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1. Introduction

Let A be the class of analytic functions f defined in the unit disk D = {z : |z| < 1} having Taylor
series expansion

flz)=z+ i anz". 1)
n=2

Let S be the subclass of A consisting of univalent functions in ). The famous Bieberbach
conjecture (now de Branges’s theorem [1]) states that the coefficient of functions in the class S satisfy
|lay| < n with equality in case of the Koebe function k(z) = z/(1 — z)?. Denote, by S*, the subclass of
S consisting of starlike functions, so that Re(zf'(z)/f(z)) > 0 forz € D).

The class of strongly starlike functions of order § (0 < B < 1) is defined by

()| pr
agf(z) < Z,ZGIDD}.

This class was introduced by Brannan and Kirwan [2].

SS*(B) = {feS:

Kaplan [3] introduce the class C of close-to-convex functions consisting of the functions f € S
satisfying Re (zf'(z)/g(z)) > 0(z € D), where ¢ € S*. The class B, is a generalization of the
class of starlike functions and was considered by Thomas [4] in 1967. For a starlike function g,
Thomas [4] defined a class B, consisting of functions f € & and satisfying the condition
Re(zf'(z)f(z)*1/g(z)¥) > 0 (z € D) and called it as the class of Bazilevi¢ functions of type
and it has been proved that the functions in this class are univalent. Clearly B; =: C.
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Singh [5], in 1973, considered a special case of the class By, by setting ¢(z) = z. Fora > 0,
let B1 () be the subclass of B, of Bazilevi¢ functions defined by

Bi(a) = {f € A:Ref'(z) (f(zz)>al >0,z€ ]DD}.

For f € By(«), Singh gave sharp estimates for the first four coefficients, together with other
results, and in 2017 Marjono et al. [6] obtained sharp estimates for the fifth and sixth coefficients for
some values of « and conjectured that when « > 1

2

<
|a”|_n—1+zx

forn > 2.

The above conjecture has recently been verified by Cho and Kumar [7] when n = 5 and n = 6 for
a certain range of «, and other coefficient results for f € Bj(a) been obtained by Thomas [8]. For other
results concerning concerning Bazilevi¢ functions, see [4,9-18].

Lety > 0, f be given by (1), and k(z) = z/(1 — z)?. Write

1 )
(f(z)> T 1+ Z an(y)z" 2)
z n=1
and )
k(z)\ d
((Z)> =1+ ) bu(7)z". )
n=1
Equating coefficients in (2) and (3), we obtain
_1 S N Bl g
min) = 2o m(n) =2 (m- 1) @
e 2024 9)2+27) - 2+ (0= 1))
_ +ty)2+2y)---2+n—1)y
We now consider the validity of the inequality
lan(7)] < bul(y), (6)

whenever f € S.

First note that when y = 1, (6) becomes de Branges theorem, and when y = 2, (6) reduces to the
Littlewood-Paley conjecture [19], which was shown to be false by Fekete and Szego [20].

When f € S and ¢ < 1 Hayman and Hummel [21] showed that (6) is true, but false when v > 1.
On the other hand (6) is true for v > 0 when f € §* [22,23].

In the case of close-to-convex functions, Jahangiri [22] showed that (6) is valid when n = 2
provided 0 < ¢ < 3, but is false when 7 > 1. Similar problems were considered by Darus and Thomas
in [24].

We now introduce the class of strongly Bazilevi¢ functions as follows.

Definition 1. A function f defined by (1) belongs to the class B(a, B) if there exists a normalized analytic
function g € §* such that

)|
argw §7 (zeD, 0<a 0<B<1).
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All powers in the above definition are understood to be the principal ones. Clearly B(0,1) = S*
and B(1,1) = C. Also B(a, B) is a subclass of B, and hence contains only univalent functions.

In this paper we will obtain some sharp upper bounds for |ai(7)|, |a2(7y)| and M(y) for
f € B(a,B). Our results will infer that when f € B(a, ), (6) holds for some large values of 7,
thus extending the work of several authors, e.g., Jahangiri [22], London [25], Eenigenberg, Silvia [26],
Keogh, Merkes [27] and Abdel-Gawad, Thomas [28].

2. Powers of Bazilevié¢ Functions

First we prove the following theorem, which gives sharp estimates of |a1(y)| and |a2(7)].
These estimates will be later used to discuss the Littlewood-Paley conjecture for functions in the

class B(«, B).

Theorem 1. Let f € B(a, ) (0 <wa, 0 < B <1)anday(y) (n=1,2) be given by (4). Then the following
sharp bounds hold.
2(a+B)

a1 (7)] < SGiD 0 <)
and .
|112(’Y)|<{ m} Oim;
@) (@12 —pat712)’ V= ara—prl’
where
Ti=a®(y+2) + 403 (B4 + 1)+ (262 +4B(y +2) + ) +2B2(7+2)
and

vi=ab(y+2)+a?(2By — B+ 4y +4)+a (—2/32 + B3y —2) +7) +2B(7 — By +2)).

We note that the above theorem generalizes many existing results in literature. For example,
for « = 1 = B, the above theorem gives the following result due to Jahangiri [22].

Corollary 1. [22] (Theorem 1, p. 1141) Let f € C and a,(y) (n = 1,2) be as given in (4). Then the following
sharp bounds hold.

and

Remark 1. First note from (5) that by(y) = 2/~ and by(y) = (2+ ) /9> Obviously |ai(y)| < by(7)
holds for all 0 < « < 1,0 < B < 1and v > 0. This verifies the Littlewood-Paley conjecture for n = 1 and all
¥ > 0. We now consider the case when n = 2 and -y = 1. For this case we have

e <p< > <1)-
e < { S (<2<t Hg_ﬁl_l) or(@>1,0<p<1)
T, 0<a<1,0<pB<i75
where
30(3+40(2(‘B+2)+a(2ﬁ2+12ﬁ+1)+6’BZ
Sl = >
(0 +1)2(a +2)
and
7. 30 +a?(B+8) fa (287 +p+1) +2p(1-3p)
1= .

(a+2) (a2 —a(p—2)—38+1)
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It is easy to verify that Sy < 3 = by(1) holds for (0 <a <land (1—a)/(a+3)<p<1) o
(@ > 1and 0 < B <1)and Ty < 3 = by(1) holds for 0 < a« < land 0 < B < (1 —a)/(a+ )
Thus |ay(1)| < by(1) is true forall0 < aand 0 < p < 1.

Consider the case when n = 2 and v = 2. For this case we have

Sy, (0<¢x<2 "‘+Z<,B<1) re=2 B=1);
|ﬂz(7)|§{ T (a,p) €0,

where () is the set of («, B) such that either of

a2 42

<2 and
O0<a<?2 an 0<'B<0¢+4

or

«>2and 0 < B <

5a2 4 16a + 20 1 [250* 412843 4 18442 + 144
4(a+4) 4 (a+4)2

holds, where Sy and Ty are given by

40 +402(B+3) +a (2% + 168 +2) + 882
4(a+1)%(a+2)

Sy =

d
" 40% + 0238+ 12) + o (—2B% + 4B +2) +2B(2 — 4B)

2 +2) (2(x+1)2— (a +4)p)

It is a simple matter to check that if (0 < a <2 and (a®>42)/(a+4) <B<1) or (a =2and p=1),
then Sy < 1 = by(2) and if (a,B) € Q, then Ty < 1 = by(2). Thus under certain conditions the
Littlewood-Paley conjecture is also true for n = 2 = .

Next assume that n = 2 and v = 3. In this case we see that |ay(3)| < 5/9 = by(3) holds if either of
the conditions

2=

22
(O<oc<1 and wgﬁgl) or(a=1and p=1)
or )
2
O<a<land 0<p< 2 T0F3
a+5
or

2 4 3 2_
«>1 and 0<[3§5"‘+14"‘+17_;\/2506 +12243 + 17702 — 64 + 64

3(a +5) (a+5)2

is true. In a similar way we can check that for n = 2 and vy = 4, the inequality |a;(4)| < 3/8 = by(4) holds if
either of the following conditions is true.

302420+ 4

2
<O<zx<3and PR

<ﬁ<1> or (a—g and ﬁ—l)

or
302 4 20 + 4

2
< Z and
O<¢x_3[m 0<B< 16

or

a>§ and 0 < B <

1762 + 440 +52 1 [289a% + 136803 + 210402 — 800a + 400
8(a+6) 8 (a +6)2 )

It should be noted that inequality (6) in many cases is not true for large values of vy, for example
the case of close-to-convex functions it does not hold for value of v > 3. Another example can be
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found in [29] (Equation (23), p. 93) due to Farahmand and Jahangiri. They proved that for a subclass
of close-to-convex function the inequality |a2(7)| < ba(7) not even true for v = 4. It is therefore
interesting to investigate the cases for which this inequality holds for large values of . The following
corollary describes certain conditions under which inequality (6) holds for large values of y for
functions f € B(a, p).

3. Proof of Theorems
Corollary 2. Let f € B(a, B) and ay(vy) and by (7y) be given by (4) and (5), respectively. Then |ax(7y)| < ba(7y)
is true if either of the following sets of conditions holds:

(a+2)(a+pB)

0,0 <1 and 0 <
o> <B<1an <ry_1x2+oc—ﬁ+1

or
1/, 1 (¢ +2)(a+p)
<1 — =V a* + 403 + 82 ~ = B
zx>0,0<,5_2<0c —|—2¢x+2) 5 at + 4o’ + 8a and7>a2+zx—ﬁ+1
or 1 1 (a +2)(a+p)
12 — Vot + 403 + 802 lat+2)(a+p) <
oc>0,2(0c +21x+2) > a* + 4’ +8a% < B <1 and uc2+1x—/3+1<7_70'
where

.:2“+RG¢%H5)+%ﬁU2+1¢w+2ﬁu—ﬁﬂmﬂ+4a—ﬁ+&)
o @pi2u(p-1) - (B2

2026 +4a(f—1) —2(B—1)? 2
To establish Theorem 1, we need the following lemma. The inequality (7) was proved by
Carathéodory [30] (see also Duren [31], p. 41) and the inequality (8) can be found in [22] (Lemma 1,
p. 142).

Lemma 1. Let p € P, the class of functions satisfying Re p(z) > 0 for z € D, with p(z) =1+ Y ;> 1 pnz".
Then
[pn <2 @)

and
2+ upd| <24 plpi? (1= -1/2). ®

Proof of Theorem 1. Since f € B(a,p), it follows from the definition that there exist functions p
and qin P, with p(z) = 1+ Y7 1 puz", q(z) = 1+ Y, 1 quz" and a function g € §* with g(z) =
z+ Y o, byz" such that
/ x—1 /
FEF ) _ () ana B ) ©)
8*(2) 8(z)
Equating coefficients in (9), we obtain

ay =~ (ab2 + pp1), (10)
1 —1 +3 +3) — (a+1)?
”3:a+2<;$+n&%+?ﬁin2pﬁ2*Mﬁmzwllﬁ )hﬁ+ﬁm+a%), (11)
QZ+GI%.

bz =M and b3 = (12)

2
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Substituting for a; and a3 from (10), (11) in (4) and using the relation (12), we have

a(y) = (aq1 + Bp1) (13)

1
y(a+1)
and

_ a(a—1) a?(1— 1) ap(a+3) ap(l1—17)
182(7) = (2(oc @+ 12 2y(at 1)2> 7+ ((zx NI PR AL P 1)2> P

B w BBa+3)—(a+1)*)  p*(1-1)
+¢X+2p2+2(06+2) (q2+q%)+ ( 2(0¢_|_2)(0(_|_1)2 +2’Y(“+1)2) P% (14)

The estimate for |a; (y)| follows from (13) by applying triangle inequality and using the facts that
p1l < 2and |g1] <2.
To obtain the estimate on |ay(7y)|, we rewrite a,(7y) as

o o a(a—1) a%(1—7)
vax(y) = 20a+2)™” + (2(04 +2)  2(a+2)(a+1)2 " 2y(a+ 1)2) i
B B(Bla+3) —(a+1)%)  p*(1—1)
a+2p2+( 20 +2)(a+1)2 +27(w+1)2> i

wpla+3)  ap(l—7)
" ((“4—2)(&4—1)2 + 7(“_‘_1)2) P11

+

a+y+2) 5 af(a+vy+2)
1

14

:2(¢x+2)q2+2(¢x+1)2( +2)'yq (a+1)2 (tx—i-Z)'yplql
B B(Bla+v+2)— (x+1)%)

LT LT P 1T o v
_ o« ( a(a+v+2) 2) apf(a+v+2)
T2+ ) \PT @2y ) T @22y

B Bla+7v+2)— (x+1)%y
+a+2<’°2+ 2(a+1)27 ﬁ)‘ (15

Applying triangle inequality in (15) and using |41| < 2, we get

® ala+vy+2) |  2aBf(a+y+2)
’Y|u2(r)’)| < 2(0(+2) q2 (06—1-1)2’)/ a1 (0(+1)2(0(+2)')/|p1|
B Blat+7+2)—(a+1)*y ,
+ a+2 P2t 2(a+1)2y pij- (16

It is clear that the coefficient of 43 in the above expression is positive for all 0 < 7,0 < « and
0 < B < 1. Also since B(a + 7 +2) > 0, it follows that the coefficient of p? is also greater than —1/2.
Using the inequalities in Lemma 1 along with and using |g;| < 2, we obtain

® (LH—’H—Z) Zoc,B(zx—l—’y—l—Z)
B ﬁ(w+v+2>—<a+1>zv
tar2 (2+ 2(a+1)2y |p1|2>

(a+1)2(a+2)y 2(x +2)(a+1)2y
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where s := |p1| € [0,2] and M is given by

o 20%(a+y+2) 2B «

M= (x+1)2(a+2)y a2 Tar2
w3 (y+2) +202((B+2)y +2) + a(4Bfy +7) + 2By
(a+1)%(x +2)7 '

Now note that #(0) = M and

o) COr+2) +42(B+y+1) +a (28 +4B(v+2) +7) +2°(7 +2)
(2) = (@ +1)2(a+2)y '

Fora >0and 0 < B <1, we have

h(2), 0 << WP _ oy,

aZ—B+1 (18)
M=h(0), 7 =10

max{h(0),h(2)} = {

We now consider the case when s € (0,2). In this case, we see that the unique root of the equation

20B(a+y+2) | Bs(Blat+v+2)— (x+1)%)

"6 = v P2 (0 +1)*(x+2)y

is given by 2 2
ale+ v+
(4+1)2y —Bla+7+2)

To prove the result we now consider the two cases:

S50 =8 =

a2 +af+20+28

§ 20 +2
P and (b) o<7§"‘+“5+ at+28

24+a—B+1

(a) >

(a) Itis easy to see thatsy € (0,2)ifa >0, 0 < p < 1and y > v*. Further

B(Bla+v+2)— (a+1)2y)

@r12@t2y O

h//(so) _

Thus h has a maximum at the point sy and so & has maximum at sp. Now from (18), we see that

max{h(0),h(2),h(s0)} = h(so)

= i) (@i patrt2) 1)

(b) Next when 0 < ¢ < 7%, the critical point of /1 does not belongs to (0,2) and so we consider the end
point for the maxima and minima. Since v* < 7, it follows that

max{h(0),1(2)} = h(2) (0 <7y <77). (20)
Thus (19) and (20) together with (18) give the desired estimate.

For sharpness, we consider the function f defined by

w B
@ = o (1) @
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Then it is easy to see that

2+28 5 — 303 +402(B+2) +a (2% + 128+ 1) + 682

2T T CES L CET))

these in turn give
a(y) = Yat1) (22)

and
aa(y) = By +2)+4a2(B+y+1) +a (2B +4p(7+2) + ) + 2B (v +2) 23
2 W12+ 27 |
Thus (22) shows that the bound for |a;(7)| is sharp when 0 < 7, 0 < &, 0 < B < 1, and that (23)
shows that the bound for |ay(vy)| is sharp when 0 < ¢ < y*.

On the other hand when 7 > 7* the inequality for |a(y)| holds when f is given by

z* <1+soz+zz>ﬁ

1-22
Here
20(a+ 1)y _ 8a+ph+6(a+1)%a+4(x—1)a
2= a1y —Blatyt2) BT 2(a +1)2(a +2) /
where
(0 +3)a?B(a+ v +2) o 4a? (e +1)% = («+3)B) (a ++2)?

a= and b =4(a+1)

(x+1)2y — Bla+7+2) (& +1)2y — Bla+ 7 +2))

The expressions for a; and a3 along with (4) give

v
Y(a+2) ((a+1)%y = pla+7+2)

a(y) =

Thus the inequalities are sharp, which complete the proof of the theorem. [
4. A Fekete-Szego Inequality

For brevity we define ¢; fori = 1,2,3 and T forj=1,2,3,4by

(a4 B)[y(a+3)+ (a+2)(1—7)] —y(a+1)? ” a4y +2
2(a+2)(a + B) © 2T 2w+ 2)

0] =

e @B (@+3) + (e +2)(1— )] +7(a+1)?
3 2@ +2)(a+B) '

2(a+B)?

Y(a+1)%
202 [y(a+3) + (a +2)(1 — v —2u)]

(a+1)2 = Bly(a+3) + (a +2)(1 — v — 2p)]

Ti=a+ ((oc+'y+2)—2(1x+2)y)

Tz::oc—i-Zﬁ—i-,y , Bi=a+2p,

and
2(a + B)?
y(a+1)%

The following theorem provides sharp upper bound for the Fekete-Szego functional M(+y) for
function f € B(w, ).

Ty = —a+ (2(oc+2)y—(oc+’y+2))
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Theorem 2. Let f € B(a, p) and ay(y) (n = 1,2) be given by (4). Then the following sharp bound holds.

(7’[1, <oy,
—T, 01 < U <0y
_ 2 < (a4-2)y
laa () — pay(y)| < %73, o <u<os;
(

H = 03

Remark 2. Note that when o = v = 1, we obtain the result in [25,27,28]. Also when B = 1, we obtain the
result in [26].

Proof of Theorem 2. Proceeding as in the proof of Theorem 1 and using (13) and (14), we get

(y(a+3) + (a+2)(1 —7—2y))qz)

(0 27(a(1) (7)) = 5 (24 rE: :

42 —(a 2 1 oy —
(oo TP (e IO (20— 2008 1)
aB(y(e+3) + («+2)(1 -7 —2u))
+ ’)’(0(+1)2 p141-

So, with the notation
Y(@+3)+ (a+2)(1—75—2p)
y(a+1)2

7

we can write
(a+2)7(a2(y) = pa (1) = 5 (92 + axal) + B (m (B 1>p%) taprpg. (4)

Since rotations of f also belong to B(«, B), we assume that a,(y) — ua?(7) is positive.
Assume that g; = 2pe'? and p; = 2re’® withr,p € [0,1] and ¢, 0 € [0,27]. Now using Lemma 1,

we have
1 1 1 1
5 Re (‘12 + “W%) = Re (ﬂh - 207%) +4(1+2ax)Re g
< 1%+ (1+2ax)p? cos2¢ (25)
and
1 2 L, 1 2
Re PZ“‘E(ﬁx—l)Pl = Re(p2—3p +§5XREP1
< 2(1—1?) 4 2Bxr? cos 26. (26)

From (24), (25) and (26), we obtain

Re (a +2)y(ax(7) — ua2(vy)) < a(1 — p® 4 (1 + 2ax)p* cos 2¢) +2B(1 — r* + r2Bx cos 26
+ 4apxrpcos(0 + ¢) =: Pp(x). (27)
We shall use the notation (x) when all parameters except x are held constant. Thus we need to
find the maximum of the right-hand side of (27).

First, we assume that o7 < u < 0, and so we must have 0 < x < 1/(a + B). Under this
assumption, we can write (27) as

Re (a +2)y(ax(y) — ua2(vy)) < a(Rax + 1) 4 28(—1* + r*Bx cos 26 + xr). (28)
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Further computation shows that the expression x(r) := 2axr — > + r2Bx cos 26 has its maximum
atrg =r =ax/(1— Bxcos20) and

2axr — > +12Bxcos20 < «(rg) = &
- 1 — Bxcos26
< s .
- 1—-pBx

Therefore from (28), we get

IN

(20x +1)a + 28 (1 + 1"‘?;{)

202 (y(a+3) + (a +2)(1 — v —2u))
(a+1)2=B((a+3)+ (a+2)(1 -y —2u))

Re (& +2)7(az(y) — ua2(7))

= a+2B+
ﬁ’Y

This establishes the second inequality of theorem. Equality occurs only if

20(y(a+3)+ (a +2)(1—y—2u))
Y(e+1)2—B((a+3)+ (a+2)(1—y—2u

p1= )),Pzz%IQZ:Z/

and the corresponding function f is defined by

z* 2+ 22\P
@6 = o ()

with 2a(y(a+3) + (a+2)(1 =y —2u))

r(@+1)? = B((a+3)+ (a+2)(1 -7 —2p)
We now prove the first inequality. Assume that < cy. This implies that x > 1/(a + p). Let
xg = x = 1/(a + B). Then it can be verified that ¢(xp) < a + 2. Further, we have

X0 =

¥(x0) 4 2(x — x0) («%p? cos 2¢ + B2 cos 26 + 2afpr cos(6 + p))
$(x0) +2(x — xo) (a + B)?

< a4+ Q2+ v+a—-2(+2)p)

¥(x)

IN

2(a + B)?
y(a+1)2

as required. Equality occurs only if p; = p» = g1 = g2 = 2, and the corresponding function f is
defined by (21).

For x; = x = —1/(a + B), it is a simple matter to check that {(x7) < a 4 2. Using an argument
similar to above, if x < x1, which is equivalent to the condition y > 03, then

P(x) < plxr) +2/x — xp|(a + B)?

2(x +B)*
< - 2 2)u— 2 .
< —a+2a+2)p—(y+a+ )]’Y(“‘H)z
Equality occurs only if p1 = g1 = 2i, p» = g2 = —2, and the corresponding function f is

defined by

a i\ B
o= s (122
Also, for0 < A <1,
P(Axy) = Ap(x1) + (1= A)p(0) < a 426,
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soP(x) <a+2pB for x; <x<0,ie,

oo a2 (@t B)(v(a+3) + (e +2)(1— 7)) +y(e+1)?
27 Q2 —F= 20 +2)(a + B)

L 03.
Equality occurs only if p1 = g1 = 0, p2 = g2 = 2, and the corresponding function f is defined by

z

e = i (H5)

This completes the proof. [

5. Conclusions

In this paper, we have investigated the sharp upper bound for |a1(7y)|, |a2(y)| and M(+y) for f €
B(a, B). In general, it is not easy to verify |a, ()| < b, (7) to hold for many subclasses of normalized
univalent functions. However, in this work it has been verified that the inequality |a, ()| < bu ()
holds for larger values of v, which is rare for many subclasses of normalized univalent functions.
The sharp estimate on the generalized Fekete-Szegt functional is also derived. Special cases are
also discussed.
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