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1. Introduction and Main Results

In this paper, we are concerned with the Cauchy problem to the nonlinear Fokker—
Planck equation as follows

0tF +v-VyF = pV, - (VoF +0F), 1)
F(0,x,v) = Fy(x,v),

where the non-negative unknown function F(t, x, v) is the spatially periodic density dis-

tribution function of particles with position x = (x1,x2,x3) € T® := [, 7] and velocity

v = (01,05,03) € R®at time t > 0, and the density p(t, x) is defined as p = [gs Fdv.

In statistical mechanics, nonlinear Fokker—Planck equation is a partial differential
equation which describes the Brownian motion of particles. This equation illustrates the
evolution of particle probability density function with velocity, time and space position
under the influence of resistance or random force. This equation is also widely used in
various fields such as plasma physics, astrophysics, nonlinear hydrodynamics, theory of
electronic circuitry and laser arrays, population dynamics, human movement sciences
and marketing.

The global equilibria for the nonlinear Fokker—Planck Equation (1) is the normalized
global Maxwellian

o2
2

_3 _
w=plv) = (2m)"2e
Therefore, we can define the perturbation f = f(t, x,v) by

F(t,x,v) =u+ y%f(t, X,0),

then the Cauchy problem (1) of the nonlinear Fokker—Planck is reformulated as [1]

{atf+v~fo:po, 2
£(0,%,0) = fol(x,0) = p~ 2 (Fy(x,0) — ),
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where the density p(t, x) and the linear Fokker-Planck operator L are given by
1
p=1+ /R3 p2 fdo
and
_1 _1 1 >
Lf =u 2Vo- (uVol(p2f)) = Dof + 1(6_ o) f-
Defining the velocity orthogonal projection
P:L*(R3) — Span{pt%, viy%(l <i< 3)},
then for any given function f(t, x,v) € L?(R3), one has
Pf = a(t, ¥t +b(t,x) - op2, o)
with ) )
a:/R3;47fdv, b:/Rsv-]ﬂfdv. 4)

Therefore, we have the following macro-micro decomposition of solutions f (¢, x,v) of
the nonlinear Fokker-Planck Equation (1) with respect to the given global Maxwellian u
which was introduced in [2]

f(t,x,v) =Pf(t,x,v) +{I-P}f(t x,0), (5)

where I denotes the identity operator, Pf and {I — P} f are called the macroscopic and the
microscopic component of f(t, x,v), respectively.

Furthermore, multiplying (2) by y% and integrating with respect to v over R3 to obtain
ata + Vx . b - O,

then integrating the equality with respect to x over T®, we get the conservation of mass

/ﬂg /R3 y%f(t,x,v) dodx = /1r3 /Rsy%f((),xlv) dodx = 0. ©)
Let v(v) = 1+ |v|? and denote the norm | - |, by
1= [, (@S +Vof?) o -

As is known [3-5], the Fokker—Planck operator L is coercive in the sense that there is a
positive constant Ay such that

— (Lf, )z > Aol{T=P}fI5 + [b]. ®)

Motivated by [6], we use the low-regularity function space L{ LY L2 equipped with norm

iz = f, s0p 176k 4206) < oo ©)

<t<T

where the Fourier transformation of f(t,x,v) with respect to x € T? is defined by

£(t,k,0) = Fef(t,k,0) = /3 e R f(t,x,0)dx, k€ Z2.
T
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In this paper, we will use d¥ (k) to denote the discrete measure in 73, ie.,
[ 8tz = ¥ g(k).
Z kez3
Notations
* A < B means that there is a constant C > 0 such that A < CB. A ~ Bmeans A < B
and B < A.

e Denoting the dot product (f,g) = f - g for any complex functions.
e Denoting (-, ) 2 the complex inner product over L%, ie.,

(f,g)L% = Jes f(v)g(v)do.
e  The convolution of f and g is defined as
(F&) k) = | | Fk=Dg(1)az().

e R denotes the real part of a complex number.

Based on this preparing work, our main result can be stated as follows.

Theorem 1. Assume that fo(x,v) satisfies the conservation of mass

3 1
/]I‘3 /Rsyzf(t,X,v)dvdx: ,/]1‘3 /RS,MZf(O/JC,U)dUdXIO.

and Fy(x,v) = p + V%fo(x, v) > 0, there is a small sufficiently e such that if
1fo(x, )11z < eo,

then the Cauchy problem (2) admits a unique global mild solution f(t,x,v) satisfying F(t,x,v) =
U+ ‘u%f(t, x,v) > 0, and it holds that

1f (&2, 0) ez + 1 f (B2 0) 122 S N fo(x, ) g2 (10)

for any t > 0. Moreover, there is a constant A > 0 such that the solution also admits the time decay
estimate

1% 0l S e M folx o)z ay
forany t > 0.

Remark 1. Compared with the integer Sobolev space Hy used in [1], the reqularity assumption on
the initial data is weaker due to HY — L,l.

There are a lot of results about the global existence and large time behavior of solutions
to Fokker-Planck-type equations, such as, for the Fokker-Planck-Boltzmann equation,
the global existence and temporal decay estimates of classical solutions are established
based on the nonlinear energy method developed in [2], under Grad’s angular cut-off
in [5,7] and without cut-off in [8,9], respectively. As for the Vlasov-Poisson-Fokker-Planck
equation, Duan and Liu [3] obtained the time-periodic small-amplitude solution in the
three dimensional whole space by Serrin’s method. Hwang and Jang [10], Wang [11]
obtained the global existence and the time decay of the solution. For the problem (1), the
global existence is proved by combining uniform-in-time energy estimates and the decay
rates of the solution is obtained by using the precise spectral analysis of the linearized
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Fokker-Planck operator as well as the energy method in [1]. Interested readers can refer to
the references [4,12-28] for more related details.

We note that the previous related results that are obtained in Sobolev space involved
the v-derivatives or x-derivatives, which required high regularity of the initial data. In order
to obtain the global in time solutions in low-regularity function space, Duan-Liu-Sakamoto—
Strain [6] introduced the space L,lc LY L% to deal with the Landau and non-cutoff Boltzmann
equation, where L! corresponds to the Weiner algebra over a torus satisfying || fgl| <
ILf]] Il llgll e Motivated by this method, we are desired to obtain the global existence of
solutions to the Fokker-Planck-Boltzmann equation in low regularity function space.

The rest of this paper is organized as follows. In Section 2, we list some basic lem-
mas which will be used in the later proof. Sections 3 and 4 are devoted to deducing
global existence and exponential time decay rates for the solution to the Cauchy problem
of the Fokker—Planck-Boltzmann equation respectively, where the proofs of Theorem 1
is complete.

2. Basic Lemmas

In this section, we give some results concerning the linear Fokker—Planck operator L
and the nonlinear term.

Lemma 1 ([3-5]). There is a constant Ay > 0 such that

—R(Lf, )iz = M{T=PHf(tk, )7 + [b(t, k) . (12)
Lemma 2. It holds that
T - 1/2
/ZS(/O (a*Lf,f)L%dt> a5 (k)
" (13)
< (o i / (/T £(tk,)2 dt>1/2d2(k)
forany T > 0, where the constant 1 > 0 can be arbitrarily small. It also holds that
T a1, 12
Joy () 102 flwbyaPae) a2 S 1 gl gz (14)

Proof. By Fubini’s theorem, one can obtain

(%07, f) e /R% (/Z3 Atk — DAF(t, l,v)dZ(l))f(t, k,0)dv

1

- /ZS atk—1) </R3 Aof(t,1,0)F (K, v)dv> dZ(l)‘

1 v

_ /zs Gtk —1) (/RS Vof(1,1,0)Vof (L k, v)dv) dZ(Z)‘

1

< [ (k= DIV b1,V (k) 2AZ0)
1

By applying Cauchy-Schwarz’s inequality with respect to fOT(-)d t and using Young’s
inequality, we have
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T o 1/2
(L6t )
T 1/2
</Zg</0 Z?Iﬁ bk = DIIVof (41, 2l Vof (8K, )] 2d5( )dt> a5 (k)
- T 2 1/4
S 7 (/0 </Z? Iﬁ(t,k—l)|||va(t,l,~)||L%d2(l)> dt)
(15)
T

([ 1va ) e

T ) 1/2
i 3</ Iva(t,k,~)|Iizdt> ds. (k)
73 \Jo 3
1/2

T R 2
+41*l/2 </° </z 4tk =DIIVof (t"")”L%d2<l)> dt) 4z (k),

where 17 > 0 is a sufficiently small universal constant. For the second term in the above
inequality, we can obtain

! ~ 2
(/0 </Z’3 jat k= DI[IVof(t1, .)||L%d2(l)> dt)

1/2

(16)
T 1/2
N 2o ¢ 2
</, ([ 1t k= DRIV f 0,1 e ) az),
by the Minkowski’s inequality ||| - || L}H = -1 L%H ;1 By Fubini’s theorem and transla-
t 1
tion invariance with (16), we obtain
. 5 N\ 172
/Zi ( | ( /Z,s a(t,k— DIV (8,1, ->|Lgdz<1>> dt) 4=(k)
' T 2 ? 2 12
</, /Z3( [ ot k= DRIV L Byt )  az(az(e
T ) 1/2
</ / sup atk—l)|(/ |va(f,l,')||%2dt) ax(ldx (k)
Z3 0<i<T 0 ¢ (17)
T ) 1/2
= [ ) o oo k=01 [ IVaf 01, Bte) iz
Z3 0<t<T 0 ¢
1/2
- / sup |a(t,k — 1)|dz(k) (/ IVof(t1,)] zdt> dx(l)
Z3\ VL o<t<T
1/2
_ (/3 sup |a(t,k)|dZ(k )/ (/ IVof(t 1)l 2dt) as(1).
kO<t<T
Applying the Holder inequality, we have
/ sup |a(t, k)|d= (k) = / sup | [ utf(t k v)dolds(k)
L} 0<t<T Zio<t<T JR? (18)

< [, sup If(tk)zdz (k)

Zi 0<t<T
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Combining (15), (17) and (18), we obtain
T o 1/2
/z;(/o (a*Avf,f)L% dt) ds (k)
19
< +”fHLiL°T°L% /(/T|f(tk )|2dt>1/2d2(k) "
~ 17 417 Z% 0 7 v 4
with the fact
T . ) 1/2 . T | ) 1/2
L () 1wefter i) “am < [ ([ 170k Ra)  ane
Similarly, we can obtain
T , N 1/2
/ / <ﬁ*((6|v|2)f>,f> dt|  dz(k)
z\Jo 4 12
(20)

< (:7 - ||f”51}§7L0T0L%> /zg (/OT F(tk, .)|§dt)1/zd2(k).

By (19) and (20) and the linear Fokker-Planck operator Lf = A, f + (6 — [0]?)f, the
desired result (13) can be obtained. The proof of (14) is also can be deduced similarly. [

3. Global Existence
Firstly, we need to obtain the estimates of the microscopic dissipation for the solution

fin(2).
Proposition 1. Under the assumptions in Theorem 1, it holds that

[, sup Wik es + [ ([1a-poza) s

Zi 0<t<T

+ /ZS (/OT |l3(t,k)|2dt>l/2d2(k) 1)

(A lFsvETE: T 12
< k=T v £ N2
<follyyiz + (17 ) L ([ FekoBar)  amm,

forany T > 0, where the constant 7 > 0 can be arbitrarily small.

Proof. Taking Fourier transform of (2) with respect x, we have
dif (t,k,0) +iv- f(t,k0) — Lf(t,kv) = (4% Lf)(t ko),
where the convolutions are taken with respect to k € Z3:
(@ % LF)(tk,0) = /Z?ﬁ(t,k— DLF(t 1, 0)dZ (D).

Taking product with the complex conjugate of f(t,k,v) and further taking the real part
of the resulting equation, we have

%%|f(t,k,v)\2 ~R(Lf, f) = R(a*Lf, ),
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integrating the above identity with respect to v and then ¢, we obtain

SIFK I = [ RIS A e = 3otk By + [ Ria=Lf, P

Recalling the coercivity estimates of L in Lemma 1, we can obtain

1, t . to.
SIFE R+ A0 [ {1 =Py ek, ) e+ A [ [b(r, k) Par

1. . o (22)
<51tk )2+ [ [RG@*LF, f)pzar
Taking the square root on both sides and using the inequality
1
FA+B+O) < VA2 4 B2 4 C2,\/A2+ B2< A+B,A,B,C>0,
we further have
V2 s 1/2
A O ~

Tl Akl + 22 ([ - ph ik ) T8 ([ i)
V6 V3 \Jo 23)

7||fo< iz + (/0 R(a+Lf, )z dT>l/2.

Moreover, taking sup,.,. on both sides of the above inequality and integrating the

resulting inequality with respect to d%.(k) over Z3, we have

/3 sup |f(t,k,.)|L%dZ(k)+/Zi (/OT|{1_P}f(t,k,.)|5dt)1/2dz(k)

Z; 0<t<T

+ /Zi (/OT |l9(t,k)|2dt>1/2d2(k)
Shhlyae+ [, ([ [( dt)l/zdzac)

I£lg1g r 172
k=T v £ 2
snfou%m(w o) L () veropa) e,

by (13) in Lemma 2. Thus the desired estimate (21) are obtained. [

(24)

ﬁ*Lf,f>L%

Now we give the estimate of the macroscopic component a(t, k) by the dual argument.

Proposition 2. Under the assumptions of Theorem 1, it holds that
T 1/2
5 2
) ( | late.n) dt) 4= (k) Sl gz + Mol + 1A isizl Fllae

+/zs (/OT bz, k)lzdt>l/2d2(k) (25)
* ) (/OT {I=Pyf(ek )R dt) )

Proof. In order to obtain the estimate of 4, we take a test function as

&(t,kv) € C! ((0,00) x 73 x R3>,
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which will be fixed later. Applying the Fourier transform to (2), taking the inner product of
it and @ in L2, then integrating the resultant over [0, T], one can obtain

2

N A A T A A T ~ a
(f,d>)\t:T—(f,d>)lt:o—/0 (f,atq))dt—/o (f,v-ikd)dt
:'/OT(ﬁ*Lf,<i>)dt+/(;T(Lf,ﬁ>)dt,

where we have used the notation (-,-) = (-,-);2 and set T > 0 be an arbitrary fixed constant.

Denoting (f, ®)(T) = (f, ®)|i=r, (f,$)(0 :v(f,é)hzo and plugging in the macro-micro
decomposition, we have

. . T, T ..
- / (Bf,0- ikd)dt = (F,8)(0) ~ (£, &)(T) + [ (o)t + [ ({1-P}f,0- ikb)at

0 0 0
I
T T
Ax Lf, &)dt Lf, &)dt.
+ [CaxLf, @ [(LF,®)

J2 I3

Thanks to (6), we can get the conservation law for mass, i.e.,

/1;3 a(t,x)dx = /3 a(0,x)dx =0,

JT

so that 4(t,0) = 0. Now we choose the test function as

&(t,k,v) = (|02 — 10)v - ika(t, k)u?, (26)

where ¢, (t, k) is a solution to
K24alt ) = (1, ).

Since 4(t,0) = 0, we can formally write ¢, (t, k) = a(t,k)/|k|? for any k € Z3 where
$a(t,0) = 0. Using the estimate of a in [6], we can obtain

T A T
—/ (Pf,v-ikd))dt:S/ \a(t, k) [2dt,
0
L SWCT kI + oK), + 1 [ lae ) Pa
+/ b(t, k)| 2dt+/ {1 — P}A(t, k) [2dt,
Bl [ R Par+ [ (s L) et

where 7 > 0 is a sufficiently small universal constant. Now we concentrate on the estimate

of J3, since T
|13| = ’ / (Av

<|f

By virtue of the macro—-micro decomposition, (5) gives

+ 06— |v|2>f,<i>>dt|
)|+ \/ 6~ o), ®)at|.

Ja1 J32

f
Aof,
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T . T .
J31 < ]/ (AUPf,ci))dt‘-i-’/o (841 P}f, &)t
]/ o ﬁ))dt‘+‘/OT(?)AU(U;4%),®)dt‘+’/OT(AU{I—P}f,é)dt .

2 3
]3,1 J31 J31

Owing to Avy% = (0”2 — %)y% and (26), we obtain

J31= ]/ aAvy% (\v|2—10)v-ik43a(t k) %)dt‘
- ]/ i, (ol — 10)0 - ika(t, g )] =,

as the integrand function is odd for v. Due to k € Z® and |k|?$,(t, k) = a(t,k), it holds that
with the Young’s inequality

]31N/ b(t, k)| [k|$a(t, k) \dt<17/ la(t, k)| dt+C,7/ Ib(t, k) .

Similarly, we can obtain

3, = ‘/ ({1— P}/, Apd dt]dt<q/ a(t k) |2dt+C,7/ {1 — P}A(t,k)[2dt.
Regarding the estimate of [3,, we can also deduce that
T
B | [ G loPer,@at] + | ["(ho— o)1~ Pif, @)
T . A
=1 |ﬁ(t,k)]2dt+c,7/ |b(t,k)|2dt+C,7/ {1 P}f(t, k)2,
0 0 0

where

~

)it

o)}
|
s
\/
>
=
e

(
(

N]
N RN
—

S— S5—

(6 — |v2)au2, (|o|* — 10) - ika(t, k)u2)dt = 0,

E

and

H
—

|| G6= R (ol = 3)en?, &a
_/ L6 [oP) (|0 = 3)eud, (o2 — 10)0 - ikdha 2, k)b )dt = 0,

since the integrand function is odd for v. By collecting the above estimates and taking
n > 0 is small enough, we obtain

T R R T
| 1t 0P SIFT 3 + 1ol + [ 1B k) P
T . T A
[ H=PY R+ [ (7« Lfl, b P

Thus, we have
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T 1/2
L (] Rz Sl lgsgis + ollgss + W lgieas Il

k T | , 1/2
+/Zi (/0 b(t, k)| dt) dz (k)
T R 1/2
+/Zz</0 {I—P}f(f,kw)lﬁdt) ds(k),
where we have used

J P22 < [ sup 176k )20 = 1]

r 0<t<T

and

T o1, N\1/2
Joy () 102 £F1mbyaPe) = a200 S 1 apg 1 s
in Lemma 2. Thus the proof the proposition is complete. [

Proposition 3. Under the assumptions of Theorem 1, it holds that

Hf”L}CL?L% + ”fHLlchZTL% -
S HfOHL;L% + HfHL,ﬁL‘?L%HfHL,%LZTL%‘

Proof. Taking the linear combination as (21) + M x (25) with M > 0 being small enough
and noticing that

IPfllpararz ~ Wl b, el
Hf”L}(L%.L% ~ ||{I - P}fHL}CLZTLg + HPfHLiLZTLg,
the desired estimate (27) are obtained. [
With the above preparation in hand, we are ready to deduce the global-in-time exis-
tence of the solution. Firstly, the local-in-time existence and uniqueness of the solutions to
the Cauchy problem (2) can be established by performing the standard arguments as in [6],

where we omit its proof for simplicity. To extend the local solution into the global one, we
can deduce that

I ez egrz + 1z ez < Wfollez,

from (27) in Proposition 3 by virtue of the smallness assumption on || fy|| L3 Combining

this with the local existence, the global mild solution and uniqueness follows immediately
from the standard continuity argument. This completes the proof of the global existence
and the uniform estimate (10).

4. Large Time Behavior

To deduce the exponential time decay rates of the solution f (¢, x, v), we take
h=eMf
with A > 0 which will be chosen later. Since f satisfies the system (2), then h satisfies
oth + ik - vh = e M(ax Lf) + A+ Lh,

with initial data
fz(O, k,v) = ho (k,v).
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Using the same method to deduce Proposition 3, we can obtain

T 1/2
Il ez + Bl g2z Slkollny g + ﬁ/Zi (/0 1Ak, )17 dt) dz. (k)

SHhOHL}(L% + ﬁ”hHL}(L%L%’

(28)

for any T > 0. Then, take A > 0 to be small enough, yields that
||h||L11(L¢%°L% + ”hHL}(L%L?, S HhoHL}(Lg

By the Minkowski’s inequality |||| - || ! e < NI el 11» we can deduce
Lo Gk ) 2d08) 5 oy
k

Since that i = M f , then one can obtain

IF Oz < e M lfolliz.

Thus, we have completed the proof of Theorem 1.

5. Conclusions

In this paper, the global existence and exponential time decay rates of mild solutions
to the nonlinear Fokker-Planck equation are obtained in the low regularity space L} L¥L3
by the nonlinear energy estimates. Compared with the previous results, the regularity
assumption on the initial data is weaker.
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