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Abstract: This paper seeks to find optical soliton solutions for Lakshmanan—Porsezian-Daniel (LPD)
model with the parabolic law of nonlinearity. The spatiotemporal dispersion is included to the
model, as it can contribute to handling the problem of internet bottleneck. This study was performed
analytically using the traveling wave hypothesis to reduce the model to an integrable form. Then,
the resulting equation was handled with two approaches, namely, the auxiliary equation method
and the Bernoulli subordinary differential equation (sub-ODE) method. With an intentional focus on
hyperbolic function solutions, abundant optical soliton waves including W-shaped, bright, dark, kink-
dark, singular, kink, and antikink solitons were derived with the existing conditions. Furthermore,
the behaviors of some optical solitons are illustrated. The spatiotemporal dispersion was found to
significantly affect the pulse propagation dynamics. Finally, the modulation instability (MI) of the
LPD model is explained in detail along with the extraction of the expression of MI gain.

Keywords: Lakshmanan-Porsezian—Daniel model; optical solitons; parabolic law; modulation
instability

MSC: 78A60

1. Introduction

The concept of an optical soliton has been a significant subject in many physical and
engineering studies such as those of electronic telecommunication system and social media
networks [1-3]. Optical solitons play a crucial role since they represent the nature of the
propagation of pulse in various nonlinear media [4]. In nonlinear optics, the existence
of optical solitons is based on the delicate balance between the group velocity dispersion
and the nonlinearity of self-phase modulation (SPM) of the pulse propagation. SPM is a
dominant effect in nonlinear optical media, and it has an important role in optical systems
that use short, intense pulses of light, such as lasers and optical fiber communications
systems. Over the last three decades, various forms of models that are considered as a
generalization of nonlinear Schrodinger equation (NLSE) have been developed to charac-
terize the dynamic behaviors of optical solitons in fiber medium. Among these attractive
models are the Fokas—Lenells equation [5-7], the Gerdjikov-Ivanov equation [8-10], and
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the Schrodinger-Hirota equation [11-14] equation, which have been dealt with by many
authors. Chirped and chirped-free optical solitons of these models are scrutinized com-
prehensively so as to contribute to diagnosing the physical properties of optical fiber
and its applications. Moreover, NLSE with nonlocal characteristics can generate a vari-
ety of new solitons such as fundamental solitons, in-phase and out-of-phase bound-state
solitons, multipeak solitons, spatial solitons, and breathers [15-17]. The literature de-
scribes various mathematical tools that have been implemented to create solitons and
other wave structures for mathematical models. Some of these techniques are Sardar
subequation scheme [18], exp(—¢(¢))-expansion approach [19,20], the modified extended
tanh-function method [21], and the unified method [22].

The high-level usage of the internet leads to slow internet flow and hence causes
network congestion whenmany users attempt to access specific content. In addition,
the network demands increases and grows with time, generating the pressures on networks.
Thus, all users try to exploit the bandwidth at the same time creating an internet traffic
jam. This crisis is known as the internet bottleneck, and it is a growing problem in the
telecommunications industry. Researchers across the world have proposed various forms
of techniques to overcome this problem and to facilitate the transfer of data smoothly. One
of these mechanisms is to introduce the spatiotemporal dispersion (STD) into the medium.
The internet bottleneck can be manipulated through reducing the level of internet traffic
flow in one direction and enabling full flow in the cross-direction. For this reason, this
study was conducted in the presence of STD and chromatic dispersion (CD) in order to
address and control the effect of internet bottleneck.

In this paper, we are interested in investigating a model that also describes the nature
of optical soliton transmission through optical waveguides—the Lakshmanan—Porsezian—
Daniel model (LPD) equation. The first description of this equation appeared in 1988 in the
context of the Heisenburg Spain chain equation [23]. Since that time, it has been studied
in the content of fiber optics extensively. The dimensionless form of the LPD model that
includes different physical effects such as higher order dispersion, full nonlinearity, and
spatiotemporal dispersion is addressed as [24]

iQt + anx + bet + CJ:(‘QF) Q = ‘TQxxxx + IX(QX)ZQ*
+B1QxPQ + 71QQux + AQ% Q% + 51Q1*Q, 1)

where Q(x,t) stands for the complex valued wave function in space x and time ¢. On the
left hand side of Equation (1), the first term is the time evolution, the second term with the
coefficient a is the group velocity dispersion, and the third term with the coefficient b is the
spatiotemporal dispersion. The last term on this side of the equation represents the effect of
nonlinearity given by the function F. On the right hand side of Equation (1), the term with
the coefficient o accounts for the fourth order dispersion whereas the term with coefficient
6 defines a two-photon absorption. The reset of terms containing the coefficients «, B,y, and
A represent perturbation terms with nonlinear forms of dispersion. The symbol * indicates
the complex conjugate of the function Q(x,t) and i = v/—1.

The LPD model (1) was discussed in the past by some experts to investigate the
dynamics of solitons under the influence of various forms of nonlinearity. These previous
studies were carried out using different mathematical methods, including the improved
tanh-expansion technique [25], method of undetermined coefficients [26], the semi-inverse
variational principle [27], and many others [28-35].

The present work focuses on deriving distinct structures of optical solitons for the
LPD model with a parabolic law of nonlinearity. The effect of spatiotemporal dispersion on
the soliton behaviors is also examined. The study was implemented with the aid of two
integration schemes known as the auxiliary equation method and the Bernoulli sub-ODE
method. To shed light on the behaviors of obtained solitons, the graphical representations
of some solutions are displayed. In addition, the modulation instability of LPD model was
executed via a standard linear stability analysis.
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2. Governing Model

In particular, we consider here the LPD model (1) with the parabolic law of nonlinearity
in which the function F is expressed as F(r) = c17 + cor?. Thus, Equation (1) takes the
form [24,36]

1Qt + aQyxx + bet + <C1|Q|2 + C2|Q|4> Q = 0Qxxxx + IX(QX)ZQ*
+B8]Qx*Q + 7|QPQux + AQ*Q%, + 3|QI*Q. @)

To overcome the complexity and to reach an integrable form for this equation, assume
that Equation (2) has the traveling wave solution of the form

Q(x,t) = q(&) e?™h), & =x—ot. ®)

The function (&) is the amplitude component of the soliton, and ¢ = x — vt is the
wave variable, where v is the velocity of the soliton. The phase component is denoted by
¢(x,t) which is defined as

p(x,t) = —kx + wt +6, 4)
where k, w, and 6 describe the soliton frequency, wave number, and phase constant, respec-
tively. Substituting (3) into Equation (2) and splitting the resulting equation into real and
imaginary parts, we obtain the following equations:

oq" — (60k*> —bv +a)q" — (bwk — ok* — ak? — w)q — [c1 + K (a — B+ v+ A)]g°
~(c2=0)g° + (a+ P)aqg” + (v + A)g*q" =0, 5)

(bw + bko — v — 2ak — 40k%)q" + 2k(a + v — A)g?q + 4okq" = 0. (6)

Now, taking the coefficients of the linearly independent functions and equating them
to zero gives the following:

=0, (7)
a+p=0, 8)
Y+A=0, )

x+vy—A=0, (10)
bw + bkv — v — 2ak = 0. (11)

From Equation (11), one can deduce that

_ 2ak — bw

= =1 (12)

which represents the wave speed provided that bk # 1. With the constraints (7)—-(10),
Equation (5) becomes
Log” +Liq + Log® + Lag® = 0, (13)

which can be integrated after multiplying by 4’ to arrive at

L L
Log® + Lig* + 5" + Z4° + 2L = 0, (14)
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where Ly is an arbitrary constant of integration, and Lo, L, Ly, L3 are given by

Lo =a—bo, (15)

Ly = bwk —ak?® — w, (16)
Ly = ¢ — 47k, (17)
Ly =cp — 4. (18)

For convenience, we employ the variable transformation, presented as
9> =P, (19)

From this, Equation (14) is converted into the following form:

8
LoP" +4L,P 4 3L,P? + §L3P3 +4L, =0. (20)

3. Optical Soliton Solutions

This section is dedicated to creating optical soliton solutions for the LPD model (2)
through tackling Equation (20) with two powerful approaches: the auxiliary equation
method and the Bernoulli sub-ODE method. To apply these techniques, we firstly set

P(g) =W(0), ¢=Qg, (21)

from which Equation (20) becomes
2 " 2 8 3
QO LogW" + 4L W + 3L, W~ + §L3W +4L4 =0, (22)

where the prime represents the derivative with respect to (.

3.1. Auxiliary Equation Method

Herein, we assume that Equation (22) has solutions in the form
W(Q) = ag +mF(0) + a2F(C), (23)
where a9, a1 and a, are constants to be determined. The function F({) satisfies

2
(‘Z) — hy + F(0) + sE4(D), (24)

where hg, hy and hy are constants to be obtained. Substituting (23) and (24) into Equation (22)
giyes a polynomial in F*({),i = 0,1,2,...,6. Equating the coefficients of various powers of
F'({) in this polynomial to zero gives the following system of algebraic equations.

FO : 202Lgashg 4 4Lyag + 3La3 + §L3a3 +4L, =0,

Fl . Qzaltho + 861%011L3 + 6aga1Ly +4a1L1 =0,

F? : 402ayhyLo + 8a3a,Ls + 8agaiLs + 6agaz Ly + 3a3Ly + 4azLq =0,

F®: 6Lyajar + §L3a§> +202Loarhy + 16Lzagarap = 0, (25)
F* : 6Q2aphyLo + 8aga3Ls + 8a2asLs + 3a3L, = 0,

FS : 8L3a1a% =0,

8
Fé . §L3a§ =0.
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The solution of the above system constructs two sets of values for the constants ag, 2
and ap under specific conditions. Each set yields many cases of abundant solutions to
Equation (2).

e Setl

-2 L2 — 3Ly —2hy |12 —3L,L4
ag=—|Li4+hy | 2—==1),a1=0, a0 = . ,
0 3L2< T K2 —3hohy )7 ! 27 L\ W2 = 3hohy

1
[?2—3L,L, \*
O=—-_A—""_) ,Lz3=0.
(Lg(hg — 3hohy)

From (26), one can retrieve the general form of the Jacobi elliptic function (JEF) solu-
tions of Equation (20) as

(26)

-2 L? — 31,14
P& =—"|(L Y hy F2(Q) 27
(€) 3L2< 1+ 12— 3hohs { 2+ 3hy F5( C)}>/ (27)

provided that L, # 0 and h% # 3hghy. Hence, the relations (3) and (19) lead to the
general solution of Equation (2) as

-2 (bwk — ak? — w)? — 3(cy — 4vk?)Ly
) =+ | — | bwk —ak? —
Q! {3(c1 — 47k?) < e cH\/ h% — 3hohy

(28)
« {hz + 3hy FZ(Q[JC _ Ut])}) } %ei(*kx+wt+9)/

bwk — ak? — w)? —3(cy — 4yk?)Ly | .
where () = l( (a— bv)z)(h% (3]10;14)7 ) 41 provided that ¢; # 49k* and
a # bo.
Making use of some of Jacobi elliptic functions, we can obtain the following types of
solutions:

Case 1. If hg = 1, hy = —(1 +m?), hy = m?, then F(&) = sn(&). Subsequently, we
extract JEF solutions of Equation (2) in the form

-2 (bwk — ak? — w)? — 3(c; — 49k?) Ly
t)= +|——— | bwk —ak® — w —
Q1) [3(c1 — 4912 ( wkmae e \/ mt—m? +1 (29)

% { (12 +1) — 3n2 s (Qx — vt])) }| Zel(-hxrer o),

(bwk — ak? — w)? — 3(c1 — 4vk?) Ly
(a —bv)2(m* —m?+1)
ates to soliton solutions given by

1
1
where () = [ } . As m — 1, solution (29) degener-

-2
Qx, t)= =+ [W (bwk —ak?® — wl— V/ (bwk — ak? — w)? —3(c; — 4vk?) Ly 40

x {z ~ 3tanh?(Qx — w])) } } P il kxtwt o),

(bwk — ak? — w)? —3(cq — 4vk?) L4 1

(a — bv)? '
Case 2. If hg = 1 —m?, hy = 2m? — 1, hy = —m?, then F(¢) = cn(¢). Accordingly,
the JEF solutions of Equation (2) are written as

where () = [
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B -2 ) (bwk — ak? — w)? —3(cy — 4vk?) Ly

X{ (2m2 _ 1) — 3m2 CI’IZ(Q[X _ Z)t]) })] %ei(—kx+wt+9)l

(bwk — ak? — w)? — 3(cy — 49k?) Ly
(a—bv)2(m* —m2+1)
rise to soliton solutions given by

1
1
where Q) = [ } . Asm — 1, solution (31) gives

2
Qbut) = + {3(@ — 4vk?)

X { 1 —3sech?(Qfx — vt])})] %ei(_k’(+“’t+9),

(bwk —ak? — w + /(bwk — ak? — w)2 —3(c; — 47k?) Ly
(32)

1
(bwk — ak? — w)? — 3(c1 — 4vk?) Ly *
(a —bv)? '

1 1—2m?
Case3.Ifh0:h4:Z, hy = zm
JEF solutions of Equation (2) in the form

-2 (bwk — ak? — w)? — 3(cy — 47k?) Ly
)= |7 | bwk—ak? —
Qlxt) [3(01 — 492 ( WAk @t \/ 16m* — 16m2 + 1

2 2
X { (2 —4m?) + 3(1 Jsrnc(r?([é[; it]v)t])> })1 ol (—kxtwt+)

(bwk — ak? — w)? —3(cq — 4vk?) L4
(a —bv)2(16m* — 16m2 + 1)
to soliton solutions given by

where () = [

,then F(§) = ﬂ% Thus, we end up with

(33)

1
i
where () = 2[ } . As m — 1, solution (33) reduces

Qx,t)= =+ {3@1:317’(2) (bwk —ak? — w + +/(bwk — ak? — w)? —3(c; — 4vk?)L4 o
3 34
tanh(Qfx — o)) \? et
X{_2+3(1+sech(0[xvt])) })] el e,
here O 2[(bwk— ak2 — w)? — 3(c; —47k2)L4} %
(a — bv)?

Case 4. Ifhg =1 —m?, hy =2 —m?, hy = 1, then F(&) = cs(&). In consequence, we
obtain JEF solutions of Equation (2) as

Qt) = =+ L(_z) (bwk R wt \/ (bok = ale — w)” ~ 3(e1 ~ 1) L

c1 — 47k2 mt—m?+1 (35)
% {(2 _ m2) + 3csz(0[x _ Ut})})] %ei(ka+wt+9),
(bwk — ak? — w)? — 3(cy — 4vk?) Ly

(a—bov)2(m*—m2+1)
verted into singular soliton solutions given by

1
3
where () = [ ] . As m — 1, solution (35) is con-
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-2
)= 55w

X {1 + 3 csch?(Q[x — vt})})} %e"(*k”“’tw),

(bwk —ak? — w + /(bwk — ak? — w)2 —3(c; — 4vk?) L4
(36)

where Q) =

(bwk — ak? — w)? —3(cq — 4vk?)Ly 1
(@~ bo)? |

Case 5. If hg = m?, hy = —(1+m?), hy = 1, then F(&) = ns(¢). Therefore, we obtain

JEF solutions of Equation (2) presented as

-2 (bwk — ak? — w)2 —3(c1 — 4’yk2)L4
I P —ak®—w—
Q(x, t) |:3(C1 *4’)’k2) (bwk " “ \/ mt —m? 41 (37)

X {(m2 +1) =3 ns?(Qfx — vt])})] %ei(’k"“"t*e),

bwk — ak? — w)? — 3(cy — 4vk?) Ly
(a —bv)2(m* —m2+1)
to soliton solutions having a profile of singular wave given by

1
1
where () = [( ] . As m — 1, solution (37) changes

Q(x,t)= =+ {3( =2 (bwk —ak? — w — \/(bwk — ak? — w)2 —3(c1 — 47k?) Ly

c1 — 4vk?)

1 (38)
x {2 — 3coth?(Qfx — of]) })} P il —kxtwtto),

bwk — ak? — w)? —3(cy — 4vk?) Ly t

(a —bv)? '
Case 6. If hg = 4m(1+m)?, hy = —(4m + (1 +m)?), hy = 1, then F(&) = msn(g) +
ns(¢). Consequently, we obtain JEF solutions of Equation (2) as follows

_ BT IPRv I —
2 )(bwk—akz—a}_\/(bwk ak” — w)* —3(c1 — 47k%) Ly

where () = [(

Qx,t)= +

3(cq — 4yk? m* + 14m? + 1 (39)

X {(mZ +6m+1)—3( msn(Qx — vt]) + ns(Qfx — vt]))z}ﬂ %ei(—kx—&-wt—l—e)’

(bwk — ak? — w)? — 3(c1 — 4vk?)Ly
(a — bv)?(m* 4 14m? + 1)
in singular soliton solutions as follows

where () =

1
1
} . As m — 1, solution (39) results

o _gk? _ oy — — a2 — )2 — _ 2
Qe [3(c1 myore) (bwk W =0 = g/ bk = ak? - w)? = 3 — k)L (40)
l .
X {8 — 3 ( tanh(Q[x — vt]) + coth(Qx — vt)) )2})} 2 pi(—kx+wt+0)
1
_ [(bwk - ak? — w)? — 3(c1 — 47k*) Ly ] *
where () = [ 16(a— bo)? ]
e Set2
3L, 1 [6hy(32L4L3—9L3)
ao—m/ﬂl— @ I ,a =0,
(41)

O- 912 —32L1L; L 48L1LyL3 —9L3
\ sLamLly, YT 12812
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From (41), the general form of JEF solutions of Equation (20) can be expressed as

972
P(¢) = 8%3 (3L2 + \/ 6h4(32L1hI;3 oL) F(Qg)), (42)

provided that h; # 0 and L3z # 0. By virtue of relations (3) and (19), the general
solution of Equation (2) is written as

s [8(15) (‘3@1 —4yk?) + wwz(bwk —ak? — w)(e2 = 0) = 9(er = 4rk?)?]

o 2 (43)
xF(Qx — vt]))] %ei(ka+wt+9)’

—32(bwk — ak? — w)(ca — 6) +9(cy — 4vk?)?
8hy(co — 8)(a — bo)

a # bv. Thus, implementing some of the Jacobi elliptic functions generates distinct

types of solutions displayed as follows.

Case 1. Ifhg = 1, hy = —(1 4+ m?), hy = m?, then F(&) = sn(&). Hence, we secure JEF

solutions of Equation (2) as

where () =

provided that c; # ¢ and

Qlxt)= =+

8(cy — m? +1 (44)

: 5) (_% — 491%) £ \/ —6n?[32(bwk — ak — w) (e = 3) = 9(cr — 47k

x sn(Qx — vt]))] %ei(ka+wt+9)/

2(bwk — ak? — —0) — — 49k?)?
where () = \/3 (beok —a w)(ca = 9) = 9(er — 47k’) . Asm — 1, solution (44)

8(cy — 6)(m? 4+ 1)(a — bv)
degenerates to soliton solutions as

Q)= g,

x tanh(Q[x — vt]))] %ei(*kX+wt+9),

(—3(61 — 49k2) + /=3 [32(bwk — akZ — w)(cz — 0) — 9(c; — Ayk2)?] -

16(cp — ) (a — bv)
Case 2. If hg =1 —m?, hy =2m? — 1, hy = —m?, then F(¢) = en(&). Therefore, we
arrive at JEF solutions of Equation (2) given by

k2 o —53
WhereQ:\/Bz(bwk ak® — w)(ca — 6) — 9(c1 — 4vk) ‘

1 —6m?[32(bwk — ak? — w)(ca — &) — 9(cq — 4vk?)?]
S g | Pa k) \/ 2m? — 1 (46)

x en(Q[x — vt]))] %ei(—kx+wt+9),

Qx,t) = =+

—32(bwk — ak? — w)(cy — 8) +9(cq — 4yk?)?
8(ca —6)(2m2 —1)(a — bo)
As m — 1, solution (46) is converted to soliton solutions in the form

where () = provided that m # \%

1
Q= %[5 |

x sech(Q[x — vt]))]2¢l(—kx+wt+0)

(—3(c1 — 49K?) £ /= 6[32(bewk — akZ — w)(c2 — ) — 9(c1 — 47K2)?] W)

[ -32(bwk — ak* — w)(ca — 6) +9(c1 — 4vk?)?
where () = \/ 8(cy—0)(a— ) .
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— o2
Case3.If hg = hy = i, hy = 1—2m , then F(&) = 1?(%()@

obtain JEF solutions of Equation (2) as follows

.Asa consequence, we

Qx,t)= =+

1 3[32(bwk — ak? — w)(cy — &) — 9(c1 — 47k?)?
8(cy — 6) (_3(Cl — k) £ \/ —2m? +1 (48)

sn (O —0t) \12 i peren
1+cn(0[x—w})ﬂ el hrrett),

32(bwk — ak?> — w)(ca — &) — 9(cq — 4vk?)?
4(cy —8)(2m2 —1)(a — bo)
m — 1, solution (48) reduces to the soliton solutions as

where () = provided that m # % As

Qx, t)= =+ [8(c21—(5) (—3(c1 — 4vk?) + \/—3[32(bwk — ak? — w)(cy — &) — 9(c1 — 47k2)?]

1
tanh(Ofx — of]) ? pi(—kxtwt+9)
1+ sech(Q[x — vt]) ,

(49)

32(bwk — ak? — w)(cy — &) — 9(cy — 47k?)?

4(cy —0)(a—bo) '
Cased. If hg = 1 —m?, hy =2 —m?, hy = 1, then F(&) = cs(&). Subsequently, we
obtain JEF solutions of Equation (2) with the form

s L(lé) (3(C1 —49k?) \/6[32(bwk —ak? — w)(e2 —0) = 9(er = 49k?)?]

where () =

Cy — 2 —m? (50)

x cs(Qx — z)t]))]%ei(kaerth@),

_ _ k2 _ _ — Ai2)\2
where Q) = \/ 32(bwk — ak” — w)(c — 9) +9(c1 — 47k) . Asm — 1, solution (50)

8(cp —0)(2—m?)(a — bo)
gives rise to singular soliton solutions as

1
S e

X csch(Q[x — vt}))] %ei(—kx+wt+0)l

(—3(c1 — 4yk?) £ \/6[32(bwk — ak? — w)(cy — 6) — 9(c1 — 47k?)?] (51)

—32(bwk — ak? — w)(ca — 6) +9(cq — 4vk?)?
here () = .
where \/ 8(cp — d)(a— bo)
Case 5. If hg = m?, hy = —(1+m?), hy = 1, then F(&) = ns(¢&). From this, we obtain
JEF solutions of Equation (2) as

Q= * 50— m? 41 (52)

5 (3(c1 k) \/_6[32(bwk ke w)ler = 8) = 9(er — 4k)’]

X nS(Q[x — Ut]))]%ei(kaﬂuﬂra),

32(bwk — ak* — w)(c; — &) — 9(cy — 47k?)?
8(cy — 6)(m?+1)(a — bv)
changes into singular soliton solutions

where () = . Asm — 1, solution (52)

Qx,t)= =+ [8(621(5) (—3(01 — 4vk?) £ /—-3[32(bwk — ak? — w)(ca — &) — 9(c1 — 47k?)?]

x coth(Qfx — vt]))] 2pi(—kxtwt+0)
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Qlx/t) =

Qlx,t)

_[32(bwk — ak* — w)(cz — 6) — 9(c1 — 4vk?)?

where 3 = \/ 16 (¢ — 0)(a — bo)

Case 6. If hg = 4m(1 +m)?, hy = —(4m + (1 +m)?), hy = 1, then F(¢) = msn(&) +
ns(¢). As a result, we obtain JEF solutions of Equation (2) as

+

8(cy — —m? —6m—1 (54)

: 5) (‘3<C1 — 4y & w?’z(bwk —ak? —w)(e2 = 8) —9(er — 47k)’]

x{msn(Q[x — vt]) + ns(Qx — vt]) })] %ei(—kx+wt+9)’

—ak? — _5) — _ 4k2)2
where () = \/32(bwk ak” — w)(c; = 9) — ey —4k’) . As m — 1, solution (54)

8(cy — 6)(m?+6m+1)(a—bv)
degenerates to singular soliton solutions in the form

1
Sk
x {tanh(Q[x — vt]) + coth(Q[x — vt])})]2el(-kxtwt+o)

(—3(c1 — 4yk?) £ %\/—3[32(bwk —ak? — w)(cp — 6) — 9(cq — 4vk?)?] (55)

_[32(bwk — ak* — w)(ca — 8) — 9(c1 — 4vk?)?
where 2 = \/ 64(cy; —6)(a — bo) '

3.2. Bernoulli Sub-ODE Method

Now, we aim to procure soliton solutions to LPD Equation (2) through applying a
specific form of the Bernoulli sub-ODE method. Thus, we consider that the general solution
of Equation (22) is given as

W(§) =bo+b1G(Q) +bG*(0), (56)

where by, by and b; are constants to be identified. The function G() satisfies the type of
Bernoulli equation given by

G'(Q) =n*G*(g) —nG(D), (57)
which has the solution of the form

1

G(g) = W’

(58)

where # and p are arbitrary constants.

Substituting (56) and (57) into Equation (22) gives a polynomial in G/({), i = 0,1,...,6.
Equating the coefficients of various powers of G to zero, we arrive at the following system
of algebraic equations.

4L1b + 3L,b3 + §L3b8 +4Ly =0,
QzﬂzblLo + 8b%b1L3 + 6bob1Ly +4b1L1 =0,
—30213b1 Lo + 40%1%by Lo + 8b3by Ls + 8bob3 Ls + 6bgby Ly + 302 L, + 4byLq = 0,
8
6l,b1by + §l3b:1)’ + 202L01’]4b1 — 1OQ2L0173I72 + 16L3bgb1br = 0, (59)
60217 by Lo + 8bgb3 L3 + 8b3by L3 + 3b3L, = 0,
8L3bib3 =0,
8
§L3b§ =0.

Solving the above system yields several sets of solutions for the constants by, b; and by
which are presented below.
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e Setl
21+ /12— 3,1, 8171/L2 — 3,Ly 872,/12 — 3L,L4
bo = ( . ),blzilszzzlz : ,
—3L, Ly Ly
2 31,0, 0
12 _
0= :I:g 17224 , Ly = 0.
1 Lj

From (60) and using (58) together with (21), the general solution (56) to Equation (22)
collapses to

-2 12 1212
P(g)—3L2<L1i,/L%—3L2L4{1—17+p’;70§+ i )2 }) (61)

(17 +per®

provided that L% # 3LyL4 and Ly # 0. Hence, the soliton solution of Equation (2) can
be written as

-2
et |~ — k2 _ 2 — )2 — A2
Q(x,t) [3(01 — 4 ( bwk — ak?> — w + /(bwk — ak? — w)? —3(cy — 4vk?) Ly
1
3 (62)
1— 127 _ 1292 . zei(ka+wt+9)l
n+pel% (4 pen)
1
2 [ (bwk — ak? — w)? —3(c; — 4vk?) Ly \ * . )
where () = j:; (@ — o) ) provided that c; # 4Ak%,
a#bvandcy =96.
e Set2
3L, + \/3(9L§ —32L,L3) 71/3(9L2 — 32L3Ly)
by = =y s b= 1L , by =0,
1 (320103 —9L3\° 48L1LyLs —9L3
Q=4 (228 ") [,=1aew
27 LoLs 12813
From (63) and using (58) along with (21), the general solution (56) to Equation (22)
becomes
PE) = L (31, + \/3(9L2 EESTIVINR B Ep/ (64)
8Ly \7 7 2 e n+per% [)

provided that 9L% # 32L1L3 and L3 # 0. Therefore, the soliton solution of Equation (2)
is introduced as

Qx,t) = £ LE(c_l(S) (3(c1 —4vk?) £ 1/3(9(c1 — 47k?)2 — 32(bwk — ak? — w)(c; — 6))
”—
1 (65)
{ 1— 17;;761705 })] ei(—kx+wt+9),
where
1 (32(bwk — ak? — w)(ca — 8) — 9(c1 — 47k?)? 2
0= (@~ bo)(c2 ) ). e

L — 48(bwk — ak? — w)(c1 — 47k?)(cz — 8) — 9(c1 — 47k?)3 67)
+T 128(cp — 6)2 ’
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provided that a # bv and cp # 4.
e Set3

—41, 8Ly —817%L, 2 1,
by = ,hh= —4—,h= ———, 0=+ —/—, L3=L4=0. 68
0=3, 0 L L, o\ oy Bl (68)

From these findings and using (58) in conjunction with (21), the general solution (56)
to Equation (22) reduces to

4L, 61 61 }
P(¢) = 1- 69
©= 3L { 7+ (g4 periy f ©)

provided that L1 # 0 and L, # 0. As a result, the soliton solution of Equation (2)

becomes
1
—4(bwk — ak? — w) 61 617 2
t) =+ 1— i(—kx+wt+0) 7
Q! 3(c1 — 47k?) { e (g perip f] ¢ ' 7
—gk? —
where ) = £+ ;27\/ W provided that c; # 4Ak?, a # bv and ¢y = 6.
e Set4
_ 2 _
0

From (71) and using (58) in conjunction with (21), the general solution (56) to Equation (22)
changes into the form

—8nLy 1 n
P = — , 72
©= {’7“’6’705 (77+06’7“§)2} "

provided that L1 # 0 and L # 0. For this reason, the soliton solution of Equation (2)
is presented as

1
_ gk _ E
Qi b) = + 81 (bwk ak2 w) 1 _— 1 . oi(—kxtwt ) (73)
c1 —4vk n+pel (17 + pen¥)
_ _gk? _
where Q) = + ’27\/ (ba)l; — Z’; w) provided that c; # 4Ak?, a # bvand cp = 6.
e Setb
ALy, 4yl 2 /-Ly . 313 _
bO— L2 /bl— L2 /bZ—OrQ—iU LO /L3— 16L11L4—0- (74)

From these results and using (58) along with (21), the general solution (56) to
Equation (22) has the form

. —4L1 n
P(¢) = L {1—17+pe,70¢}, (75)
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provided that L; # 0 and L, # 0. Thus, the soliton solution of Equation (2) is
addressed as

1
B —4(bwk — ak* — w) Ui 2 i(—kx+wt+6)
N o R

_ —ak? —
where ) = ii\/ (bwl; _abl; w) and 16(c — 6) (bwk — ak* — w) = 3(c; — 47k*)?

provided that c; # 4Ak? and a # bo.
e Set6

—4nL 2 [—L 312
bo =0, by = LZ1,b2:0,0:j:ﬁ1/];—01,L3:ﬁ,uzo. (77)

From (77) and using (58) together with (21), the general solution (56) to Equation (22)

has the form
—4 T]Ll

T L(q+pem)

provided that L1 # 0 and L, # 0. Therefore, the soliton solution of Equation (2) is
given by

P(¢) (78)

1
—41 (bwk —ak® —w) |* i(—kx+wt+9)

x, ) ==+ e , 79
Q1) (c1 —49k2) (1 +per%) 7
2 [ — (bwk — ak* — w) ) 2

where ) = + Y o and 16(cp — 8) (bwk — ak* — w) = 3(c1 — 4vk?)

provided that c; # 4Ak? and a # bo.
e Set7

1 [—6L, [Z6L, 2 o1,
by = F= by = + — by = O=+—/—, LL,=L,=0.
0=F5 L b n I, 0, p\ Ty 2= L 0. (80)

Based on (80) and using (58) in addition to (21), the general solution (56) to
Equation (22) reads as

I Ny T 2y

provided that L1 # 0 and L3 # 0. Hence, the soliton solution of Equation (2) is

2
B 1 | —6(bwk — ak? — w) 25 i(—kx+wt+6)
Qx,t) == :':2\/ - {1 — 7 T % e , (82
2 [2(bwk — ak* — w) ) )
where Q) = :I:E gy provided that ¢; # 0, a # bv and ¢ = 4k~

4. Modulation Instability Analysis

Our purpose now is to discuss the modulation instability of the LPD model (2) with the
help of the standard linear stability analysis. In order to achieve this target, the steady-state
solution of the LPD model (2) is assumed to be

Q(x,t) = VP ¥, (83)
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where ® = ¢1P + (c; — 6)P?, and P is the normalized optical power. According to the
standard linear stability analysis, we include the perturbation term in (83) to obtain

Qlx,t) = [\/ﬁ LY (x, t)} ¢, (84)
where Y(x, t) is a small perturbation such that Y(x,t) < +/P. The perturbation Y(x, t) is

examined by utilizing linear stability analysis through inserting (84) into Equation (2) and
collecting the linearized terms to obtain

.0Q %Q ?Q 0*Q 9%Q*
+Hﬁ+QP@r—®KQ+Qﬂ+4MWH+@2—®H5%:0,

where * denotes the conjugate of the complex function Q(x, t). Then, suppose that the
solution of Equation (85) is expressed as

Q(x,t) _ 'Blei(xx—wt) +ﬁ28_i(Kx_wt), (86)

where « is the normalized wave number, and @ is the frequency of perturbation. Sub-
stituting solution (86) into Equation (85) and separating the coefficients of ¢/(**~®*) and
e~ {(x=@1) results in two equations in B; and B, given as

(Px?A — 2P25 + 2P2c, + Pcy) By + (—P2?box + P?bxc; — xto
+Pbxcy 4+ Pyx? + @bk — 2P%6 + 2P%c; — ax? + Pey — @) B =0,
(P2béx — P2bicy; — k*o — Pbicy 4+ Pyx? + @bk — 2P%6 + 2P2c,
—ax? + Pcy 4+ @) B1 + (Px?A — 2P%6 + 2P%cy + Pcy) B = 0.

(87)

From the coupled Equations (87), one can construct the coefficient matrix of 81 and
B2. The determinant of this matrix has to vanish to secure nontrivial solution. Accordingly,
the dispersion relation is obtained as

(b2K2 — l)(oz - Zb{O'KS + (a —yP)x® — P[3(c; — 8)P + Zcﬂx}(o + o8

+20(a — yP)xb — { {40((:2 — )+ A%~ 'yz} P +2(ay + c10)P — az}K4

- {bz(cz — 6)2P* + [2b%c; + 4(A — 7)](cs — 6)P°

P22+ 2(A — )y + 4alcy — 8))P2 + ZaclP}KZ —0, (88)

and its solution has the form

= ﬁ [b‘f’f4 + b(a — yP)x* —3b(cy — 6) P> — 2bcy P

i\/azx6 + Xxax* + x262 + xo |, (89)
where bk # 1. The parameters o, x» and x4 are defined as

Yo = [AZ —20(cr — 5)} b2P? — 2(b%c; + 7)o P + 204, (90)
X2 =b*(ca — 8)2P* + 2% (cp — 8) (bPcy + v +2A) PP

+ {c{-b‘l 21 (7 +A) —a(cr — 8)]b? — do(cy — 8) + 9% — AZ}PZ

—2(ab?cy + a7y + c10)P + a2, 91)
Xo :{4b2(c2 — 5)P% + (3bcq + 29 — 2A)P — 2a} 2(c — 8)P? + 1 P]. (92)
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If o2k + X4K4 + XZKZ + X0 > 0, the frequency @ is real for all real values of 4, b, c1, c2, 0,
v, A, 0,%x, and P. Hence, the steady state is stable against small perturbations. Conversely,
if o2xk% + x4x* + x2x + X0 < 0, then @ is imaginary, which means that the perturbation
grows exponentially. Hence, the steady-state solution becomes unstable.

Ultimately, the growth rate of modulation instability gain spectrum G(x) can be
expressed as follows:

G(x) = 2Im(@) = 21m< box* + b(a — yP)x? — 3b(cy — 8)P? — 2bcy P

K
b2x2 — 1 [

V02t + P+ 10| ).

5. Results and Discussion

The analytic processes presented above demonstrate that the two proposed integration
approaches are highly efficient at providing many structures of optical soliton solutions
for the LPD model (2). To add physical understanding to our mathematical analysis,
the 3D-plot of the intensity profiles of optical solitons are exhibited with suitable values of
parameters. Additionally, the effect of spatiotemporal dispersion on the wave propagation
is reported through depicting the 2D-plot of solutions for three distinct values of the
coefficient of spatiotemporal dispersion, b.

Since the auxiliary equation method yielded abundant exact solutions, we display the
behaviors of some of the extracted solutions. In Figure 1, the 3D-plots given in (Figure 1a,c)
show the propagation of W-shaped solitons which describe solutions (32) and (34) with
the values of parameters a = 0.05,0 =15k =v=w =1, =¢; = 0.1, and Ly = 0.5.
The 2D-plots in (Figure 1b,d) present a noteworthy influence of spatiotemporal dispersion
on the amplitude of W-shaped solitons which is enhanced by increasing the value of b.
Further to this, the evolution of soliton solution (40) illustrates a singular-type wave as
delineated in Figure 2a for the same values of parameters as in Figure 1. It is clear that the
amplitude of singular soliton is stretched by increasing the value of b. In Figure 3, the graph
presents a kink-dark soliton for solution (45) with the same values of the parameters as
those in Figure 1 besides c; = 0.1 and § = 0.5. As shown in the plot in (Figure 3b),
the spatiotemporal dispersion amplifies the amplitude of kink-dark soliton. It can be clearly
seen that the plot in Figure 4 represents the profile of bright soliton pulse characterizing
solution (47) with the same values of parameters as those in Figure 1 excepta = c; = 0.5,
b = —0.5,0 = 0.1. The spatiotemporal dispersion can be seen to adversely affect the
amplitude of bright soliton which undergoes a continuous decline once b increases, as
shown in Figure 4b.

Similarly, some of soliton solutions created by the Bernoulli sub-ODE method are
graphically represented to recognize the physical characteristics of solitons. In Figure 5,
the graph describes the W-shaped soliton pulse for solution (70) with the values of pa-
rameters @ = 0.05,b =y = =05k =v = w = p = 1 and ¢; = 0.3. The increase in
the value of spatiotemporal dispersion reduces the amplitude of soliton wave as given
in Figure 5b. Moreover, we can observe that the plot in Figure 6 represents a bright soli-
ton wave for solution (73) for the same values of parameters as those in Figure 5 except
a=05,b=0.1,17=p=0.3,7 = 1. The amplitude of bright soliton experiences a gradual
decrease with an increase in the value of b. One can clearly see that the plots in Figure 7a,c
show the structures of kink- and antikink-type waves for solutions (76) and (79), respec-
tively, for the same values of parameters as those in Figure 6 except 7 = 0.5, p = 1 in both
graphs in addition to y = —1 in Figure 7c. Both amplitudes of kink and antikink waves
suffer reductions when the value of b increases as presented in Figure 7b,d. Finally, the evo-
lution of soliton solution (82) is depicted in Figure 8 with the same values of parameters
as those in Figure 5, where the plot characterizes the profile of dark soliton. It is easily
noticed in Figure 8b that the growth in the value of b leads to a collapse in the amplitude of
dark soliton.
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1o

s -5 0 E

0 _10 x x
a -plot o -shaped soliton ect o on W-shaped soliton
(a) 3D-pl f W-shaped soli (b) Eff f STD W-shaped soli
T
6<

0 _10 -3 x x

(c) 3D-plot of W-shaped soliton (d) Effect of STD on W-shaped soliton

Figure 1. The behaviors of soliton solutions (32) and (34) with the values of parameters 2 = 0.05,
b=15k=v=w=1,7v=c; =01and Ly =0.5.

30
254

20

2
[¢ >
1Ol 157

104

< 0 -5 0 5
0 _10 5 x x
(a) 3D-plot of singular soliton (b) Effect of STD on singular soliton

Figure 2. The behavior of soliton solution (40) for the same values of parameters as in Figure 1.

3
1.5
2 1

1ol
0.5
1
10
0 107> x .
(a) 3D-plot of kink-dark soliton (b) Effect of STD on kink-dark soliton

Figure 3. The behavior of soliton solution (45) with the same values of parameters as in Figure 1
besides ¢c; = 0.1 and 6 = 0.5.
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=-1.5
=0.1
=0.45
2
(¢
-5 e 0 5
0°-10 x x
(a) 3D-plot of bright soliton (b) Effect of STD on bright soliton

Figure 4. The behavior of soliton solution (47) with the same values of parameters as those in Figure 1
excepta =cp =0.5,b=-05,0 =0.1.

0.8

0.2+

0-
-5 0 5
0 -5 X X
(a) 3D-plot of W-shaped soliton (b) Effect of STD on W-shaped soliton

Figure 5. The behavior of soliton solution (70) with the values of parameters a2 = 0.05,b = y =5 = 0.5,
k=v=w=p=1andc; =03.

0.8

0.6

2 0.4

1e]

0.2+

0
-5 0 5
0 _ 5 X x
(a) 3D-plot of bright soliton (b) Effect of STD on bright soliton

Figure 6. The behavior of soliton solution (73) for the same values of parameters as in Figure 5 except
a=05b=011=p=03,y=1.

From the above illustrated graphs, one can see that the obtained analytic solutions
demonstrate various types of soliton profiles which are dominated by the model parameters.
Furthermore, it can be obviously deduced that the spatiotemporal dispersion causes an
impressive evolution to the amplitude of pulses. This intensive impact of the spatiotemporal
dispersion can be exploited to manipulate the crisis of internet bottleneck. In comparison
with mathematical approaches used in the previous studies [24,36], the applied integral
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schemes in this study have given rise to an abundance of entirely new, exact solutions
that describe different wave structures including the W-shaped, bright, dark, kink-dark,
singular, kink, and anti-kink type solitons. Further to this, the effect of spatiotemporal
dispersion on the soliton propagation is discussed more thoroughly as compared to the
studies that have previously addressed the LPD model in the past.

L5
, 1
(e
0.5
1
L 0.5 .
X

0 -10

(a) 3D-plot of kink soliton

1.254
1- H
|Q|2 0.754
0.5* |Q|2
0.50+
0.25
5 B
P 0.5 01 M L
-5 0 5

0
0 -5 X

(c) 3D-plot of anti-kink soliton (d) Effect of STD on anti-kink soliton

Figure 7. The behaviors of soliton solutions (76) and (79) for the same values of parameters as in
Figure 6 except 7 = 0.5,p = 1,and in (¢) y = —1.

o

(a) 3D-plot of dark soliton (b) Effect of STD on dark soliton

Figure 8. The behavior of soliton solution (82) with the same values of parameters as those in Figure 5.

6. Conclusions

This work discusses the optical soliton solutions of the LPD equation with the parabolic
law of nonlinearity which describes the propagation of optical pulses through optical fibers.
The spatiotemporal dispersion is included in this model because of its effective role in
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handling the internet bottleneck problem. Two powerful integration schemes, the auxiliary
equation method and Bernoulli sub-ODE method, are employed to explore the soliton
solutions analytically. Consequently, slow-light optical solitons of different profiles such
as W-shaped, bright, dark, kink-dark, singular, kink, and anti-kink solitons were revealed
under specific restrictions. The outcomes indicate that the spatiotemporal dispersion causes
a significant variation to the wave dynamics. Hence, these types of pulses can be employed
to control the internet bottleneck issue and to allow smooth internet traffic flow. Some
of obtained solutions have been represented graphically to give a clear insight into the
optical soliton behaviors. In addition, the modulation instability (MI) of the LPD model
was examined in conjunction with the MI gain formula. The results of this work can be
exploited for possible applications in the engineering and physics of nonlinear optics.
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