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1. Introduction

The disclosure of complex numbers was established in the 17th century by Sir Carl
Fredrich Gauss, but his work was not on the record. Then, in the year 1840, Augustin
Louis Cauchy started analyzing complex numbers. Cauchy is known to be an effective
founder of complex analysis. The theory of complex numbers has its source in the solution
of ax? 4+ bx + ¢ = 0, which was not worthwhile for b2 — 4ac < 0, in the set of real numbers.
Based on this background, Euler was the first mathematician to present the symbol i, for
v/—1 with the property i> = —1.

The starting point for bicomplex numbers was provided by Segre [1], supporting
a commutative substitute for the skew field of quaternions. These numbers generalize
and extend the complex numbers more firmly and specifically to quaternions. For an
excellent investigation of the study of bicomplex numbers, we refer the reader to [2]. In
2011, Azam et al. [3] proposed the theory of complex valued metric space (CVMS) as
a generalization and extension of cone metric space and classical metric space. In 2017,
Choi et al. [4] linked the concepts of bicomplex numbers and complex valued metric
spaces and introduced the notion of bicomplex valued metric spaces (bi-CVMS). They
established common fixed point results for weakly compatible mappings. Subsequently,
Jebril et al. [5], utilized this notion of newly introduced space and proved common fixed
point results under rational contractions for a pair of mappings in the background of bi-CVMS.
Later on, Beg et al. [6] strengthened the notion of bi-CVMS and obtained generalized fixed
point theorems. Recently, Gnanaprakasam et al. [7] established some common fixed point
results for rational contraction in bi-CVMSs and solved a system of linear equations as an
application of their main result. For more characteristics in the direction of CVMS and
bi-CVMS, we refer the researchers to [8-27].

In this article, we establish common fixed points of six self-mappings in the context of
bicomplex valued metric spaces. Some previous well-known results of literature are gener-
alized in this way. Moreover, we provide a non-trivial example to show the authenticity of
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established outcomes. As an application, we investigate the solution of an Urysohn integral
equation by applying our results.

2. Preliminaries

We describe Cy, C; and C, as the set of real, complex and bicomplex numbers, corre-
spondingly. Segre [1] set out the notion of bicomplex numbers in this manner.

h = a1 + ariy + aszir + agiqiy,

where a1, a,a3,a4 € Cp, and the independent units i1, i, are such that i% = i% = —1and
i1ip = i1y, We represent the set of bicomplex numbers by C; and it is defined as

G, = {ﬁ h = a1 + apiy + azip + ayitipz : a1, ap,a3,a4 € (Co},

thatis,
C, = {ﬁ ch=2z141ixz0:21,20 € (Cl},

where z1 = a1 +azi1 € Cy and zp = a3 +ayi; € Cy. If i = z1 +ipzp and p = wq + irw; are
any two bicomplex numbers, then the sum is

h+p= (Zl + iQZz) + (w1 JrizLUz) = (Zl :tcu1) + iz(Zz ia)z),
and the product is
h-p= (Zl + izZz) . (wl + i2w2) = (21(4)1 — Zzédz) + iz(leZ +z2w1).

There are four idempotent elements in C, which are 0,1,¢; = H% and ey = #,
of which e; and e, are non-trivial, such that e; + e; = 1 and ejep = 0. Every bicomplex
number z; + iz can uniquely be given as the combination of e;and e, namely

h=z1+iyzy = (21 — i1z0)e1 + (21 + i122)ep.

This characterization of # is studied as the idempotent characterization of C, and
the complex coefficients iy = (z1 —i1z2) and fip = (21 +i122) are known as idempotent
components of 7.

A member h = z1 + ipzy € C; is called invertible if there is one more member p € C,,
such that gy = 1 and g is called the multiplicative inverse of f. Accordingly 7 is called the
multiplicative inverse of g. A member which has an inverse in C; is called a non-singular
element of C, and a member which does not have an inverse in C; is called a singular
element of C,.

A member /i = z; + ipz5 € C; is non-singular if and only if |z + z3| # 0 and singular
if and only if |23 + z3| = 0. The inverse of 7 is defined as

-1 Z1 — 122p
h=p= z% n z% .
0in Cp and 0 = 0+ i0 in C; are the only members which do not have multiplicative inverses.
We represent the set of singular elements of Cy and C; by 8 and R, respectively. However,
in C,, more than one member does not have a multiplicative inverse. We represent the set
of a singular member of C, by R;. Evidently, Ng = N; C Ry.
A bicomplex number /i = ay + aziy + azip + agiyip € C, is said to be degenerated if

2x2

is degenerated. In that case, h~1 exists, and it is also degenerated.
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The norm ||-|| : C; — C{ is defined by

N—=

I

21+ ozl = {Iz1” + |22}

1
P@r4ﬂﬂF+Kﬁ+ﬁhﬂjz

2

Nl=

= (d+d+ad+ai)’,

where h = a1 + ayiy + aziy + agi1ip = z1 + irzp € Co.
The linear space C; with reference to the defined norm is a normed linear space; also,
C, is complete, hence C, is a Banach space. If f, p € C;, then

Irpll < v2|[alllpll,

holds instead of
el < [Alllell,

therefore C, is not a Banach algebra. The partial-order relation <;, on C, is defined as:

h =i, p & Re(z1) X Re(wq) and Im(z3) = Im(wy),

where h = z1 + izp, p = wy + hw; € Cs.

It follows that
h =i, o,
if one of these assertions is satisfied:
Dz1 = wy, 22 <wy,
(ii) zZ1 < W1, 2 = wy,
(iii)z; < wy, 22 <wy,
(iv)zy = wq, zp = wy.

Specifically, we can write i 3;, o if i <;, p and h # g; that s, (i), (ii) or (iii) is satisfied,
and we will write i = p if only (iv) is satisfied. For #, p € C,, we have

(W) h =i, o = [[Al] < [[0ll,

(@ii) |2+ pl| < [[all + o,

(iii) ||ah|| < al/p||, where a is a non-negative real number,

@) [[hpll < V2||R] ol

W) [ =5

Sl 1l
GG = Tor

Choi et al. [4] defined the bicomplex valued metric space (bi-CVMS) as follows:

h
©

if p is a degenerated bicomplex number.

Definition 1 ([4]). Let Z # @ and ¢ : Z x Z — C, be a mapping satisfying

(i) 0=y, 0(hp)ando(h, ) = 0ifand onlyif h = p,
(i) o(h,p)=0c(ph),
(iii) o(h, ) =24, o(hv)+0o(v, ),

forall h,p,v € Z, then (Z,0) is a bi-CVMS.

Example 1 ([6]). Let Z = Cpand h,p € Z. Definec : Z x Z — C, by
o(h, ) = |z1 — wi| +iz|za — w2,

where h = z1 + ixzp, p = w1 + ipwy € Cp. Then, (Z,0) is a bi-CVMS.
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Definition 2 ([4]). Let (Z,0) be a bi-CVMS and let X, Q : Z — Z be self-mappings. The
mappings N and Q are said to be commuting if NOh = ONA, for all h € Z. The mappings N and
Q are said to be compatible if

Klgxgo o(RQhy, OV, ) =0,

whenever {hy} is a sequence in Z, such that limy_,e Ny = Qhy = t for some t € Z. The
mappings N and Q are said to be weakly compatible if NOQh = ONA, whenever Qh = Nh.

Lemma 1 ([4]). Let (Z,0) beabi-CVMSand £,T : Z — Z. If the pair (£, T ) on (Z, ) is said
to be compatible, then the pair (£,T) is weakly compatible, but the converse is not true in general.

Lemma 2 ([6]). Let (Z,0) be a bi-CVMS and let {hc} C Z. Then, {hy} converges to h if and
only if ||o (b, h)| — 0as x — oo.

Lemma 3 ([6]). Let (Z,0) beabi-CVMS and let {h} C Z. Then, {hy} is a Cauchy sequence if
and only if ||o(fu, Pucym)|| = 0 as x — oo, where m € N.

3. Main Results

We state our main result in this way.

Theorem 1. Let (Z,0) be a complete bi-CVMS and let S, R, £,T,8,Q : Z — Z be self-
mappings. If there exists some 6 € [0,1) such that the following conditions hold:
(i)
o(Rh, Qp) =i, 62(h, o) @

forall h, p € Z, where

7

o (IRK, £T ), o (IRK, RA), 0 (LT 9, Qp),
2k p) € { 3 (0(£T o, RA) + (SR, Qp)) }

(i) N(Z) C £T(2),Q(Z) C IRN(Z);

(iiil) SR=NS, LT = TLRR=NR, 9T =T Q;

(iv) the pair (R, SR) is compatible and the pair (Q, £T) is weakly compatible;

(v) either the mapping IR or the mapping R is continuous.

Then, there exists a unique point K/ € Z, such that Sh = Rh/ = eh/ = Th/ =K/ =
on/ =n'.

Proof. Let /iy be an arbitrary point in Z. According to hypothesis (ii), there exist k1, hy € Z,
such that Nhy = £7T hy = g and Qhy = SR, = p1. We can generate two sequences {7 }
and {px } in Z successively in this way

P2 = LT o1 = Ve and o1 = SRhAer2 = Qhineta, 2
forx =0,1,2,- - -. Now, according to (i), we have
(926, P2c11) = (N, Qliniey1) =iy 0Q(hox, hoxi1), 3)
where
Qhine, g 1) € { U(%%ﬁzqf27—ﬁ2x+1)r¢7(%§}?ﬁ2m Nhar), 0 (LT hoxt1, Qlink+1), }
3 (0 (LT i1, Nlige) + 0 (SRAze, Qhae1)),

_ { U(pbcfl/ pZK)/ U(@ZK*I/ K’ZK)/ 0'(@2;(/ @2K+1)/ }
2o (920 P21) + (9261, 92641)),

1
= {(T(BOZK—L ©2x), 0 (926, ©26+1), iU(mx—l, ©2x+1) } 4)
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Using the inequality (3) and expression (4), we discuss the following three cases as

follows:
If Q(hx, hoxi1) = 0(p2x—1, P21 ), then we have

o (921, 92641) =i, 00 (©2x—1, 92x),

which implies that
|0 (926, 92611) | < 0]l (926—1, 926) |- ©)

If Q(hpx, hoxr1) = 0(©2x, P2r+1), then we have
o (921, P2x41) =iy 00 (©2r, P21+1),

which implies that
o (026, P2c+1) 1| < Ol (9026, P261) |

which is a contradiction because 6 < 1.
If Q(Fiox, Fiox41) = 50 (9261, P2x41), then we have

0 0 0
0(@21(/ @21{4—1) =i §U(WZK—1/ @2K+1) =i EO—(QZK—L @21{) + EO—(QZK/ @ZK-H)/
that is,
0 0
o (921, ©2641) =i 50(921(71/ ©2c) + E‘T(@Zm ©2x41)-
Taking the norm on both sides of above inequality, we have

0 0
oo omell < | Gotomeon,oae) + Joom omenn)

4
= |2

0 0
= Sllo(pa—1, 9020) | + 5 lo (9020, 92641) |-
2 2

llo-(2x 921)

A

0
looas, 92011 + |3

Now, using the fact that 6 < 1, we have

IN

0 0
‘|U(P2K1 @2K+1) || 2 ”0—(921{71/ @21() || + > HU(@M, @2K+1) H

IN

0 1
§||¢7(@2x71, o) || + EHU(pZ{/ ©2+1) I,

which implies that
1o (92x, P2x+1) || < Bllo (021, 92 -

Thus, in all cases, we have
o (921, P21 || < Ol (261, 2) - (6)
Similarly, using (i), we have
(92641, P2x42) = O(Qhpiey1, Whpiey2) = 0 (Rhgey2, Qhoet1) =iy 0Q(hawt2, hoxs1),  (7)

where
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m

{ o (SRA2icq2, £T horet1), 0 (SR 12, Rpyt2), 0 (LT o1, Qhog41), }
3o (LT Tipey1, Nlingey2) + 0(SRApe 2, Qliney1)),

_ { (9241, 92¢), T (92141, P21+2), T (926, P2x4+1), } ®)
3 (0 (p2x, p2x12) + (02041, P2141)),

Q(hoxt2, Pox+1)

1
= U(@zx, @2K+1),U(pzx+1, pzx+2)/ Eﬁ(mm @2x+2) .

Using the inequality (7) and expression (9), we discuss the following three cases as
follows:
If Q(Apcr0, Hoxi1) = 0(©2x, ©2¢11), then we have

(92641, P2c42) =iy 00 (921, 92641),

which implies that
o (02x+1, p2x42) | < Ollo (920, 92641 |- )

If Q(Apr2, hoxs1) = 0(©oxt1, ©P2x+2), then we have
(92641, 92642) iy 00 (902111, P2x42),

which implies that
[0 (9201, P2e42) | < Ol o (92641, P2rc+2) 5

which is a contradiction, because 6 < 1.
If Q(hoxt2, hoxr1) = %a(m,(, ©2r+2), then we have

0 0 0
0 (9241, P21+2) =i 50(@2;(, ©2x+2) =i 5(7(@2;«, ©2c41) + E(T(pzxﬂl ©2x42);
thatis,
0 0
0 (92r+1, P2c42) 2y EU(MK, P2xc4+1) + Ea(p2K+1/ P2r+2)-
Taking the norm on both sides of above inequality, we have

0 0
ot g2l < | 3000 pae) + §o(oness, omesa)

4
= 2

0 0
= EH‘T(@zm ©ocr1) || + EHU(MKH, ©2x+2)]|-

A

o (92641, 92142 |

0
o (o2, o)l + |3

Now, using the fact that 6 < 1, we have

0 0

lo(p2kt+1, P2x12) || < EHU(PzK, ©2c41) || + EHU(@zKH, ©2c+2) ||
0 1

< §||¢T(@2K, ©2c41) || + EHU(MKH, ©2c+2) I,

which implies that
1o (92x+1, P2x12) [| < Bllo (9020, 2041) -

Thus, in all cases, we have

llo(p2ks1, 2x+2) | < Ollo(92rc, P2x41) - (10)
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Thus, using (6) and (10), we have
llo(9r, o) | < Bllo (-1, 91 Il (11)
for all x € N. It yields that

o (s or+1)[l| < Ollo (-1, 9x) | < -+ - < 0%[|o (00, 01)- (12)

Using the inequality (12) and the triangle inequality, for all m > x, we have

lo (o, o)l < Nl (oe )l + 1o (01, orr2) Il + -+ [0 (Om1, om) |
< [+ 4 0" (o, 01)
GK
< [ylle(po o)l = Dasx — oo,

It follows that { oy } is a Cauchy sequence in bi-CVMS (Z, ). As (Z, o) is complete,
there exists some i/ € Z, such that Or — h/ as k — oo. For its sub sequences, we also have
Qhipey1 — B/, LT hoxi1 — B/, Rl — KB/ and SRhy, — h/. Now, according to hypothesis
(v), we will have the following two cases:

Case 1. If SR is continuous.

Then, SRIRAp — SRA/ and SRNAy, — SRA/, as k — oo. Additionally, since
the pair (X, SR) is compatible, it follows that RSR7,, — SRA/. Because, using triangle
inequality, we have

T(RSRTigy, SR ) =i, c(RIRIye, SRRy ) + 0 (SRR, SRA ),
which implies
o (RS R, SRA) | < o (RSR2e, SRRI) | + || (SRR, SR | = 0

as Kk — oo,
(a) First, we prove that SRK/ = h/. We assume, on the contrary, that SIRK/ # n .
Then, 0 <;, c(SRA/,h/). Now, by using triangle inequality two times, we have

c(IRW, 1) =i, o(SRE, RSRApy) + o (RIRhgy, Qi 1) + 0(Qhiger1, B). (13)
Now, using hypothesis (i), we have

U(N%%ﬁ%a Qﬁ2K+1) =i HQ(%%EQKI ﬁ2K+l)r (14)

—12
where

o (SRIRAe, £T hars1), C(SRIRAp, RIRTp, ),
Q(%?Rﬁzm ﬁ2K+1) S U(STFLZK+1/ QﬁZKJrl)/
(o (ET hari1, NSRAge) + o (SRS KA, Qliger1))

Now, we have the following four cases:
If Q(SRNhox, hoxr1) = 0(SRIRAo., £T hogr1), then by (14), we have

T(NSRApy, Qliniy1) =y, 00 (SRIRNA, £T Tigier1).
Using the triangle inequality, we have

T (RSRnk, Qg 1) =i, 00 (SRIRAgy, SRA' ) + 00 (IRA/, 1)) + 00 (B, £T hgyey1). (15)
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Now, using (15) in (13), we have

Ha(%@%fl/,ﬁ/)u < %Ha(%%ﬁ/,NS%ﬁ%)

L0
1-20

+ 1’%9 Ho(gmmm IRA) H

o, 2T o) | + 125 (@i )|
Taking the limit as ¥ — oo, we get

HU(%?Rﬁ/,ﬁ/)H <0,

that is, ||c(SRA/, 1) H = 0, a contradiction. Thus, SRA/ = #/.
If Q(SRhox, hor1) = 0(SRIRAo,, RIRAyy ), then, according to (14), we have

U(N%?Rﬁz;(, Qﬁzx+1) jiz 90’(%%%%}32“ N%%ﬁz;()
Using the triangle inequality, we have
o (NSRhg, Qhoey1) =iy 00 (SRINAy, IRA) + 00 (IR, RSNz ). (16)

Now, using (16) in (13), we have

Ha(gm/, K H < (1+6) Ha(sa%ﬁ/, RSRFiz)

+|| Qs 1)

+ 0| (SRR, SRH )|

Now, taking the limit as ¥ — oo, we get
HU(%?Rﬁ/,h/)H <0,

that is, U(%%ﬁ/ N ) H = 0, a contradiction. Thus, SRA/ = #/.
If Q(SRhox, hoxt1) = (LT hoxt1, Qhokt1), then according to (14), we have

U(N%%hb{/ Qﬁ2K+l) jiz GU(SThZKJrlr Qﬁ2K+l)'
Using the triangle inequality, we have
T (RSRAgy, O r1) =i, 00 (LT higg 1, h) + 00 (1, Qi1 1). (17)

Now, using (17) in (13), we have

o/, 1) < |l (SRI, RS

+ (14 0) o Qiney1, 1) |
+0|[o(£T a1, 1)
Letting ¥ — oo in the above inequality and using the fact that (X, SR) is compatible,
so we have
Ha(%é}%ﬁ/,h/)H <0,
that is, U(%%Rl’l/ Jh ) H = 0, a contradiction. Thus, SRA/ = /.

If Q(SRMiny, iogs1) = 5 (0(ET i1, RSRAge) + o (SRSRA, Qhigy+1)), then accord-
ing to (14), we have

0
O (NS Rhze, Qhige1) =iy 5 (0 (LT aesr, RSRhzx) + 0 (SRS Rz, Qhiger)).
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Using the triangle inequality, we have
o (NSRhax, Qhaer1) =iy g (a(STﬁzKH, Y+ oW, SR ) + o(SRE/, Nsa’eﬁzx))
- g (U(%?R%%@K, SRE) + (SR, 1) + (1, Qﬁ2K+1))
4 / /
=iy 5 (0T tae1, 1) + (W, Qi) )

+ g (a(%%%m‘:@, SRE ) + o (IRA/, N%éRﬁzK)) + 00 (SRR, 7). (18)

Now, using (18) in (13), we have

Ha(%m/,ﬁ/)H < ﬁHa(%%ﬁ/,N%%ﬁk)

gy (T )
gy ([otamam, s+ o s )
L o(Qe, )|

Now, taking the limit as ¥ — oo, we have
Ha(sm/, 1) H <0,

that is, 0(%§Rh/ Jh/ )H = 0, a contradiction. Hence, SRA/ = Hh’/. Thus, in all cases

IR =1/,
(b) Now, we show that NA/ = h/. We assume, on the contrary, that NA/ # 1/ . Then,
0 <;, ¢(NA/, i/). Based on the triangle inequality, we have

o(RR/, 1) =4, o(RI, Qliei1) + 0(Qliges1, 7). (19)
Using (i), with i = h,p= hox+1, we have
U<Nﬁ// Qﬁ2K+1) jiz eg(ﬁ// ﬁZK-‘rl)/ (20)

where

c(SRI, LT hgy1), o (SRA/, NB), 0 (LT ha 1, Qlinies1), }

/
QI hoxy1) € { (o (LT hpey1, NI ) + (SR, Qlinge1))

Now, we have the following four cases:
If Q(h/, hpe 1) = 0(SRA/, £T hpey 1), then according to (20), we have

o (R, Qlige 1) =iy 00 (SR, £T Tigy).-
Since SRA/ = K/, we have
o(RW/, Qhpy 1) =i, 00 (W, £T hpes1). 21)
Now, using (21) in (19), we have

|oen/ 1) < 6], £Thacn)|| + o Qhinesn, 7|
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Now, letting ¥ — oo in the above inequality, we have
Ha(Nﬁ/,ﬁ/)H <0,

that is, (T(Nh/ N ) H = 0, a contradiction. Hence, XA/ = 1/
If Q(R/, hpei1) = o(SRA/,RA/), then, according to (20), we have

o(RI/, Qhgy 1) =i, 00 (SR, RA).
Since SNK/ = K/, we have
c(RA/, Qhger1) =4, o (B, RE). (22)
Now, using (22) in (19), we have

st )

IN

0o/, 80| + || Qiaesr, 1) |

< e @men, )]

Now, letting ¥ — oo in the above inequality, we have
Ha(Nﬁ/,h/)H <0,

that is, (T(Nﬁ/ Jh/ ) H — 0, a contradiction. Hence, N&/ = /.
If D(h/ ,hot1) = 0 (LT hogt1, Qhngt1), then according to (20), we have

(R, Qhac 1) =i, 00 (T hay 41, Qo 1).
Using triangle inequality, we have
o(RR/, Qhger1) =i, 00 (LT T, Qhiger1) =iy 00 (LT Tpey1, 1) + 00 (B!, Qligey1). (23)
Now, using (23) in (19), we have
[oen’, 1| < (1 + 0)||o(Qiag 1, 1) | + 0| (T Hag 1, 1)
Now, letting x — oo in the above inequality, we have

Ha(Nﬁ/,ﬁ/)H <0,

that is, U(Nﬁ/ K ) H = 0, a contradiction. Hence, i/ = #/.

If QW , figey1) = $(0(ET a1, NI/ ) + 0(SRA/, Qhigg11)), then according to (20),
we have

o
o (X1, Qligesr) < (U(ﬂTﬁZKH, NE) + o (SRH/, QﬁzKH)).

iz E
Since SRA/ = K/, we have
0
(W, Qhacn) Sy, 5 (0(ETgesr, ) +0(H, Qhzgia) ).

According to the triangle inequality, we have

0 0
(81, Qhes) Sy 5 (0(TMaesn, W) + o (W X)) 4 S0, Q). (24)
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Now, using (24) in (19), we have
c(RK 1) =4, g(U(EThZKH,ﬁ/) + 0(ﬁ/,Nﬁ/)) + (g + 1) (1, Qligi1).
This implies that
.10 = 8 (e ] ot 01 0l |
Now, letting x — oo in the above inequality, we have
Ha(Nfi/,i‘/)H <0,

that is, ||c(RA/, 1)) H =0, a contradiction. Thus, A&/ = K.

(c) Now, we show that 7/ = h/. We assume, on the contrary, that RH/ =+ i/ . Then,
0 <;, c(RA/, /). Now, using the triangle inequality, we get

c(RE 1) = c(RRA 1)) = c(RRE/, 1) =i, o(RRE/, Qligy1) + 0(Qliges1, B/ ). (25)
According to (1) with /i = Rh/ and p = hox+1, we have

C(RRE/, Qlines1) =iy OQ(RA, Fines1), (26)

—12

where

QR ipei1) € { o(SRRA/, LT oy 1), 0 (SRRA, RRA), 0 (T 41, Qhiag1), }
’ K

3 (O (T 1, R ) + (SRR, Qhigyey1))
{ T(RIRK, LT hor1), o (RSN, RRA), 0(L£T hggr1, Qhinest), }
a 3 (0(ET g1, RE ) + 0 (SR, Qlige 1))
| c(RW, LT hgey1), c(RE, RE), (LT hoxs1, Qhiges1),
B { 3(0(ET hgeqr, 1) + o(1/, Qhigeyr)) }

Now, we have the following four sub cases:
If Q(RK, hpwey1) = o(SRRA/, £T hpye11), then according to (26) and IRA/ = b/, we
have

T(RRA, Qin 1) 2y 00(RA/, LT Fines1) =iy 00 (RA/, 1) + 00 (W, £T g 1) (27)
Now, using (27) in (25), we have

Ha(ﬂ%ﬁ/,ﬁ/)H < eua(m/,h/)H + GHa(h/,SThZKH)H + HU(QﬁZKH,ﬁ/)

7

which implies that
|on, 1| < 125 o, e Thocn)| + 15 (@, 1)
Now, letting x — oo in the above inequality, we have
Ha(?Rh/,ﬁ/)H <0,

that is,

(7(3??1/ Jh/ ) H = 0 a contradiction. Hence, Rh/ = A/ .
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If Q(RE/, hoxs1) = o(SRRA/, RRA/), then according to (26) and IRK/ = K/, we
have
c(RRE, Qlige 1) =i, 00 (R, RI). (28)

Now, using (28) in (25), we have

o', w)|| < |l @i, 0]

Now, letting ¥ — oo in the above inequality, we get HU(%h/ ) H = 0, a contradiction.

Hence, Ri/ = /.
If D(B‘Eﬁ/ s hot1) = 0 (LT hogt1, Qhoit1), then according to (26), we have

T(RRA, Qi 1) =iy 00(£T Tiges1, Qliney1) =iy 00(LT Tiges1, 1) + 00 (W, Qlig 1) (29)
Now, using (29) in (25), we have
o(RR 1) =i, 00 (LT hop1, B) + 00 (R, Qhngi1) + 0( Qi1 B),

which implies that
|rn’, 1)|| < 8]|o(€T hawin, 1) | + 0o, Qi) | + [ Qs 1)

Now, letting ¥ — oo in the above inequality, we get Ha(éﬁh/ ) H = 0, a contradiction.
Hence, Ri/ = /.
If Q(RK/, hpesr) = % (U(STﬁ2K+1, 'y +o(n/, Qﬁ2K+1)), then by (26), we have

0
(RRA, Qling1) =iy 5 (0(£T hain, W) + 0 (1, Qling.1) ). (30)

in E
Now, using (30) in (25), we have

0 0
U(%ﬁ/,h/) jiz EO’(STﬁzK_;,_l,ﬁ/) + (E + 1)‘7(Qh2x+1/ ﬁ/),

which implies that
rtemn’, 1) < gHU(STHZKH,ﬁ/)H + (g + 1)Ha(gﬁzm,ﬁ/)H.

Now, letting ¥ — oo in the above inequality, we get HU(?R?’L/ N H = 0, a contradiction.

Hence, Ri/ = /.

Thus, in all cases, we get RH/ =hn’.

(d) As X(Z) C £T(Z), there exists v € Z, such that i/ = XA/ = £Tv. First, we shall
show that £7v = Qu. According to (1) with & = i/ and p = v, we have

o(£Tv, Qu) = U(Nh/, Qo) =i, GD(ﬁ/,v), (31)
where

A, v) e a(SRE, £Tv),c(IRK, R/ ), (LT v, Qu),
’ Ho(&Tv, R0 ) + o(SRA/, Qo)) '

Since SRA/ = A/ and B/ = XK/ = £T v, so we have

A, 0) € {a(ﬁ/,ﬁ/),a(ﬁ/,ﬁ/),a(ETv, Qu), 3 (o1, 1) +o(H, Qv))}.
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This implies that
AW, v) € {0,0(£To, Qo), %U(ETU, 00)}. (32)
From (31) and (32), it follows that
lo(£T v, Qo)|| =0,
thatis, £70v = Qv = h/. As the pair (Q, £T) is weakly compatible, we have £7 Qv =

QLT v. Thus,
eTH = Qn’.

(e) Now, we prove that o =n. According to (1), we have
o(h/, QW) = c(RK/, Q') <, 0Q(W , 1), (33)

where

Q1)

m

c(SRE, LTH ), c(ISRK/ R ), o (STH/, Qh/),
Ho(eTH ,RI/) + o (SR, QR/))

o(h/, Qn/),o(h/,1/),c(QR/, QH/),
{ 3(c(QW 1) +a(h/, Qn)) }

{O,U(ﬁ/, Qﬁ/)}.

(34)

From (33) and (35), we get
e 0x0] o,
that is,
o =n.
(f) Now, we show that Th/ = h/. According to (1), we have

o(h/, Th') = c(NW/, TQW') = o(NW, QTH') =, 0Q(k/, TH), (35)

where

A, TH') e o( J%h/ STTh/) (SR, NB), o (ST TH , QTH), }

c(STTH R0/ ) + o(SRK/, QT H))

_ aﬁ/ TSTﬁ/) o(h/ b)), a(TESTH , T QW ), 36
- { o(TETH ,RR) + o(SRE/, TQH)) } (36)

o( h/ Tﬁ/ oW/, W), o(TH , TH),
Th/ Y4 a(h/, Th))

= {O,a(h/,Th/)}.
From (35) and (37), we get
Ha(h/,Th/)H =0,

thatis, Th/ = h/. Since £THh/ = I/, it follows that £1/ = #/. Hence, if IR is continuous,
then we show that

Sh/ =RE =i/ =TH =RN# = Qi =
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Case 2. if R is continuous.

As N is continuous, then N7, — NA/ and RSRAy, — NA/, as k — co. As the pair
(R, IRN) is compatible, we have SRNAy, — NA/, as k — oo, because according to triangle
inequality, we have

T (SRR, R ) <, (SRR, RIRE) + (RS RFigy, NI ),
which implies that

Ha(smm,{,m/ )H < || (SRR, RIRFin) | + HU(N%%hZK,NfL/ ) H 50, ask — oo,

(a) We show that XA/ = /.
According to the triangle inequality, we have

o(RR 1) =i, o (RE/, W2 hy) 4+ 0(RPhay, Qhiger1) + 0(Qhiggr1, ). (37)
According to (1) with i = Nhy, and p = fip,11, we have
o (N2igk, Qhaet1) =i, 0Q(Nigg, haer1), (38)

where

(N, Fpes) € { T (SRRAgy, £T Fiage1), 0 (SRRAgye, i), (T Figyey1, Qi 1), }
Kr 2K+ %(U(SThz;H-lr NZﬁZK) + o (IRNAg, Qhier1)), .

Now, we have the following four sub cases:
If Q(Nhpy, fiper1) = o (SRR, LT hoe41), then according to (38), we have

(N2, Qhpes1) =i, 00 (SRNFp, LT Fipei1).

—ip
According to triangle inequality, we have

o (R2igy, Qhaye 1) =i, 00 (SRR, RE/) + 0 (NB 1) + 00 (B, £T hger1). (39)
Now, using (39) in (37), we have
c(RR/ 1) =i, o(RR/, N2hp,e) + 00 (SRR g, NE)
+ 00 (XK, 1) + 00 (W, £T oy 1) + 0(Qhpr, 1),
which implies that

Ha(Nﬁ/,ﬁ/)H < Ha(Nﬁ/,Nzﬁz,{) +9Ha(%3‘BNﬁ2K,Nﬁ/)H

+(9H¢7(Nﬁ/,ﬁ/)H + GHU(h/,SThZKH)H + Ha(QﬁzKH,ﬁ/)H.

1This yields

0

1 L8
1-06

c(R B < —— |l o(RR/, N2Hy)
1-0
+%Ha(ﬁ/,£7'h2,(+1)u + ﬁHU(Qﬁzxﬂlﬁ/)H-

HU(S?RN@K, A/ ) H

Letting ¥ — oo in the above inequality, we have

HU(NH/,F/)H = 0.
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Hence, 87/ = 1.
If Q(Nfipy, g 1) = 0(SRRipy, N2Hyy ), then according to (38), we have

o (N2hay, Qligey1) =iy 00 (SRR, W2iny).
According to the triangle inequality, we have
o (R2figy, Ol i1) =i, 00 (SRR, NI ) + 00 (RA/, R2 g ). (40)
Now, using (40) in (37), we have
c(RE/ 1) =i, o (RR/, N2 o) + 00 (SRR, RE) 4 00 (RE/, W2 ) + 0 Qhige 1, 1),
which implies

|esn/,w)|| < o/, N2ha)

+ eHa(%mﬁzK,Nﬁ/)H

+(9H¢7(Nh/,N2h2K) +Ha(Qﬁ2K+1,ﬁ/)H.

Letting ¥ — oo in the above inequality, we have
Ha(Nﬁ/,ﬁ/)H =0.

Hence, A/ = K.
If Q(Nhoy, fipgr1) = 0 (LT hoxet1, Qhoxt1), then according to (38), we have

0 (Whiae, Qlinet1) =iy 00 (ST hiay1, Qines1) =iy 00(ET a1, 1) + 60 (!, Qhiay11). (41)
Now, using (41) in (37), we have
o(RE/ 1) =i, o (XA, N2hoy) + 00 (£T g1, 1) + 00 (h, Qhigg 1) + 0(Qlig 1, 1),
which implies that
o(RB/, 1)) =i, o(RR/, W2 hge) + 00 (£T g1, B ) + (1+ 0)o (B, Qliges).
It yields

|own/, 1) < [|lown/, W)

+ QHU(SThQKH,h/)H +(1+ Q)H(f(ﬁ/, QﬁzKH)H.
Letting x — oo in the above inequality, we have

Ha(Nﬁ/,h/)H ~0.
Hence N/ = #/.

If Q(Nhpy, Hoxr1) = %(U(ST?ZZKH, N2Hp,) + o (SRNAp,, Qhiger 1)), then according to
(38), we have

0
o (N2Tpy, Qliney1) =i, E(U(ETﬁzxﬂ, N2H) + (SRR, Qg 1))

0
<

=i E(U(STHZKJrl/ﬁ/) +o(h/,R) + o (RR/, N2y )

+ - (0 (SRR, NI ) + (R, 1) + o (B, Qligey1)).  (42)

NI
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Now, using (42) in (37), we have

oI/, 1) =5, o (RE/, N2 Hig,) + g(U(EThZKH, B) +o(h R0 ) + c(RE/, R2hy,))

)
+3 (U(%%Nﬁz,(, NI/ )+ o (NB B ) + o (W, thm)) + 0 (Qhpeir, 1),

It implies that
1 0 0
I By <. / W2 / / W2
o(NA',h) =i, 1 _Ga(Nﬁ , Ny ) + 201 _9>0(2Th2K+1,ﬁ )+ 20 _Q)U(Nﬁ , NoHo)
+ La(%é}emﬁz N/ ) + La(h/ Ohpes1) + La(gﬁz L)
2(1-10) © 2(1—90) YT g e
It yields
(O] = —119"0(Nh/,N2ﬁ2K)H+
LHa(zTﬁz " F/)H + LHU(M/ N2Fiz)
2(1-6) e 2(1-6) ’
4 IS /
+mHU(J§RNh2K, NA ) H
+2(16— 0) H‘T(ﬁ/’ Qhaei1) H 1 i 0 H‘T(QﬁZ"“’ﬁ/)H'
Letting ¥ — oo in the above inequality, we get
Ha(Nfi/,ﬁ/)H <0;
that is, H(T(Nﬁ/ N )H = 0, a contradiction. Hence, X%/ = A/. Thus, in all sub cases,
N/ = .
Now, utilizing steps (d), (e) and (f), and continuing the step (f) gives us
oW =gen/ =Th =n.
Now, as Q(Z) C SR(Z), so there exists w € Z, such that
W = QK = SRw.
Now, we show that
Nw = SRw = /.
By (1), we have
o(Rw, SRw) = o(Rw, OK/) =<, 09 (w, 1),
where
/ o (SRw, £TH), o (IRw, Xw), o (LT h/, Qh/),
Q(w/h ) € 1 / x /
(0 (&TH , Rw) + o (SRw, Qh))
— {0, %(a(ﬁ/, Rew)}.
This implies that

oc(Nw, SRw) = o(Nw, Qh/) = o(Nw, i’ ) =i, g(a(ﬁ/,Nw),
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ie., Nw = SRw = 1.
Since (R, SR) is compatible, so it must be weakly compatible, and so we have

NA/ = SRE .

Moreover, Rh/ = h/ according to step (c). Hence, Sh/ = R/ = XK/ = #/ and we
establish that #/ is the common fixed point of &, K, £, T, N and Q in this case, too.

Now, we prove that this common fixed point is unique. Let #* be another common
fixed point of &, R, £, 7, N and Q; then

Sh* =R = Lh" = Th" =RA* = Qh* = h".
Using (1) with A = h/, o = h*, we have
o(h/, 1) = c(RW/, Qh*)) =, 0Q(K/, 1), (43)
where

Q! i) { c(IRA/, LTH*), o (SRR, RB), o (LT h*, Qh*), }

(o(ETH , XB) + o(SRR/, QR¥))
= {0,0(1/, 1)} (44)

Using (44) in (43), we have

Ha(ﬁ/,ﬁ*) =0,

which implies that h/ = h*. Thus, #/ is the unique common fixed point of &, R, £, T, N
and Q. O

Corollary 1. Let (Z,0) be a complete bi-CVMS and let , £,R, Q : Z — Z be a self-mapping. If
there exists some 6 € [0,1) such that the following conditions hold:

(1)
7(RA, Qp) =i, 09(H, p) (45)
forall h, o € Z, where
o(Sh, £p),0(Sh,NA),0(Lp, Qp), }
Q(h,p) € { 3(0(Lp, Nh) + o(Sh, Qp)) '

(i) R(Z) C £(2),Q(2) € 3(2);

(iii) the pair (X, ) is compatzble and the pair (Q, £) is weakly compatible;

(iv) either the mapping 3 or the mapping N is continuous.

Then, there exists a unique point h/ € Z, such that Sh/ = £h/ = Rh/ = Qh/ = h/.

Proof. Take ¥ = T = Iz, the identity mapping on Z in Theorem 1. [

Corollary 2. Let (Z,0) be a complete bi-CVMS and let X, Q : Z — Z be a self-mapping. If there
exists some 6 € [0,1), such that

c(Nh, Qp) =y, 0Q(h, p), (46)
forall h, p € Z, where

o(h, p),0(h,RA),0(p, Qp),
Q(ﬁ'p)e{ 3(0(p,RR) + o(h, Qp)) }

Then, there exists a unique point h/ € Z, such that ¥h/ = Qh/ = h/.
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Proof. Take & = R = £ = T = Iz, the identity mapping on Z in Theorem 1. [

Corollary 3. Let (Z,0) be a complete bi-CVMS and let F : Z — Z be a self-mapping. If there
exists some 6 € [0,1) such that

o(Fh, Fp)) 2 0Q(h, p), (47)

forall h, p € Z, where
1
a(h9) € {olh 0), 0l ), o0, F0), 3 (o(h Fo) + (o, )} .

Then, there exists a unique point h/ € Z such that Fh/ = /.

Proof. Take R = Q@ = Fand & = R = £ = T = Iz, the identity mapping on Z in
Theorem 1. O

Example 2. Let Z = {(1,2),(2,3),(3,4),(4,5), (5,6) } and define a mapping o : Z x Z — C,
as
o(h, p) = A — 1| +ilh2 — g2,

where h = hy +ihy, p = p1 + iy, then (Z,0) is a complete bi-CVMS. Define F : Z — Z by
F(ﬁl + lﬁz) = Z\ﬁl — ﬁz| +3i|ﬁ1 - ﬁ2|,

forall =Ty +iliy € Z. Then, there exists 0 = 1 € [0,1), such that the mapping F : Z — Z
satisfies all the assertions of Corollary 3, and there exists a unique point (2,3) € Z such that
F(2,3) = (2,3).

4. Applications

Let Z = C([a,b],R), a > 0 where C[a, b] denotes the set of all real continuous functions
defined on the closed interval [4,b] and 0 : Z x Z — C; be defined in this way

o(h,p) = (L+i)([A(t) — (1)),

forall b, p € Z and t € [a,b], where |-| is the usual real modulus. Then, (Z, 0) is a complete
bi-CVMS. Consider the Urysohn integral equations

h(t) = b%a / "Ka(ts, () + g(1), (48)

h) = 1 - /ﬂb Ka(t,s, hi(s))os +1(t), (49)

where K1, K; : [a,b] x [a,b] x R — Rand g,! : [a,b] — R are continuous and ¢ € [a, b]. We
define partial order =;, in C; as follows h(t) =;, p(t) if and only if 7 < .

Theorem 2. Let Ki,K; : [a,b] x [a,b] x R — R, such that S;(t), Gs(t) € Z for each h €
Z, where

Sp(t) = % /ab Ki(t,s,h(s))os, Gy(t) = bia /ah Ko(t,s,h(s))os

—a

forall t € [a, b]. Suppose the following inequality

(1+i2)(ISn(t) = Gp(t) +8(t) = h(t)]) =i, 0Q(h, ),
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holds, for all h, o € Z with h # @ and 6<1, where

Q(h, 9)(t) € {A(h, 9)(t), B(h, 0)(t), C(h, ) (t), D(h, 9) (1)},

Al p)(t) = (1+i2)([At) — p(t)]),

B(h,p)(t) = (14i2)(|Sa(t) +&(t) —A(t)]),

Clhp)(t) = 1+i2)(|Gu(t) +1(t) — p(t)]),

D(ﬁ,p)(f) _ (1+12)(|ng(t)+l(t)*ﬁ(t)‘+2|Sﬁ(t)+g(t)*@(t)|)

Then, the integral operators defined by (48) and (49) have a unique common solution.

Proof. Define continuous mappings X, Q : Z — Z by
NA(t) = Sp(t) +g(t),

Qn(t) = Gn(t) +g(t),
forall t € [a,b]. Then

o(Rh, Qp) = (1+1i2) (|Sk(t) — Gy (1) +8(t) = 1(1)]),

o(h, ) = A(h, p)(t),
o(h,Nh) = B(h, p)(t),

o(p, Qp) = C(h, p)(t),
%{g(ﬁ, Qp)+0(p,Nh)} = D(h, p)(1).

It is very simple to show that (X%, Qp) =;, 0Q(h, p), where

2t 0) € {olh o), o1, 80), 05, @), 5 0 Q) + o801} .

Hence, all the assumptions of Corollary (2) are satisfied and the integral Equations
(48) and (49) have a unique common solution. [

5. Conclusions

This article expands on the concept of bicomplex valued metric space in order to
establish common fixed points of six mappings for generalized contractions. A non-trivial
example is also provided to show the validity of the obtained results. At the end of this
paper, we applied our result to discuss the solution of Urysohn integral equation. We
believe that the established results in this paper will establish a contemporary link for
investigators working in bicomplex valued metric space.

Common fixed points of multivalued mappings and fuzzy mappings in the context of
bicomplex valued metric space can be an interesting outline for future work in this direction.
Differential and integral inclusions can be investigated as applications of these results.
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