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Abstract: The mathematical modeling of synaptically connected neuronal networks is an established
instrument for gaining insights into dynamics of neuronal ensembles and information processing
in the nervous system. Recently, calcium signaling in astrocytes—glial cells controlling local tis-
sue metabolism and synapse homeostasis—and its corresponding downstream effect on synaptic
plasticity and neuromodulation appeared in the limelight of modeling studies. Here, we used
mechanism-based mathematical modeling to disentangle signaling pathways and feedback loops
in the astrocytic calcium response to noradrenaline, an important neuromodulator marking peri-
ods of heightened alertness and arousal. The proposed model is based on an experiment-based
2D representation of astrocyte morphology, discrete random glutamate synapses with placement
probability defined by the morphology pattern, and spatially heterogeneous noradrenaline sources,
reflecting axonal varicosities of the adrenergic axons. Both glutamate and noradrenaline drive Ca?*
dynamics in the astrocyte in an additive or synergistic manner. Our simulations replicate the global
activation of astrocytes by noradrenaline and predict the generation of high-frequency Ca?* waves in
a dose-dependent manner and the preferred Ca?* wave origination near noradrenaline release sites
if they colocalise with high-density clusters of glutamate synapses. We tested positive feedback loops
between noradrenaline release and glutamate spillover directly or mediated by gliotransmitter release
from the activated astrocyte. The simulations suggest that the coupled stochastic drive by glutamate
and noradrenaline release converges on the graded modulation of the IP3 level, which is translated
into whole-cell Ca>* waves of different frequencies. Thus, the proposed approach is supported by
experimental data and can be used to address situations inaccessible directly by experiment, and
is a starting point for a more detailed model that includes other signaling mechanisms providing
negative feedback.

Keywords: astrocytes; norepinephrine; noradrenaline; glutamate; synapses; calcium dynamics;
neuron; modeling

MSC: 97Mxx, 97M60

1. Introduction

Mathematical models of synaptically connected neurons represent only one facet of
information processing in the real nervous system. It has now been established that a
variety of extra-synaptic connections play an equally important role, and are mediated both
by other cell types and by the diffusion of neurotransmitters in the intercellular space [1-4].

In particular, network dynamics of the cerebral cortex are not controlled exclusively
by neurons: the other equally abundant non-neuronal cells of the cortex— astrocytes—

Mathematics 2023, 11, 628. https:/ /doi.org/10.3390/math11030628

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math11030628
https://doi.org/10.3390/math11030628
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-3655-7682
https://orcid.org/0000-0003-3661-3928
https://orcid.org/0000-0001-7055-9764
https://orcid.org/0000-0002-1495-4652
https://orcid.org/0000-0002-6575-0975
https://doi.org/10.3390/math11030628
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11030628?type=check_update&version=3

Mathematics 2023, 11, 628

2 of 20

take the lead in many regulatory aspects. The broad spectrum of astrocyte functions has
been intensively studied over the past two decades [4-7]. Astrocytes are involved both
in the synaptic transmission itself (as a part of the so-called tripartite synapse [8-10])
and in providing the neurons with energy in the form of metabolic substrates, forming
neurovascular units (NVU) [11-13].

The tripartite synapse concept in modeling studies was pioneered by Nadkarni and
Jung [14,15]. A number of modeling studies are devoted to simulating the main functions
of NVU [16-19], or the role of astrocytes in brain functions [20,21]. In these studies, the
coupling pathways are described as sets of one or more ODEs for each compartment.
The development of such models was largely stimulated by attempts to understand the
mechanisms of the formation of extreme states of the nervous tissue that occur during
spreading cortical depression, migraine with aura, and brain injuries. [22-25]. In these
cases, the state of neurons and astrocytes changes dramatically. However, by now, it has
been established that NVU is also sensitive to quite moderate physiologically normal
changes in neuronal activity, such as the transition between sleep and wakefulness [26-29].

It should be noted that models in the form of a set of point ODEs are insufficient for an
adequate description of physiological mechanisms that underlie the observed phenomena,
even within the framework of one single NVU.

Specifically, the complex morphology of the astrocyte and the spatial pattern of synap-
tic terminals form a spatially heterogeneous structure, creating a wide variety of spatiotem-
poral patterns of activity [30-32].

Earlier, we proposed an approach toward the construction of mathematical models
that takes into account this heterogeneity [33]. The complex morphology of an astrocyte is
simulated by a parameter set on a two-dimensional grid, the value of which reflects the
ratio of intracellular and extracellular volumes, which, in turn, determines local dynamics
attributed to a given location. The proposed approach has been successfully applied to
simulate the network dynamics of astrocytes [34].

In this paper, we extended this approach to the next, more complex level of this type
of model. Namely, we aimed at developing a computational workbench to adequately
describe the noradrenaline (NA) effect on astrocyte calcium dynamics. NA is released
throughout the central nervous system as a general neuromodulator linked to vigilance and
exploratory behavior. Marked astrocytic calcium responses to NA have been observed; for
example, during locomotion [35]. Even larger-scale changes in NA levels accompany the
transition from sleep to wakefulness [27,36]. The study of the interaction between NA-based
signaling and the NVU is important; in particular, for understanding the characteristics of
the intercellular volume regulation, which is considered as the key factor for the removal
of harmful metabolites from the brain parenchyma and thus is directly related to the risk of
neurodegenerative diseases [27,37,38].

Our modeling study is based on current still-far-from-complete knowledge of the
action of NA on synapses and astrocytes; in particular, on (1) experimental data where,
in the presence of NA, the astrocyte becomes more sensitive to perisynaptic glutamate
(Glu), responding with bursts of calcium activity to more weak synapse activity [35],
and (2) GANE (“glutamate amplifies noradrenergic effects”) hypothesis [39]. Proposed
mechanisms underlying GANE are justified at the behavioral level as a way to quickly shift
attention to important events. At the cellular level, the authors of [39] suggested specific
pathways that may provide the desired effect by creating a positive feedback between
synapse activity and the local release of NA.

The simulation of these mechanisms requires a mathematical model with an adequate
spatial structure. The essential features of our model are (1) a detailed 2D representation
of the astrocyte morphlogy based on experimental data, (2) a spatially and temporally
randomized definition of activity in excitatory synaptic terminals, and (3) a spatially
heterogeneous NA profile, including both diffuse-level and localized sources.

Our simulation results corroborate and complete the published experimental data.
At the same time, the constructed model allows for testing situations that are difficult or
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impossible to reproduce or control experimentally. In this regard, we present simulation
results that reproduce the GANE mechanism and show the stability of the entire system
(synapse, astrocyte, source of NA) in the presence of the new positive feedback loops.

2. The Model
2.1. Pathways to Be Modeled

The modeled physiological mechanisms are illustrated in Figure 1. Unlike neurons,
astrocytes are not electrically excitable and do not generate electrical impulses [40]. Instead,
the universal response to a variety of stimuli is a calcium spike generated by its release from
internal stores. Therefore, the core of the model is the calcium subsystem (1). Its activation
is possible through various mechanisms, including direct calcium influx through the
plasma membrane or indirectly by the activation of G-protein-coupled receptors (GPCRs)
via the generation of the intracellular messenger inositol trisphosphate IP3 [41,42]. We
implemented exactly these mechanisms of astrocyte activation, including direct Ca?* entry
via the plasma membran and, G-protein-coupled receptors for the neurotransmitter Glu (2)
and the neurotransmitter NA (3). The activation of calcium dynamics, in turn, triggers
many processes in the astrocyte, including the release of gliotransmitters (4), which may
affect both the astrocyte itself and the pre- and postsynaptic terminals of neurons.

ER (2)
\ @ Gl
(1) / O‘\‘v"/
IP3
cz )

"~ astrocyte membrane /

Figure 1. Modeled mechanisms. (1)—Calcium subsystem, including the processes of exchange
between the cytosol (CZ) and the internal stores ER of the cell; (2)—Glu receptors; (3)—NA receptors;
(4)—gliotransmitter (Gt) release; (5)—intercellular space; (6)—synapse; (7)—varicosites on the axon
of an adrenergic neuron releasing NA. GANE pathways are shown with dashed lines.

According to [39], when the synapse (6) is close to a point source of NA, spillover
Glu released during synaptic activity also has a stimulatory effect on axonal varicosites (7),
increasing the probability of NA release. The scheme presented above does not look
particularly complicated. However, Figure 1 does not provide an account of the spatial
organization of interaction pathways, which is a crucial part of our study. We discuss
this below.

2.2. Topological Issues and AVF Approach

Astrocytes tile the brain parenchyma, forming spatial domains of 40-60 pm in diameter
with little overlap between the neighboring cells. The term “astrocyte” or “star-shaped”
cell reflects their structure under some labeling techinques: a small soma with a few major
branches, further ramified into daughter branches of several orders. More detailed data,
obtained with electron microscopy or genetically encoded fluorescent reporters, indicate
that a significant part of the astrocytic domain volume is made up of fine processes, forming
a “veil” around larger processes (gray area in Figure 2a).

This observation is crucial to our model design because the size of the processes
and hence surface-to-volume ratio (SVR) define the relative input of the different cellular
mechanisms that describe calcium dynamics. In this setting, excitable calcium dynamics
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in the form of an IP3-mediated Ca?™ release from the endoplasmic reticulum (ER) are not
observed in thin processes because there is no ER due to their small size. On the other hand,
thin processes have a much larger membrane area per unit volume and therefore dominate
the overall production of IP;. Thus, astrocytic calcium dynamics are a spatially distributed
process. This fact can be taken into account in the mathematical model in various ways.
A straightforward way is to model the 3D structure of the processes and corresponding
mechanisms explicitly. This path is followed by [30] Savtchenko et al. It is realistic but
extremely complex and computationally heavy.

In [33], we proposed a simpler approach, illustrated in Figure 2. We built spatial
templates for the astrocyte models based on fluorescent confocal 3D stacks of hippocampal
astrocytes [43]. After resampling and flattening along the Z-axis by max-projection, the
images were used to map the spatial distribution of the “astrocyte volume fraction” (AVF)
parameter, which varied from zero if there were no astrocyte processes in the image pixel
to one in the pixels corresponding to the cell body or thick processes (Figure 2b).

The proposed approach is described in detail in [33] and has been successfully applied
to modeling the network dynamics of astrocytes in [34]. In this work, we used the AVF
map to define (i) the spatial distribution of intracellular calcium dynamics; (ii) the local
density of synaptic terminals; (iii) the location of NA sources. To distinguish the location of
synaptic terminals from the sources of NA, we used different shades of the green channel;
see the code and .gif files in Supplementary Materials.

(a) (b)

1.0
0.8
g 0.6
= 04
0.2
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Figure 2. (a,b) AVF-based approach used to define intracellular mechanisms of Ca2t dynamics on the
basis of the complex morphology of an astrocyte. (a)—An experimental image of an astrocyte from
the cell-centered database [44]; (b)—the resulting 2D spatial AVF map. (c¢,d) Definition of synapse
seeding. (c)—Synapse density within astrocytic domain as a function of local AVF follows normal
distribution as suggested by experimental data [45]; (d)—example of the spatial pattern of synaptic
terminals if drawn from the described distribution determined by local AVF values for small (0.05,
left) and high (0.5, right) values of Q.

2.3. Randomly Seeded Synapses

The concept of a tripartite synapse is based on the idea that a part of the glutamate
neurotransmitter released during synaptic activity escapes the synaptic cleft and interacts
with receptors on nearby astrocyte processes in parallel to its uptake by astrocycic glutamate
transporters. In the [33] model, synaptic activity was modeled as a Poisson process. In
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fact, each pixel of the template was considered as a potential synapse and, accordingly, a
source of Glu. However, this is a strong simplification of a more complex phenomenon,
because the arrangement of synapses in space is known to depend on the morphology of
the astrocyte.

The total density of synapses in the rodent cortex is estimated as 1-2 synapses/pum?3.
The size of a single synapse can be estimated based on the fact that the average contact area
of the membranes of pre- and postsynaptic neurons is estimated as 0.05 um? [46,47]. This
number roughly corresponds to one pixel of the spatial grid of the template that we used.
However, astrocyte activation occurs in the area adjacent to the synapse, so the “effective”
area of the synapse can be considered equal to 2 x 2 pixels (~0.5 um?).

The algorithm for arranging synapses on the computational grid is as follows (see
also [48]):

1. We set the synaptic density to Qsy, € (0,1). This parameter reflects the maximum
synapse coverage density in relative units.

2. The local density of astrocyte synaptic coverage at each point depends on AVF and,
according to [45], can be approximated by a Gaussian distribution. Figure 2c shows
f(x) as a Gaussian curve centered at 0.5 with a standard deviation of 0.2.

3. The probability Psy, of spawning a synapse at each point (x,y) of the spatial template
is given as

Psyn(x,y) = Qsyn - f(AVE(x,y)) .

4. Finally, we use the defined probability Psy,(x, y) to randomly pick the pixels where
the synapses are located; then, these sites are enlarged to a 2 x 2 shape to match the
effective area of our synapse representation.

Two examples of the synaptic spatial patterns resulting from the application of the
described algorithm are shown in Figure 2d.

Because our model does not use explicit neurons, we used a Poisson process to
approximate the temporal dynamics in each synapse, which is an established way to
model neuronal spiking statistics [49,50]. In this case, the release of Glu in each synapse is
described by the equation:

d[Glu]  [Glu],, — [Glu]

Fran o + raulpci(t) + Glugisy, 1

where [Glu],,,,;, is the basal concentration of Glu, [Glu] is its current concentration, and gy,
is the time constant of Glu clearance. Gluy;¢f describes the diffusion flow of Glu between
neighboring grid pixels. The term 7, pG1u (t) stands for the amount of Glu released at the
current time step:

1, iprGlu > rand(),
CpGlu = .
0, ifcpcru < rand(),

where rand() is a random variable uniformly distributed in the interval (0,1) and c,gyy, is
the Glu release rate. In our work, in the most general case, it depends on the constant and
NA concentration [NA]:

CpGlu = psyn(l + 16N [NA]). 2)

2.4. Noradrenaline Pathways

The main source of NA in the cortex and other structures of the brain are the axons
projecting from the brainstem nucleus locus coeruleus (LC). Unlike excitatory and inhibitory
synapses of the local circuits, NA release sites do not have corresponding postsynapses,
but form varicosites along the axon, releasing NA to intercellular space. As the very first
approximation, one can consider that multiple axons of LC neurons provide some diffuse
concentration of NA depending on the current level of LC activity. At the same time, in the
presence of NA, the astrocyte becomes more sensitive to perisynaptic Glu [35]. At this level
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of modeling, the question is only how to include NA in the description of Glu-dependent
IP5 generation, which we discuss in the next section.

However, there is a well-founded hypothesis [39], according to which, the release of
NA in separate locations (varicosites) increases with the activity of nearby synaptic termi-
nals. Our model is well suited to realizing this relationship. Accordingly, we represent the
source of NA as a combination of its diffuse level and release from several discrete locations.
There being little experimental data on the real density of NA-releasing varicosities in the
cortex, we limited ourselves to manually adding one to five NA-releasing point sources to
the computational grid.

The description of the temporal dynamics of NA is similar to the equations given
above for Glu, with a similar meaning of the quantities: In the most general case, in our
model, NA dynamics depend on glutamate Glu and gliotransmitter Gt concentrations:

dNA] INA]mp — [NA]
T Jna+ R
Ina = N4 + e ([Glu] — [Glulgmy) + rnG((GE] — [Gtamp), 4)

+ NAdiff/ (3)

where 7y 4 takes a positive value within the selected time interval during the simulation
and is set to zero elsewhere. The dependence on current Glu concentration g ([Glu] —
[Glu],,p) was added according to [39] in its simplest form. Similarly, the term 7y ([Gt] —
[Gt] ;1) describes the dependency on gliotransmitter.

Thus, in our work, we assumed that the intensity of the NA inflow depends on
the current concentrations of gliotransmitter and Glu and neglected other interactions
for simplicity.

2.5. Calcium Dynamics

Below, we give a summary of the equations of local calcium dynamics with brief
commentary and explain in more detail only the new elements. This part of the model
has been largely described in [33]. The cytosolic calcium concentration in the astrocyte is
denoted as [Ca*"]. and follows the equation:

d[Ca%*),

g = (1= SVR(AVE(x,y)))Jer + SVR(AVE(x,)) Jpm + Cagigy. ©)

For each point of the computational grid, the dimensionless parameter SVR is deter-
mined. This allows us to match different AVF values to corresponding SVR parameter
values in every point of the spatial template by assuming an S-shaped relation between
AVF and SVR. Thus, SVR is minimal in the soma and increases towards peripheral parts of
an astrocyte. Because we worked with a two-dimensional template, which is a projection
of a three-dimensional shape, the central part of the cell is a projection of not only the soma,
but also of thin branches and leaflets located along the projection axis. In this regard, we
limited the minimum value of SVR to a non-zero value SVR,;;, = 0.1:

SVR(AVF(x,y)) = max(0.1, (14 ¢~ 10(AVE(xy)=05))=1) (6)

where max() takes the value of the largest of the arguments.
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Next, we list the flows included in Equation (5) (a detailed description of each of them
is presented in [33]):

]ER = ]IP3 + ]1eak - ]pumpr (7)
Jip, = croym3, 1313 ([Ca®t g — [Ca?T ), ®)
Jieak = c102([Ca*"|gg — [Ca®T]e), )
[Ca**]z

]pump = UBW/ (10
]pm = ]in - ]outr (11)
Jin =v5+0 ﬂ (12)

m 5 6 [IP3]2 + k%/
Jout = k1 [Caer]c- (13)

Calcium dynamics in the endoplasmic reticulum are described in the equation for the
variable [Ca®" |

2
d[Cad:}ER _ o 1- SVR(CAVF(x,y)) Iex. 19)
1

The next equation defines the inositol trisphosphate (IP3) concentration [IP3] in the
cytosol:

IP3] - [IP?:}rest + [

[P
[dt3] = SVR(AVF(x,y))(Ia + Ign + Ina) — [ p
3

IP3]gifr.  (15)

Here, J5 stands for a calcium-dependent IP3 production mechanism, mediated by
phospholipases PLCS and PLC4 :

[Ca®)c + (1 —a)ky

[Ca2+]c + k4 (16)

Ja = vy

The Glu-dependent IP3 production is described by Michaelis — Menten-like behavior.
We use the term ry 4, [NA] to introduce the influence of NA on this process:

[Glu]%3

[Glu]03 + k%3

I = vGiu (1 +rNag, INA]) 17)

The NA-dependent IP; production is also described by Michaelis — Menten-like be-
havior:

03
Ina = UNA[ NA] (18)

NAJO3 + k%3,
In Equation (18), the noradrenaline impact on IP; production is controlled by vy 4 and
¥NA parameters, whose various combinations allow us to change the properties of the NA
pathway. Namely, choosing rya = 0,vny4 # 0 gives an independent (additive) action of
NA on the production of IP3, whereas, when choosing rx4 # 0,vy4 = 0, we are modeling
an increased sensitivity to Glu.
We additionally consider the equation for gliotransmitter dynamics:

W50 _ svr(ave(y)— s (G =G0 6 )

1+ (k/[Ca?*e) Tyt
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where [Gt] is the concentration of abstract gliotransmitter, with the resting state value
[Gt]rest. The first term of the equation describes Michaelis —Menten-like gliotransmitter
behavior with the parameters k¢ and kys. Like earlier, we rely on the assumption that
gliotransmitter dynamics differ in different structural parts of the astrocyte cell (soma with
thick processes, thin processes, and leaflets) and describe the structural profile of the cell
regions using the surface-to-volume ratio parameter SVR(AVF(x,y)), including it as a
factor in the first term of the equation. It follows that gliotransmitter release is almost
non-existent in the soma and thick processes, since there are no synaptic sites and the input
of the plasma membrane mechanisms is minimal, whereas, in the areas representing thin
branches and leaflets, the number of synapses is maximal, implying the highest probability
of gliotransmitter release.

The diffusion of principal variables is simulated in terms of the finite-element approxi-
mation of the concentration flows between the neighboring pixels:

Zaisp(x,y) = Dz(}_ Zij — 4Zyy), (20)
nb

where nb denotes all combinations of (i, j) that are adjacent to location (x,y) and Z is one
of the variables [Ca%"], [IP;], [NA], [Glu], and [Gt].

The model also includes an inactivation gate variable / for the variable [IP;] (see Ca2t
current J;p, via IP3 receptors in (7)):

@_ heo — h
at T

(21)

In addition, flows include the following functions:

N ) _ e _ Q> o 1
C TP Ad T (Gl o+ds Qe+ [Cattl " (a2(Qa + [Ca?T)))
where
_ [IP3]+d1
Qo =d; [IP3] +ds”

The model parameters that we changed during our further numerical simulations are
collected in Table 1. The specific parameter combinations used in each figure are provided
in the corresponding captions. The parameters that we did not change can be found in
Table 2. The program code for the numerical solution, as well as the software part for
numerical research, can be found in Supplementary Materials.

Table 1. Model parameters specific to described simulation runs.

Parameter Setl Set2 Set3 Set4 Description

rNa, UMs™1 1 0;1 0;1 1 NA influx in some points

NG, 8! 50 0; 50 0,50 50 Glu influence on NA dynamics

"N Agr uM~1 0 0;1 0 0 Synergetic dependence on NA of the Glu-dependent IP3 production
NGt S~ 0 0 0 0;5 Gt influence on NA dynamics

rGN, BM T 0 0 0 0.5 NA influence on the probability of Glu release

Una, MM s™1 0.1 0;0.1 0.1 0.1 rate of IP3 production through NA

[NA] o, tM 0 0-0.01 0 0 NA ambient

Psyn, Hz 0.5 0.5 0.5 0.0(3); 0.5 Glu release probability from synapses (number of events per unit time)
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Table 2. Basic set of model parameters

Parameter Value Description

€1 0.185 ER/cytosolic volume ratio

2] 6.0s71 Maximum Ca?* channel flux

dq 0.13 uM Dissociation constant for IP3

ds 0.082 uM Ca?" activation constant

vy 0.11s7! Ca?™ leak constant

U3 22 uM/s Maximum Ca?* uptake

k1 1.0s71 Rate constant of Ca?* extrusion

U5 0.01 uM/s  Rate of Ca?" leak across plasma membrane

Vg 0.2 uM/s Maximal rate of activation-dependent Ca?* influx

ko 1.0 uM Half-saturation constant for agonist-dependent Ca?* entry
ks 0.1 uM Activation constant for Ca* -pump

Uy 0.25uM/s  Maximal rate of IP3 production

ky 1.1 uM Dissociation constant for Ca?* stimulation of IP; production
kg 0.78 uM/s  Dissociation constant for Glu stimulation of IP3 production
dp 1.049 uM Dissociation constant for Ca?* inhibition

kna 0.8 uMs~!  Dissociation constant of NA stimulation of IP3

km 0.1 uMs~—!  Dissociation constant of Ca>* stimulation of Gt

UGlu 0.1 uM/s Rate of IP3 production through Glu

T 7.143 s Rate constant for loss of IP3

[I1Ps]yest 0.16 uM Steady-state IP3

[Gt]amp 0 uM Steady-state Gt

ds 0.943 uM Receptor dissociation constant for IP3

ap 0.14 uMs~1  Ca?* inhibition constant

Cagify 1.0 uMs~!  Diffusion coefficient for Ca>*

IP3yi¢f 10.0 uMs~—1  Diffusion coefficient for IP;

NAgify 0.4 uMs~!  Diffusion coefficient for NA
Glugifs 0.1 uMs~!  Diffusion coefficient for Glu

Gtaifs 0.1 uMs~!  Diffusion coefficient for Gt

kgt 0.1 uMs~! Gt production rate through Ca?*
(el 15s Gt loss rate constant

INA 18s NA loss rate constant

3. Simulation Results
3.1. Dynamics Overview

Figure 3 provides typical instantaneous spatial profiles for the principal variables of
the model with parameters as reported in Tables 1-2. In particular, the synapse density is
Qsyn = 0.2 and synaptic drive level psy, is 0.5, which leads to a dispersed granular spatial
pattern of Glu point sources with little overlap (see Figure 3a). Under these conditions, Glu
remains spatially confined within domains of approximately 2 pM, equivalent to ~4 px of
the in silico spatial template, in accordance with physiological data and supporting the
correctness of the choice of diffusion parameters. In the case of NA, we could not base
our model on any particular experimental spatial pattern. Instead, to reflect the volume
signaling nature of NA, we used a combination of several point sources with a larger
spread, corresponding to individual noradrenergic presynapses, and a meanfield ambient
level NA,,,;, (Figure 3b). Thus, NA spillover spots are larger than the corresponding spots
of extracellular Glu, which, in principle, allows for their overlap, which is important for
GANE hypothesis.

IP; production provides a positive feedback loop for Ca®" release from ER. IP; pro-
duction is stimulated by both Glu and NA via a classical GPCR-based pathway (G-protein-
coupled receptors) and is higher at higher SVR regions, which leads to a heterogeneous IP3
profile (Figure 3c) dropping from the periphery, where thin processes are abundant to the
central somatic region. Finally, the Ca?>* signaling readout in the form of nascent waves
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of elevated Ca®" levels is shown in Figure 3d. A more pronounced wave is formed over
the region, with both a higher density of Glu sources and NA release sites. This wave is
likely to expand over the whole astrocytic domain because it has already invaded regions
with a higher AVF (large ER-rich branches) and thus there is greater amplification from the
calcium-induced calcium release (CICR) mechanism. In contrast, the two less prominent
excited areas are likely to remain spatially confined and will gradually decay. In fact, such
localized events are the most frequent, following a distribution that we have previously
shown to match experimental data [33]. In summary, the model displays spatiotemporal
dynamics reflected in the astrocyte calcium activity, consistent with experimental data.
Next, we introduce and explore the NA-based modulation of the observed Ca?* and IP;
dynamics.

IP3
0.9 Ca 0.20

mM

—_—l — ST, 0.06
03
Figure 3. Instantaneous spatial profiles of the principal model variables. Color-coded patterns in
panels (a), (b), (c), (d) show snapshots of Glu, NA, IP;, and CaZt, respectively. Parameter set 1
was used.

3.2. Short Noradrenaline Surges Raise Gain of Astrocyte Responses to Glutamate

Due to its role of a major arousal-linked neuromodulator in the central nervous
system (CNS), NA levels can change under different contexts, including a long-term high-
amplitude rise during the transition from sleep to wakefulness [27,36] or rapid surges
during locomotion and increased alertness [35]. We note that the sleep-wakefulness
transition is less accessible to modeling because it is accompanied by dramatic changes in
the ionic composition of the interstitial fluid and cell volume [26]. On the other hand, NA
elevations accompanying locomotion bouts and exploratory activity typically last less than
a minute and seem easier to reproduce in a simulation. In our simulations below, we used
a single 250 s long episode of NA release, which is longer than a normal rodent locomotion
bout, but is required for a detailed description of the activity pattern at high NA levels.

Both &1 adrenoreceptors and mGluR5 (metabotropic glutamate receptor) glutamate
receptors on astrocytic membrane interact with G; G-protein, leading to the activation of
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PLCp (phospholipase) and production of IP3. To compare the additive and cooperative
interaction of NA and Glu, we ran simulations for different interaction mechanisms with
a “frozen” spatiotemporal stochastic Glu drive. This allowed us to separate the effect
of the NA to Glu interaction characteristics from stochastic variations in the observed
dynamics. Finally, we focused on the general net Ca?* and IP; dynamics, which are
physiologically relevant for the whole astrocytic domain rather than on microdomain Ca?*
activity. Specifically, we evaluated mean IP3 traces averaged over thin and thick astrocytic
processes separately, as well as spatiotemporal profiles of the calcium waves engulfing the
whole astrocyte domain as an aggregate indicator of the astrocyte activation.

Without NA release, the model is in the regime of the spontaneous quasi-regular
generation of whole-cell Ca?>" waves (Figure4 (a)—Ca?*" profiles, (g)—IP; traces). As
discussed earlier in [51], this regularity emerges due to the interaction between spatial
heterogeneity and refractoriness: in the spatially irregular morphology of an astrocyte,
there will inevitably be found a site for which wave initiation is the most facilitated, while
the refractory interval of the calcium oscillator fixes this site as the noise-driven pacemaker.

We next examined the NA effect under different conditions and Glu interaction vari-
ants, as shown in Figure 4 (see also Table 1):

e (b)—rna =0, unya # 0, corresponding to the additive effect of NA and Glu on IP3
production;

* (c)—rna # 0,vn4 = 0 corresponding to cooperative interaction, increasing sensitivity
to Glu;;

e (d)-(f)—additive NA effect combined with volume NA increases, simulated by setting
NA b t0 0.005, 0.01, and 0.05 pm, respectively.

For all cases except that shown in (a), the NA release started at t = 400s and ended at
t = 650s.

Both additive and cooperative NA mechanisms, as well as the 10-fold range in NA,,,;5,
lead to a qualitatively similar response to NA: the frequency of Ca?* waves increases
during the period of its application, whereas, directly after it, the activity is silenced,
causing an extended delay to the next spontaneous Ca?* wave. Responses under the
different simulated conditions can be compared in Figure 4g, where the curves for the
mean IP3 concentration averaged over thin (top) and thick (bottom) process regions are
shown. In all cases, NA causes an immediate rise in the IP3 level and a birth of the calcium
wave, an effect known as “phase resetting” [52], abound in biological oscillators. The effect
further unravels as a sustained generation of Ca?>" waves at a high frequency, defined by
the reached IP3 level, which, in turn, depends on NA. Interestingly, ambient stimulation
by increased NA,,,, was associated with a less regular Ca?* wave pattern, which can
be explained by the conjecture that a spatially uniform stimulation increases the odds of
multiple new locations becoming the wave initiation hotspots.

In summary, observing only the Ca?>* dynamics (which experiments are commonly
limited to) is insufficient for the separation between the two alternative NA mechanisms,
namely the additive contribution to the IP3 production, panel (b), and the multiplicative
one, increasing the gain of the mGluR-dependent pathway (the “synergism” hypothesis,
panel (c)). We provide an interpretation of this result in terms of noise-induced dynamics
in the Discussion.
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Figure 4. NA effect on astrocytic Ca?t under the following cases: (a)—no NA release; (b)—additive
action of NA; (c)—cooperative action of NA, facilitating Glu-dependent IP3 production; (d—f)—
additive action combined with volume NA increase at NA,,,;;, = 0.005,0.01, 0.05 um, respectively.
The blue frames in 3D panels indicate the onset and end times of NA release; (g)—averaged IP3
time courses for the simulations shown in the panels (a—f). The upper and lower groups of curves
represent IP3 concentrations averaged over thin and thick astrocyte processes, respectively. Parameter
set 2 was used.

3.3. Testing GANE Hypothesis

We next turned to testing the viability of the GANE (“glutamate amplifies noradren-
ergic effects”, [39]) hypothesis, which postulates synergism between Glu and NA and
sums up to the increased NA release probability in the vicinity of the spots with high
glutamatergic activity, while NA, in turn, positively modulates neuronal excitability. One
of the proposed mechanisms for the NA release facilitation includes the simultaneous
activation of axonal N-methyl-D-aspartate (NMDA) receptors (on noradrenergic axons) by
spillover glutamate from synapses and D-serine released by NA-acivated astrocytes as a
gliotransmitter (Gt). Another hypothesis links local NMDA receptor activation to nitric
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oxide synthesis and its interaction with NA release sites [53]. Considered together, these
pathways form a double positive feedback loop, which can sharply inflate noradrenergic
effects in a given location.

Rather than directly modeling the details of NMDA kinetics or presynaptic plasticity,
we implemented the core GANE idea at the simplest possible level by introducing, in (4), the
terms G ([Glu] — [Glu],p) and rnGt ([Gt] — [Gt] 4y ), describing Glu and gliotransmitter
effects, respectively, and allowing for independent neuronal and astrocytic inputs. In turn,
the NA effect is added to (1). Due to the lack of experimental data on rng, NGt and 7gn,
we interpreted them as free parameters and chose them guided by their degree of impact
on model dynamics. Specifically, we supposed that, taken separately, each of the pathways
has the capacity to increase NA or Glu release efficiency by two-fold at most.

Figure 5a shows a spatiotemporal profile of a single Ca?* wave originating near one
of the NA release sites, marked with a red dot in the morphology portrait. The locations of
all five NA release sites are shown as horizontal bars in the 3D graph. To explore details
of the Glu-NA interaction in our model, it is reasonable to focus on the dynamics at the
point of NA release nearest to the Ca?* wave initiation site. Graphs of the relevant model
variables are shown in Figure 5b—e, where the line color encodes the combination of GANE
pathways used as indicated in the legend. In short, we turned on the interaction loops
one by one and observed dynamics when NA signaling is active (rNA = 1). When only
Glu facilitation by NA was considered (NA—Glu), only a minor effect on IP3 and Ca?*
dynamics was observed (compare blue and magenta lines), whereas no significant changes
to Ca?* wave frequency could be seen (0.2% difference in period with regard to simple
NA action case). Switching on the facilitation of NA release by Glu (Glu—NA, green
curve) converts the constant NA level to a stochastic process with a moderately higher IP3
level and an increased Ca?* wave frequency (the period becomes shorter by 6.0%). The
maximal effect is reached when both pathways are turned on (Glu«—NA). This results in
a significantly higher Glu concentration level and larger fluctuations in NA, which both
converge to raise IP3 to a much higher concentration and higher Ca?* wave frequency
(period shorter by 13.5%). Thus, the combination of the two feedback loops on Glu and NA
release has the most physiologically relevant effect.

To fulfill all three GANE mechanisms, it remains to add Ca?*-dependent gliotrans-
mitter release from the astrocyte. This is shown in Figure 6, which shows local trajectories
of the model variables in the “Glu+—NA” case under active NA release (rny4 = 1). Glio-
transmitter action, switched on at t = 250 s, leads to a steep rise in NA levels with more
pronounced fluctuations, a higher Glu level, and a further increase in Ca?t wave frequency.

At t = 400s, we reduced the ps,, parameter 15-fold to roughly reproduce potential
negative feedback on Glu release by, e.g., NA action on G;-coupled a; adrenoreceptors or
ATP release by astrocytes acting on interneuronal P2X receptors. This led to an abrupt drop
in Glu, NA, and IP; levels, leading to a dramatic decrease in Ca?" activity and a large delay
until the next Ca?* wave. This result suggests Glu fluctuations as being the key driver in
the GANE system.

Summarizing, we demonstrated a proof-of-concept implementation of the GANE hy-
pothesis proposed by Mather et al. [39]. This implementation is based on the local positive
interaction between NA, Glu, and gliotrasnmitter, and relies on the spatial heterogeneity of
the astrocyte, providing for hotspots of facilitated Ca?* wave initiation.
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Figure 5. Testing GANE pathways. (a) Calcium wave initiated near one of the NA release cites,
marked with a red dot. (b,c)—INA release is amplified by the reciprocal coupling with Glu spillover
from nearby synapses; (d,e)—reciprocal coupling between Glu and NA provides increased 1P level
(d) and facilitates calcium oscillations (e). Blue lines: no interaction between NA and Glu; green: Glu
facilitates NA release; magenta: NA enhances Glu release probability; red: both feedback loops are
turned on. Parameter set 3 was used.



Mathematics 2023, 11, 628

15 of 20

+GT
Payn= 0.5 Payn= 0.03

0.5 1

Glu, pM

0.04 ) : i o b ool ikl

100 200 300 400 500 600

NA, UM

100 200 300 400 500 600

1P3, MM

100 200 300 400 500 600

Ca, uM

0.0 T T T T |
100 200 300 400 500 600

time, s
Figure 6. Testing GANE pathways. Gliotransmitter effect (switched on at ¢ = 250 s) with subsequent
reduction in synaptic drive at t = 400 s. Parameter set 4 was used.

4. Discussion

Our main goal in this study was to propose a computational workbench that we
developed for the simulation of the complex signaling pathways involving the Glu-Astro-
NA triangle; that is, the NA release from LC axons, its interaction with local glutamatergic
signaling at synapses, and the modulation of astrocyte calcium signaling. Below, we
interpret the simulation results in light of existing experimental evidence and reviews.

4.1. Noradrenaline and Glu: Synergy or Independent Effects?

Both Glu and NA activate Gg-coupled receptors on the astrocyte membrane, thus par-
ticipating in the same IP; production pathway and downstream Ca?* signaling, justifying
an independent additive inclusion of NA in the corresponding equations. At the same time,
Paukert and co-authors report experimental evidence for the synergistic enhancement of
astrocyte sensitivity to local circuit activity [35]. In modeling terms, synergism can be inter-
preted as a multiplicative term in the IP; production equation. We tested both independent
and nonlinear cases of the NA effect on astrocytic Ca?* and came to the conclusion that
both cases lead to a qualitatively similar result.

The molecular foundations for the possible cooperation between NA- and
Glu-dependent pathways of astrocyte activation are not very clear. One possible mecha-
nism for a synergistic ligand binding could be if mGluR and « receptors made complexes
in the plasma membrane, which would promote synergy in ligand binding. However, the
experimental evidence for this possibility is scarce, though cross-talk between different
GPCR pathways has been reported [54]. At the same time, Glu and NA both control the IP3
level, which drives the excitable dynamical system: the Ca?* oscillator. From a nonlinear
dynamics viewpoint, it is enough to lower the threshold (or equivalently raise the baseline
of a forcing signal) of a nonlinear excitable system a little to “enhance sensitivity” to a
noise input. Undoubtedly, there are some differences between the effects of lowering the
threshold and increasing the power of the noise input, but they are mostly limited to details
of local spike generation statistics and are probably not as important for whole-cell Ca?*
waves, the timing of which is mainly dominated by the refractory interval and is essentially
explained by the coherent resonance effect [55,56].
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4.2. Comparison between Spatially Confined and Volume NA Signal

In contrast to glutamatergic and GABAergic synapses, NA is released from varicosities
on the LC axons directly into neuropil without clear postsynaptic structures and thus
is proposed to participate in “volume transmission” [57], sending broadband signals to
multiple cellular targets. This poses the question of if a mean-field approach with the global
NA level as a parameter or individual point sources of NA with an account of its diffusion
and uptake is the optimal way to implement NA signaling in the model. We tested both
the local NA release from a fixed number of confined sites and global NA level modulation.
This seemingly minor adjustment in the implementation in fact underlies a major difference
in the physical amount of NA in the tissue, because sustaining the elevated ambient levels
requires the release of many more NA molecules. In fact, this global release turns out to
be redundant from the Ca?>* dynamics viewpoint, as it leads to an only moderate effect
on the model behavior. The main difference between the mean-field and discrete NA
sources is the higher frequency of whole-cell Ca?* waves due to a higher IP3 level under a
uniform NA level. We conclude that, while the mean-field NA is a viable simplification,
spatially segregated NA sources can provide a more flexible setting, allowing us to uncover
sweet spots for the NA release, where it can interact with the astrocyte optimally. More
experimental data—for example, using genetically encoded NA sensors [58]—will be
required to establish the NA release and spread spatial profiles reliably.

4.3. GANE Mechanism Seems to Be Viable at Microscopic Scale

As mentioned in the Introduction, the GANE hypothesis has been originally suggested
in the behavioral context in such terms as vigilance and alertness [39]. Here, we tested
molecular mechanisms proposed in the same publication as underlying this hypothesis. To
this end, we modeled some relevant signaling pathways as simple linear relationships. This
can be justified if Glu, NA, and gliotransmitter concentrations remain within a relatively
narrow range. At the same time, linear couplings that form the positive feedback loop are
the most “dangerous” in the sense of the model structural stability as dynamical system. In
our particular case, we believe that the model dynamics remain stable due to the Poissonian
nature of the Glu noise input, which guarantees its spontaneous intermittence and prevents
the dynamical system from being self-locked in the excited state.

As a limitation of our study, we can mention that we have not addressed the problem
of lateral inhibition in the regions surrounding the area of heightened local circuit activity.

This effect is well-grounded at the behavioral level, and its cellular mechanisms are
relatively well understood. At the same time, it is not entirely clear if the inhibition also take
place within the activity hotspot and what the spatial parameters of this mechanism are.
Additional negative feedback mechanisms can also take place, such as the astrocytic release
of ATP, linked to high levels of interneuron activity, after its degradation to adenosine can
downregulate the NA release from axonal varicosities by activating A; receptors [59,60].
At the same time, a higher concentration of NA can activate G;-coupled a; adrenoreceptors,
serving a break in the positive feedback loop as well. We regard all of these as open
questions for the future work.

4.4. Additional Considerations

The literature and modeling results suggest an intriguing pattern of unexpectedly
periodic and reproducible whole-cell Ca?* waves. Earlier, we showed in a modeling study
that the complex irregular morphology of the astrocyte leads to certain scenarios of wave
initiation, which, once realized, become self-sustained due to the refractoriness of the IP3-
based CaZt dynamics [51]. This effect is also observed at the astrocyte network scale [33,34].
Adding an irregular synapse spatial pattern to the morphology reshapes the stable wave
initiation sites, now drawing them nearer to synapse clusters. In turn, point sources of NA,
if placed near enough (approximately 2 pm) to synapses, become trigger points of astrocytic
Ca?* waves during the aroused state, accompanied by NA release. Thus, we observed
two modes of repeatable wave patterns: one during background spontaneous local circuit
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activity, defined by the combination of irregular astrocyte morphology and stochastic
synapse placement, and one corresponding to NA release during heightened vigilance
or exploratory activity, defined by NA release sites interacting with the synapse pattern.
This prediction looks important in the context of the interpretation of the experimentally
observed Ca?* activity patterns in astrocytes.

5. Conclusions

Here, we proposed a modeling instrument for the computational simulation of a
group of neuromodulation phenomena involving NA, excitatory synapse activity, and the
astrocyte. In contrast to popular neuronal models, our approach focused on extrasynaptic
signaling pathways and took into account the complex astrocyte morphology. Effectively,
we addressed signaling processes in the neuropil, which stages the spatial dimension of the
model as equally important to the temporal dynamics of the system.

Paradoxically, the match between the irregular spatial structure of the astrocyte and
excitation by random spatiotemporal synaptic activity leads to quite stereotyped astrocyte
responses. This effect emerges because the randomly scattered synapses turn out to have an
unequal effect on the astrocyte, determined by the local astrocyte structure. Moreover, the
emerging leading synapse locations tend to win additional weight due to the refractoriness
of the system after the whole-cell calcium wave generation.

This effect becomes even further enhanced when the noradrenaline effect is added to
the model. In general, calcium increases in response to noradrenaline are expected a priori,
as this directly follows from the model equations. Less trivially, however, the concrete
spatial pattern of noradrenaline release sites crucially determines the net amount needed
for a potentiation of glutamate synapses. Finally, this line of thought was continued by a
computational test of the synergistic effect of glutamate and noradrenaline on astrocytic
Ca’" signaling, as proposed by the GANE hypothesis. Our simulations corroborate the via-
bility of the GANE and demonstrate the capacity of our modeling framework to reproduce
the main physiological effects of GANE.

Summing up, our study shows that the modeling paradigm of the astrocytic calcium
dynamics can be fundamentally different from the paradigm of neuronal excitability in that
the astrocyte does not support such an efficient spatial summation of stimuli as the one
that takes place in the neuronal dendritic tree. Instead, the decisive role is played by one
or more ‘winner” hot-spots, which frame the global properties of the whole-cell calcium
waves. This observation substantiates a reduction in the model to a few compartments,
inviting the possibility of scaling up the framework for an efficient modeling of astrocytic
networks. We consider this result to be important and to open prospects for future research.

Supplementary Materials: The following supporting information can be downloaded at: https:
//doi.org/10.5281/zenodo.7568869: program code for the implementation of the model: model
realisation using NVIDIA CUDA and Jupyter notebook to run the program and analyze the results of
the solution.
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Abbreviations

The following abbreviations are used in this manuscript:

NVU neurovascular unit

AVF astrocyte volume fraction

SVR surface-volume ratio

GANE  glutamate amplifies noradrenergic effects
ER endoplasmic reticulum

LC Locus Coeruleus

IP3 inositol trisphosphate

Glu glutamate

NA noradrenaline

Gt gliotransmitter

NMDA  N-methyl-D-aspartate
GPCR  G-protein-coupled receptors
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