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Abstract: In a real Hilbert space, let the notation VIP indicate a variational inequality problem for
a Lipschitzian, pseudomonotone operator, and let CFPP denote a common fixed-point problem of
an asymptotically nonexpansive mapping and finitely many nonexpansive mappings. This paper
introduces mildly inertial algorithms with linesearch process for finding a common solution of the
VIP and the CFPP by using a subgradient approach. These fully absorb hybrid steepest-descent ideas,
viscosity iteration ideas, and composite Mann-type iterative ideas. With suitable conditions on real
parameters, it is shown that the sequences generated our algorithms converge to a common solution
in norm, which is a unique solution of a hierarchical variational inequality (HVI).

Keywords: inertial subgradient extragradient method; pseudomonotone variational inequality;
asymptotically nonexpansive mapping; sequentially weak continuity

1. Introduction

Let C be a convex and closed nonempty set in a real Hilbert space (H, || - ||) with inner product
(+,+). Let Fix(S) indicate the fixed-point set of a non-self operator S : C — H, i.e., Fix(S) = {u €
C : u = Su}. One says that a self operator T : C — C is asymptotically nonexpansive if and only if
IT"u — T"|| < (1+6,)|lu—v| Vn > 1, u,v € C, where lim,_, 0, = 0 is a real sequence. In the
case of 8, = 0 Vn > 1, one says that T is nonexpansive. Both the class of nonexpansive operators and
asymptotically nonexpansive operators via various iterative techniques have been studied recently;
see, e.g., the works by the authors of [1-13]. Let A : H — H be a self operator. Consider the classical
variational inequality problem (VIP) of consisting of u* € C such that

(Au*,v—u*) >0 Yo € C. (1)

The set of solutions of problem (1) is indicated by VI(C, A). Recently, many authors studied the VIP via
mean-valued and projection-based methods; see, e.g., the works by the authors of [14-21]. In 1976,
Korpelevich [22] first designed and investigated an extragradient method for a solution of problem (1),
that is, for arbitrarily given ug € C, {u,} is the sequence constructed by

(2)

vy = Peo(up — TAUy),
Upy1 = Pe(up — TAv,) VYn >0,
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with T € (0, %) If problem (1) has a solution, then he showed the weak convergence of {u,}
constructed by (2) to a solution of problem (1). Since then, Korpelevich’s extragradient method and its
variants have been paid great attention to by many scholars, who improved it in various techniques
and approaches; see, e.g., the works by the authors of [23-34].

Let {T;}Y, be N nonexpansive mappings on H, such that Q = NI Fix(T;) # @. Let F be a
k-Lipschitzian, #-strongly monotone self-mapping on H, and f be a contractive map with constant
0 € (0,1). In 2015, Bnouhachem et al. [2] introduced an iterative algorithm for solving a hierarchical
fixed point problem (HFPP) for a finite pool {T;} ,, i.e., for arbitrarily given xy € H, the sequence
{xn} is constructed by

Yn = (1 - ,BH)TN,nTNfl,n ce Tl,nxn + Buxu, (3)
Xug1 = YuXn + (1= v) — anptF)yn + anpf (yn), Yn >0,

where T;, = (1 —6;,)+6;,T; and é;,, € (0,1) for integer i € {1,2,..,N}. Let the parameters
satisfy 0 < pux? < 27 and 0 < pt < v, with v = u(y — VZLZ) Also, suppose that the sequences
{an}, {Bn}, {7n} C (0,1) satisfy the following requirements.

(1) Yoo an = o0 and limy, 00 &y = 0;

(i) {Bn} C [o,1) and limy s B = B < 1;

(iii) limsup, .., v» < 1and liminf, ;e v > 0;

(iv) imy—eo [0 y—1 — i y| =0fori=1,2,..., N.

They proved the strong convergence of {x,} to a point x* € (), which is only a solution to the
HFPP: ((uF —pf)x*,y —x*) > 0Vy € Q.

On the other hand, let the mappings A1, A, : C — H be both inverse-strongly monotone and
the mapping T : C — C be asymptotically nonexpansive one with {6,}. In 2018, by the modified
extragradient method, Cai et al. [35] designed a viscosity implicit method for computing a point in the
common solution set () of the VIPs for A; and A; and the FPP of T, i.e., for arbitrarily given x1 € C,
the sequence {x,} is constructed by

Uy = tuxy + (1 — ty)uy,

zy = Pc(vy — wAzvn), ()
Uy = Po(zy — AMAqzy),

Xpt1 = Pcl(I — anpF) T up + an f (xn)],

where f : C — Cbe a d-contraction with 0 < 6 < 1, and {a, }, {#, } are the sequences in (0, 1] satisfying

(1) X g an =00, limy yeoty = 0and Y 4 |&y41 — &n| < o0;

(i) lim, e 22 = 0;

()0 <e<t,<land Y |tyt1 — tu] < oo;

(V) Y [Ty — Tuy || < co.

They proved that {x,} converges strongly to a point x* € ), which is a unique solution to the
VIP: ((f —pF)x*,y —x*) <0Vy e Q.

Under the setting of extragradient approaches, we must calculate metric projections twice for every
iteration. Without doubt, if C is a general convex and closed subset, the computation of the projection
onto C might be prohibitively consuming-time. In 2011, motivated by Korpelevich’s extragradient
method, Censor et al. [5] first purposed the subgradient extragradient method, where a projection
onto a half-space is used in place of the second projection onto C:

vy = Pc(uy — LAuy),
Ch={u€H: {u,—LAu, —vy,u—vy) <0}, (5)
Upy1 = Pe, (uy —LAv,) Vn >0,
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with £ € (0, %) In 2014, Kraikaew and Saejung [36] introduced the Halpern subgradient extragradient
method for solving VIP (1) and proved that the sequence generated by the proposed method converges
strongly to a solution of VIP (1).

In 2018, by virtue of the inertial technique, Thong and Hieu [37] first introduced the inertial
subgradient extragradient method and proved weak convergence of the proposed method to a solution
of VIP (1). Very recently, Thong and Hieu [37] introduced two inertial subgradient extragradient
algorithms with the linesearch process to solve the VIP (1) for Lipschitzian, monotone operator A, and
the FPP of quasi-nonexpansive operator S satisfying the demiclosedness in H.

Under mild assumptions, they proved that the sequences defined by the above algorithms
converge to a point in Fix(S) N VI(C, A) with the aid of dual spaces. Being motivated by the research
work [2,37,38] and using the subgradient extragradient technique, this paper designs two mildly
inertial algorithms with linesearch process to solve the VIP (1) for Lipschitzian, pseudomonotone
operator, and the CFPP of an asymptotically nonexpansive mapping and finitely many nonexpansive
mappings in H. Our algorithms fully absorb inertial subgradient extragradient approaches with
linesearch process, hybrid steepest-descent algorithms, viscosity iteration techniques, and composite
Mann-type iterative methods. Under suitable conditions, it is shown that the sequences constructed by
our algorithms converge to a common solution of the VIP and CFPP in norm, which is only a solution
of a hierarchical variational inequality (HVI). Finally, we apply our main theorems to deal with the
VIP and CFPP in an illustrating example.

The outline of the article is arranged as follows. In Section 2, some concepts and preliminary
conclusions are recalled for later use. In Section 3, the convergence criteria of the suggested algorithms
are established. In Section 4, our main theorems are used to deal with the VIP and CFPP in an
illustrating example. As our algorithms concern solving VIP (1) with Lipschitzian, pseudomonotone
operator, and the CFPP of an asymptotically nonexpansive mapping and finitely many nonexpansive
mappings, they are more advantageous and more subtle than Algorithms 1 and 2 in [37]. Our theorems
strengthen and generalize the corresponding results announced in Bnouhachem et al. [2], Cai et al. [35],
Kraikaew and Saejung [36], and Thong and Hieu [37,38].

Algorithm 1: of Thong and Hieu [37]

1 Initial Step: Given xo, x; € H arbitrarily. Lety >0, [ € (0,1), » € (0,1).
2 Iteration Steps: Compute x, 1 in what follows,
Step 1. Put u, = x,, — an(x,_1 — x,) and calculate y,, = Pc(uy — €, Auy,), where ¢, is chosen to
be the largest £ € {-y,vl,I?,...} satisfying p||uy — yn| > €| Aun — Ay
Step 2. Calculate z,, = Pc, (1t — €y Ayn) with Cy, := {u € H : (uy — €y Aty — Y, ut — yu) < 0}.
Step 3. Calculate x,, 11 = (1 — Bn)un + BnSzu. If uy = 2z, = x,,41 then u,, € Fix(S) NVI(C, A).
Put n := n 41 and return to Step 1.

Algorithm 2: of Thong and Hieu [37]

1 Initial Step: Given xo, x; € H arbitrarily. Lety >0, I € (0,1), x € (0,1).
2 Iteration Steps: Compute x,,11 in what follows,
Step 1. Put u, = x,, — an(x,—1 — x») and calculate y,, = Pc(u, — €, Auy), where ¢, is chosen to
be the largest £ € {7, yl,vI?,...} satisfying p||uy — yull > €| Aty — Ay
Step 2. Calculate z, = P, (1y — £ Ayy,) with Cy = {u € H : (uy — £y Aty — Yy, ut — yp) < 0}.
Step 3. Calculate x,, 11 = (1 — Bn)xn + BunSzn. U uy = z4 = x4 = x,41 then
xy € Fix(S) N VI(C, A). Put n := n + 1 and return to Step 1.
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2. Preliminaries

Given a sequence {u,} in H. We use the notations u, — u and u, — u to indicate the strong
convergence of {u,} to u and weak convergence of {u,} to u, respectively. An operator T : C — H is
said to be

(i) L-Lipschitz continuous (or L-Lipschitzian) iff 3L > 0 s.t.
|Tu — To|| < L||u —v|| Yu,v € C;

(ii) monotone iff
(Tu — To,u —v) > 0Vu,v € C;

(iif) pseudomonotone iff
(Tu,v —u) > 0= (Tv,v —u) > 0Vu,v € C;
(iv) B-strongly monotone if 38 > 0s.t.
(Tu — To,u —v) > Bllu—o||* Vu,v € C;
(v) sequentially weakly continuous if V{u,} C C, the relation holds: u, — u = Tu, — Tu.

It is clear that every monotone mapping is pseudomonotone but the converse is not valid; e.g., take
Tx := 5, x,a € (0,+00).

For every u € H, we know that there is only a nearest point in C, indicated by Pcu, s.t. ||u — Pcul| <
|lu —v|| Yo € C. The operator P¢ is said to be the metric projection from H to C.

Proposition 1. The following hold in real Hilbert spaces:
(i) (u — v, Pcu — Pcv) > ||Pcu — Pcol|? Yu,v € H;
(ii) (u — Pcu,v — Pcu) <0 Yu € H,v € C;
(iii) ||u — v||?> — ||u — Pcul||? > ||[v — Pcul|*> Yu € H,v € C;
(iv) ||u — v||® + 2(u — v,0) = ||u||> — ||v||*> Yu,v € H;
@) [Au+ (1= A)o|> + A1 = A)||Ju —o[|2 = Allu|>+ (1 — A)||v]|*> Yu,v € H,A € [0,1].

An operator S : H — H is called an averaged one if 3o € (0,1) s.t. S = (1 — a)I + aT, where I
is the identity operator of Hand T : H — H is a nonexpansive operator. In this case, S is also called
a-averaged. It is clear that the averaged operator S is also nonexpansive and Fix(S) = Fix(T).

Lemma 1. [2] If the mappings {T;}N.| defined on H are averaged and have a common fixed point, then
AN Fix(T;) = Fix(T1 Tz - - - Ty).

The next result immediately follows from the subdifferential inequality of the function || - ||2/2.
Lemma 2. The following inequality holds,
|u+ol|? = ||ul|* < 2(v,u+v) Vu,v € H.

Lemma 3. [39] Assume that the mapping A is pseudomonotone and continuous on C. Given a point u € C.
Then the relation holds: (Au,v —u) >0Vv € C & (Av,v—u) >0Vv € C.
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Lemma 4. [40] Let {t,} be a sequence in [0, 4+c0) satisfying the condition t, 11 < suby + (1 —s,)t, Vn > 1,
where {s, } and {b, } liein R := (—o0,00) s.t. (a) {s,} C [0,1] and 5" 1 s, = 00, and (b) limsup,,_, . b, <
0orY o’ 1 |subn| < oo. Thent, — 0asn — oo,

Definition 1. An operator S : C — H is called {-strictly pseudocontractive iff 37 € [0,1) s.t. ||Su — Sv||*> —
ZII(I = S)u—(I-8)v|> < ||u—1v|?>Vu,v € C.

Lemma 5. [41] Assume that S : C — H is {-strictly pseudocontractive. Define T : C — H by Tu =
uSu+ (1—u)uvu € C. If u € [¢,1), T is nonexpansive such that Fix(T) = Fix(S).

Lemma 6. [42] Let ¢ € (0,1], S : C — H be nonexpansive, and St . C — H be defined as Sty =
Su — {uF(Su) Yu € C, where F is k-Lipschitzian and y-strongly monotone self-mapping on H. Then,
St is a contractive map provided 0 < p < 12(—'27, ie., ||S‘u — S| < (1—¢1)||lu —o| Yu,v € C, where

T=1-+/1—u(2yp —ux?) € (0,1].

Lemma 7. [43] Assume that the Banach space X admits a weakly continuous duality mapping; the subset
C C X is nonempty, convex, and closed; and the asymptotically nonexpansive mapping S : C — C has a fixed
point. Then, I — S is demiclosed at zero, i.e., if the sequence {u, } C C satisfies u, — u € C and u, — Su, — 0,
then u € Fix(S).

3. Main Results

In this section, we always suppose the following conditions.

e  Tisan asymptotically nonexpansive operator on H with {6, } and {T;}Y ; are N nonexpansive
operators on H.
e Ais L-Lipschitzian, pseudomonotone on H, and sequentially weakly continuous on C, s.t. () =
NN Fix(T;) NVI(C, A) # @ with T := T.
e fisacontractive map on H with coefficient § € [0,1), and F is k-Lipschitzian, 5-strongly monotone
on H.
2
o v<T:=1-/1—p(2n—px?) forv>0andp e (0,F).
° Tin = (1 - (51",1)1 +0inT; and Oin € (0,1) for i=1,2,..,N.
e {0} C[0,1]and {an}, {Bn}, {7vn} C (0,1) such that
(i) sup,,~ Z—: < o0 and lim;;—seo Z—: =0;
(i) Y & = o0 and lim, 00 y = 0;
(iii) {Bn} C [0, 1) and limy, 50 B = B < 1;
@(iv) limsup,, ., vn» < 1,liminf,; .y, > 0and &y, + v, < 1Vn > 1. For example, take

1 - 1 _ 9 _ n _ n
n+17" T (n4+1)2 ”’ﬁ”’z(n+1)’7”’4(n+1)'

Ky =

Remark 1. For Step 2 in Algorithm 3, the composite mapping Ty TN—1,n - - - T1,n with T; := (1 — 6; ) I +
0inTiand 6;, € (0,1) fori =1,2,...,N, has the following property,
NI FiX(Ty) = N Fix(Tip) = Fix(TynTno1n - Ton) Vo> 1,

due to Lemmas 1 and 5.



Mathematics 2019, 7, 881 6 of 19

Algorithm 3: MISEA 1

1 Initial Step: Given xo, x; € H arbitrarily. Lety >0, [ € (0,1), » € (0,1).
2 Iteration Steps: Compute x, 1 in what follows.
Step 1. Put u, = x, — 0 (x,—1 — x,) and calculate y, = Pc(u, — £, Auy), where ¢, is chosen to
be the largest ¢ € {v, 7], 712, ...} satisfying

O Aun — Ayn || < pllun — yull- (6)

Step 2. Calculate z;, = Buxy + (1 — Bn) INnIN-14 - - - TonPc, (Un — € Ay,) with
Cp:={u€H: (uy—LyAuy — yn,u—y,) <0}
Step 3. Calculate
Xnt1 = &nVf (xn) + YnxXn + (1= yn)] — anpF) T2y (7)

Update n := n + 1 and return to Step 1.

Lemma 8. The Armijo-like search rule (6) is defined well, and the following holds: min{, %} </, <.

Proof. As A is L-Lipschitzian, we get £ || Auy — APc(uy — YI™ Auy)|| < pllun — Pc(un — yI™ Auy)|.
Therefore, (6) is valid for yI™ < % This means that ¢, is defined well. It is clear that /,, < . In the
case of ¢, = 1, the inequality holds. In the case of ¢, < v, from (6) it follows that ||Au, — APc(u, —
%Aun)H > }—:{ |y — Pe(uy — KT”Aun) ||. Thus, from the L-Lipschitzian property of A, we get ¢, > %l

I
Consequently, the inequality holds. [
Lemma9. Let {uy},{yn}, {zn} be the sequences generated by Algorithm 3. Then

lzn = wl* < Bullxn — wl* + (1 = Bu)llun — w|?
— (1= Bu) (A= w)llttn = yul? + llon —yull?] Yo e Qn>1,

where vy, == Pc, (g — Uy Ayn).
Proof. First, take an arbitrary p € (2 C C C C;,. We note that

2o, — PHZ = 2||Pc, (un — LnAyn) — PC,,PHZ < 2(vn — p,un — LuAyn — p)
= ||'Dn - PH2 + Hun - PHZ — ||Un - l/lnH2 — 2<Un - p,énAyn>.

So, it follows that ||v, — p||? < ||un — p||> = ||on — unl|?> — 2(vn — p, €nAyy), which together with (6)
and the pseudomonotonicity of A, deduces that (Ay,, y, — p) > 0 and

tn = plI*> = llon — unll® + 260 ((Ayn, p — Yu) + (A, Yy — vn))
[t — plI2 = llon — unl|? + 200 ( Ay, yn — vn) 9)
= |lun — PHZ — [lon _ynHZ = lyn — ”n”Z +2(un — €nAyn — Yn, On — Yn)-

lon = plI?

INIA

As v, = Pc,(up — €yAyn) with C := {u € H : (uy — by Auy — yn,u —yn) < 0}, we have (u, —
Ly Ay — Yn, v — Yn) < 0, which together with (6), implies that

2<un - EnAyn —Yn,On — ]/n> = 2<un — Uy Auy — Yn,On — yn> + 24, <A”n - Aynr Un — yn>
< 2ullun — yullllon — yull < p(llun — ynHZ + [lon — ynHz)-

Therefore, substituting the last inequality for (9), we obtain

low = plI> < lun = pl> = (1= @) Jun — yull> = (1 = p)llow —yul* Vp e Q, (10)
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which together with Algorithm 3 and Fix(TnnTn—1 - - - T1,n) = N Fix(T;,) = NN Fix(T;), due to
Lemmas 1 and 5 implies that for all w € ),

20 — wl||* < Bullxn — w|* + (1= B ) I TN TN 10 - - Tonon — w||?

< Bullxn — w|? + (1 = Bu)llon — w|?

< Bullxn — w4+ (1= Bu) [lun — w||* = (1 = ) lun — yull* = (1= p) [on — yu1?]
= Bullxn — w|* + (1 = Bu) tn — w||* = (1= Bu) (1 = ) [[lttn = yu|I* + 10w — yu|I]-

This completes the proof. [

Lemma 10. Let {u,}, {xn},{yn}, and {z,} be bounded vector sequences generated by Algorithm 3. If
Ty — T" 1y, — 0, xy — x40 — 0, Uy —yn — 0, uy —z, — 0 and IH{wy, } C {un} such that
wy, — z € H, then z € Q.

Proof. From Algorithm 3, we get u,, — x,, = 0y, (x,, — x,_1) V1 > 1, and therefore ||u, — x,,|| = 0y ||xy —
Xp—1|| < [|xn — x,,—1||. Utilizing the assumption x, — x,,41 — 0, we have u, — x,, — 0. So, it follows
from the assumption u, — y, — 0, that ||x, — yu| < ||xn — ttn|| + |[[un — yn|| — 0 (n — o0). Therefore,
according to the assumption u, — z, — 0, we get ||x, — zx|| < ||xn — un|| + ||ttn — zn|| = 0 (1 — o).
Furthermore, in terms of Lemma 9 we deduce that for each w € (),

(1= Bu) (1 = ) lltn = ynl* + [lon — ynll?]

< Bullxn — @l + (1= Bn) un — w|* = [|z0 — w|]?

< Bullxn — @l + (1= Bn) ([|xn = @] + |xn = x51[)* = [|20 — w|?

= Bullxn — w|I* + (1= Bu)[|xn — w|I* + [0 = x5 [ 2l x0 — || + |20 — 20 1[])] = [|20 — w]|?
= [[xn — wll* = llzn — @[> + (1 = Bu) |xn — xn 1| 2l| 20 — ]| + |20 — x5 1 )

< (xn — wll + [lzn = wlD[xn = zall + [[xn — xn-1[|2llxn — @ + [[xn — x0-1]])-

Aslim, (1 —Bn) =(1—-pB) >0, ue (0,1), x, — x,41 = 0and x,, — z, — 0, from the boundedness
of {x,}, {zn} we get

lim ||up —yn|| =0 and lim |jv, —yu| = 0.

n—oo n—oo

Thus we obtain that ||x, — v, || < ||xp — un|| + [[un — yull + |yn — onl| = 0 (n — 00). O

Now, according to (7) in Algorithm 3, we have

Xpi1 —Xn = (1= yn)(T"zn — xn) — anpFT"zy + ayvf(xy)
= (1= 9)(T"zy — T"xy) + (1 — ) (T"xy — Xn) — €noFT"zpy + aqv f(xy).

So it follows that
(I =7)IT"xn = xn|l = |xp11 — xn — anvf(xn) — (1= 9u)(T"2z0 — T"xn) + anpFT"zy||
< [xns1 = xall +an([vf ()| + [[0FT zn||) + (1 = yn) [ T" 20 — T"xn |
< |21 — xull +an(lvf (xn)[| + [|0FT"zu ) + (1 + 6n)[|20 — xn]|-

Since lim inf, 0o (1 —y4) >0, &y — 0, 6, — 0, x, — x,,417 — Oand x,, — z, — 0, from the boundedness
of {x,}, {zn} and the Lipschitz continuity of f, F, T, we infer that

lim |xn — T"xy|| = 0. (11)
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Also, let the mapping W : H — H be defined as Wx := Bx + (1 — B)TNnTN-14 - - - T1,nX, where
B € [0, 1). By Lemma 5 we know that W is nonexpansive self-mapping on H and Fix(W) = NN, Fix(T;).
We observe that

[Wxn — xul| < [Wxn —zn|| + |20 — x|
= H(ﬁ - ﬁn)(xn - TN,nTNfl,n T Tl,nxn) + (1 - ﬁn)(TN,nTNfl,n te Tl,nxn - TK[Tl%,l v Tlnvn)H

+ [|zn — x|
S |,B - ,Bn|||xn - TN,nTN—l,n e Tl,nan + (1 - ,Bn)HTN,nTN—l,n e Tl,nxn - Tlr\l]Tlr\l]_l e Tiﬂvn”
+ llzn — x|

< B = Bulllxn = TN TN-10 - TonXnll + X0 — nll + |20 — xa-

Since {x,} is bounded and the composite Ty ,Tn—_1 - - - T1, is nonexpansive, from lim, e fr =
B, xn — vy — 0and x;; — z;, — 0 we deduce that

lim ||x, — Wx,|| =0. (12)
n—o0

Noticing y, = Pc(uy — €nAuy), we get (1, — Aty — yn, X — yn) < 0Vx € C, and hence

%(un —Yn, X — Yn) + (Atty, yn — ttn) < (Auy,x —u,) Vx €C. (13)
Then, by the boundedness of {u;, } and Lipschitzian property of A, we know that { Auy, } is bounded.
Also, from u, — y, — 0, we have that {y,, } is bounded as well. Observe that £, > min{7, %l} So,
from (13), it follows that lim infy_, o, (Auy,, x — uy,) > 0 Vx € C. Moreover, note that (Ay,, x —y,) =
(Ayn — Ay, x —uy) + (Aty, x — uy) + (Ayn, Uy — yn). Since u, — y, — 0, from L-Lipschitzian property
of A we get Au, — Ay, — 0, which together with (13) arrives at liminfy_, o (Ayn,, X — yn,) > 0Vx € C.
We below claim that x,, — Tx,;, — 0. Indeed, observe that

[ Txtn — T" || 4 [ Tty — T || + || T %0 — x|
(14 01) |0 — T || + | T" oy — T || + || T2 — x|
(2460 ||xn — T"xn|| + [| T ay — Ty .

| Txn — xnl|

I IAIA

Therefore, from (11) and the assumption T"x, — Ty, — 0, we get
lim ||x, — Tx,|| = 0. (14)
n—oo

We now select a sequence {ex} C (0,1) s.t. ¢, | 0as k — oo. For every k > 1, we indicate by m the
smallest natural number s.t.

(AYnj, X = Yn;) + € 20 Vj = my. (15)

As {e;} is decreasing, {m;} obviously is increasing. Considering that {y,, } C C ensures Ay, #

0Vk > 1, we put vy, = ijyi‘lz, we have (Aym,, Vm,) = 1 Yk > 1. Therefore, from (15), we have
Wlk

(A, X + €V, — Ym,) > 0Vk > 1. Also, from the pseudomonotonicity of A we get (A(x + exvm, ), x +
€kVm, — Ym,) > 0 Vk > 1. This means that

(Ax, X —ym,) > (Ax — A(X + €V, ), X + €V, — Ymy) — €k(AX, Vi) Yk > 1. (16)

We show that limy_,, €V, = 0. In fact, from u,, — z and u, —y, — 0, we get y,, — z. Hence,
{yn} C Censures z € C. Also, since A is sequentially weakly continuous, we infer that Ay,, — Az.
So, we get Az # 0 (otherwise, z is a solution). Utilizing the sequentially weak lower semicontinuity
of the norm || - ||, we have 0 < ||Az|| < liminfy_,q || Ayn,||. Since {ym, } C {yn, } and ex | 0 as k — oo,
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limsupy_, ., €k

€k _— = 0. Thus we have
|A]/mk” — liminfy,q HAynkH

we deduce that 0 < limsup,_, ., ||€xVm, || = limsup,_, |

€xpm;, — 0.

Finally, we claim z € Q). In fact, from u;, — x, — 0 and u,, — z, we have x;, — z. By (14) we get
Xn, — Txn, — 0. Because Lemma 7 ensures the demiclosedness of I — T at zero, we have z € Fix(T).
Moreover, using u, — x, — 0 and u,, — z, we have x,, — z. Using (12) we get x,,, — Wx;,;, — 0.
Using Lemma 7 we deduce that I — W has the demiclosedness at zero. So, we have (I — W)z =0, i.e.,
z € Fix(W) = NN Fix(T;). In addition, taking k — oo, we conclude that the right hand side of (16)
tends to zero according to the Lipschitzian property of A, the boundedness of {y, }, {vm, } and the
limit limy_, o, €4V, = 0. Consequently, we get (Ay,y — z) = liminfy_,o(Ay,y — ym,) > 0Vy € C. By
Lemma 3 we have z € VI(C, A). So, z € NN Fix(T;) N VI(C, A) = Q.

Remark 2. It is clear that the boundedness assumption of the generated sequences in Lemma 10 can be disposed
with when T is the identity.

Theorem 1. Assume that the sequence {x, } constructed by Algorithm 3 satisfies T"x, — T""1x, — 0. Then

Xpn — xi’l+1 — 0/

x—xf e &
Xn = TInnTN-1n TinXn — 0

where x* € Q) is only a solution to the HVI: ((vf — pF)x*,w —x*) <0 Yw € Q.

Proof. We first note that limsup, . v» < 1 and liminf, ;. Y, > 0. Then, we may suppose that
{vn} C [a,b] C (0,1). We show that Po(vf + I — pF) is a contractive map. In fact, using Lemma 6
we get

[Pa(vf +1—pF)u—Pa(vf+1—pF)ol <v|f(u) = f()[l + (I - pF)u — (I -pF)ol|
<véllu—vol|+ 1 —=1)||u—2o|| =[1-(t—vé)]|lu—o| Vu,o0e H.

This means that Po(vf + I — pF) has only a fixed point x* € H, i.e., x* = Po(vf + I — pF)x*.
Accordingly, there is only a solution x* € Q = NI Fix(T;) N VI(C, A) to the VIP

((vf —pF)x",w—x") <0 VYwe Q. (17)

It is now easy to see that the necessity of the theorem is valid. Indeed, if x, — x* € Q) = ﬂfi OFix(Ti) N
VI(C, A), then Tix* = x*,..,Tyx* = x*, which together with NN, Fix(T;) = NN, Fix(T;,) =
Fix(TE Ty _; - - - Tf') (due to Lemmas 1 and 5), imply that [|x, — x, 11| < |Jx, — x*|| + [[xp1 — x*|| =
0 (n — o), and

latn = TETE g Toall < e — |+ TR Ty -+~ T —
< lxy — x| + ||xn — x*|| =2||xp — x*|] = 0 (1 — o0).

We below claim the sufficiency of the theorem. For this purpose, we suppose limy, oo (||Xn — X401 +
|xn — TN TN—1n - - T1,nXn||) = 0 and prove the sufficiency by the following steps. [

Step 1. We claim the boundedness of {x,}. In fact, noticing lim, ;e O — 0, we know that 6, <

Xp
M Vn > ng for some ny > 1. Therefore, we have that for all n > n,

anvé—l—w—i-(l—’yn—ucnr)(l—b—ﬂn)§1—an(r—v5)+0n§1—M.
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Let p be an arbitrary pointin Q = NN (Fix(T;) N VI(C, A). Then Tp = p, Tijp = p, i = 1,.., N, and (10)
is true, that is,

lon = pI? + (1= )t — yul® + (1= ) lon = yull* < fun — plI*. (18)

Thus, we obtain
[on = pll < l|un —pll Vn>1. (19)

From the definition of u,,, we have
0,
lun = pll < llxn = pll +onllxn — xp-all = |20 — Pl + an - fllxn —xp-1]- (20)
n

From sup,,-; 3 < coand sup,,» [[xn — x4-1]| < o0, we infer that sup, -y 7(|xs — x,—1] < oo, which
immediately yields that 3M; > 0 s.t.

lelxn —xpaf <My Vr>1 (21)
n

Using (19)—(21), we obtain
[on =PIl < [lwn = pll < [l = pll + @My V0 > 1. (22)
Accordingly, by Algorithm 3, Lemma 6 and (22) we conclude that for all n > ny,

lzn = pll = |(1 = Bu) (TNuTN-1n - - TinOn — P) + Bu(xu — p)|
< (1 - ,BTZ)HTN,nTN—l,n s Tl,nvn - PH + ﬁn”xn - P” (23>
< (1= Bu)(llxn — pll + anMi) + Bullxn — pll < [lxn — pl| + anMy,

and therefore

lxns1 =PIl = ll7vn(xn = p) + an(vf(xn) —pFp) + (1 = yu) I — anpF)T"zy
— (A =yn)I —anpF)p||
< anVé||xp — pll + anl|(vf — pF)pll + vullxn — pll
+ [((T =) — anpF)T"zy — ((1 — yn)I — anpF)p||
= avd||xy — pl| + anl(vf — pF)pll + nlxn — pll
+ (=) (I = 122-pF)T"zn — (I — 122-pF)p|
S“nV(S”xn*pHJF(XnH(Vf PE)pll + ¥nllxn — pll
+ (1 =7n) (1= 12-1) (1 +6n)llzn — pl
Sanvéllxn—plleocnl\(Vf pF)p||
+yallxn — pll + (1 = vn — anT) (1 + 0n) (|20 — pl| + anMy)
= [aqvd + 7 + (1= yn — anT) (1 + 0n)]|[xn — p|

+ (=7 —anT)(1+ 9,1)0ch1 + || (Vf — pF)p||
S [1 _ Dén(Tz—l/())]Hxn p” + an T 1/5) 2(M1+||(1/fpr)pH)

T—V0

2(My + F)
< max{ (My H(Kfép el xn P”}
By induction, we conclude that ||x, — p|| < max{w |xn, — pll} ¥n > np. Therefore, we

get the boundedness of vector sequence {x, }.
Step 2. We claim that IMy > 0s.t. Vn > ny,

(1= = anT) (1= ) (14 0n) (1= ) [[[tn = yn|* + 0w = yul*) < Iz = pII? = %41 = plI* + My
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In fact, using Lemma 6, Lemma 9, and the convexity of || - ||?, from &y, + 7, < 1, we obtain that for all

n = no,

xn41 = plI> = llanv(f(xn) = F(p)) + vu(xn = p) + (1 = 7u) ] — aypF)T"zy

— (1 =yn) I — anpF)p + an(vf — pF)p|]?
< lanv(f(xn) = f(p) +vn(xn — p) + (1 = vu)I — @npF)T"z,
- ((1- 'Yn;I — anoF)pl|* + 20 ((vf — 0F)p, X 11 — )

= [lanv(f( fP)) +an(xen —p) + (1= vn)[(I — 12%-pF)T"zn
(1~ 25 F)pl I+ 20 {(f — pF)p, %1 — ) 20
< [lonHxn P|| + Y0 = pll 4+ (1= 90) (1 = $22-7) (1 +6n) |20 — p|]?
+ 20, ((vf — pF)p, Xn+1 — P)
< g8\ xn — pl* + yullxn — plI? + (1= yu — 40 T) (1 4 6,) |20 — p?
+ 20, ((vf — pF)p, Xp1 — p)
< anvd|xn — pl* + vallxn — pl? + (1= yu — 20 ) (1 + 6) [Bu|xn — p|?
+ (1= Bu)llun = plI* = (1= Bu) (1 = ) ([ = yull* + lon = yul|*)] + €nMa,
where sup,,-. 2||(vf — pF)p||||xn4+1 — pl| < M; for some M, > 0. Also, from (22), we get
ln = plI* < llxn = plI* + 2n(2My || x0 — pll + anM7) < [|x0 — pI|* + anMs, (25)

where sup, - {2M;[|x, — p|| + ay M2} < Mj for some Ms > 0. Note that a,vé + 7, + (1 — vn —
2T)(1+6,) <1-— M for all n > ny. Substituting (25) for (24), we deduce that for all n > ny,

%041 = plI?
< anVd||xn — plI2 + Yullxn — pl> + (1 — 70 — auT) (1 + 0,) [Bal|xn — p|?

+ (1= Bn) (1w — pII> + «nM3z) — (1 — Bn) (1 — 1) (||ttn — Yul|> + |00 — yul|*)] + 20 Ma
< apvd + 9y + (1 =0 — wnT) (14 64) ]| x0 — PHZ

+ (1= 70— anT) (1460 [0nMz — (1= B) (1= ) (||t — yu||* + [0 — yu||*)] + anMy
< (1= 2Dl — pl? = (1= 0 — 2 T) (1= Bu) (1 + 6) (1 — 1)

x [[lun —]/nHZ + [lon _J/HHZ} + an Mz + an M3
<lxn = plI> = (1 =90 = anT) (1 = Bu) (14 60) (1 = ) [[ltn = Y ||* + lon — yu||?] + @M,

where My := Mj + Mj3. This immediately implies that for all n > n,,

(1= n = anT) (1= Bu) (14 0n) (1= ) [[[tn = yn|* + 0w = yul*] < lxn = pII? = 341 = plI* + @My

(26)
Step 3. We claim that M > 0s.t. Vi > ny,
n J) n )
lena = plI? < [1— 25l — p||? + 22 [ A (vf — pF)p, X011 — p)
+ % ) 12_1\35 |2tn — xp—1l|]-
In fact, we get
lun = pII* < (120 = pll + oullxn = xu-all)* < 120 = plI> + onllxn — xp-1[ M, (27)

with sup, -1 {2[[xn — p|| + oullxn — x4-1]|} < M for some M > 0. Note that a,vd + v, + (1 — 7 —
apT)(146,) <1-— M for all n > ny. Thus, combining (24) and (27), we have that for all n > n,
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ln1 = pI? < anvdllxn = plI* + vullxn — pI? + (1= vn — &) (1 + 0n)[[l 20 — pl?
+0nl|xn = xu 1 [|M] + 200 ((vf = pF)p, Xp 41 — p)

= a6 + v+ (1 — yu — anT) (14 6,)] | — plI? (28)
+(1_’7n—“n7)(1+9n)‘7n”xn — X 1||M + 200 ((vf — pF)p, Xny1 — P)
n (5 n 5 F)p,x, n n 2M
< [1_u]|‘x — |2+ T vo) 4 ((vf= PT)rlJ/x +1=P) + 0 S 2 V}SH ].

Step 4. We claim that x, — x* € (), which is only a solution to the VIP (17). In fact, setting p = x*, we
obtain from (28) that

oy =[P < (1= 5y = P SO G (0 —pP) v =)o)

=+ % R 1/§Hxn - xn*1||]'

According to Lemma 4, it is sufficient to prove that limsup, . ((vf — pF)x*, x,41 — x*) < 0. As
Xp—Xp11 — 0, &y — 0, By = B < 1land 6, — 0, from (26) and {7, } C [a,b] C (0,1), we have

limsup (1 — b — a,T) (1 = Bu) (14 02) (1 = p)[llun — yull* + lon — yall?]

n—oo

<limsup(1 — v, — anT) (1 = ) (14 02) (1 = ) [lun — yull* + lon — yall?]

n—o0
< limsup([|lxn — pll + [|xn1 = pIDlxn = xugall = 0.
n—oo

This immediately implies that

nh_rfgo Jn —ynll =0 and nh_rg}o [on = ynll = 0. (30)
In addition, it is clear that ||u, — x4 || = oullxn — xp_1]] < [|xn — x,_1]] = 0 (n — o0), and hence

lxn — yull < ||xn — unl| + [[un — yu|| = 0 (n — o0). So it follows from (30) that ||x, — vu|| < ||xn — yul +
lyn —vul| = 0 (n = o0). Thus, from Algorithm 3 and the assumption x, — TNTN -+ Tj'x, — 0,
we obtain

||Zn — xn” = (1 - ,Bn)HTN,nTN—l,n ce Tl,nvn - xn” < HTN,nTN—l,n ce Tl,nvn - xn“
< ||TN,nTN71,n T Tl,nvn - TN,nTNfl,n T Tl,nxn” + ||TN,nTN71,n Tt Tl,nxn - xn” (31)
< low = xull + 1 TNpTN-1,0 - TonXn — Xul = 0 (n — o0).

Asxp —yn — 0, x4y — 2z, — O0and uy, — x, = 0, we deduce that as n — oo,
[tn = yull < llun —xull + |xn —yull =0 and  |lup — za[| < |lun — xnl| + lxn — zaf| = 0. (32)
On the other hand, from the boundedness of {x;}, it follows that 3{x;, } C {x,} s.t.

limsup((vf — pF)x*, x, — x*) = lim ((vf — pF)x™, x5, — x¥). (33)
n—00 k—ro0
Utilizing the reflexivity of H and the boundedness of {x, }, one may suppose that x,, — %. Therefore,
one gets from (33),

limsup((vf — pF)x*, x;, —x*) = ((vf — pF)x*, % — x™). (34)
n—oo
It is easy to see from u, — x, — 0 and x,,, — ¥ that w,, — . Since T"x;, — "y, =0, x, — Xpt1 —
0, uy —yn — 0, uy —zy — 0 and wy,, — X, from Lemma 10 we get & € (). Therefore, from (17) and
(34), we infer that

limsup((vf — pF)x*, x, — x*) = ((vf — pF)x*, ¥ — x*) <0,

n—oo
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which together with x, — x,,41 — 0, implies that

limsup((vf — pF)x*, x,+1 — x*)

n—oo

= limsup[((vf — pF)x*, X1 — Xn) + ((vf — pF)x*, xy — x*)] (35)

n—0o0

= ((vf —pF)x*, % —x*) <0.
an (T—V0) o ay(T—Vd) _
Observe that {""-—} C [0,1], ¥} *“5— = o, and

. 4 o, 2M
1 — = ((vf — pF)x* —x*) 2
leo‘jp[T—w«”f PF)x™, X1 — x >+“n P

10 = xp-1[[] 0. (36)

Consequently, by Lemma 4 we obtain from (29) that ||x, — x*|| — 0 as n — oo.
Next, we introduce another mildly inertial subgradient extragradient algorithm with
line-search process.

It is remarkable that Lemmas 8 and 9 remain true for Algorithm 4.

Algorithm 4: MISEA 1I

1 Initial Step: Given xo, x; € H arbitrary. Lety >0, [ € (0,1), u € (0,1).
2 Iteration Steps: Compute x, 1 in what follows:
Step 1. Put u, = x, — 0 (x,_1 — x) and calculate v, = Pc(un — £, Auy), where ¢, is chosen to
be the largest £ € {y,vl, 7%, ...} satisfying

) Ay = Ayl < plltn = ynll- (37)

Step 2. Calculate z;, = Buxy + (1 — Bn) INnIN-1n - - - TinPc, (Un — nAyy) with
Cpn:={ue€H: (up—LyAuty — yn,u—y,) <0}
Step 3. Calculate
Xpt1 = Yntin + (1= yu) I — anpF) Tz + anv f(xn). (38)

Update n := n + 1 and return to Step 1.

Theorem 2. Assume that the sequence {x, } constructed by Algorithm 4 satisfies T"x,, — T"1x,, — 0. Then,

Xn — X —)0
* GQ n n+1 7
Xn ]N,nIN—l,n o ]l,nxn >0

where x* € Q) is only a solution to the HVI: ((vf — pF)x*,w —x*) <0 Yw € Q.

Proof. Using the similar inference to that in the proof of Theorem 1, we obtain that there is only a
solution x* € Q = NN (Fix(T;) N VI(C, A) to the HVI (17), and that the necessity of the theorem is true.

We claim the sufficiency of the theorem below. For this purpose, we suppose limy ;e (|| X1 —
Xpt1ll + 1% — TN nIN—11 - - - TLnXn||) = 0 and prove the sufficiency by the following steps.

Step 1. We claim the boundedness of {x, }. In fact, using the similar reasoning to that in Step 1 for
the proof of Theorem 1, we know that inequalities (18)—(23) hold. Taking into account lim, e 92 =0,

ay
we know that 6,, < M Vn > ng for some ny > 1. Hence we deduce that for all n > n,

anv5+’yn+(1—'yn—zxnr)(1+9n)Sl—zxn(T—U(S)nLQngl—M
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Also, from Algorithm 4, Lemma 6, and (22) and (23) we obtain

[xnt1 = pll = llvn(un — p) +an(vf(xn) — oFp) + (1 — yn)I — anpF) T"zy
—((1—’)’;1)1—06;19[“)}7”
< anvd||xn — pll + anl|(vf — oF)p|l + vallun — pl|
+ (1= ) [(I = $2-pF)T"zy — (I — 12-pF)p|
< anvd||xn — pll + anl|(vf — oF)p|l + vallun — pl|
+ (1= 1) (1= $2-7) (1 + 60 [[zn — pll
Swnvéllxn—PHHnH(Vf pF)p|l
+ Yulllxn = pll + anMy) + (1 =0 — anT) (14 6n) (X0 — pll + 2 M)
= [anvd + 70 + (1 *'Yn = anT)(1+ 0,)]l[xn — p|

+ [+ (1 —yn — )(1+9 NanMy +an || (vf — oF)pl|
<[1- WT*W]HMF P|| + 2a(eov)  2Mt | (wf—pPpl)
< max( KLl |, )

2(My+[[(E=vf)pl)

s ,|%ny — plI} Y1 > ng. Therefore, we

By induction, we conclude that ||x, — p|| < max{
obtain the boundedness of vector sequence {x;, }.

Step 2. One claims 3IMy > 0s.t. Vi > ny,

(1= n =) (1= ) (L4 0u) (1= @) [t = yul* + o = yulP] < [l = pII* = 21 = pII* + M

In fact, using Lemma 6, Lemma 9, and the convexity of || - ||?, from a, + 7, < 1, we obtain that for all

n = no,

%011 = PIIP = |70 (un = p) + anv(f (xn) = f(p)) + (1 = u) — npF) T2y
— (1= 9n)I = anpF)p + an(vf — pF)p|?

< Mlanv(f(xn) = f(p)) + vu(ttn = p) + (1 = vu)I — anpF)T"zy,
— (=) = anpF)p|* +2an((vf — oF)p, Xur1 — p)

< [anvéllxn — pll + vallun — pll + (1= yu — 20 ) (1 + 6) |20 — p|I]?

39
+ 20, (uf — pF)py X1 — ) ®9)
< anvélxn — plI2 + vallun — pl* + (1 — v — a0 T) (1 + 6,) ||z — p||
+ 200 ((vf — pF)p, X1 — p)
< anvd||xn — plI* + yullun = pl* + (1 = vn — an) (1 + 6n) [Bullxn — plI?
+ (1= Bn) llun — plI* = (1 = Bu) (1= ) (1w — yull* + llon — yullI*)] + en Mo,
where sup, 1 2[|(vf — pF)p|l[lxy11 — pll < M for some M, > 0. Also, from (22) we have
ln = plI* < llxn — plI> + 2uMs, (40)

where sup, -, {2M;||x, — p|| + axM5} < Mj for some Mz > 0. Note that a,vd + v, + (1 — 10 —
apT)(146,) <1-— M for all n > ny. Substituting (40) for (39), we deduce that for all n > n,

%011 — pl?
< Yan([lxn = pIIP + anMs) + anvé]|xn — pl|*> + (1 = Yn — anT) (1 + 64)[[|x0 — p|I?
+ oy Mz — (1= B) (1= ) (tn = yull* + lon — ynlI?)] + €n M2
= [V + v+ (1= n — anT) (1 +0:)] [0 — plI* + Yntn M3
+ (1= 70— anT) (1 + 60n) [0n Mz — (1= B) (1 = 1) ([[ttn — yu|l* + [|on = yal|*)] + au My
< (1= 22, — p2 = (1= 70 — nT) (1= Ba) (14 0) (1 — ) X
X [Nlun = ynll® + llon — ynll*] + anMz + ay M3
< lxn — PHZ — (=9 —anT)(1 = Bn) (1 + 0n) (1 — ) [[[un _]/nHz + ||on _]/nHZ] + an My,
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where My := M, + M3. This immediately implies that for all n > n,

(1= yn = anT) (1= Bn) (14 604) (1= ) [lun = yull* + lon — yulI*] < llxn = pII* = lIxns1 — pII* + an M.

(41)
Step 3. One claims that IM > 0s.t. Vi > ng,
ﬂ n ‘5
xosr = pl? < [1— 220Dl — p? + 2 A (vf — pF)p, Xus1 — )
+ 07 C ws |2, — x,1]]]-
In fact, we get
lltn = pII* < llxn = plI> + oullxn — xu-1l|M, (42)

where sup, -1 {2[[xn — p|| + oullxn — x,-1]|} < M for some M > 0. Observe that a,vé + v, + (1 —

Yn—onT)(14+6,) <1-— M for all n > ny. Thus, combining (39) and (42), we have that for all
n Z no,

[xp41 — plI?

< Yu(llxn = plI* + oullxn — xp1lIM) + anvé||xn — pl2 + (1 = vn — anT) (1 + 6n) [Bullxn — plI
+ (1= Bu) (llxn = plI* + 0ullxn — X0 1 [|M)] + 20 ((vf — 0F)p, X1 — p)

< yulllxn = plI? + oullxn — xp—1IM) + anvé]lxn — plI* + (1 = i — €0 ) (1 + 604) [[|lx0 — p|I?
+ oullxn — xu-1[[M] + 20n ((vf — pF)p, X1 — p)

= [ayvd + v + (1 — v — anT) (14 0)]l|x0 — plI* + Ynou||xn — xu_1||M
+ (1= 9n — anT) (1 + 0n)oullxn — 241 [|M + 20, ((vf — pF)p, Xp11 — P)

< 1= 2213y — p2 + 03l tw — X1 | M + 200 ((vf — pF)p, Xn i1 — p)

— [1_“n(T W5)]||x — |2+ o (T— W’)[ (wf= Pf)lf/;fnﬂ p) +t7n [ TxnwlsHZM]

(43)

Step 4. One claims that x, — x* € (), which is only a solution to the VIP (17). In fact, using the
similar inference to that in Step 4 for the proof of Theorem 1, one derives the desired conclusion. O

Example 1. We can get an example of T satisfying the condition assumed in Theorems 1 and 2. As a matter of
fact, we put H = R, whose inner product and induced norm are defined by (a,b) = aband || - || = |- | indicate
respectively. Let T : H — H be defined as Tx := sm( x) Vx € H. Then T is a contraction with constant
and hence a nonexpansive mapping. Thus, T is an asymptotically nonexpansive mapping. As

7 _
IT"x =Tyl < T =Tyl < - < (5 Dl -yl vxyeH,
we know that for any sequence {x,} C H,

7. 71y . 7 .7
1T Ly = T | < ()" T2 = Tl = ()" sin(5 To) —sin(gx)|| < 2(3)

as n — oo, That is, T"x, — T"1x,, — 0 (n — o0).

Remark 3. Compared with the corresponding results in Bnouhachem et al. [2], Cai et al. [35], Kraikaew and
Saejung [36], and Thong and Hieu [37,38], our results improve and extend them in what follows.

(i) The problem of obtaining a point of VI(C, A) in the work by the authors of [36] is extendable to the
development of our problem of obtaining a point of NN (Fix(T;) N VI(C, A), where Ty := T is asymptotically
nonexpansive and {Ti}f\i 1 18 a pool of nonexpansive maps. The Halpern subgradient method for solving the VIP
in the work by the authors of [36] is extendable to the development of our mildly inertial subgradient algorithms
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with linesearch process for solving the VIP and CFPP.

(ii) The problem of obtaining a point of VI(C, A) in the work by the authors of [37] is extendable to the
development of our problem of finding a point of NN  Fix(T;) N VI(C, A), where Ty := T is asymptotically
nonexpansive and {Ti}fi 1 18 a pool of nonexpansive maps. The inertial subgradient method with weak
convergence for solving the VIP in the work by the authors of [37] is extendable to the development of our mildly
inertial subgradient algorithms with linesearch process (which are convergent in norm) for solving the VIP and
CFPP.

(iii) The problem of obtaining a point of VI(C, A) N Fix(T) (where A is monotone and T is quasi-nonexpansive)
in the work by the authors of [38] is extendable to the development of our problem of obtaining a point of
NN Fix(T;) NVI(C, A), where Ty := T is asymptotically nonexpansive and {T;}X., is a pool of nonexpansive
maps. The inertial subgradient extragradient method with linesearch (which is weakly convergent) for solving
the VIP and FPP in the work by the authors of [38] is extendable to the development of our mildly inertial
subgradient algorithms with linesearch process (which are convergent in norm) for solving the VIP and CFPP. It
is worth mentioning that the inertial subgradient method with linesearch process in the work by the authors of
[38] combines the inertial subgradient approaches [37] with the Mann method.

(iv) The problem of obtaining a point in the common fixed-point set NN Fix(T;) of N nonexpansive mappings

{T;}Y, in the work by the authors of [2], is extendable to the development of our problem of obtaining a
point of NN Fix(T;) N VI(C, A), where Ty := T is asymptotically nonexpansive and {T;}¥ , is a pool of
nonexpansive maps. The iterative algorithm for hierarchical FPPs for finitely many nonexpansive mappings
in the work by the authors of [2] (i.e., iterative scheme (3) in this paper), is extendable to the development of
our mildly inertial subgradient algorithms with linesearch process for solving the VIP and CFPP. Meantime,
the restrictions limsup,,_, . yn < 1, liminf, ;e v, > 0 and lim, e |5£l_1 — iyl =0fori=1,..,N
imposed on (3), are dropped, where 0 < liminf, .o v, < limsup, . vn < 1is weakened to the condition
0 <liminf; ye vy < limsup, , vn < 1.

(v) The problem of obtaining a point in the common solution set () of the VIPs for two inverse-strongly
monotone mappings and the FPP of an asymptotically nonexpansive mapping in the work by the authors
of [35], is extendable to the development of our problem of obtaining a point of NN (Fix(T;) N VI(C, A)
where Ty = T is asymptotically nonexpansive and {T;}X| is a pool of nonexpansive maps. The viscosity
implicit rule involving a modified extragradient method in the work by the authors of [35] (i.e., iterative
scheme (4) in this paper), is extendable to the development of our mildly inertial subgradient algorithms
with linesearch process for solving the VIP and CFPP. Moreover, the conditions Y, q |41 — &n| < 0o and
Yoo [Ty, — Ty, || < oo imposed on (4), are deleted where Y00 1 || Ty, — Ty || < oo is weakened to
the assumption || T"1x, — T"xy|| — 0 (n — o0).

4. Applications

In this section, our main theorems are used to deal with the VIP and CFPP in an illustrating
example. The initial point xy = x; is randomly chosen in R. Take vf(x) = F(x) = 3x, y =l = p =
%, 0y = &y = %H' Bn = %, Tn = %, V= %, f= gIandp = 2. Then, we know thata, +v, <1Vn > 1,

vézkzn:%,and

Tzl—\/l—p(Ziy—pKZ):l—\/1—2(2~;—2(;)2)=1€(0,1].

We first provide an example of a Lipschitzian, pseudomonotone operator A, asymptotically
nonexpansive operator T, and nonexpansive operator T; with Q) = Fix(T) N Fix(T;) N VI(C, A) # @.

Let C = [—1,3] and H = R with the inner product (a,b) = ab and induced norm | - || = |-|.
Let A, T,T;,T{' : H — H be defined as Ax := m — %M, Tx = %sinx, Tx := sinx and



Mathematics 2019, 7, 881 17 of 19

Ti'x := %x + % sinx Vx € H,n > 1. Then it is clear that T} is a nonexpansive mapping on H. Moreover,
from Lemma 5 we know that Fix(T]') = Fix(T;) = {0} Vn > 1. Now, we first show that A is
Lipschitzian, pseudomonotone operator with L = 2. In fact, for all x,y € H we get

_ _ 1 o 1
1A% = Ayll = | remay — T 1+|\smyu+1+\|jn‘
< —
< |tsma — s + 5 — T
_ |lsnaltsinal el
s syl | T | T

< [|sinx —siny|| +[|x —y|
< 2[x =yl

This means that A is Lipschitzian with L = 2. We below claim that A is pseudomonotone. For any
given x,y € H, it is clear that the relation holds:

1 1 1 1

— = — — > — = -
Aoy =) = (g~ 1)V Y 20 Ay 0 = gy Ty

)y —x) = 0.

Furthermore, it is easy to see that T is asymptotically nonexpansive with 8, = (%)" Vn > 1, such that
| T"+x, — T"x,|| — 0as n — co. Indeed, we observe that

4 _
1T~ Tyl < ST = Tyl < o < () =yl < (146 x — ),
and

4., 4
1T — T | < (5)" T = Tl = (3

4 4 4
5)"_1Hg sin(Tx,) — = sinx, || < 2(5)" -0 (n— o).

It is clear that Fix(T) = {0} and

Iim — = lim (4/5)"

——— =0.
n—oo gy, n—eo1/(n+1)

Therefore, Q) = Fix(T) N Fix(T;) N VI(C, A) = {0} # @. In this case, Algorithm 3 can be rewritten as
follows,
Uy = Xp + %_H(xn —Xp-1),
Yn = Pc(un Ly Auy),
Zn = 3 nt % T”P(;n(un — Ly Ayn),
= % 3%+ 3%n+ (g — 3)T"z0 Vn > 1,

(44)

Xn41

where for every n > 1, C,, and ¢, are picked up as in Algorithm 3. Then, by Theorem 1, we know that
{x4} converges to 0 € O = Fix(T) NFix(T;) N VI(C, A) if and only if |x,; — x, 11| + [x4 — T'x,| = 0
asn — oo.

On the other hand, Algorithm 4 can be rewritten as follows,

Un = X + g (Xn — Xp—1),
Yn = Pc(un — Uy Auy),
Zn § Xn + %T PC,,(”n enAyn)/
=i 3%t dun+ (G — 3)T"ze Vn>1,

(45)
Xn+1

where for every n > 1, C,, and ¢, are picked up as in Algorithm 4. Then, by Theorem 2, we know that
{x1} converges to 0 € Q) = Fix(T) NFix(T;) N VI(C, A) if and only if |x, — X 1] + |xp — Tj'xn| — 0
as n —» oo,
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