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Abstract: In this paper, the existence and uniqueness of the solutions to a fractional order nonlinear
coupled system with integral boundary conditions is investigated. Furthermore, Ulam’s type stability
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1. Introduction

Fractional calculus is a branch of mathematical analysis, in which arbitrary order differential
and integral operators are studied. It started with a correspondence between L'Hospital and Leibnitz
in 1695. Presently, plenty of literature is available on theoretical as well as numerical work on this
topic. It has application in numerous fields, for example, control theory, signal and image processing,
aerodynamics and biophysics [1-3]. For the fundamental concepts of fractional calculus, books like
Kilbas et al. [4], Miller and Ross [5] and Halfer [6] are referred. Existence and uniqueness of solutions
for fractional order differential systems in finite dimensional as well infinite dimensional spaces were
studied by several authors [7-11]. Ahmad et al. [8] established existence results for nonlinear boundary
value fractional integro-differential equations with integral boundary conditions.

Integral boundary conditions have several applications in real-life problems such as population
dynamics, blood flow problems, underground water flow, and chemical engineering. For more details
on integral boundary conditions, we refer the reader to [12]. Here we would like to consider a practical
example of the integral boundary condition:

= g(0f(t,2), x(0) =0, (1) = x(y),

where t € (0,1),1 € (0,1] and B is a positive constant. This is the model for a thermostat. Solutions of
the problem are stationary solutions for a one-dimensional heat equation, corresponding to a heated
bar, with a controller at 1, which adds or removes heat, depending on the temperature detected by a
sensor at 7.

This problem can be generalized. One can consider the heat equation with nonlinear gradient
source terms that vary in time. Moreover, now, the heated bar, with a controller at 1, which adds
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or removes heat depending on the temperature detected by sensors located at any points of the bar
(it depends on how we define the function k). This problem can be written in the form

"= F(tx,x"), x(0) =0, x'(1) :/O x(s)dh(s) (7).

Recently, Ulam’s type stability has been of great interest to many researchers. In 1940, the above
mentioned stability was first introduced by Ulam [13]. Then, it was explained by Hyers [14] in the
subsequent years. Ulam and Hyers studied it for various kinds of differential equations with integer
order. Nowadays, we describe the result of Hyers simply saying that Cauchy functional equation
is Hyers-Ulam stable (or has the Hyers-Ulam stability). Next, Hyers and Ulam published some
further stability results for polynomial functions, isometries, and convex functions. The Hyers’ results
are extended and generalized by many researchers for integer order differential equations. Plenty of
significant results on Ulam’s type stability can be found in the literature, we refer [15-17] and references
cited therein.

To the best of our knowledge, there are only few manuscripts devoted to the study of Ulam’s
type stability for coupled system of fractional differential equations. Further, there is no manuscript
considering the Ulam’s stability for coupled system of fractional order a € (1,2] differential equations
with integral boundary conditions. Motivated by this fact, in this paper, the existence, uniqueness
of solutions as well as Ulam's type stability for the considered coupled system involving Caputo
derivative is studied. The proposed system is given as follows:

‘D*x(t) = f(ty(t)), a € (1,2], te J

‘DPy(t) = g(t,x(t)), pe (1,2], te T
1)
px(0) +4x"(0 fo a1(x(s))ds, px(1) +gx'(1 fo ap(x

py(0) + 3y (0) = [} ar(y(s))ds, py(1) +qy' (1) = [} a(y

where J = [0,1] and f, ¢ : J x R — R are continuous functions. Here, a1, a3, 41, @y : R — R and
p, P > 0; g, § > 0 are real numbers.

The plan of the paper is as follows. In the second section, some useful definitions, notations,
lemmas and results are given which will be required for the later sections. In the third section, existence
and uniqueness of the solutions for the coupled system (1) is studied. In the fourth section, Ulam’s type
stability results are obtained. In the last section, a few examples are given to show the application of
the obtained abstract results.

2. Preliminaries and Assumptions

In this section, some useful definitions, notations and lemmas are briefly reviewed.

Definition 1. [4] For any function z € ((0,1),R), the Caputo derivative of fractional order &« € R™ is

defined as
1

D) = Firm)

t

/ (t—s)" 1200 ()ds, n=[a]+1,
0

where [«] denotes the integer part of « and T'(-) is the gamma function.

Definition 2. [4] The Riemann-Liouville fractional integral of order & € R is defined by

Jh2(t) = %a) ./;(t o)Lz (s)ds,
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where z(t) € LY([0,1], RT).
Lemma 1. [4] For any « > 0, then the differential equations

‘D*z(t) =0
has solution given by

z(t) = cotct+ott++eyu "l geR, i=0,1,---,n—1,
where n = [a] + 1.
Lemma 2. [4] For any « > 0, then the solution of the differential equations
‘D*z(t) = h(t)
will be given by
JEED*2(t)] = J*z(t) +co +crt +eat* + - Fcp1t" Y, ¢ €R,i=0,1,---,n—1,

where n = [a] + 1.

Lemma 3. [8] Forany h,y1,72 € C([0,1],R), the unique solution of the boundary value problem

‘D*z(t) = h(t), w € (1,2], t € [0,1] )
p2(0) +42(0) = Jy m(s)ds,  pz(1) +42(1) = g 12()ds,
is given by
1 1 1 1
2(0)= [ Galts)(s)ds + 5 [(p(0 =) +a) [T ns)ds + (g pt) [ ma(s)as], ©
where Gy (t,s) is the Green’s function given by
P(t—s)“*IJ;(lg(—acéat)(l—s)“’l i q(q—pﬁ)&_—ls))“’zl s<t
Gal(t,s) = 4)

(—p(1-5)*"1 | glg—pt)(1=s)*2
B B s R

Lemma 4. The space B = {z(t)|z € C(J)} is a Banach space under the defined norm |z||g =
maxe 7 |z(t)|.  Similarly, the norm on product space is defined by ||(z,2)|sxs = |zl + |Zl5-
Obwiously (B x B, ||(+,-)||gxp) is a Banach space. Further, the cone C C B x B is defined by

C={(z%) € BxB|z(t)>0,(t) > 0}.

Here, the problem (1) is transformed into a fixed point problem. Let 7 : B x B — B x B be the
operator defined as
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Jo Gal(t,5)f(s,y(s))ds + o [(p(1 — 1) +q) [} a1(x(s))ds
+q+pt) [y az(x(s))ds}
Flxy)(t) =

Fa(y, x)(t)

Fp(xy)(t)

Then the fixed point of the operator F coincides with the solution of coupled system (1).
In order to prove the existence and uniqueness of solutions of coupled system (1),
following assumptions are taken:

(A1) Fort € J, there exist A, u € C(J,R™), such that
[f(Ey)] <A®) +u®)|y(t)], Vy(t) € C(T,R)

with A* = sup, ; At), u* = Sup;c 7 u(t).
Similarly, for t € 7, there exist v, € C(J,RT), such that

g (8, x(8))] <v(t) +¢(B)[x(8)], ¥ x(t) € C(T,R)

with v* = sup, 7 v(t), * = sup,. 7 ¢(t).
(A2) Fort € J, there exist positive constant L,,, Lg,, such that

a1 (x(t))| < Loy |x(t)| and [az(x(t))] < La,|x(t)], V x(t) € C(JT,R)
Similarly, For t € J, there exist positive constant Lz, Lz,, such that

a1 (y()] < Lay|y(#)] and |a2(x(#))| < La,|y(8)], ¥ y(t) € C(T,R)

(A3)
L L +9)(Lay + Lay) _ 1
P, :/0 1Ga(t,5)|A(s)ds < oo, @1:/0 (Galt, ) u(s)ds + Q)(pzl ) o 5
and
1 1 5+7)(Lay + Lay) 1
Pa= [ 1Gs(t ) v(s)ds <o, @ = [ [Gp(t)le(e)ds-+ PHDLaLER) 2

(A4) Forally,j € C(J,R) and for each t € J there exists a positive constant K¢, such that

If(ty) — fF(9)| < Kely — 7l
Similarly, for all x, ¥ € C(J, R) and for each t € J there exists a positive constant Kq, such that
g(t,x) —g(t,%)| < Kglx —%|.
(A5) Forall x, ¥ € C(J,R) and for each t € J there exist positive constants K;,, Ks,, such that

|a1(x) —a1(%)| < Ky, |x — %[ and |ap(x) — ax(%)| < Kg,|x — %]
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Similarly, for all y,j € C(J,R) and for each t € J there exist positive constants Kz, Ka,,

such that
|31 (y) — @1(7)| < Kay|ly — ] and |2 (y) — a2(7)| < Ka |y — 7.
(A6) Let
(1) (Pl ﬁq Kg +qu, Where qu W and
1
Kepa) = tren[g,)l(]’/o Gy(t,5)ds|
_ /t pl=s)f T+ (@ -p)(1 =) 4G—pH1—s)P=2)
0 prp) pr(p—1)
T@g=—pHA—s)P 1 Gg—pt)(1—s)F2
+ = + ds
/t pr(p) P2r(p—1)
- 1, 2+ 28 +p0),
(B+1) "T(B+1)  pr(p) ’
(ii) ¢ = K(apq)Kf + qu, where Kﬁ W;%K@) and
o = 5| e

1 (p+q) L 2a +pg)
I'(a+1) T(a+1) p?r(a)

3. Existence and Uniqueness Analysis

Theorem 1. If all the assumptions (A1)—(A6) and ¢ = max{¢1, ¢po} < 1 are fulfilled, then the fractional
order coupled system (1) has a unique solution.

Proof. For a positive number

2Py 2P, )

(5:max(1_2@1, 1-20,/

we define a set

W= {(xy) € BxB:|(xy)llzxs <0}

First, in order to prove that 7 maps WV into itself, we have

A@OO < [ 16wl y)lds
a0+l [l + 1+ )| [ laate(s)s]
< [l16utsa@s + [ 16ut Ol

el [ lm s+ () [ loate) 1]
! ! (p+4)(Lay + Lay)
/O\Ga(t,s)M(s)ds—i-(S /0 Gt s)|p(s)ds + =

IN

= Pi+6Q < (6)

N >
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Now taking maximum on both side of the inequality (6) over J, we obtain

)
[ Fa(y, )8 < 5
Similarly, || F4(x,y) |5 < ¢. Hence, we can conclude that

IF(xy)lBxp < 0.

6 0of 12

@)

Inequality (7) shows that F maps W into itself. Next, in order to show that F is the contraction

operator when t € 7, we have

F)0) - F@O0] < [ G056y - £s56)lds
+ [l =00l [ (o) - m(s(o) s
1t ph)] [ laa(x(s)) — aa(e(s)) ]
< Ic(apq)KfW(t) —?(t)|

(p + q)(I;Zﬂl +Kﬂ2) \x(t) _ .‘f(t)|.

When we take maximum on both side of the inequality (8) over [J, we obtain

(p+q)(Kay + Kgy)
2

[Fa(y, %) = Fu(§0) 5 < KiapgKelly —7ll5 + 12 = %5
Similarly, the following can be obtained
- ) 5+ ) (Kz, + Kg )
1759) = Fos, s < KigmyKel = sl + EEDCaEZR) gy

From (9) and (9), we get

IF(xy) = F&Dlsxs < ¢lxy) = (%7)5x5

®)

)

(10)

(11)

Thus, the operator F is strict contraction. By Banach'’s fixed point method, it has a unique fixed

point which is the unique solution of the considered coupled system (1). [

4. Ulam’s Stability Analysis

In this section, we study Ulam’s type stability for the coupled system (1).
For some € = (€4, €5) > 0, we consider the following inequality

“D*x(t) — f(ty(t)| < ew t€ T,

“DPy(t) — g(t, x(t))| < ep, t€J.

The following definitions are inspired by Rus [18].

Definition 3. The coupled system (1) is said to be Ulam-Hyers stable, if there exist K (yppgpq)

(12)

(K (apq) K(gpg)) > 0 such that for every solution (x,y) € B x B of the inequality (12), there exists a

unique solution (8,x) € B x B with
!(x’y)(t) - (l9r K)(t)‘ S ’C(lxﬁpqﬁq)el te j

(13)
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Definition 4. The coupled system (1) is said to be generalized Ulam-Hyers stable, if there exist ¥ € C(RT,R™T)
with ¥ (0) = 0, such that for every solution (x,y) € B x B of the inequality (12), there exist a unique solution
(8,x) € B x B of the system (1) which satisfies

() (1) = (8,x) ()] < ¥(e), teT.

(14)

Remark 1. Let (x,y) € B x B is a solution of the system of inequality (12) if there exist functions
¢, v € C(J,R) which depend upon x and y respectively, such that

(RD) [p(t)]| < ew, |P(t)| <ep, t€ T;

(R2) and

Lemma 5. Let (
be satisfied:

‘Dix(t) = f(ty(t) +o(t), teT,

“Dby(t) = g(t,x(1) + 9(t), te€ J.

() = Jy Galt,)f(s,y())ds — [ (p(1 = 1) + ) fy ma(x(s))ds
+(q + pt) fol az(x(s))ds} ' < K(apg)ear t€JT,

Proof. By Remark 1 (R2), we have

ly() = Jy Gp(t,)s(s, <>> —§[< (1= +7) fy B (y(s)ds
G+ pt) [ aa(y( Hg s€ps tEJ.

‘Dx(t) = f(t,y(t)) +¢(t), te T,

‘DPy(t) = g(t,x(t)) +9(t), t€ T,

px(0) +qx'(0) = [} ay(x(s))ds, px(1)+qx'(1) = [} as(x

y(0) +y'(0) = fy @1(y(s))ds, py(1) +qy'(1) = f daly

By Applying Lemma 3, the solution of (15) will be as follows:

= Jo Galt,s)f (5, y())ds + [ Galt,5)p(s)ds + 1 [(p(1 =) +g) fy an (x(s))ds

+(q+ pt) foaz )ds} teJ,

£ = Jy Gp(t,)8(s,x(s))ds + [y Galt,$)p(s)ds + 1 [(P(1 =) +) fy a1 (y(s))ds

+(4+ pt) foaz )ds} te J.

Considering first equation of the system (16), we have

x,y) € B x B be the solution of the inequality (12), then the following inequality will

(15)

(16)
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()~ [ Gult)f(s,y(s))ds - Slra-0+o [ " 01 (x(5))ds
+(q + pt) /01 az(x(s))ds} ‘ < ‘ /01 G
[ 16ates)lo)las.

IA

By Remark 1 (R1) and using condition of (A6), we get

1) = [ Galt (s yts)ds = [(p1 =) +) [ an(x(e)s
+(q + pt) /01 az(x(s))ds} ’ < K(apg)€a- (17)

Repeating the same procedure for second equation of the system (16), we get

(G + pt) ﬁz(y(s))ds” < K (gp)€5- (18)
O

Theorem 2. If all the assumptions (A4)-(A6) are fulfilled, then the fractional order coupled system (1) is
Ulam-Hyers stable and consequently generalized Ulam-Hyers stable provided that

(1= Kpg) (1 — Kpg) — KapgKppg # 0.

Proof. Let (x,y) € B x B be the solution of the system (15) and (8, ) € B x B be the unique solution
to the following considered system:

cD*¥(t) = f(t,x(t)), te J,

‘DPx(t) = g(t,9(t)), te J,

19)
pd(0) + q0'(0) fo a1(8(s))ds, po(1) +q0'(1) fo a (0
px(0) + g«'(0 fo a1 (x pr(1) +gx’'(1) = fol o (x(s))ds
Using Lemma 3, the solution of (19)
8(t) = [ Galt;s)f(s,x(s >>ds + 5 [(p(1 =) +q) fy m(8(s))ds
+(q + pt) fo ap (9 )ds} te J,
(20)

= Jo Gp(t,5)g(s, 8(s))ds + 2 [(5(1 = 1) +4) Jy &1 (x(s))ds
+(G+ pt) foaz )ds} te J.

We have
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1 1
+ ’/0 Gul(t,s)f ))ds — A Gy (t s))ds’
+ ’—{ (1—1) +q)/ 1(x(s))ds + (g + pt) /Olaz(x(s))ds}
1 1 1
— [P0+ [ @)+ g+ p) [ aa@s)ds)]

< Kapgea + Kapgly(t) — k()| + Kpg|x(t) — 8(1)],

where Kypg = K30 Ky
Hence, we get

(1= Kpg)llx = 8l < K(apg)€a + Kapglly — |- (21)
Similarly, we have
(1= Kpg)lly —xlls < Kgpgyep + Kppgllx — 0l 5, (22)

where Kgpg = K g5 Ke-
From (21) and (22), it can be written as

(1= Kpg)llx = 8|8 — Kapglly — %l < K (apg)€n

(23)
(1= Kpg)lly — s — Kppgllx — 0l s < Kgpg)€p
The matrix representation of (23) is as follows
(1 - KM) _Ktqu ||x - 19”3 ’C(apq)etx
<
—Kepg  (1=Kpg) ) \lly—«ls Kgrnep
After simplification of the above inequality, we have
1-Kpg Ka
lx =85 L K (apg)
< ,
ly = xlls Ko 0259) |\ K gpgep
where A = (1 — Kpg) (1 — Kpg) — KapgKppz # 0.
Further simplification gives
1 —Kog) Kipnr€x  KupgK(gsm €
ool < | Mi e, Zera(ep) 24)
Kg56IC (apa € 1 —Kpg)Kg50)€
”y B K”B < Bpg™ (apg) + ( pq) (BB (25)

A A
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From inequalities (24) and (25), we have

(1-Kp )’C(wq +foqu( Bp7)€B Kﬂﬁﬁlc(apq)eﬂ

lx =95+ lly =5 <

A A A
LK) Kgpnep
A
Therefore, we have
[(x,y) = (8, 6)[IBx5 < }C(aﬁpqﬁq)el (26)

where € = max{e,, €4} and

(1= Kpi)Kiapy) , KapaRppp) | Kepilapn (1= Ko Kigpg)

K (wppapa) = A A A A

Hence, by inequality (26), we can conclude that the coupled system (1) is Ulam-Hyers stable.
Further, inequality (26) can be written as

1(x,y) = (8, %)ll8x5 < ¥(€), where ¥(0) = 0. (27)

By inequality (27), we further conclude that the coupled system (1) is generalized Ulam-Hyers stable.
O

5. Application

Example 1. We consider the following fractional order coupled system:
1yl _
CD“x( ) 72 THy (O] LS (1,2}, teJ = [0,1]

‘DPy(t) = 5 [tcosx(t) + x(t)sint], p € (1,2], t € T = [0,1]
(28)

x(0) + «'(0) = fol 13‘1‘(%”!15, x(1) fo 15+|x(s

y(0) +¥/(0) = Jy 55 [cosy(s) +siny(s)]ds, y(1)+y'(1) = [y 3 [cosy(s) +siny(s)]ds
By comparing the coupled systems (28) to (1), the following values are derived:

1

S 1
p:q:p:qzl, Kal:Kﬁl:ﬁandK’h:KﬁZ:E'

Here,

F610)) = T L and g(0,5(0)) = 1o

(t+7)21+ [y(t [tcosx(t) + x(t) sint].

As, |f(ty) — f(t,9)| < &5ly — 7] and [g(t, x) — g(t, %)| < & |x — %/, therefore (A4) is satisfied with
Kf = % and K¢ = 51 Further, we have

_ 2(p+q) | 2(3°+pg) (p +q)(Ke, + Kay)
o= ( FB+1)  T(B+1) | pIp) )Kg+ 2
4 4 1 1 1
B <r/3+1 /3+1)+I‘([3)>50+2(13+15)
< 1.



Mathematics 2018, 6, 96 11 of 12

Similarly, ¢ < 1. Hence, the coupled system (28) has a unique solution. Moreover, the condition
(1 — Kpg)(1 — Kpg) — KapgKppg # 0 in Theorem 2 is also satisfied. Therefore, coupled system (28) is
Ulam-Hyers stable as well as generalized Ulam-Hyers stable.

6. Conclusions

Here we have studied the existence and uniqueness of the solutions as well as the stability for a
coupled system of fractional order « € (1,2] differential equation with integral boundary conditions.
We have discussed two types of stability, called Ulam-Hyers stability and generalized Ulam-Hyers
stability. As a future work, one can generalize the same concept of stability to a neutral time delay
system/inclusion as well as state delay system/inclusion (finite and infinite delay), which have some
useful scientific applications. This will enhance a new direction of research: a special kind of phase
space to be used for the study of controllability and stability of an infinite delay system/inclusion.
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