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Abstract: The goal of this paper is to investigate the following Abel’s integral equation of the
second kind: y(t) + ﬁ fot(t —1)* 1y(t)dT = f(t), (t>0)and its variants by fractional calculus.
Applying Babenko’s approach and fractional integrals, we provide a general method for solving
Abel’s integral equation and others with a demonstration of different types of examples by showing
convergence of series. In particular, we extend this equation to a distributional space for any arbitrary
« € R by fractional operations of generalized functions for the first time and obtain several new and
interesting results that cannot be realized in the classical sense or by the Laplace transform.
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1. Introduction

Abel’s equations are related to a wide range of physical problems, such as heat transfer [1],
nonlinear diffusion [2], the propagation of nonlinear waves [3], and applications in the theory of neutron
transport and traffic theory. There have been many approaches including numerical analysis thus far
to studying Abel’s integral equations as well as their variants with many applications [4-13]. In 1930,
Tamarkin [14] discussed integrable solutions of Abel’s integral equation under certain conditions by
several integral operators. Sumner [15] studied Abel’s integral equation from the point of view of the
convolutional transform. Minerbo and Levy [16] investigated a numerical solution of Abel’s integral
equation using orthogonal polynomials. In 1985, Hatcher [17] worked on a nonlinear Hilbert problem
of power type, solved in closed form by representing a sectionally holomorphic function by means of
an integral with power kernel, and transformed the problem to one of solving a generalized Abel’s
integral equation. Singh et al. [18] obtained a stable numerical solution of Abel’s integral equation using
an almost Bernstein operational matrix. Recently, Li and Zhao [19] used the inverse of Mikusinski’s
operator of fractional order, based on Mikusinski’s convolution, to construct the solution of the integral
equation of Abel’s type. Jahanshahi et al. [20] solved Abel’s integral equation numerically on the basis
of approximations of fractional integrals and Caputo derivatives. Saleh et al. [21] investigated the
numerical solution of Abel’s integral equation by Chebyshev polynomials. Kumar et al. [22] proposed
a new and simple algorithm for Abel’s integral equation, namely, the homotopy perturbation transform
method (HPTM), based on the Laplace transform algorithm, and made the calculation for approximate
solutions much easier. The main advance of this proposal is its capability of obtaining rapid convergent
series for singular integral equations of Abel type. Recently, Li et al. [23] studied the following Abel’s
integral equation:

_ 1 *_f@)
g(x)il"(l—tx)/o (x_g)“dg, where « € R,
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and its variants in the distributional (Schwartz) sense based on fractional calculus of distributions and
derived new results that are not achievable in the classical sense.

The current work is grouped as follows. In Section 2, we briefly introduce the necessary concepts
and definitions of fractional calculus of distributions in D’(R™), which is described in Section 4.
In Section 3, we solve Abel’s integral equation of the second kind for « > 0 and its variants by
Babenko’s approach, as well as fractional integrals with different types of illustrative examples. Often
we obtain an infinite series as the solution of Abel’s integral equation and then show its convergence.
In Section 4, we extend Abel’s integral equation into the distributional space D'(R™) foralla € Rby a
new technique of computing fractional operations of distributions. We produce some novel results
that cannot be derived in the ordinary sense.

2. Fractional Calculus of Distributions in D’(R™)

In order to investigate Abel’s integral equation in the generalized sense, we introduce the
following basic concepts in detail. We let D(R) be the Schwartz space [24] of infinitely differentiable
functions with compact support in R and D’(R) be the space of distributions defined on D(R).
Further, we define a sequence ¢;(x), ¢2(x), - - -, pu(x), - - -, which converges to zero in D(R) if all
these functions vanish outside a certain fixed bounded interval and converges uniformly to zero (in
the usual sense) together with their derivatives of any order. The functional §(x) is defined as

(6,9) = ¢(0),

where ¢ € D(R). Clearly, J is a linear and continuous functional on D(R), and hence é§ € D'(R). We
let D'(R™) be the subspace of D’(R) with support contained in R*.

We define
1 ifx>0,

o) = { 0 ifx<0.

Then o
(0(x), () = [ ¢(x)dx for ¢ € D(R),
which implies 6(x) € D'(R).
We let f € D'(R). The distributional derivative of f, denoted by f or df /dx, is defined as
(f', ¢) =—(f, ¢")

for ¢ € D(R).
Clearly, f' € D'(R) and every distribution has a derivative. As an example, we show that
6’ (x) = 6(x), although 6(x) is not defined at x = 0. Indeed,

(0'(x), 9(x)) = —(6(x), ¢(x)) = - /Ooo ¢ (x)dx = ¢(0) = (4(x), ¢(x)),

which claims
0’ (x) = 6(x).

It can be shown that the ordinary rules of differentiation apply also to distributions. For instance,
the derivative of a sum is the sum of the derivatives, and a constant can be commuted with the
derivative operator.

A-1
It follows from [24-26] that &) = % € D'(R™) is an entire function of A on the complex plane, and
i ()
— n — P
0 oW (x) for n=0,1,2, (1)

A=—n
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Clearly, the Laplace transform of ®, is given by

L{®)(x)} = /0 ¢~ (x)dx = S% Red >0, Res >0,

which plays an important role in solving integral equations [27,28].

A1
For the functional &, = ﬁ, the derivative formula is simpler than that for xi. In fact,
d dxit (A-Dxh? A2
— P, = — = = =d,_;. (2
dx dxT(A) I'(A) r(A—1)

The convolution of certain pairs of distributions is usually defined as follows (see Gel’fand and
Shilov [24], for example):

Definition 1. Let f and g be distributions in D' (R) satisfying either of the following conditions:

(a)  Either f or g has bounded support (set of all essential points), or
(b)  the supports of f and g are bounded on the same side.

Then the convolution f g is defined by the equation

((fx8)(x), ¢(x)) = (8(x), (f(v), p(x+¥)))
for ¢ € D(R).
The classical definition of the convolution is as follows:

Definition 2. If f and g are locally integrable functions, then the convolution f * g is defined by

(Fg)) = [ figx—nar= [~ fx—ng(oyt
for all x for which the integrals exist.

We note that if f and g are locally integrable functions satisfying either of the conditions (a)
or (b) in Definition 1, then Definition 1 is in agreement with Definition 2. It also follows that if the
convolution f * g exists by Definition 1 or 2, then the following equations hold:

frg=8xf 3)
(f*g) =fxg =fxg )

where all the derivatives above are in the distributional sense.
We let A and p be arbitrary complex numbers. Then it is easy to show that

D)« Dy =Dyyy ®)

by Equation (2), without any help of analytic continuation mentioned in all current books.
We let A be an arbitrary complex number and g(x) be the distribution concentrated on x > 0.
We define the primitive of order A of g as a convolution in the distributional sense:

£1(6) = §(3) * [y = 8(0) =@y, ©
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We note that the convolution on the right-hand side is well defined, as supports of g and &, are
bounded on the same side.

Thus Equation (6) with various A will not only give the fractional derivatives but also the fractional
integrals of g(x) € D'(R") when A € Z, and it reduces to integer-order derivatives or integrals when
A € Z. We define the convolution

g1 =8(¥)xPy

as the fractional derivative of the distribution g(x) with order A, writing it as

ar
g -A = d x/\ g
ar
for ReA > 0. Similarly, R is interpreted as the fractional integral if ReA < 0.
x

In 1996, Matignon [26] studied fractional derivatives in the sense of distributions for fractional
differential equations with applications to control processing and defined the fractional derivative of
order A of a continuous causal (zero for ¢ < 0) function g as

dA
ST g(x) *xd_,,

which is a special case of Equation (6), as ¢ belongs to D'(R™). A very similar definition for the
fractional derivatives of causal functions (not necessarily continuous) is given by Mainardi in [27].

As an example of finding a fractional derivative of a distribution, we let ¢(x) € D'(R") be
given by

(x) = 1 if x is irrational and positive,
SH7N 0 otherwise.

Then the ordinary derivative of g(x) does not exist. However, the distributional derivative of g(x)
does exist, and ¢’(x) = §(x) on the basis of the following:

as the measure of rational numbers is zero. Therefore,

15 0.5 -15
d d _15

_ _ *+ _ 1
158 = 70500 = 7o) T o R

We note that the sequential fractional derivative holds in a distribution [26].

For a given function, its classical Riemann-Liouville derivative and/or Caputo derivative [29-31]
may not exist in general [32-34]. Even if they do, the Riemann-Liouville derivative and the Caputo
derivative are not necessarily the same. However, if ¢(x) is a distribution in D’'(R™), then the case is
different. Let m — 1 < ReA < m € Z". From Equation (4), we derive that

—A-1 m m—A—1
Xy am xiy

§-a(x) = g(x)x T(—A) 8(x) dxm T(m — A)
qm xm—A-1 xm=A-1
= o <g(x) “ T _A>> BRI

which indicates there is no difference between the Riemann-Liouville derivative and the Caputo
derivative of the distribution g(x) (both exist clearly). On the basis of this fact, we only call the
fractional derivative of the distribution for brevity.
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We mention that Podlubny [28] investigated fractional calculus of generalized functions by the
distributional convolution and derived many identities of fractional integrals and derivatives related
to 5(x —a), 8(x — a) and ®,, where a is a constant in R.

We note that the fractional integral (or the Riemann-Liouville fractional integral) D™% (= Dy, i) of
order « € R™ of function y(t) is defined by

D™y(t) = Dyfu(t) = s [ =0 (e (1> 0)

b
if the integral exists.

3. Babenko’s Approach with Demonstration

We consider Abel’s integral equation of the second kind:

o

At
YO+ £ | =0 ymde = ), t>0, @)
where we start with « > 0 and where A is a constant. This equation was initially introduced and
investigated by Hille and Tamarkin [35] in 1930, who considered Volterra’s equation (a more general
integral equation):

vt = £+ A [ K(t oy(o)an

by the Liouville-Neumann series. In 1997, Gorenflo and Mainardi studied Abel’s integral equations
of the first and second kind in their survey paper [36], with emphasis on the method of the Laplace
transforms, which is a common treatment of such fractional integral equations. They also outlined the
method used by Yu. I. Babenko in his book [37] for solving various types of fractional integral and
differential equations. The method itself is close to the Laplace transform method, but it can be used
in more cases than the Laplace transform method, such as solving integral equations with variable
coefficients. Clearly, it is always necessary to prove convergence of the series obtained as solutions,
although it is not a simple task in the general case [28].

In this section, we apply Babenko’s method to solve many Abel’s integral equations of the second
kind, as well as their variants with variable coefficients, and we show convergence of the infinite series
by utilizing the rapid growth of the Gamma function. We note that if an infinite series is uniformly
convergent in every bounded interval of the variable ¢, then term-wise integrations and differentiations
are allowed.

We can write Equation (7) in the form

(1+AD™")y(t) = f(t)

by the Riemann-Liouville fractional integral operator. This implies that

agk

y(t) = 1+ AD™*) 7 f(1) = ) (~1)"A"D (1) ®)

n=0

by Babenko’s method [28].
Because, for many functions f(t), all the fractional integrals on the right-hand side of Equation (8)
can be evaluated, Equation (8) gives the formal solution in the form of a series if it converges.
A two-parameter function of the Mittag—Leffler type is defined by the series expansion
@ =% o
Evpg(z) =) —F,
“PET T (ak + B)

where a, f > 0.
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It follows from the Mittag-Leffler function that

o ') Zk .
0 1 & Zk+1 e —1
Fia(s) = 1 IR
e T k+2 Zk:o(k+1)! z
i 2k i ZZk (
Eyi(z = = cosh(z)
=0 r 2k—|—1 k=0 (2k)!

Demonstration of Examples

Example 1. Let A and a be constants and « > 0. Then Abel’s integral equation:

y(t) + I"E\zx) /Ot(t — 1) y(t)dt = atP

has the solution
y(t) = al(B+ 1)tPEy g1 (—AtY),

where > —1.

Proof. Clearly, we have
Dilxnatﬂ = qulxntﬁ = Mtﬁ""ﬂm'

T(an+p+1)
Hence
_ - nanp—an, S nﬂ /5 o
yt) = n;( 1)"A"D ; Tan+p+1)" '
_ ar(ﬁ+1)t“2(1)wr(anf1/3+1)

n=0

— AT+ P Eqpin (—A),

which is convergent forall t € RT. O

This example implies that the following Abel’s integral equation:

y(t) = Z\ﬁ—/o j%dr

has the solution
n 1 ( 7Tt)n /2

(o)
; n/ 2+1)
Indeed, Equation (10) can be converted into

T =2VH

)
YO+t / N

6 of 15

)

(10)
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By Equation (9) we come to
(—1)”(7Tt)("+l)/2
I'(n/24+1/2+41)

20(1/2 4+ 1)V 2E  jp5p0(—v/mt/?) = Y

y(t) = N
B 0 (_1)n71(m)n/2
;1;1 I'(n/241)
using
T(1/2+41) = ?

Example 2. Abel’s integral equation:

4
T=t+ 132

t
y(T)
)e [ 2D,
yiO+ | = 3
has the solution y(t) = t.

Proof. First we note that

Eylo) . Voot oy(n)
/0 Tt r(1/2)/o N

/2 t(n+2)/2
D"2%=
f/212)
Dfn/24t3/2 _ 4 r(3/2+1) (n43)/2 _ et (nt3)/2 .
3 3r(n/2+3/241) I'(n+3)/241)
We infer from Equation (8) that
(t) = i(—l)”A”D‘“"(H—éth) = lim i(—l)”nn/zD_"/z(t—i—ét‘q’/z)

Y 3 m—yoo = 3

n=0

3/2
~ lim {(t + %tw) - \/E(r(lt/erz) * r(;/fn’@)+

m—o0

2 4 P2 m_m/2my-m/20, . %3/2

4
t+ lim (—1)"171:"1/2D*"1/2§t3/2

m—o0
by cancellations. Furthermore,
lim (—1)mnm/2D—m/2§t3/2 =0

m—o0

for all £ > 0. Indeed,
4 4 r3/2+1)
_1\mm/2p—m/2243/2 T (_q\mm/2 3/2+m/2
(=1)"n 3 CAAE Yoy Yoy
—1)’”(7‘[t)m/2
_ 1372 (
VT L(m/2+3/2+1)

and the series 1
t)"
(t) = E1/23/241(V71t)

)» I'(m/24+3/2+1)

m=0

7 of 15
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is convergent. Hence y(t) = t is the solution. [

Remark 1. Kumar et al. [22] considered Example 2 by applying the aforesaid HPTM and found an approximate
solution that converges to the solution y(t) = t for t only between 0 and 1, with more calculations involving

Laplace transforms.

Example 3. Abel’s integral equation:

has the solution

o T(an+k+1)
where o 40(0)
=Y " t
fort > 0.

Proof. By Equation (8), we obtain

(~1)"A"D (1)

e

y(t) =

3
I
<)

) (0
(_1)nAn4) k!( )Dfocntk

nyn ¢(k)(0) k+an
(=1)"A 1"(ocrz—i-k—i-1)tLJr ’

Il
agk
ngk:

3
Il
o
o~
Il
o

Il
e
agk:

B
Il
o
=~
Il
o

It remains to show that the above series is convergent. We note that

Jim LTS
n—oo T'(n)n*

implies
I'(an+k+1) ~T'(k+1)n*"

when k is large [38]. Therefore, the convergence of
i i(_l)n/\n (P(k) (0) tk+txn
F(an+k+1)

is equivalent to that of

= 0) Sy (A
Lt (%)

which is convergent because it is the product of two convergent series for all ¢ > 0.
This clearly implies that the following Abel’s integral equation:

):x) /Ot(t — ) ly(t)dr=¢!

y(ﬂ*’ﬁ
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has the solution

and Abel’s integral equation:

YO+ g [T O e =

has the solution .
y(t) — i = (_l)nAn (_1) <2k+1)! tan+2k+1

o b2k+2T (an + 2k + 2)
for 0 < t < b. Indeed,
t t
() = =
’ e b1+ Ak
b
P . ¢ 2k 0o kt2k+1
- wE() R

which infers that

k(2k +1)!

.
1) (0) = ( )b2k+2 and $29(0) = 0.

Now we consider some variants of Abel’s integral equation. [J

Example 4. Let « > 0. Then the integral equation

YO+ pg Ty de =

has the solution
y(t) = tEyo(—At*T1),

Proof. We can write the original equation in the form

(1+AMD~*)y(t) = t.

Therefore
y(t) = (1+MD ) 't=Y (-1)"A" "Dt
n=0
_ i (_l)nAn £ toerl
= I'(an+2)
— oy ey,
= I'(an+2) o
Similarly, the integral equation
AP gt 1
y(t) + m/() (t—1)* y(r)dt =17 fort>0

has the solution
y(£) = T(7 + Dt Egpp 1 (—ALP),

9of 15

(11)
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where y > —land a + 8 > 0.
Furthermore, the integral equation for g > —1:

y(t)~# [ y(ar=1

has the solution y(t) = e’ ' by noting that Ey 1 (t) = ¢'.
Clearly, the integral equation

vt~ [ -y =1

has the solution y(t) = tE»(#?) = sinh(t) by noting that E; > (#?) = sinh(#) /¢, and the integral equation

vt - [ (¢~ Oy(ir=1

has the solution y(t) = cosh(t) as Ep1(#*) = cosh(t).
Using the following formula [28]:

1 m—2 Zk
Ein(z) = 559~ L 1/

k!
= k!

we derive that the following integral equation form =1,2,---, > —1,and A # 0:

y(t) + At /Oty('r)d'r ="

has the solution

s(t) = «4>mm!{eAMH_j§f<—A%ﬂﬁHW}_

A gpm = k!

Indeed, from Equation (11), we infer that the solution is

o f e N (CAMHEE]
AT P &

asy=mand a = 1.
Finally, we claim that the following integral equation for § > —1/2:

APt y(T)
)+ = dr=1
y(®) Vo V-1 T
has the solution y(t) = Ey51(—AtF1/2), where
Ei/p1(2z) = i L = ¢Zerf (—2)
1/21(2) = LTw2+1) erfc

and erfc(z) is the error function complement defined by

erfc(z) = \/ZE/ et dt.
V4
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To end this section, we point out that some exact solutions of equations considered in the examples
can be easily obtained using the Laplace transform mentioned earlier; for example, applying the
Laplace transform to Equation (9) from Example 1, we obtain

§ gt—(B+1)
v(5) = Ly} = ar(p+1)
by the formula
Sl rg+1)
tg
./0 tPestdt = — Res > 0.

This implies the following by the inverse Laplace transform and Equation (1.80) in [28]:

y(t) = aL(B+ 1P Eqpin (—ALY).

Similarly, for the equation from Example 2, we immediately derive

v = Ly} = 5

from -
4 3/2 1 7T
c{t+30%) = 5+ 55

which indicates that y(t) = t. However, it seems much harder for the Laplace transform to deal with
the variants of Abel’s integral equation with variable coefficients, such as

t
y(t) + AP / y(t)dt =t",
J0
which is solved above by Babenko’s approach. [

4. Abel’s Integral Equation in Distributions
We let f(t) € D'(R") be given. We now study Abel’s integral equation of the second kind:

W0+ g ) =0 o) e = 500 12

14

in the distributional space D'(R™), where & € R and A is a constant.
Clearly, Equation (12) is equivalent to the convolutional equation:

(04 ADy) * y(t) = f(t)

in D’(R™), although it is undefined in the classical sense for « < 0. We note that the distributional
convolution @, x y(t) is well defined for arbitrary « € Rif y(t) € D'(R™) by Definition 1 (b).
Applying Babenko’s method, we can write out y(t) as

y(t) = (6 +A®e) "+ f(x),

where (6 + A®,) ! is the distributional inverse operator of 6 + A®, in terms of convolution. Using the
binomial expression of (J + A®,) !, we can formally obtain

Y1) = Y (SN s £(1) = Y (1) A Dy % f(1) 13)
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by using the following formula [25]:

Dl =Dy x Dy x -+ x Dy = Dy,

n times

and ¢ is a unit distribution in terms of convolution.

Because, for many distributions f(t), all the fractional integrals (if « > 0) or derivatives (if « < 0)
on the right-hand side of Equation (13) can be evaluated, Equation (13) gives the formal solution in the
form of a series if it converges. We must point out that Equation (12) becomes the differential equation:

y+ Ay o =y+ Ay = f

if &« = —m (undefined in the classical sense) because of Equation (1), which can be converted into a
system of linear differential equations for consideration [24].

Example 5. Abel’s integral equation:

y(t) + /Ot yt(i)r dr = t71° (14)

has its solution in the space D'(R™):
y(t) = 1712 +27m8(t) — 27t 72 4 272 Ey o1 (— /Tt ).
Proof. Equation (14) can be written as

t71.5'

Voot y(o)
y<t)+l"(1/2)/o itk

From Equation (13),

0 oo t—1.5
y(t) = Y (-1)"7"20) 5t = Y (—1)"n" 2@, % ——T(—0.5)

n=0 n=0 r(_0'5)
= Y (—1)"A"A(—05)®, 0 x g5 = Y (—1)" 7"/ T(—0.5)®, /2 05

n=0 n=0

) /2 tn/271.5
= 1) (—05)——

n;f ) ( )F(n/z —0.5)

o0 2-15
= ;¥ +2ms(t) —2mt 22 ) (—1)”+1n(”+1)/27t1/
+ + = T(n/2—05)

= tjrl'5 + 271'(5([’) — 27'(1';1/2 + 271'2E1/2’1(*\/ 7Tt+)
using I'(—0.5) = —2y/r. O

Remark 2. Equation (14) cannot be discussed in the classical sense, because the fractional integral of t;1'5 does
not exist in the normal sense. Clearly, the distribution tjrl‘5 + 2716(t) is a singular generalized function in
D'(R*), while —27tt1/% + 272 Ey jp 1 (—+/7E+ ) is regular (locally integrable).

Example 6. Form =0,1,2,- - -, the integral equation

y(t)+tm/0t YO e~ o)

t—t1
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has the solution
y(t) = 8(t) — 772+ T Ey o1 (—V/t ).

Proof. Clearly,

y(H) = L (1), k() = Y (—1) D,
n=0 n=0
-1/2

t [ee]
= 5(t) — 7_[1/2tm + + -1 ”n"/ztm”(D
( ) I—-(l/z) ;1;2( ) n/2

o0 -1 2
_ §(t) . tm—1/2 + Z(fl)"n”/z tTn o
* n=2 r(n/z)

k+k/2
= 5(t) ="V g gt i(—l)knkmiﬂ B
* 5 T(k/2+41)

= 6() — "V AE 1 (—/ T2,
which is a distribution in D’(R™).

We note that if f is a distribution in D’(R) and g is an infinitely differentiable function, then the
product fg is defined by

(fg ¢) = (f, g¢)

for all functions ¢ € D(R). Therefore, the product

t
0 Vi—T
is well defined, as " is an infinitely differentiable function.
In particular, Abel’s integral equation:

Y () +/0t \y%dr —5(1)

has the solution
y(t) = 8(t) — t;/2 + mEy o1 (—/7ts),

and the integral equation

y(t)+t/()t \/y%drzé(t)

has the solution
y(t) = 6(t) — 12+ BBy p 1 (=Tt F12),

We mention that Abel’s integral equations or integral equations with more general weakly singular
kernels play important roles in solving partial differential equations, in particular, parabolic equations
in which naturally the independent variable has the meaning of time. Gorenflo and Mainardi [36]
described the occurrence of Abel’s integral equations of the first and second kind in the problem of
the heating (or cooling) of a semi-infinite rod by influx (or efflux) of heat across the boundary into (or
from) its interior. They used Abel’s integral equations to solve the following equation of heat flow:

U —uyy =0, u=u(xt)

in the semi-infinite intervals 0 < x < c0c and 0 < t < oo of space and time, respectively. In this
dimensionless equation, u = u(x, t) refers to temperature. Assuming a vanishing initial temperature,
thatis, u(x,0) = 0 for 0 < x < o0, and a given influx across the boundary x = 0 from x < 0tox > 0,
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—ux(0,) = p(t).
The interested readers are referred to [36] for the detailed methods and further references. [J

5. Conclusions

Applying Babenko’s method and fractional calculus, we have studied Abel’s integral equation
of the second kind as well as its variants with variable coefficients, and we have solved many types
of different integral equations by showing the convergence of infinite series using the rapid growth
of the Gamma function. In particular, we have discussed Abel’s equation in the distributional sense
for any arbitrary & € R by fractional operations of generalized functions for the first time, and we
have derived several new and interesting results that cannot be realized in the classical sense or by the
Laplace transform. For example, Abel’s integral equation:

y(t) + /Ot \/y% dr =72 4 50 (1)

cannot be considered in the classical sense because of the term t;ﬁ + 60 (1), but it is well defined
and solvable in the distributional sense.
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