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1. Introduction

Fractional order differential equations have recently proved to be valuable tools in the
modeling of many phenomena in various fields of mathematics, physics, viscoelasticity,
electrochemistry, engineering, control, porous media, electromagnetic, etc., see [1-5] and
references cited therein. For a theoretical approach of fractional calculus, see the mono-
graphs [6-11]. Many processes in physics and engineering can be described accurately
by using differential equations containing different types of fractional derivatives such as
Riemann-Liouville, Caputo, Hadamard, Erdeyl-Kober, Hilfer, Caputo-Hadamard, etc. Hil-
fer proposed in [12] a fractional derivative operator generalizing both Riemann-Liouville
and Caputo fractional derivative operators. For the advantages of the Hilfer derivative,
see [13]. In [14], the y-Hilfer fractional derivative operator was introduced. Initial and
boundary value problems including the y-Hilfer fractional derivative operator have been
studied by many researchers, see [15-20] and references therein.

In the present paper, we investigate a new class of boundary value problems, consisting
of mixed-type fractional differential equations including p;-Hilfer and ¢»-Caputo fractional
derivative operators supplemented with nonlocal integro-differential boundary conditions.
More precisely, we consider the following sequential ¢ -Hilfer and »-Caputo fractional
differential equation with nonlocal integro-differential boundary conditions

Hpubipr (Cpvib2) (1) = TI(t, (t)), 0<a, B,y <1, t €[0,x],
n

m
D2 (0) =0, w(T) =Y. A D r(y) + Y. 6 T9%2 (&), M
i=1 =1

where HD*F¥1 and CD7¥2 are the y;-Hilfer and ¢,-Caputo fractional derivatives with
respect to functions ¢, and ¢, respectively, when ¢ (t), p5(t) > 0 for all t € [0, xq].
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In addition, the given constants A;,; € R and some points 7;,{; € (0,x1), %2 is the
Riemann-Liouville fractional integral of order u i > 0, with respect to a function ¢, for
i=1---,mj=1,---,nmand Il : [0,x1] x R — R is a nonlinear continuous function.
Existence and uniqueness are established via Banach’s fixed point theorem and the Leray-
Schauder nonlinear alternative.

The novelty of this study lies in the fact that we introduce a new class of nonlocal
boundary value problems in which we combine ;1-Hilfer and ¢»-Caputo fractional deriva-
tive operators and as far as we know, this is the only paper dealing with this combination.
By fixing the parameters in the nonlocal integro-differential fractional boundary value
problem (1), we obtain some new results as special cases. For example, we get to:

(i) Hilfer and Caputo fractional nonlocal integro-differential boundary value problem if

P1(t) = o(t) = t;

(ii) yo-Hilfer and Caputo-type fractional nonlocal integro-differential boundary value
problem if ¢y (t) = ¢t;
(iii) y,-Hilfer and Caputo-type nonlocal integro-differential boundary value problem if

Pa(t) = t.

The remaining part of this article is organized as follows: in Section 2, some preliminary
definitions and results that will be applied in the next sections are recalled. In addition,
an auxiliary result is proved to convert the problem (1) into a fixed point problem. In
Section 3, the main results for the nonlocal integro-differential boundary value problem (1)
are established, while in Section 4, these results are discussed for some special cases.
Section 5 includes some numerical examples illustrating the main results.

2. Preliminaries

Now, some notations and definitions of fractional calculus are recalled. In the fol-
lowing, we assume that ¢ € C!([0, x1],R) is an increasing function with ¢/ (t) > 0 for all
t e [0, xl].

Definition 1 ([7]). Given « > 0and h € L'([0,x1],R), the p-Riemann—Liouville fractional
integral of order w of a function h with respect to  is defined by

9 = 1 [ 96 (0 = &) ()

To abbreviate, we use Hg;lpfl(t) as 19V i(t) throughout this paper.

Definition 2 ([14]). Suppose thatn —1 < « < n,n € Nand h,» € C*([0,x1],R). The y-Hilfer
fractional derivative TD%F¥ (-) of order a of a function h with a parameter B € [0, 1] is defined by

Hpu g gy — - (1 @\ ra-p)n-aywg
DBYH(H) = I (l,b’(t)dt)ﬂ 0y

provided that the right-hand side exists.

Definition 3 ([21]). The p-Caputo fractional derivative CD%Y(-) of order « of a function h is
expressed as

CDa;lpfl(t) — 1 i nfl(t)
P'(t) dt ’
wheren —1 < a < n,n € Nand h,p € C*([0,x1],R).
Remark 1 ([22]). The following relations hold:

p=a+pn—wa), n—1<wa, p<n 0<B<1,
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and
p>a, p>B, n—p<n-—PB(n—a.

Lemma 1 ([14]). Let o, 4 > 0 and 6 > 1 be constants. Then, we have:
(i)  TYTEYR(t) = IHYR(t);

@ () = p(0)° " = s (o) = o),

Lemma 2. Let h € L(0,x;), n—1 < a <nmne€NO<B<1p=a+np—ap,
(]I(”"")(l’ﬁ)ﬂ/’fz) € ACK[0, x1]. (Here, by ACK|0, x1], we denote the space of k times absolutely
continuous functions on [0,x1].) Then, we have

o; «,B07, _ 1 : (#’(t) *lp(a))p_k "[71* ] —B)(n—u); 7,
(1[ y Hp ﬁwh)(t)_h(t)—k; N k(uu B)( Wh)(a),

n—k
where fz[;*k] = ( 1 d) and

/(1) dt
I - iia) )
(W th)(t):h(t)—kz (1) —p(a))".
=0 .

A linear variant of the sequential Hilfer-Caputo fractional integro-differential bound-
ary value problem (1) is investigated in the next lemma.

Lemma 3. Let h € C([0,x1],R) be a given function and all constants are as in boundary value
problem (1). Then, the sequential Hilfer—Caputo fractional integro-differential linear boundary
value problem

Hpebivr (CDv%270) (1) = h(t), te[0,x1],

m n
DW27(0) =0, 7(x) = Y A SD2r(y) + Y 612 () @)
i=1 j=1

is equivalent to the integral equation

n
» 5].HH/‘+7;¢2H%;¢1 h(g) — [7¥2]%%1 x1)>

1 (& .
n(t) = A(E)\iﬂa’wlh(ﬂi)Jr
i=1 j
LIRS, 3)

where it is assumed that

Ai=1— f 5. [$2(&}) — 12(0)]"

j T+ 1) # 0. 4)

j=1

Proof. Operating the fractional integral [%¥! to both sides of the first equation in (2) and
applying Lemma 2, we obtain for t € [0, x1], that

DY) = £ 0 (8) — () I R(D)

where p; =« + (1 —a)B and ¢y € R. Since p; € (a,1), by Remark 1, from “D"*¥277(0) = 0,
we have ¢y = 0. Therefore, we get

CDTY27(t) = T%¥1h(t), (5)
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which leads to

ZA D2 (y ZA T (n;). (6)
i=1

Acting [7¥2 in (5) yields

() = ¢ + IV¥2I*¥1p(t). @)
In addition, we have
L n[2(@) — (0]
L oI n(E) = e ) o [ Y Ly Yo, ®)
j=1 j=1 ] j=1

From the second boundary condition (2) with (6) and (8), we get

m n
1 = % ZAiHa;wlh(m) + Z 5]‘]1Flj+,y;¢2]1“;l’b]h(éj) — ]I'Y?%UZ]I“;wlh(xl) ’ (9)
i=1 j=1

where A is defined in (4). Substituting the value of ¢; in (7), we get the solution (3). On
the other hand, by taking the fractional differential operator of 1»-Caputo and p;-Hilfer of
orders vy and «, respectively, we get the first equation in problem (2). By direct computation,
it is easy to see that (3) satisfies the two boundary conditions in (2). Therefore, the proof
is completed. [

3. Main Results

In this section, we establish existence and uniqueness of solutions to the sequential
Hilfer—Caputo fractional integro-differential boundary value problem (1) on an interval
] = [0, xl]. At first, we denote the Banach space of all continuous functions from | to
R equipped with the norm ||| = sup{|7(t)| : t € J} by C = C(J,R). Having in mind
Lemma 3, we define an operator W : C — C by

w0 = [ LA ) +]§ I I, ()
— DRI (1, n(xl))} S+ IRTTL(E (1)), (10)
where
IO 700)) = s 4 (6) (200 — 2 (6)° TG, ()
and
1 T1(1, (1))

g OB ) — g6 (a0) — a0 s () s,

with ¢ € {7, u;+ v} and ! € {t,x1,{;}. Note that if TI(t, 7) = 1, we have
PRI ) = et g0 = 91(0)"(20) — ya(a0)*
= ijfl/,z(Z).

For convenience, we put

L (= (i) — (0 i+
A = w(;w 1m+f) +z|fs|A¢f‘z,j ;))
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|A[+1Y an
+( |A| Alpl,lpz(xl). (11)

In the following theorem, we prove the existence and uniqueness of solutions of the
fractional integro-differential boundary value problem of sequential Hilfer and Caputo
fractional derivatives (1) by applying the Banach contraction mapping principle.

Theorem 1. LetIT: ] x R — R such that:
(Hy) There exists . > 0 such that

|H(t, 7'[1) — H(t, 7'[2)| < L|7T1 — 7o, (12)

Vt € Jand my, 1 € R.

If
AL <1, (13)

where Ay is given by (11). Then, the fractional integro-differential boundary value problem of
sequential Hilfer and Caputo fractional derivatives (1) has a unique solution on J.

Proof. Let M = sup{|I1(t,0)|: t € J} and B, = {m € C : ||| < r*} with

MA,
s . 14
TSI TAL (14)

Now, we will show that WB,« C B,+. For any 7t € B,+, we obtain

(Wre(t)] < sup |[Wr(t)|
te]

1 1 .
< 7| K T () ~ T 00+ 11 0)
Y I8 IR (T, 7(E)) — TI(E;, 0)] + [TI(E;,0) )
j=1
IR (| (xy, (1)) — T1(x,0)] + [TT(x,0)])
+ 20891 ([T (g, 70(x1)) — T (21, 0)] 4 [TT(x1, 0) )
< LY e £y ) )
Al &
Y I 4 M) (1) )
j:l

+ (L™ + M)DA2 I (1) (21) | + (L + M) 219591 (1) (xy)

| | (]LT’* + M) i |)\l| [1701(71/{1) — lpl(o)]lx

= (x+1)

n
" o, ui+y * ,
+ (L + M) Y (65| Ay 4, (87) + (Lr + M)AYT, (x1)
j=1
+ (L + M)Ay, (x1)

= (Lr'+ M)A <717,
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which holds from (14). This shows that WB,« C B,«. Next, we let 711,71 € B+, then
we have

Wy (t) — Wrmp(t)] < stuljo | Wty () — W (t)]

1
Al

m

; AT T (g3, 71 (7)) — T (g, 702 (7)) |

+ ) |6 [T TL(G, 1 () — T1(E, 2 ()|
=

IN

+ I7%20%%1 | TT (5, 711 (x1) ) — T1(21, 12 (1)) 1
+ I721%%1 | TT (3, 711 (x1)) — T (21, 72(31)) |,

m
711 — 72| Y TAG 19 (1) (177)
i=1

Al

IN

n
+ |71 — 7ol Y 1611 (1) (85)
j=1

+ [y — m[IP2I(1) (x1) | + Ll — e[ T721991 (1) (21

= ALl — ol

Therefore, the operator W satisfies the inequality [|[Wm — Wi, || < A1L||m — o
Since, A1l < 1, W is a contraction. Therefore, the operator W has a unique fixed point in
the ball B, by Banach’s contraction mapping. Consequently, the sequential Hilfer-Caputo
fractional integro-differential boundary value problem (1) has a unique solutionon J. O

Next, the nonlinear alternative of the Leray—-Schauder-type [23] is used to prove
the existence of at least one solution to the sequential Hilfer—Caputo fractional integro-
differential boundary value problem (1).

Theorem 2. Assume that I1: | x R — R is a continuous function satisfying the conditions:

(Hy) There exists a continuous function Q) : [0, c0) — (0, co) which is nondecreasing and uq, uy :
] — R two continuous functions such that

[T1(t, 1) < ua (DO 7)) + ua(t), (15)

forallt € Jand m € R;
(Hy) There exists a positive constant K such that

K
(I [Q(K) + [luz])

4L (16)

Then, the sequential Hilfer—Caputo fractional integro-differential boundary value problem (1)
has at least one solution on J.

Proof. We show that the operator W defined by (10) is compact on a bounded ball B,,
when B, = {mr € C: ||| < p}. For any 7t € By, we have

(Wr(t)] < sup [Wr(t)]
te]

1 m n

= T Yo AT (g, ()] + ) (G092 |TL(E, ()|
i=1 j=1



Mathematics 2023, 11, 867 7 of 12

WA ] |H(x1, 7T(x1))| I WY oA |H(x1, 7r(x1)) |,

1
|A]

IN

m
(lur 1) + lluall) E A 191 (1
1 . . .
+ ([l Q(0) + [lu2]) Z o [TH 211 (g5)

+(ur19p) + Ju2NIP2I¥ (1) | + (]| Qp) + [z | )TH2191 (1)

= ([lus]|Q(p) + |lu2]|) A1 := ®, a constant,
which yields ||[Wr|| < ®. Therefore, the set W(B,) is uniformly bounded. To show that

W(B,) is an equicontinuous set, we let t; and ¢, be the two points in ] such that t; < t,.
Thus, for any 7t € By, we have

|W7T( 2) — Wr(t)|
= Jrwre b L e @ - pEr
< 2(82) — al0))~TI(s, n(s))dsd
e /“ [ 90 1 (w) — ()
X (2 (t1) — o (u))* 'TI(s, (s ))dsdu‘
~ |rmrer [ [ e - s
<) = )T, s

/tz/ YR (0) (1 (1) — 1(5)"

)
(wz(tz) ¥ (u))* (s, 71(s))dsdu
)

) /tl/ P (s)pa(u —p1(s))*™
X (2 (t1) — o (u))* 'TI(s, 7 (s ))dsdu‘

= W/Otl/o lPi(S)lIJé(u)(%(u)—zpl(s))“*l{(lpz(tz)—lpz(u))“*l
~($a(t1) = 92(u)*~ JIL(s, e(s)dsdu
e e L Wm0 - pE)
(¢z< 2) = $2(u))* (s, 7r(s ))dsdu]

corer L e - )
’( 2(t2) = 2(1))* 1 — (a(tr) — 2(u)* | ITL(s, 72(s)) | dsdu

Frwre o OB - g
( 2(t2) — 2 (1)) T1(s, 7(s) ) | dsdu

“'”1”53(?%7 )||u2|| I [ s 0 = i)

IN

IA
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X |(2(t2) — o (u))* 1 = (a(ty) — o (u))* 1 |dsdu

(o l00) + ) = v, N
Ul [ [ et - pr(s) !

x (2 (t2) — o (u))* dsdu.

Observe that if t; — t;, then we have |Wrn(t;) — Wrt(t1)| — 0 independently of 7.
Therefore, the set W(B,) is an equicontinuous set. Hence, the set W(B,) is relatively
compact. By applying the Arzeld—-Ascoli theorem, the operator W is completely continuous.

Finally, we show that the set of all solutions to equations 7 = AW is bounded for
A€ (0,1).Let r € C and 7w = AWt for some A € (0,1). Then, for any t € ], as in the first
step, we obtain

(B = ?\|W7T(f)|§5;1€11]0\W7f(f)\

(lual Q7 1) + fluzll) As,

IN

and, consequently,

[kl
(Ol + Tzl A7 =
From (H3), ||| # K. After that, we define U = {7 € B, : ||| < K}. Now, we can see
that W : U — C is continuous and completely continuous. Thus, there is no 7 € oU such
that 1 = AWm with 0 < A < 1. By the nonlinear alternative of the Leray-Schauder-type,
we get that the operator W has a fixed point 77 € U, which is a solution of the nonlocal
fractional integro-differential sequential Hilfer and Caputo boundary value problem (17)
on J. The proof is completed. [

4. Some Special Cases

In this section, we present some special cases and some interesting behavior of solu-
tions to the investigated problem (1).

Corollary 1. Assume that I1: | x R — R is a continuous function.

(a) If |II(t, )| < M, where M is a positive constant, then the nonlocal fractional integro-
differential sequential Hilfer and Caputo boundary value problem (17) has at least one solu-
tion |.

(b) Ifui(t) =1, Q(u) = Bu+C, up(t) = D, where B > 0, C,D > 0, then the nonlocal
fractional integro-differential sequential Hilfer and Caputo boundary value problem (17) has
at least one solution ] if A1B < 1.

(¢) Ifui(t) =1, Q(u) = Bu? + C, up(t) = D, where B > 0, C,D > 0, then the nonlocal
fractional integro-differential sequential Hilfer and Caputo boundary value problem (17) has
at least one solution |, if 4A3B(C + D) < 1.

If we put ¥1(t) = o(t) = ¢(t), then the nonlocal fractional integro-differential
sequential Hilfer and Caputo boundary value problem (17) is reduced to

Hp©B¥ (CDW ) (£) = TI(t, (1), 0<w, B,y <1, t€0,x],
- n

D R(0) =0, w(xi) =Y A D r(p) + Y6 Y (E)).
i=1 j=1

(17)

The following constants are used in the next corollaries.

\ o [(E) — p(0)]"
S ¥ Ve
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_ - (&) —p(0)" "7
A= (Zl 1‘a—+1+2|7| oc+;t +7+1)
|A* | + 1Y ((x1) — (0)*"7
+< 47| ) Fath+1)

Corollary 2. If f satisfies the Lipschitz condition in (Hy) and if AL < 1, then the nonlocal
fractional integro-differential sequential Hilfer and Caputo boundary value problem (17) has a
unique solution on J.

Corollary 3. If the continuous function f satisfies (Hy) in Theorem 2 and if there exists a positive

constant M such that
M

(I [[Q(M) + [[ua][) AT

>1,

then the nonlocal fractional integro-differential sequential Hilfer and Caputo boundary value
problem (17) has at least one solutions on |.

Ifn=p+gqg,and yy =0forw =1,..., 4, then the problem (17) can be reduced to the
following problem with integro-differential multi-point boundary conditions as

HpaBy (CDT¥ ) (#) = T1(¢, n(t)), 0<apBy < 1, t€[0,x1],
DM r(0) =0, n(x 2/\ D (i) + 25 1% 7 &)+ Z CoT (18)

i=1 j=1 w=p+1

In addition, we put

P s @) —p@]Y
A =1 ];5] r(ﬂj+1) w§+1€wr
A o~ L)y i) -y &) — (o))"
Mo IA{IZAi|F(DéJr1)+2|] T(a+pj+7+1)
)—l,t’(O))“H Al +1 (p(x1) —p(0)"
+w§+1|€w +7+1) }+< |A| ) r(DC+'Y+1) '

The existence and uniqueness results for the integro-differential multi-point boundary
value problem (18) are similar to the Corollaries 2 and 3 by replacing A; with Aj.

5. Illustrative Examples

Example 1. Let us consider the following integro-differential boundary conditions to the sequential
Y1 -Hilfer and y,-Caputo fractional differential equation of the form

1
HpE e (CpY ) (1) = T1(E, (1), 0 <t < g (19)
Cy s+t _ 9\ _ Bcphett (3 5cpb+t (D
D2/ = =) =="Dz = —-Dz =
(0) =0, n(S) & 7'[(8 + - | g
— 27 — — 57 — — 57 —
+87 D T 3 + 3911 T > + 5911 T 1) (20)

From the boundary value problem (19), we set constantsasa« = 1/4, 8 =3/4,v=1/2,
X1 = 9/8, )\1 = 3/67, /\2 = 5/77, )L3 = 7/87, 171 = 3/8, 172 = 5/8, 773 = 7/8, 51 = 2/39,
0y =4/59, 41 =4/5, 42 =7/5,&1 = 1/2, & = 3/4 and functions 1 (t) = e(1/10)t and
P2(t) = t* + t. From above information, we can compute that A ~ 0.8763925133 and
A1 = 2.374946616. Observe that the two functions satisfy 7, ¥, > 0.
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(i) If the function IT is defined by
1 (2n|+m*\ | 1, 1
I1(t, 7(t)) = 1"+ 8t+ —. 21
(£ 7(t)) 2t+5(1+|7t|)+7 oty @1

From the given nonlinear unbounded Lipschitzian function in (21), we get |I1(t, 77) —
I1(t,z)| < (2/5)|mr —z| for t € [0,9/8], 1,z € R. Setting L = 2/5, we have A1L ~
0.9499786464 < 1 which fulfills the condition in (13). The result in Theorem 1 can be used
to conclude that the boundary value problem (19) and (20) with the given function in (21)
has a unique solution on [0,9/8|

(ii) Let the function I1 be defined as

- 1 2024 1 1 -
(8 7(t)) = t+4<5(1+n2022) +3t+6> T4 22)

We have . . . .
TI(t < (Za%2+ 2 _—
Tt )| < t+4<5” +6> R T

Choosing uq(t) = 1/(t+4), u(t) = 1/(2t+7) and Q(7) = (1/5)7* + (1/6), we get
[lur|l = 1/4, ||uz|| = 1/7 and then, there exists a K € (0.463775263,7.957466657) satisfying
the inequality in (16). Therefore, all assumptions in Theorem 2 agree with function I1
in (22). Then, using integro-differential boundary conditions to the sequential ¢;-Hilfer
and ¢,-Caputo fractional differential Equations (19), (20) and (22) have at least one solution
on [0,9/8].

(iii) If Y1 (t) = o (t) = t? + t, then (19) is expressed as

Hpyg dit*+t (CID)%?tertn)(t) =TI(t, (), 0<t< %, (23)

and we can find that A* ~ 0.8763925133, A] ~ 4.810643110. If

. 1 2|+ 72\ 1, 1
TI(t, pi) — o Y 24
(£, pi) 2t+10< 1+ || )+7 T8ty @4

Then, L = 1/5 and we have AJL ~ 0.9621286220. This means that boundary value
problem (23), (20) and (24) has a unique solution on [0,9/8].

In addition, if function IT in (23) is given in (22), then there exists a constant K €
(0.235228817,3.922219479) which satisfies the Corollary 3. So, the boundary value problem
(23), (20) and (22) has at least one solution on [0,9/8].

(iv) If the boundary conditions in (20) is replaced by

Cry 382+t _ 9\ _ Bl (3 5cnlizet (5
D2’ = Z ) = =Dz = = Cpa b
2 r(0) =0, 7'((8) e D? 7'((8 + 77 D2 | o

Tepbtri (7Y L 2t (LY 4 (3
+87 D2 T 8 + 39]15 7T > + 597r 1) (25)
Then, we get A ~ 0.8884626894, A| ~ 4.816166032. If
I1(t, 1) = Wn? + Z, (26)

where constants W,Z > 0 and WZ < 1/ (4A%) ~ 0.01077797341. Then, there exists
a positive constant M satisfying the Corollary 3 when replacing A} by A;. Hence, the
boundary value problem (23), (25) and (26) has at least one solution on [0,9/8].
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6. Conclusions

In this paper, we have studied a new kind of boundary value problem consisting of
a combination of two fractional derivative operators, one y;-Hilfer and one y,-Caputo,
supplemented with nonlocal integro-differential boundary conditions. This combination,
as far as we know, is new in the literature. Our uniqueness result is derived via Banach’s
contraction principle, while the Leray-Schauder nonlinear alternative is used to derive the
existence result. The main results are well illustrated by constructing numerical examples.
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