10 23 0.04 0.2
3 580 8 47 55 8 10.5 23 0.04 0.22

5. Results and Discussion

The mathematical model is a single-objective constraint nonlinear model. Sequen-
tial quadratic programming (SQP) methodology is used to solve objective functions.
The formulation was coded in MATLAB16, and optimum values of total cost and pro-
duction quantities were calculated in the optimization toolbox. There are four decision
variables in this model. One Q * is for the manufacturer and Qbi * for ith outsourcer,
where i = (1, 2, and 3). When the product comes out from phase A, it is sent to the
outsourcer for further processes that are unavailable in the manufacturing firm. Total
* is distributed to vendors such that it gives minimum TC. This mathematical model
helps managers to make the best decision in the production of optimal quantity for the
manufacturer and the shipment of optimum quality of products to outsourcers that
will give the optimum value of TC for the overall supply chain. The output values
generated from MATLAB for both experiments are given in Table 4.

Table 4. Mathematical model outputs for different sources of data.

Data Collection
Resource Total Cost (TC)

Manufacturer
Optimal Quantity

(Q)

1st Outsourcer
Optimal Quantity

(Q21)

2nd Outsourcer
Optimal Quantity

(Q22)

3rd Outsourcer
Optimal Quantity

(Q23)

Research paper USD 48,332.87 41.27 parts 12.9 parts 13.8 parts 14.6 parts

6. Sensitivity Analysis

Sensitivity analysis is used to learn about a variable that has a significant impact
on total production costs and decision variables. Each input parameter is adjusted
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within the range of (+50 percent to −50 percent) with a 25% increment to examine the
sensitivity of variables. The data compiled in Table 5 show the sensitivity analysis of the
manufacturer. The sensitivity analyses of all the variables are presented in Appendix A
Tables A1–A7.

Table 5 shows the output values of four decision variables as well as the % change in
TC values

Table 5. Sensitivity analysis of input parameters.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

sm

−50 40.35 12.5741 13.49 14.2817 −0.38
−25 40.81 12.71 13.65 14.45 −0.19
25 41.72 12.99 13.95 14.78 0.19
50 42.17 13.12 14.10 14.94 0.37

hm

−50 45.40 14.09 15.19 16.12 −1.55
−25 43.19 13.43 14.45 15.31 −0.76
25 39.59 12.34 13.24 14.01 0.72
50 38.10 11.89 12.74 13.47 1.42

M1

−50 41.27 12.85 13.80 14.62 −3.91
−25 41.27 12.85 13.80 14.62 −1.96
25 41.27 12.85 13.80 14.62 1.96
50 41.27 12.85 13.80 14.62 3.91

M3

−50 41.27 12.85 13.80 14.62 −2.53
−25 41.27 12.85 13.80 14.62 −1.27
25 41.27 12.85 13.80 14.62 1.27
50 41.27 12.85 13.80 14.62 2.53

I1

−50 41.27 12.85 13.80 14.62 −3.10
−25 41.27 12.85 13.80 14.62 −1.55
25 41.27 12.85 13.80 14.62 1.55
50 41.27 12.85 13.80 14.62 3.10

I3

−50 41.27 12.85 13.80 14.62 −2.79
−25 41.27 12.85 13.80 14.62 −1.40
25 41.27 12.85 13.80 14.62 1.40
50 41.27 12.85 13.80 14.62 2.79

em

−50 41.27 12.85 13.80 14.62 −5.71
−25 41.27 12.85 13.80 14.62 −2.86
25 41.27 12.85 13.80 14.62 2.86
50 41.27 12.85 13.80 14.62 5.71

P1

−50 39.44 12.30 13.19 13.95 0.79
−25 40.63 12.66 13.59 14.38 0.27
25 41.67 12.97 13.94 14.76 −0.16
50 41.94 13.05 14.03 14.86 −0.27

P3

−50 41.65 12.97 13.93 14.75 −0.15
−25 41.39 12.89 13.84 14.66 −0.05
25 41.20 12.83 13.78 14.59 0.03
50 41.15 12.81 13.76 14.57 0.05

D

−50 30.82 9.58 10.31 10.93 −47.11
−25 36.70 11.42 12.28 13.01 −23.41
25 44.99 14.02 15.05 15.92 23.24
50 48.12 15.01 16.09 17.02 46.36

MR

−50 34.27 10.73 11.45 12.09 −29.31
−25 38.34 11.97 12.82 13.56 −14.59
25 43.50 13.52 14.55 15.42 14.53
50 45.25 14.05 15.14 16.06 29.02
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Table 5. Cont.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

Hr1

−50 42.29 13.16 14.15 14.99 −0.41
−25 41.77 13.00 13.97 14.80 −0.20
25 40.78 12.71 13.64 14.44 0.20
50 40.32 12.56 13.48 14.27 0.40

Hr3

−50 42.74 13.29 14.30 15.15 −0.59
−25 41.99 13.07 14.04 14.88 −0.29
25 40.59 12.65 13.57 14.37 0.29
50 39.94 12.45 13.36 14.13 0.57

The data presented in Table 5 and Appendix A Tables A1–A7 conclude the following points:

• Increase in the demand rate “D” increases the total cost TC. The total cost is more
influenced by the demand rate. Changing the demand value by 50% can result in a
change of 47% in the total cost.

• When the marginal cost MR increases, it increases the TC. It is the second important
metric that has a greater impact on TC. Changing the MR by 50% will change the TC
by 29%.

• High carbon emission will increase the total cost. It is the third biggest variable, with a
TC variation of 5.7 percent.

• Increase in the manufacturing cost increases the TC. It can impact TC by 3.9% when
varying by 50%.

• Inspection cost (I1, I2i, I3) can cause change if there is a 3.5 % change in the TC. Holding
cost of inventory (hm, hvi), raw material holding cost (hr1, h2v,i), and setup cost (sm, svi)
also have a direct impact on the total cost. Increasing these costs can increase the total
cost (TC).

• Certain variables have zero impact on decision variables but can cause a significant
effect on the total cost. These parameters are MR, Ia, Ic, Ibi, em, ebi, Ma, Mc, and Mbi.

• Production rate (P1, P2i, and P3) has an inverse impact on the total cost. When the
production rate increases, then the total cost decreases.

The parameters that managers are worried about are those that have a significant
impact on TC. The initial investment is planned to keep these variables under control.
One of them is the expense of setup and carbon emissions. Reusable energy sources
are used to reduce carbon emissions costs. To reduce rework costs, inline inspection
should be strictly followed. To minimize rework costs, inline inspection should be
followed strictly, and similarly, to minimize inspection costs, a traditional, human-
based inspection can be regulated by automation and technology.

Table 6 shows what effect the decision variables have on the objective function TC
when we change their values from the optimum value suggested by our model. It can
be seen that iteration number 6 is the only optimal value of Q for the minimum TC.

The below Figure 2 shows the relation of production lot size and total cost of the
supply chain.

Figure 3 depicts the graphical representation of sensitivity analysis. The graphical
representation indicates that the marginal and demand lines have a higher impact
on the total cost %. A minor change in one of these variables will have a significant
influence on the total cost. The other variables have a slight impact on the total cost as
well. Only when the marginal and demand rates are changed significantly does the
total cost abruptly alter. The lines of all the other variables can be recognized through
different colors and markers. The marginal rate and demand have a significant impact
on output, as this graph indicates. Similarly, the third line is the carbon emission cost
line, which has the third greatest impact on total cost and can affect the overall cost
with a tiny modification. The manufacturing cost is the fourth item in this category,
and similarly, holding cost is the next factor that has higher impact on the total cost.
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When the production rate increases, the total cost decreases. The sensitivity analysis for
production rate is shown in Appendix C Figure A1. A separate graph of the sensitivity
analysis of major parameters, such as holding cost, setup cost, and carbon emission
cost, is also given in Appendix C Figures A2–A4.

Table 6. Effect of decision variables on TC.

Iteration Q Q21 Q22 Q23 TC

1 30 9.413829 10.02195 10.56422 48,755.3
2 32 10.02961 10.69199 11.2784 48,600.8
3 34 10.64312 11.36237 11.99451 48,487.96
4 36 11.25424 12.0331 12.71265 48,409.84
5 38 11.86283 12.70421 13.43296 48,360.94

6 * 41.27 12.9 13.8 14.6 48,332.87
7 42 13.07191 14.04756 14.88053 48,334.14
8 44 13.67213 14.71983 15.60804 48,349.78
9 46 14.26932 15.39249 16.33818 48,381.41
10 48 14.86333 16.06557 17.0711 48,427.02
11 50 15.45406 16.73904 17.8069 48,484.95

* Optimal run to achieving the lowest TC.
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7. Conclusions

Process outsourcing has been mathematically modelled for successful management of
supply and inventory between manufacturer and multi-vendor. The total cost of supply
chain is minimized with the optimization of the production quantity and outsourcing
quantity. The parts are outsourced to the vendor and returned back to the manufacturer
for remaining operations. The process has been modelled and optimized for effective
SCM. The process outsourcing model is one of the significant contributions of the proposed
research, which is important for the understanding of the managers and decision makers
about the optimal production quantity and managing optimal outsourcing quantity among
various vendors. An extra inventory is created at the lower end of the manufacturer, which
is managed and controlled well using mathematical modelling for the smooth flow of
products in SCM.

The imperfection is modelled in the proposed manufacturer and vendor-based SCM.
Inspection is performed on all production and outsourcing quantities, where the defective
items are reworked. The sensitivity analysis shows a dramatic relationship; i.e., the change in
market demand shows a high-rise curve, the marginal rate of the vendor is also very significant
for the management of the outsourcing operation in SCM, and carbon emission cost has an
intermediate impact on the total cost, while other all factors have a very low impact on the total
cost of SCM. The managers need to see the significant cost parameters for the management of
outsourcing in SCM.

Outsourcing is a very important operation of the manufacturing firm. There are too many
new research ideas and contributions available in the current field for the development of the
outsourcing process in the SCM. The model can be extended by considering variable demand
pattern, i.e., price or advertisement cost depending on demand, time-based demand, quality
as a function of demand, etc. The deterministic model can be converted into a probabilistic
one if the product’s demand follows a certain distribution function. Stochastic modelling can
be utilized to reflect the real scenario of the market demand pattern as a new paradigm with
process outsourcing operations in the proposed SCM. Process outsourcing was modelled in the
research study; however, research can be performed to model product outsourcing. Overall,
the research work is an important direction in the management of outsourcing and inventory
between manufacturers and vendors for effective SCM.
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Abbreviations

Notation Description
M Index for manufacturer
vi Index for ith vendor
TC The total cost of the supply chain
TCm The total cost of the manufacturer
TCvi The total cost of ith vendor
Hm Holding cost of manufacturer
Hvi Holding cost of vendor i
hm Holding cost per unit item of manufacturer
hvi Holding cost per unit item of an ith vendor
hr1 Unit holding cost of raw material for manufacturer of first phase
hr3 Unit holding cost of raw material for manufacturer of third phase
hr2i Unit holding cost of raw material for vendors of second phase
Sm Setup cost of manufacturer
Svi Setup cost of vendor i
sm Setup cost per unit item of manufacturer
svi Setup cost per unit item of an ith vendor
PCm Overall production cost of manufacturer
M1 Production cost of the manufacturer for first phase
M3 Production cost of a manufacturer for third phase
M2i Production cost of the ith vendor for second phase
m1 Production cost per unit item of phase 1 for manufacturer
m3 Production cost per unit item of phase 3 for manufacturer
m2i Production cost per unit item of an ith vendor
D Constant rate of demand
P1 Production rate of phase 1
P3 Production rate of phase 3
P2i Production rate of phase 2 for ith vendor
CEm Carbon emission cost for the manufacturer
CEvi Carbon emission cost for ith vendor
fm Carbon emission cost per ton CO2 emission for manufacturer
em Carbon emission per unit item production for the manufacturer
fvi Carbon emission cost per ton CO2 emission for outsourcer i
evi Carbon emission per unit item production for outsourcer i
α1 Rate of rework of first phase for the manufacturer
α3 Rate of rework of third phase for manufacturer
α2i rate of rework of second phase for the ith outsourcer
MR Marginal cost of outsourcers
ICm Inspection cost for the manufacturer
ICvi Inspection cost for ith vendor
I1 Inspection cost per unit item at first phase
I3 Inspection cost per unit item at third phase
I2i Inspection cost per unit item at second phase for ith outsourcer
c Capacity of each item (%)
C T capacity of manufacturer inventory (%)
Cvi Total capacity of ith vendor inventory (%)
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Appendix A.

Table A1. Sensitivity analysis for setup cost of manufacturer and outsourcers.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

Sm

−50 40.35 12.58 13.49 14.28 −0.38
−25 40.81 12.71 13.65 14.45 −0.19
25 41.72 12.99 13.95 14.78 0.19
50 42.17 13.12 14.10 14.94 0.37

Sv1

−50 37.85 9.17 13.93 14.75 −1.46
−25 39.70 11.17 13.86 14.67 −0.67
25 42.65 14.33 13.76 14.57 0.59
50 43.91 15.66 13.72 14.53 1.13

Sv2

−50 37.60 12.98 9.86 14.77 −1.51
−25 39.59 12.90 12.00 14.68 −0.69
25 42.76 12.81 15.38 14.57 0.61
50 44.11 12.78 16.80 14.53 1.17

Sv3

−50 37.39 12.99 13.95 10.45 −1.57
−25 39.49 12.91 13.86 12.72 −0.72
25 42.85 12.81 13.75 16.28 0.64
50 44.27 12.77 13.71 17.79 1.21

Table A2. Sensitivity analysis for holding cost of manufacturer and outsourcers.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

hm

−50 45.40 14.09 15.19 16.12 −1.55
−25 43.19 13.43 14.45 15.31 −0.76
25 39.59 12.34 13.24 14.01 0.72
50 38.10 11.89 12.74 13.47 1.42

hv1

−50 42.42 14.07 13.77 14.58 −0.45
−25 41.80 13.42 13.79 14.60 −0.22
25 40.80 12.35 13.82 14.63 0.21
50 40.38 11.90 13.83 14.65 0.41

hv2

−50 42.40 12.82 15.00 14.58 −0.43
−25 41.80 12.84 14.37 14.60 −0.21
25 40.80 12.87 13.30 14.63 0.20
50 40.37 12.88 12.85 14.65 0.40

hv3

−50 42.41 12.82 13.77 15.82 −0.42
−25 41.81 12.84 13.79 15.18 −0.21
25 40.79 12.87 13.82 14.11 0.20
50 40.36 12.88 13.83 13.64 0.39

Table A3. Sensitivity analysis for manufacturing cost of manufacturer and outsourcers.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

M1

−50 41.27 12.85 13.80 14.62 −3.91
−25 41.27 12.85 13.80 14.62 −1.96
25 41.27 12.85 13.80 14.62 1.96
50 41.27 12.85 13.80 14.62 3.91

M3

−50 41.27 12.85 13.80 14.62 −2.53
−25 41.27 12.85 13.80 14.62 −1.27
25 41.27 12.85 13.80 14.62 1.27
50 41.27 12.85 13.80 14.62 2.53
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Table A3. Cont.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

M21

−50 41.27 12.85 13.80 14.62 −2.23
−25 41.27 12.85 13.80 14.62 −1.11
25 41.27 12.85 13.80 14.62 1.11
50 41.27 12.85 13.80 14.62 2.23

M22

−50 41.27 12.85 13.80 14.62 −2.60
−25 41.27 12.85 13.80 14.62 −1.30
25 41.27 12.85 13.80 14.62 1.30
50 41.27 12.85 13.80 14.62 2.60

M23

−50 41.27 12.85 13.80 14.62 −2.97
−25 41.27 12.85 13.80 14.62 −1.48
25 41.27 12.85 13.80 14.62 1.48
50 41.27 12.85 13.80 14.62 2.97

Table A4. Sensitivity analysis for inspection cost of manufacturer and outsourcers.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

I1

−50 41.27 12.85 13.80 14.62 −3.10
−25 41.27 12.85 13.80 14.62 −1.55
25 41.27 12.85 13.80 14.62 1.55
50 41.27 12.85 13.80 14.62 3.10

I3

−50 41.27 12.85 13.80 14.62 −2.79
−25 41.27 12.85 13.80 14.62 −1.40
25 41.27 12.85 13.80 14.62 1.40
50 41.27 12.85 13.80 14.62 2.79

I21

−50 41.27 12.85 13.80 14.62 −3.39
−25 41.27 12.85 13.80 14.62 −1.70
25 41.27 12.85 13.80 14.62 1.70
50 41.27 12.85 13.80 14.62 3.39

I22

−50 41.27 12.85 13.80 14.62 −3.57
−25 41.27 12.85 13.80 14.62 −1.78
25 41.27 12.85 13.80 14.62 1.78
50 41.27 12.85 13.80 14.62 3.57

I23

−50 41.27 12.85 13.80 14.62 −3.75
−25 41.27 12.85 13.80 14.62 −1.87
25 41.27 12.85 13.80 14.62 1.87
50 41.27 12.85 13.80 14.62 3.75

Table A5. Sensitivity analysis for carbon emission per unit item of manufacturer and outsourcers.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

em

−50 41.27 12.85 13.80 14.62 −5.71
−25 41.27 12.85 13.80 14.62 −2.86
25 41.27 12.85 13.80 14.62 2.86
50 41.27 12.85 13.80 14.62 5.71

ev1

−50 41.27 12.85 13.80 14.62 −1.48
−25 41.27 12.85 13.80 14.62 −0.74
25 41.27 12.85 13.80 14.62 0.74
50 41.27 12.85 13.80 14.62 1.48
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Table A5. Cont.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

ev2

−50 41.27 12.85 13.80 14.62 −1.64
−25 41.27 12.85 13.80 14.62 −0.82
25 41.27 12.85 13.80 14.62 0.82
50 41.27 12.85 13.80 14.62 1.64

ev3

−50 41.27 12.85 13.80 14.62 −1.81
−25 41.27 12.85 13.80 14.62 −0.90
25 41.27 12.85 13.80 14.62 0.90
50 41.27 12.85 13.80 14.62 1.81

Table A6. Sensitivity analysis for demand, marginal, and production rate of manufacturer and
outsourcers.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

P1

−50 39.44 12.30 13.19 13.95 0.79
−25 40.63 12.66 13.59 14.38 0.27
25 41.67 12.97 13.94 14.76 −0.16
50 41.94 13.05 14.03 14.86 −0.27

P3

−50 41.65 12.97 13.93 14.75 −0.15
−25 41.39 12.89 13.84 14.66 −0.05
25 41.20 12.83 13.78 14.59 0.03
50 41.15 12.81 13.76 14.57 0.05

P21

−50 41.15 12.82 13.76 14.57 0.05
−25 41.17 12.82 13.77 14.58 0.04
25 41.42 12.90 13.85 14.67 −0.06
50 41.60 12.95 13.91 14.74 −0.13

P22

−50 40.92 12.75 13.69 14.49 0.14
−25 41.05 12.79 13.73 14.54 0.09
25 41.53 12.93 13.89 14.71 −0.11
50 41.79 13.01 13.98 14.80 −0.21

P23

−50 40.83 12.72 13.65 14.46 0.18
−25 41.00 12.77 13.71 14.52 0.11
25 41.56 12.94 13.90 14.72 −0.12
50 41.85 13.03 14.00 14.82 −0.23

D

−50 30.82 9.58 10.31 10.93 −47.11
−25 36.70 11.42 12.28 13.01 −23.41
25 44.99 14.02 15.05 15.92 23.24
50 48.12 15.01 16.09 17.02 46.36

MR

−50 34.27 10.73 11.45 12.09 −29.31
−25 38.34 11.97 12.82 13.56 −14.59
25 43.50 13.52 14.55 15.42 14.53
50 45.25 14.05 15.14 16.06 29.02

Table A7. Sensitivity analysis for holding cost of raw material of manufacturer and outsourcers.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

hr1

−50 42.29 13.16 14.15 14.99 −0.41
−25 41.77 13.00 13.97 14.80 −0.20
25 40.78 12.71 13.64 14.44 0.20
50 40.32 12.56 13.48 14.27 0.40
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Table A7. Cont.

Parameters % Age Change
Decision Variables

% Change in the Total Cost
Q Q21 Q22 Q23

hr3

−50 42.74 13.29 14.30 15.15 −0.59
−25 41.99 13.07 14.04 14.88 −0.29
25 40.59 12.65 13.57 14.37 0.29
50 39.94 12.45 13.36 14.13 0.57

hr21

−50 41.66 12.97 13.93 14.76 −0.16
−25 41.46 12.91 13.87 14.69 −0.08
25 41.08 12.79 13.74 14.55 0.08
50 40.89 12.74 13.68 14.48 0.16

hr22

−50 41.74 12.99 13.96 14.79 −0.19
−25 41.50 12.92 13.88 14.70 −0.10
25 41.04 12.78 13.72 14.53 0.10
50 40.81 12.71 13.65 14.45 0.19

hr23

−50 41.77 13.00 13.97 14.80 −0.20
−25 41.52 12.93 13.89 14.71 −0.10
25 41.03 12.78 13.72 14.53 0.10
50 40.79 12.71 13.64 14.44 0.20

Appendix B.

Appendix B.1. Mathematical Modelling

There are three phases to the inventory diagram. The manufacturer phases are
shown in phases 1 and 3, whereas the outsourcer phase is shown in phase 2. T1, T2,
and T3 are the three portions of total time T (T = T1 + T2 + T3). These three phases
of the manufacturer are further broken into t1, t2, t3, t4, t5, t6, t7, t8, and t9 such that
T1 = t1 + t2 + t3, T2 = t4 + t5 + t6, and T3 = t7 + t8 + t9. Thus, the total cycle time can
be written as T = t1 + t2 + t3 + t4 + t5 + t6 + t7 + t8 + t9. From Figure 1, it can be shown
as t1 = Q

P1
t2 = α1Q

P1
t3 = Q

D

[
1− D

P1
− α1D

P1

]
t4 = Q

P2i
t5 = α2i Q2i

P2i
t6 = Q2i

D

[
1− D

P2i
− α2i D

P2i

]
t7 = Q

P3
t8 = α3Q3

P3
and t9 = Q

D

[
1− D

P3
− α3D

P3

]
. The customer demand rate is denoted by

the symbol D. The mathematical modelling of each phase is explored in depth below.

Appendix B.2. Phase 1

From Figure A1, the total inventory of phase 1 is equal to the area under the curve,
which is

Total inventory of first phase = Inv1 = ∆123 +�2345 + ∆356 + ∆467 (A1)

where area of triangle is represented by symbol (∆), and area of rectangle is represented by
symbol (�), where the subscript represents specific area locations from Figure A1.

Now,

∆123 =
1
2

Imax11 × t1 (A2)

Imax12 = Q(1− α1) (A3)

Imax11 = Qα1 (A4)

slope = tan θ =
perpendicular

base
, which implies P1(1− α1) =

Imax12

t1
(A5)

∆123 = Q2
(

1− α1

2P1

)
(A6)

�2345 = t2 × Imax12 (A7)
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�2345 =
α1Q
P1
×Q(1− α)

�2345 =
Q2α1(1− α1)

P1
(A8)

∆356 =
1
2

t2 × Imax11 (A9)

∆356 =
Q2α1

2

2P1
(A10)

∆467 =
1
2

t3 × Imax1 → [Imax1 = Imax11 + Imax12] (A11)

∆467 =
Q2

2

[
1− D

P1
− α1D

P1

]2
(A12)

Area from 2–4 to 2–7 of the figure, total inventory of first phase will be

Inv1 = ∆123 + ∆2345 + ∆356 + ∆467 (A13)

= Q2
(

1− α1

2P1

)
+

Q2α1(1− α1)

P1
+

Q2α1
2

2P1
+

Q2

2

[
1− D

P1
− α1D

P1

]2
(A14)

Inv1 = Q2

{
1− α1

2P1
+

α1(1− α1)

P1
+

α1
2

2P1
+

1
2

[
1− D

P1
− α1D

P1

]2
}

(A15)

Now, divide the upper equation by the total cycle time of phase A
[

T1 = Q
D

]

Iavg1 = Q2


1−α1
2P1

+ α1(1−α1)
P1

+ α1
2

2P1
+ 1

2

[
1− D

P1
− α1D

P1

]2

T

 (A16)

Iavg1 = Q

{
D(1− α)(1 + 2α)

2P1
+

α1
2D

2P1
+

1
2

[
1− D

P1
− α1D

P1

]2
}

(A17)

Raw material inventory for phase 1:

∆128 =
1
2

t1 ×Q1 (A18)

InvR1 =
Q2

2P1
(A19)

IavgR1 =
InvR1

T
=

QD
2P1

(A20)

Appendix B.3. Phase B

From Figure A1, the first outsourcer total average inventory is given as

Iavg21 =
∆8910 +�9101112 + ∆101213 + ∆111314

T2
(A21)

From Figure A1, the second outsourcer total average inventory is given as

Iavg22 =
∆151617 +�16171819 + ∆171920 + ∆182021

T2
(A22)
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From Figure A1, the third outsourcer total average inventory is given as

Iavg23 =
∆222324 +�23242526 + ∆242627 + ∆252728

T2
(A23)

Total average inventory of phase 2 = Iavg21 + Iavg22 + Iavg23 . . . Iavg2n (A24)

∆8910 = Q2
(

1− α2i
2P2i

)
(A25)

�9101112 =
Q2α2i(1− α2i)

P2i
(A26)

∆101213 =
Q2α2i

2

2P2i
(A27)

∆111314 =
Q2

2

[
1− D

P2i
− α2iD

P2i

]2
(A28)

Iavg21 =
∆8910 +�9101112 + ∆101213 + ∆111314

T2
(A29)

Iavg21 = Q

{(
D(1− α21)(1 + 2α21)

2P21

)
+

Dα2
21

2P21
+

1
2

(
1− D

P21
− α21D

P21

)}
(A30)

Similarly, for outsourcer 2, the average inventory is

Iavg22 = Q

{(
D(1− α22)(1 + 2α22)

2P22

)
+

Dα2
22

2P22
+

1
2

(
1− D

P22
− α22D

P22

)}
(A31)

Further, for phase 2 and vendor 3, inventory is written as

Iavg23 = Q

{(
D(1− α23)(1 + 2α23)

2P23

)
+

Dα2
23

2P23
+

1
2

(
1− D

P23
− α23D

P23

)}
(A32)

The general form of average inventory for the ith, outsourcer is given as

Iavg2i = Q

{(
D(1− α2i)(1 + 2α2i)

2P2i

)
+

Dα2
2i

2P2i
+

1
2

(
1− D

P2i
− α2iD

P2i

)}
(A33)

Let Yi =

(
D(1− α2i)(1 + 2α2i)

P21

)
+

Dα2
2i

P2i
+

(
1− D

P2i
− α2iD

P2i

)
(A34)

Iavg2i =
Q
2
(Yi) (A35)

Raw material inventory for phase 2, vendors is

∆91016 =
1
2

t4 ×Q21 (A36)

InvR2i =
Q2i

2

2P2i
(A37)

IavgR2i =
InvR2i

T
=

Q2iD
2P2i

(A38)
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Appendix B.4. Phase C

The inventory of phase C can be found in Figure A1 as

∆293031 =
Q2

2P3

[
1− α3 −

D
P3

]
(A39)

∆313334 =
Q2α3

2

2P3

[
1− D

P3

]
(A40)

�30313233 =
α3Q2

P3

[
1− α3 −

D
P3

]
(A41)

∆323334 =
Q2

2D

[
1− D

P3
− α3D

P3

]2
(A42)

Equations (A37)–(A40) imply total average inventory of phase C is

Iavgc = ∆293031 + ∆313334 +�30313233 + ∆323334 (A43)

Iavg3 = QD

{
1

2P3

[
1− α3 −

D
P3

]
[1 + 2α3] +

α3
2

2P3

[
1− D

P3

]
+

1
2D

[
1− D

P3
− α3D

P3

]2
}

(A44)

Raw material inventory of manufacturer for phase 3 is given as

∆(8n+9,8n+10,8n+15) =
1
2

t7 ×Q3

InvR3 =
Q3

2

2P3
(A45)

IavgR3 =
InvR3

T
=

Q3D
2P3

(A46)

Now, total average inventory of manufacturer will be

Iavgm = Iavg1 + Iavg3

Iavgm = Q
{

D(1− α1)(1 + 2α1)

2P1
+

α1
2D

2P1
+

1
2

[
1− D

P1
− α1D

P1

]}
+ QD

{
1

2P3

[
1− α3 −

D
P3

]
[1 + 2α3] +

α3
2

2P3

[
1− D

P3

]
+

1
2D

[
1− D

P3
− α3D

P3

]2
}

(A47)

Iavgm =
Q
2

[{
D(1− α1)(1 + 2α1)

P1
+

α1
2D

P1
+

[
1− D

P1
− α1D

P1

]}
+ QD

{
1
P3

[
1− α3 −

D
P3

]
[1 + 2α3] +

α3
2

P3

[
1− D

PC

]
+

1
D

[
1− D

P3
− α3D

P3

]2
}]

(A48)

Let

X =

[{
D(1− α1)(1 + 2α1)

P1
+

α1
2D

P1
+

[
1− D

P1
− α1D

P1

]}
+ QD

{
1
P3

[
1− α3 −

D
P3

]
[1 + 2α3] +

α3
2

P3

[
1− D

PC

]
+

1
D

[
1− D

P3
− α3D

P3

]2
}]

(A49)

Iavgm =
Q
2

X (A50)

Thus, Equation (A35) is the total average inventory for ith outsourcer, and Equation
(A43) is the total average inventory for the manufacturer.

The Equations (A5), (A15), (A29), (A35), (A42) and (A43) gives the total cost of the
supply chain in Equation (A44) below.
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TC =
[

Q
2

(
hmX + hr1D

P1
+ hr3D

P3

)
+ smD

Q + m1D(1 + α1) + m3D(1 + α3) + em fmD + (I1 + I3)D
]

+MR

[
n
∑

i=1

[
Q2i
2 (h2iYi + hr2i) +

svi D
Q2i

+ m2iD(1 + α2i) + evi fviD + I2iD
]] (A51)
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