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Abstract: In this paper, we introduce the property (/) on Banach lattices and present its character-
ization in terms of disjoint sequences. Then, an example is given to show that an order-to-norm
continuous operator may not be c-order continuous. Suppose T : E — F is an order-bounded
operator from Dedekind c-complete Banach lattice E into Dedekind complete Banach lattice F. We
prove that T is c-order-to-norm continuous if and only if T is both order weakly compact and o-order
continuous. In addition, if E can be represented as an ideal of Lo(u), where (Q, X, y) is a o-finite
measure space, then T is o-order-to-norm continuous if and only if T is order-to-norm continuous.
As applications, we extend Wickstead’s results on the order continuity of norms on E and E'.
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1. Introduction

Throughout this paper, E and F will denote Banach lattices, whereas X and Y will
denote Archimedean Riesz spaces. The set of all positive vectors of X is called the positive
cone of X, and is denoted by X*. Similarly, E* := {x € E : x > 0}. Anet {x,} in X
is said to be order convergent to x, written as x, — 0, if there exists another net {p,}
in X satisfying p, | 0, such that |x, — x| < p, for all a. Pute € X*. The net {x,} in X
converges e-uniformly to x if there exists a positive real number net {¢, } with ¢, | 0, such
that |x, — x| < g4e for all a. In this case, we write x, — x(e-ru). And the net {x,} in X
converges relatively uniformly to x, denoted by x, ~ , if there exists e in X* such that
{x4} converges e-uniformly to x. Every relatively uniformly convergent sequence is also
order convergent.

Recall that E is said to
* Have an order-continuous norm if x, M> 0 whenever x, 2 0in E.

e  Have a o-order continuous norm if x, M) 0 whenever x, = 0in E.
e Bea KB space if every increasing norm-bounded sequence in E* has a norm limit.

The concepts of order convergence and relative uniform convergence are identical on
E if and only if E has an order-continuous norm; see [1] (Proposition 3). If H is a closed
sublattice of E and {x,} C H, then x, ™ 0 in H if and only if xy, 2 0 in E; see [2]
(Proposition 2.12).

Niculescu [3] extended Lozanovskii’s results on Banach lattices with o-order continu-
ous norms to type A operators defined on Banach lattices. In 2021, Jalili et al. continued
the study of operator versions of order-continuous norm and introduced order-to-norm
continuous operators (see [4]). An operator T : E — F is said to be

e Type Aif {Tx,} is norm convergent whenever 0 < x, | in E.
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e Order weakly compact if for every x € E*, T[0, x| is weakly compact in F.
* M weakly compactif Tx;, M> 0 for every norm-bounded disjoint sequence {x; } in E.
e  Order-to-norm continuous if Tx, M) 0 whenever x, — 0in E.

. . [l 0 -
e  -order-to-norm continuous if Tx, — 0 whenever x,, — 0in E.
. . o0 o0 .
e order continuous if Tx, — 0 whenever x, — 0in E.
. . o0 o .
e  g-order continuous if Tx,, — 0 whenever x, — 0in E.

In Theorem 2, we also present that every order-bounded ¢-order-to-norm continuous
operator into a Banach lattice with property () (see Definition 1) can be defined in order
relation. It is proved in [3] (Lemma 3.1) that type A operators and order weakly compact
operators are equivalent. Moreover, T : E — F is order weakly compact if and only if

Txy M) 0 for every order bounded disjoint sequence {x, } in E. Meyer-Nieberg shows that

every order weakly compact operator T : E — F admits a factorization through a Banach
lattice G with an order continuous norm. These details can be found in [5] (Theorem 3.4.6)
and [6] (Theorem 5.58). Now, we are in position to list some necessary notes. The natural
factorization of T : E — F occurs through a quotient space. We define lattice seminorm
gr on E as qr(x) = sup{|| Ty ||:| v |<| x |} for every x € E. Let N(T) be the null ideal
{x € E:gr(x) =0} of g7. And let Qr : E — E/N(T) denote the canonical projection.
Suppose that Gt is the norm completion of normed Riesz space E/N(T) under the quotient
norm || Qrx ||= gr(x). The formula St(Qrx) = Tx gives rise to a well-defined continuous
operator St : E/N(T) — F with || St ||< 1. Hence, S extends to all of Gy, satisfying
|| St ||< 1. We have the factorization of T,

T
Gr

Moreover, if T : E — F is order bounded and F is Dedekind complete, then the
modulus |T|: E — F of T exists. Givenany 0 < x € E, || |T|x ||> qr(x), hence

E F

{x € E:|T|(]x|) = 0} © N(T).

Tosee N(T) C {x € E: |T|(]x|]) =0}, put0 < x € N(T). Since || Ty ||< gr(x) =0
for every |y| < x, by [6] (Theorem 1.18), we have |T|x = sup{|Ty| : |y| < x} = 0. It
follows that

{x € E:|T[(|x[) = 0} = N(T).

In this paper, we mainly study the relative uniform order convergence of sequence on
Banach lattices. At the same time, the main results of the article relate to the properties of
o-order-to-norm continuous and order-to-norm continuous operators. We refer the reader
to [5-8] for unexplained terminology on Banach lattices.

2. Banach Lattices with Property (h)

Every relatively uniformly convergent sequence converges in norm. However, the
opposite may be not true. ¢, denotes the sequence of real numbers whose nth term is one

and the rest are zero. %en M> 0 in /1 but not relatively uniformly convergent. Recall that E

is said to be an AM-spaceif || x Vy |[|= max{|| x ||, || v ||} for x,y € ET. In [9] (Proposition
2), Wirth proved that E is isomorphic to an AM-space if and only if every norm convergent
sequence in E is relatively uniformly convergent and if and only if every norm convergent
sequence in E is order convergent. If E is a AM-space or o-order continuous Banach lattice,

then for every sequence {x, } in E, x, 2 0if and only if x, 2 0and x, M> 0.
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Definition 1. The Banach lattice E has property (h), provided that x, = 0 if and only if x, 2 0

andng>01

Example 1. Let E be the Leo-sum of the space sequence {E, : E, = 11,n € N} ie.,

=leo(ly):={a=(ay,a2,...,an,...) i anp € lyand || a|:=sup || ay [1< +oo}.
n

E is a Dedekind complete Banach lattice without order continuous norm under the pointwise
ordering. In fact, E lacks property (h).

Proof. Define a sequence {z,, } in E by

(e1,0,0,...,0,...),

1 1
(0,51,0,...,0,...), (0, 52,0,...,0,...),

1 1 1
(0,0,0,..., zer,..), (00,0, ez, (0,0,0,.., ep, ),

kth term kth term kth term

) 42
_m m+1)_"_1 ] H_

Evidently, {z;, } is an order-bounded disjoint norm null sequence and || Z

1 for all m. We claim that z, 0 is not true. Otherwise, there exists ¢ € E* and a real
number sequence {e,, } satisfying €,, | 0, such that 0 < z,, < gje for all m € N. It follows
that for every m € N,

m(m+1)

z(m-H)Jr ) Fma2
Zl zi= \V z< Empni1) 16
j:%+] j:m(”?rl)_;'_l
This implies that
n(m+])+m+2
L=l Y zlsemmn,, lel
+1

:m(n; )+1

for every m. We obtain a contradiction. [

Recall that in a discrete Banach lattice E, x;, 20 for every order bounded norm null
sequence {x,} in E.

Proposition 1. Let E be a discrete Dedekind o-complete Banach lattice. The following assertions
are equivalent.

(1) E has property (h).

(2) x5 0ifand only if {x,} is order bounded and x, — LNy

Recall that Riesz space X has principal projection property if and only if every principal
band is a projection band i.e., for every u € X, \/i"_; y A n|u| exists for eachy € X*. In
this case, for u € E™, the band projection from E onto [u] by P, : E — [u] is defined by
Pux = V5 y Anlul for every x € X, where [u] is the principal band generated by u in
E. By [6] (Theorem 1.47), every Dedekind o-complete Riesz space has principal projection
property. The following lemmas will be useful in the sequel discussions of property (h).
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Lemma 1 ([5], Proposition 2.8.2). If Riesz space X has principal projection property, then the

following statements are hold.

(1)  Forany x,y in X, there exist disjoint elements ey, e in X, such that x V' y = ey + ep and
ep <xe <y

(2)  Forany x,y,z in X with x < yV z, there exist disjoint elements x1,x; in X, such that
x=x1+xandx; <y, xp <z

Lemma 2 ([6], Theorem 4.12). Let X be a Riesz space and 0 < x, 1< x in X. For every k € N,
there exist disjoint sequences {yL}, {y2}, ..., {yk} of [0, x], such that for each n,

X

Uit Vit Y S = X SV

Lemma 3 ([10], Theorem 105.15). If x,, | and x, — 0in E, then x, 2 0inE.

Next, we characterize Banach lattices with property (/) in terms of disjoint sequences.

Theorem 1. Let E be a Dedekind o-complete Banach lattice. The following assertions are equivalent.
(1)  E has property (h).
(2) x5 0 for every order-bounded disjoint norm null sequence {x,} in E.

Proof. (1) = (2)isevident. (2) = (1) Let0 < x, 2 Oand x,, — il —> 0. Since E is a Dedekind

o-complete Banach lattice, according to [5] (Proposition 1.1.10), x,, — 0 implies \/$>, x; | 0.

We assert that \/j-, x; M> 0. Next, we prove the assertion by contradiction. Assume that

Vi, xi — ” | 0 is not true. According to [11] (Theorem 15.4), {V{Z, x;} is not a Cauchy

sequence since \/i2, x; | 0. Thus, we can find ¢ > 0 and a subsequence {Vviz,, xi} of
{V52,, x;}, such that

(o) (o)
Voxi— V xl>e
i=ny =Ny

for every m € N. Note that 0 < V2, x; — V2, x; T Vi2 x;. According to Lemma 2, there
are disjoint sequences {z},}, {z2,},..., {2k}, such that for every n,

e} e}
z}n+z%1+...+zl,‘n§ \/xi— \/ xlgz +z +. —|—z —Q—k_'_—s\/xl

i=npy =My 41
It follows from V?in,,, xX; — \/;’2,1“1 xX; = (\/:‘”l;j7 xi— V2, - x;)" that 0 < Zh, <

V"”’“f1 x; forevery j = 1,2,...,kand m € N. By Lemma 1, for every j = 1,2,...,k

=Ny

and m € N there exist pairwise disjoint elements wnm,wfq w;mel, such that

VR
z{n = Z:zﬂ;}l ! wi and w{ < xjforeachi = ny,ny,+1,..., 1,11 — 1. It follows that the order-

bounded disjoint sequence is wj M> 0 for every j=1,2,...,k Therefore, according to the

/ 0. Wecanfmde e2,...,ek € ET and {e!}, {e?},..., {5} C R,
such that 8 J O0foreveryjand 0 < w] <g el for every i and j. Therefore,

assumptlon of (2), w
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o0 [ 2 o0
k
<V x-V xi”SHZ}n||+szm||+"'+||Zm||+7k+3||\/xiH
i=ny =M1 i=1
N1 —1 1 Nmy1—1 ) Npy1—1 k
S w4 L e et Y w ||+k+3||\/xz||
1=Nyy =Ny 1=Nm

<ep, et I +eh, I+ e, [ €] +k+3 | \/xz I

Letting m — oo, we determine that g < =5 +3 | Vi2qx; || for every k. This is a

. [l
contradiction. Hence, /{2, x; I

xnﬂ>0. O

— 0. According to Lemma 3, /i, x; 25 0. This implies

Remark 1. Let {y, } and {z, } be two sequences in Riesz space X. {y, } is said to be dominated by
{zn}, written as {yn} < {zn}, if |yn| < |zn| for every n € N. According to the proof of Theorem 1,
for every sequence {x, } in Dedekind o-complete Banach lattice, x, = 0 if and only if the following
statements hold:

(1) xp 0.
) If{wn} < {xa}, then w, =% 0.

In general, the property (h) cannot imply AM or order-continuous property.

Example 2. Let E be the Li-sum of the space sequence {E, : E;, = loo,n € N} ie.,

E=lh(le):={a=(a,a2,...,a0,...) tay €lyand ||a|:= Y | an 1< 400}

n=1

E is a Dedekind complete Banach lattice. Evidently, E is neither AM-space nor an order-continuous
Banach lattice. However, E has property (h).

Proof. Suppose that x € ET™ and {x"} is a disjoint norm null sequence in [0, x|, where
x = (x1,%2,...,%m,...). Forevery m € N, define the projection P, : E — E by P,a = a,, for
every a = (ay,a,...,ay,...) € E. Now, fixed m, { P,,x"} is a disjoint norm null sequence
in [0, Pyx] C PyE = l. Note that I is an AM-space. It follows that P, x" ™ 0in P,,E for
every m. For fixed € > 0, there exists 2 < N € N, such that } ;> || i ||< e. Therefore,

\/ \/me" I<I \/ P || =]l \/ X [[< e
m=N n=1 m=N

Foreveryn € N, \/i2, xK = /&2, Voo_y Pux® = /ooy Vi, Pk = TN V2, P +
V=N Vien, P,xk. Given any m € N, lim, e || Vi, P, xk ||= 0 since Py x" 2 0. 1t fol-

lows that
limsup || \/ o —11msup | Z \/ P + \/ \/ Py |
n—00 m= 1k n m=N k=n
< limsup || Z \/ Ppx® || —|—hmsup I \/ \/ Py x*
n—yoo m=1k=n m=N k=n
N-1 r N
<limsup || )| \/ Pux® |+ 11\ xm ||
n—00 m=1 k=n m=N

N-1 o
<limsup ) || \/ Pux* || 4e=c¢

n—00 ;=1 k=n
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Therefore, lim, o || Vi, xk ||= 0. According to Lemma 3, we obtain x" o O

In general, every Dedekind o-complete Banach lattice contains a norm closed ideal
which has property (h).

Definition 2. Let E be a Banach lattice. An element x € E is said to have property (h) if every

disjoint sequence {x,} C [0, |x|] with xy LN uniformly convergent. The collection of all
elements that have property (h) is denoted by E".

In Example 1, it is easy to verify that E" = co(I1).
Theorem 2. Let E be a Dedekind o-complete Banach lattice. E" is a norm-closed ideal of E.

Proof.

(1) Eisanideal of E. Givenany x,y € E" and «, 8 € R, if {z,} is a disjoint sequence such

that 0 < z, < |ax + By| and z, M) 0, then due to the Riesz decomposition property
of [6] (Theorem 1.13), there exist two positive disjoint sequences, {z,,1} and {z,2},
such that z, = z,,1 + 2,2 and z,,1 < |a||x],z,2 < |B||y| for every n. Then, z,,; =+ 0
for i = 1,2. This implies that z, = 2,1 + 2,2 — 0. We obtain that |ax + By| € E" for
every x,y € E" and a, 8 € R. It is easy to see that x € E" if and only |x| € E". And
the condition 0 < z < x € E" and z € E can imply that y € E". We have proved that
E" is an ideal of E.

(2)  Assume that x, Iy in E with {xn} C E". Let {z,} be a disjoint sequence in [0, |x|].
For every e > 0, there exists N € N, such that || |x| — |xy]| [|< e. It follows from
xy € E" that z, A |xn| =5 0. Thus, we can find e € E* and a real number sequence
{en} with e, | 0, such that 0 < z, A |xN]| < eye for every n. For every m > n, we have

|z A x| = 2z AN A |zn A lx] — 20 Axn]] < 2zm) A (22) = 2(zim A zy) = 0.

It follows that {|z, A |x| —zn A |xn||} is a disjoint sequence. According to Birkhoff’s
inequalities (see [6], Theorem 1.9), for every n,k € N,

n+k n+k
1Y zi =1l Y (zi A lx] — zi A || + 2 Afxn]) |
i=n i=n
n+k n+k
<Y lzi Afx| —zi A lxnl [+ )0 (zi A xn]) |l
i=n i=n
n+k n+k
<Yz Alxl =z Al + 1 )2 Gz A lxn) |
i=n

i=n

n+k n+k
=V lzinlx| =zinlxnll 1T+ 1V @A xn]) |l
i=n i=n

<[Hlxl = lxnll ] +en le[[< etenle] -

This implies that the series ) - ; |z,| converges in its norm. Therefore, } °  |z;] I,
According to Lemma 3, |z,| < ¥, |z;| => 0. This implies that x, ~> 0. Based on the

proceeding deduction, we conclude that x € E". Hence, E" is a closed subspace of E. [J

3. Order-to-Norm Continuous Operators on Banach Lattices

Evidently, every o-order-to-norm continuous operator from a Dedekind o-complete
Banach lattice to another Banach lattice is order weakly compact. The identity operator on
Banach lattice without o-order continuous norm is neither order-to-norm continuous nor
order weakly compact.
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Example 3. Let E = cq and F = 1y. Then, there is an operator T : E — F which is order-to-norm
continuous and order weakly compact but not o-order continuous.

Proof. According to Dvoretzky—-Rogers’ theorem (see [12], Theorem 2), there is an un-
conditionally convergent series Y x,, in I1, such that || x,, ||= -4 for every n. Define

nt
T:E— Fby
Tw =Y w(n)x,
n=1

for all w € E. When using [13] (Corollary 2.5), T is not order bounded. Therefore, there
exists x € E™, such that T[0, x| is not order bounded, i.e., {\//_; |Tx;| : x; € [0,x],n € N} is
not order bounded. Note that F = I is a KB space. {\//_; |Tx;| : x; € [0,x],n € N} is not
norm bounded. Therefore, there exists an increasing sequence {1, } C N and a subsequence

{xi}72,, of [0, x], such that || \/?i;i_l |Tx;| ||> k? for every k. Define a sequence {zi}32,, in

[0, x] by z; = %xi for every ny <i < ny,q —1andk € N. Clearly, z; 2 0. We claim that T
is not c-order continuous. Otherwise, T is o-order continuous. This implies that Tz; 2 0.
It follows that there is y € F, such that |Tz;| < y for every i. Hence,

1 —1

k<l V 1Tzl lI<lly ]

i:nk
This is a contradiction. [

Every order-bounded c-order-to-norm continuous operator in a Banach lattice with
property (h) can be defined in order.

Proposition 2. Let E, F be Banach lattices with F Dedekind complete. T : E — F is an order-
bounded operator. The following statements hold.

(1) If T is o-order-to-norm continuous, then T is o-order continuous.
(2)  If F has property (h), then the following assertions are equivalent.

(2a) Tx, =% 0 for every x, 2 0in E.
(2b) T is o-order-to-norm continuous.

Proof.

(1) Letx, = 0in E. We have || A2, |Txi| || <|| Txy ||~ O. It follows that A$>; |Txy| = 0.
According to [6] (Theorem 1.56), T is o-order continuous.

(2) (2a) = (2b) is evident. (2b) = (2a) Note that Tx, M 0and Tx, 2 0 for ever
y

Xy =+ 0in E. Since F has property (h), we have Tx, —> 0.
0

Recall that a net {x, } in E is said to be laterally decreasing if (xo — xg) A xg = 0 for all
a < B. If E is Dedekind o-complete, then {x,} C E™T is laterally decreasing to zero if and
only if there is a disjoint sequence {e,} in E*, such that x, = \/{°, ¢; for every n.

Lemma 4 ([14], Proposition 0.3.5). Let E be a Dedekind o-complete Banach lattice. The following
statements hold.

(1) Ifxo | 0in E, then for every € > 0 and index g, there exists a net {y, } satisfying ya | 0,
such that Py, xa, < 1y, forall w and xo < Py, Xxqo + €Xay for & > ag. Therefore, there exists
a laterally decreasing net {z,} C E™ such that z, < %xa forall « and xy < zy + €xy, for
o> K.

(2) Ifx, | 0in E, then for every ¢ > 0, there exists an order-bounded disjoint sequence

{wyn} C ET, such that \/32, w; < %xn and x, < \/32, w; + exq for all n.
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Lemma 5 ([5], Lemma 3.4.3). Let T : E — F be a norm-bounded operator between two Banach
lattices. Then, q(x) = sup{|y'T|(|x|) :|| ¥’ ||< 1} for every x € E.

The o-order-to-norm continuous operators have a number of nice characterizations.

Theorem 3. Let E be a Dedekind o-complete Banach lattice and F Dedekind complete. If T : E — F
is an order-bounded operator, then the following statements are equivalent.

(1) T is o-order-to-norm continuous.
(2) T :E — Fadmits a factorization through an order-continuous Banach lattice G,

T

E——F

Gr

where the factor Qt is a o-order-to-norm continuous lattice homomorphism and St is a
norm-bounded operator.

(3) TV wn) = Yoo q Tw, for every order-bounded disjoint sequence {w, } in E*.

(4) Tx, > 0forevery x, = 0in E ie., y'T : E — R is a o-order continuous functional for
everyy' € F'.

(5) Txn = O for every x, | 0 in E.

(6) Txy M 0 for every x,, | 0in E.

(7) T is order weakly compact and T is o-order continuous.

Proof. The derivation of the proof of this theorem is shown as follows
W=6)=06)(@)=01=02)=0)=00)=(7)=(6)

(5) < (4) is obtained by [6] (Theorem 1.56). (1) = (6) and (6) = (5) are evident.
(1) = (7) follows directly from Proposition 2.

(1) = (2) Let x, = 0in E. If g7(x,) —+ 0, then passing to a subsequence, we assume
that there exists g9 > 0, such that g7 (x,) > € for every n. According to Lemma 5,

qr(xn) = sup{|y'T|(|xal) :| v" < 1}.

Therefore, for all n, we can find some v, € Bp: satisfying |y}, T|(|xs|) > . According
to [6] (Theorem 1.18), |y}, T|(xn) = sup{|y, Tz| : |z| < |xu|}. It follows that there exists
zy € [~|xnl, |xu|], such that |y}, Tz,| > %. Hence, z, = 0 and & < |y}, Tz| <|| Tz, | for
every n € N. This is a contradiction. We find that || Qrx, ||= qr(xs) — 0 for every x, = 0
in E.

(2) = (3) Suppose that {w, } is an order-bounded disjoint sequence in E. Since E is
Dedekind o-complete, \/;"_; w; exists in E. Therefore,

Y Qrei =\ Qrei T Qr(\/ wa).
i=1 i=1 n=1

Note that G has an order-continuous norm. Qr(\/y_q wy) = Yoq Qrwy. This
implies that

T( \/ wn) = STQT( \/ Wwy) = ST(Z Qrwy) = Z Tw,.
n=1 n=1 n=1 n=1
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(3) = (1) Let {z,} be an order-bounded disjoint sequence in E. Evidently,

o)

Y (1)t znfhmZyT z; = lim y'T)* \/z < ('T)"(

n=1 i=1

Zp)

\j<8

forany y € F. Tosee (Y'T)"(Vi—12zn) < Yoo q(y'T)Tzy, pute > 0. In view of [6]
(Theorem 1.18), (y'T)"x = sup{|y'Tz| : 0 < z < x}, there exists 0 < z < /5", z,, such
that (y'T) " (Vi_q zn) < |y'Tz| + €. By our assumption in (3),

Tz=T(\/ zAza) = ) Tz Az
n=1 =
It follows that
WD) (\ z0) <|y'Tzl +e=y'T(\ zAzu)| +¢
n=1 n=1

o [e9)
= Zy’TzAzn\+£§ Z [y Tz Azy| +e

n= =

Z YT)TzAzy+e< Z Y'T) zy + e

This implies that (' T) ™ (V521 zn) = Y1 (¥ T) 2. Similarly,

8

G zn) = Y (Y'T) zu

n=1

So [V'T|(V5q2zn) = Yo q |V T|zn. The order continuity of norm on Gr implies the
series }_° ; Qrz, converges in norm. Therefore, in view of Lemma 5,

] [e¢] o0
| Qr \ zx Il = sup [y'T| \/ zx = sup Y |y'Tlz
k=n ly'lI<1 k=n ly' 1< k=n

m m
= sup sup Y |y'T|zx =sup sup Y_ |y'T|z
V<1 ™ k=n m |y |<1lk=n

m [e]
=sup || Y Qrz <] Y Qrz || -
m k=n

k=n

Let x, = 0in E. Suppose that |x,| < p, | 0. According to Lemma 4, for every
e > 0, there exists a positive disjoint sequence {wy }, such that 0 < p, < V2, w; + ep1 and
Vi, wi < %pn for every n. Therefore,

I Qrpn 1< Qr \ wi || +e | Qrpr I<I 32 Qrw; || +e || Qrpa Il -

i=n i=n

This implies that limsup, ., || Qrx, ||< limsup, ., || Qrpn [|< € || Qrpr || for
every ¢ > 0. Therefore, lim, .« || Q7 ||= 0, hence lim, o Tx, = limy 00 STQrx, = 0.

(4) = (1) By this assumption, T is an order weakly compact operator and y'T is a
o-order continuous operator for every y' € F'. Therefore, according to [5] (Theorem 3.4.4),
Qr is order weakly compact and |y T| is a o-order continuous operator for every y’ € F'.
We obtain that the series Y ; Qrz, converges in norm for every order-bounded disjoint
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sequence {z,} in E. Given any an order-bounded disjoint sequence {z,} in E™, we also
have |y/'T|(X/21 zi) T [/ T|(V5=1 zn). This implies that

Zp).

<3

<) n
Y Iy Tlzn = lim [y'T|(Y 21) = Iy TI(

n=1 i=1 n

1

The rest of the verification is contained in (3) = (1).
(7) = (6) Suppose that T is order weakly compact and o-order continuous. Let x,, | 0
in E. Then, x; — x;, T x1, according to [5] (Theorem 3.4.4), there exists y € F, such that

T(x1 — xn) L5 N y. Then, the o-order continuity of T implies T(x; — x,,) — Tx;. Therefore,

y = Tx1. We obtain that Tx, M> 0. O

Remark 2. In the above theorem, since G has an order continuous norm, T is c-order-to-norm
continuous. It is also equivalent to Qr is o-order continuous.

Let Lyon (E, F) be the collection of all order-bounded o-order-to-norm continuous oper-
ators from E to F. We are interested in when Ly, (E, F) is anideal in L, (E, F). Evidently, if F
has an order-continuous norm, then, as demonstrated by Proposition 2 and [1] (Proposition
3), Loon(E, F) = Ly(E, F). Recall that a Banach lattice E is said to be order-bounded AM if
the series )" ; |x»| converges in E for every unconditional convergent series Y ;> ; x in
E with {}_}' ; x;} order bounded. And E has a weakly Fatou property if there exists ¥ > 0
such that for every net x, 1 x in E, it follows that || x, ||< rsup,, || x4« ||.

Corollary 1. Let Banach lattice E, F be Dedekind complete and T : E — F be an order-bounded
operator. If one of the following statements holds

(1) Fisan AM-space with an order unit.
(2)  Fis order bounded AM and F has a weakly Fatou property.

Thus, T is o-order-to-norm continuous if and only if | T| is o-order-to-norm continuous.
In this case, Lyon (E, F) is an ideal in Ly (E, F).

Proof.

(1) Suppose that F is an AM-space with an order unitand T : E — F is a o-order-to-norm
continuous operator. According to Theorem 3, T : E — F admits a factorization
through an order-continuous Banach lattice Gr,

where the factor Q7 is a c-order continuous lattice homomorphism and St is a norm-
bounded operator. Since F has an order unit, St is order bounded. Let x;, 2 0in E*.
We have Qrx, % 0. Therefore,

|T|xn = |STQr|xn < |ST|Qrxn —> 0.

(2) For every x € E*, we write the restriction of T to I, as Ty, where I, is the ideal
generated by x in E. Evidently, T is order weakly compact if and only if Ty is weakly
compact for every x € E*. According to S. Kakutani’ theorem (see [6], Theorem
4.29), for every x € E*, there is Hausdorff compact topological space K, such that
I, is isomorphic to C(K). In view of [15] (Theorem 3.3), |Ty| is weakly compact for
every x € ET. Therefore, |T| is order weakly compact. It follows from the order



Mathematics 2023, 11, 2747

11 of 16

continuity of T that |T| is order continuous; see [6] (Theorem 1.56). By Theorem 3, |T|
is o-order-to-norm continuous.
O

In general, Lo, (E, F) may not be a band in L, (E, F). For example, let P, be the band
projection from I, onto span{e, }. Then, Y}, P, 1T and is contained in Loy (leo, loo ). How-
ever, sup,, Y _; P T ideo, the identity operator on I, is not o-order-to-norm continuous.

Theorem 4. Let Banach lattice E be Dedekind complete. The followings are equivalent.

(1)  E has order continuous norm.
(2)  Every order-bounded operator from E to lo, is o-order-to-norm continuous.
(3)  Every order-bounded o-order continuous operator from E to l, is o-order-to-norm continuous.

Proof. (1) = (2) and (2) = (3) are trivial.

(3) = (1) If E is not order continuous, then there exists an order bounded sequence {x, }

of disjoint elements such that A = inf || x,, ||> 0. As shown by [14] (Proposition 0.5.5), the
n

sublattice

F={(o) iltnxn 2 (tn) €l }

is norm closed regular and order isomorphic to le,, where (0) Yo" ; t, X, is the order limit
of sequence {}}_; tyxx}. There exists an interval preserving projection P from E onto
F; see [14] (Proposition 0.5.5). We can find 0 < y,, € E’ satisfying y},(x,) =| x, || and
Il v, ||= 1. Let P, be the band projection onto the band [{x, }] generated by {x,} in E. Set

X, = —”xl Hy;Pn, then x, A x), = 0 forn # m, sup || x}, ||< % and x},(xp) = 6um, where
n
n

Onm = 1,n = m and éum = 0,n # m. The operator P : E — F is defined by

Pz = (o) i xp,(2)xy
n=1

forevery z € E. Clearly, P is a projection from E onto F. Now, define the lattice isomorphism
S: F — lo by Su = (t,) for every u = (0) Y51 tuxn € F. Suppose that T = SP. Clearly, T
is o-order continuous. Note that

Xn
Il

en

Txy, = SPx, = S( = I H,
n

)

hence, {Txn} does not converge to 0 in norm. This proves that the operator T is o-order
continuous but o-order-to-norm continuous. [

Suppose that (O, X, ) is a measure space and Lo () is the Riesz space of all real valued
u-measurable functions f on (). Now, our aim comes down to studying the relationship
between o-order-to-norm continuous operators and order-to-norm continuous operators
on the subspaces of Lo (). Recall that a Riesz subspace Z of X is called a regular sublattice

of X if x, =+ 0in Z implies x, — 0in X.

Lemma 6. Let E be a Dedekind o-complete Banach lattice which is lattice isomorphic to a regular
sublattice of Lo(p). If (Q), X, u) is a finite measure space i.e., u(Q)) < oo, then for every xg € E™
and every {y.} C EV satisfying y, | and Py, xo | O, there exists a subsequence {Py, xo} of
{Py,xo0}, such that P, xo | 0.

Proof. Let xg € ET. Suppose {y,} is a net in E* satisfying y, | and Py, xo | 0. Identi-
fying E with its copy in Lo(p), put A = {w € Q : xp(w) > 0}. Evidently, xo = xox4,
where ) 4 is the characteristic function of A. Fixed a, it follows that xg A ny, T Py, xo in
E and xoxa A nya = Xo Anyy T xoxa,na in Lo(i), where Ay = {w € QO : yu(w) > 0}.
Since E is a regular sublattice of Lo(y), for every a, we have Py, xg = XoX A, = X0XA,NA-
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Therefore, xox4,na = Py,x0 4 0in E. Then, x4,na { 0 in Lo(u); hence, xa,na 4 0in
Lq(p), where Lq(p) represents real absolutely integrable functions on a measure space
Q. By the continuity of norm on L; (), limy || xa,na 1= lima [ xa,nadp = 0. There-
fore, there exists an increasing subsequence {«,} of {a}, such that || x4, [l1{ 0. Tt
follows that x4,,na 4 0in L1 (#). This implies that xox 4,,n4 | 01in Lo(p#). We obtain that
Py, X0 = X0X A,,NA JOinE. O

Theorem 5. Let E be a Dedekind o-complete Banach lattice and F a Dedekind complete Banach
lattice. T : E — F is an order-bounded operator. If one of the following conditions holds:

(H1) (Q, %, u) is a finite measure space and E is lattice isomorphic to a regular sublattice of Lo(pt);
(H2) (Q), %, u) is a o-finite measure space and E is lattice isomorphic to an ideal of Lo(u);

then the following statements hold.
(1) If T is a o-order-to-norm continuous operator, then the following assertions hold.
(1a) E/N(T) is an ideal in Gr.
(1b) Qr is order continuous and N(T) is a band in E.
(1c) T is order continuous.
(2) T is o-order-to-norm continuous if and only if T is order weakly compact and order continuous.

(3) T is o-order-to-norm continuous if and only if T is order-to-norm continuous.
(4)  Every o-order continuous functional on E is order continuous.

Proof. (la)If v = Qrx € E/N(T), then |v| = Qr|x| € E/N(T). Putv € Grand 0 < v <

Qrx (where x > 0). Note that Qrx, M> v for some sequence {x,} in ET. Passing to a

subsequence, we can assume that Qrxy, ™ vin Gr. It follows that Vi, Qrxg L vin Gr.
According to Remark 2, Qr is o-order continuous. We have

oo [e9)

\ (Qrx A Qr) = \/ Qr(xAx) = Or(\ (xAx0) L Qr( AV (x A xe)).

k=n k=n k=n n=1k=n

At the same time,

\/ (Qrx A Qrxg) = Qrx A \/ Qrxr | Qrx Av =w.
k=n

k=n

This implies that v = Q7 (Aj—q Viey, (x Axx)) € E/N(T).

(1b) Firstly, in two cases, we will prove that Q7 is order continuous. To see this, it is
sufficient to prove that A, |Qrx.| = 0 for every x, | 0in E. Let x, J 0 in E. For a fixed «g
and given any ¢ > 0, by Lemma 4, there exists a decreasing net ¥, such that Pr_x,, < %xa
and 0 < x; < Proxy, + exg, for every a > ap.

Case 1. The assertion (H2) is true.

According to Lemma 6, there exists a subsequence {a,, } of {a}, such that Pr,x,, | 0.

Therefore, based on the statements (2) and (3) of Theorem 3, Q7 Py, ~Xs, — 0. For every

e>0,

an

limsup || Qrxa, || < limsup | QrPexa, +¢Qrta, < ¢ || Qrxa, |
[ee)

n—o0 n—

It follows that limy, e || Q7X4, ||= 0. Hence,

[ee]
A IQrxal 1] A 1Qrxa, | <] Qra, | 0.
14 n=1



Mathematics 2023, 11, 2747

13 of 16

We have A, |Qrxs| = 0. This implies that A, |Qrxs| = 0 for every x, | 0in E.
According to [6] (Theorem 1.56), Qr is order continuous.

Case 2. The assertion (H1) is true.

Since (Q), X, ) is a o-finite measure space, there is a disjoint sequence { B, } of sub-
sets of Q), such that U;,_; Bn = Q and u(B;,) < +oo for all m. Identifying E with its
copy in Lo(y), since E is an ideal in Lo(i), we have x4 xp, € E for every m. Then,
Xag = Vine1 XapXB,,- For every a, put Ay = {w € O : X4 (w) > 0}. Hence,

[ee)
Pe;Xay = XagX A, = V Xag X AxNBy,
m=1

for every a. Fixed m € N, xqyxa,nB, + 01in Lo(Bm, i) since XayXa,nB,, < Pr¥a, + 0in
Lo(u) for every m. Note that the band generated [x4,xB, ] by X4, XB,, in E is contained in
Lo(By, ). Then, x4xa,nB,, 4 0in [x4xB,,]- In the view of Case 1, Qx4 xa,nB,, | 0. Let
v = Ny Vi1 QrXayX 4,nB,,- Without loss of generality, assume that & > ag for every «.

o
U A QTXaoX Ay By < QTXagX Ay By AV QTXagX 4008, = QT¥ugX A8y, + O-
m=1

We have v A QrXagX AgynBy = 0 for all m hencev = \/;,_; v A QrXagXa,nB, = 0ie.,
V=1 QTXayX A,NB,, + 0. Note that Q7 is c-order continuous. We obtain

[e9) (0]
QrPrxay = Q1 V XapXaunBy = V Qr¥XagXAunBy, L 0.

m=1 m=1

By the order continuity of norm on Gr, lim, || Q7 Py, x4, ||= 0. For every ¢ > 0,

limsup || Qrxa [|< limsup || QrPrtay +eQrxug [|< € || Qrgy | -
4 14

Hence, lim, || Qrxq ||= 0. And || Ay |Qrxa]| [|<|| Qrxs || implies that A, |Qrxy| = 0. We
also obtain A, |Qrx.| = 0 for every x, | 0in E. According to [6] (Theorem 1.56), Qr is
order continuous.

Next, we prove that N(T) is a band in E. Since g7(-) is a Riesz seminorm on E, N(T)
isanideal in E. If 0 < z, 1 z in E with z, € N(T), then Qrz, 1 Qrz. Note that Gt has
an order continuous norm. 0 = q7(xy) =|| Qrzs ||| Qrz ||= g7(2). We have qr(z) =0
hence z € Nr. This implies taht N(T) is a band in E.

(1c) According to the proof of (1b), Qr is order continuous; hence, it is also order-

to-norm continuous. If x, | 0in E, then Qrx, I, 0 in Gr. We have || A, |Txq| [|<

| Txq ||=|| STQTxs |— 0. Hence, A\, |Txs| = 0. According to [6] (Theorem 1.56), T is order
continuous.

(2) and (3) are obtained by (1) and Theorem 3. (4) is a simple indirect argument
of (3). O

Recall that a net {x,} in E is said to be unbounded order convergent to 0 (or uo-
converges to 0), written as x, 20, if [xa| A u 25 0 for every u € E'. The details on
unbounded order convergence can be found in [16,17]. As an application of o-order-to-
norm continuous operators, we give a characterization of o-order continuous M-weakly
compact operators.

Theorem 6. Let E be Dedekind o-complete Banach lattice and F Dedekind complete. If T : E — F
is an order-bounded operator, then the following statements are equivalent.

(1) Tx, I, 0 for every norm-bounded x, > 0 in E.
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(2) T is M-weakly compact and T is o-order continuous.

Proof. (1) = (2) is obvious in Proposition 2.

(2) = (1) This is similar to the proof of (1) = (2) in Theorem 3 (replace “0 < x,, = 0
in E” with “disjoint {x, } in Bg”) in which Qr is M-weakly compact. Note that every M-
weakly compact operator is order weakly compact. In view of Theorem 3 and Theorem 5,
Qr is order-to-norm continuous. According to [6] (Theorem 5.60), for every € > 0, there
exists z € E* such that || Qr(|x| —z)™ ||< € for every x € Bg. Given any {x,} C Bg with

uo [

x, — 0, we have |x,| Az = 0; hence,

limsup || Qr || = limsup | Qr((xa] — )" + [xu| A2) |
n—o00 n—oo

<e+limsup || Qr(|xa| Az) [|=¢

n—oo

for every € > 0. This implies that Qrx;, M> 0. We obtain that Tx;, = STQrx, M> 0. The
proof is complete. [

Recall that T : E — F is said to be L-weakly compact if every disjoint sequence in the
solid hull sol(TBg) of TBg converges to zero. Meyer-Nieberg prove in [6] (Theorem 5.64)
that the notions of L- and M-weakly compact operators are in duality to each other. By [6]
(Theorem 1.73), every order-bounded operator has an order-continuous adjoint. Note that
the norm dual of a Banach lattice is a Dedekind complete Banach lattice. We are now in the
position to give a new characterization of L-weakly compact operators.

Corollary 2. Let E, F be Banach lattices and T : E — F be an order-bounded operator. The
following statements are equivalent.

(1) T'x), I o for every norm-bounded x!, X% 0 in E'.
(2) T is L-weakly compact.

In [17] (Theorem 5), A.W. Wickstead gave a characterization of the order continuity
of norms on E and E’ in terms of unbounded order convergent nets. To be precise, E
and E’ have order continuous norms if and only if every norm-bounded net in E which
uo-converges to zero must converge weakly to zero. It does not suffice to consider only
sequences in this equivalence, as is shown by the space of all continuous real-valued
functions on the one point compactification of an uncountable discrete space. A norm-
bounded uo-convergent sequence there must converge in norm, so certainly weakly ([18],
Example 33.1).

Theorem 7. Let E be a Banach lattice. The following statements are equivalent.

(1) E is Dedekind o-complete and x,, = 0 for every norm-bounded x,, * 0 in E.
(2) E and E' have order-continuous norms.

Proof. (2) = (1) is by [17] (Theorem 5). (1) = (2) Based on the assumption of (2), for
every x' € E/, x'(x,) — 0 for every norm-bounded x, 0. According to Theorem 6,
for every x’ € E/, x’ is M-weakly compact and o-order continuous. In the view of [11]
(Theorem 39.5), E has a o-order continuous norm if and only if for each x' € (E')*,
x'(xy) | 0 whenever x,, | 0in E. We find that E has a c-order continuous norm. Note that
E is Dedekind o-complete. According to [14] (Theorem 1.1), E has an order-continuous
norm. It is proved in [10] (Theorem 116.1) that E’ has an order-continuous norm if and only
if x, = 0 for every norm-bounded disjoint sequence {x,} in E. Note that every disjoint
sequence must uo-converge to zero. Again, based on the assumption of (2), E' has an
order-continuous norm. [J
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4. Conclusions and Recommendation

This paper under review aims to further explore o-order-to-norm continuous and
order-to-norm continuous operators. To prove that the o-order-to-norm continuous op-
erator can be defined using the order relation, we introduce a basic property of Banach
lattices, namely the property (k). Theorem 3 plays an important role in this paper, in which
we present a number of nice characterizations for a c-order-to-norm continuous operator.
This result is also the basis for our extension on Wickstead’s results on the order continuity
of norms on E and E’.

This research can be categorized under the topic “Operators Acting on Banach Lattices
and Related Applications”. Our future work is to extend these results to more general
spaces (e.g., topological Riesz spaces) as well as applying them to the field of non-linear
analysis. In [19], Cevik and Altun introduce and investigate a class of spaces equipped
with vetor metrics, mainly vector metric spaces. One of the research components could be
the application of relative uniform convergence to the fixed point theory on vector metric
spaces. Based on [20-22], we could consider replacing order convergence, in the definition
of vectorial convergence (see [19], Definition 2.4), with relative uniform convergence to
obtain more of the properties of vectorially continuous functions (see [20], Definition 3).
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