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Abstract: The main aim of this paper is to use the properties of the trigonometric sums and character
sums, and the number of the solutions of several symmetry congruence equations to research the
computational problem of a certain sixth power mean of the generalized Gauss sums and generalized
Kloosterman sums, and to give two exact computational formulae for them.
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1. Introduction

Let g > 3 be a positive integer, m and 7 be integers. Then for any positive integers r > s > 1 and
Dirichlet character x mod g, the generalized Gauss sums G(m, n,7,s, x;q) is defined as

1 ma’ + na®
G(m,n,r,8,x:9) = Z x(a)e <q> ,
a=1

where e(y) = e,

It is well known that this sum plays an extremely essential role in the research of analytic number
theory, and plenty of classical problems in analytic number theory are closely related to it. For instance,
if g = pisan odd prime, 7 = p —2 and s = 1, then

p_1 ma + na
G(m,n,p—2,1,xp) =) x(a)e <q>

becomes the well-known Kloosterman sum, where a -7 = 1 mod p, see H. Iwaniec’s book [1] or
Zhang Wenpeng's papers [2-5]. Therefore, any substantial advance in the study of G(m, n,7,s, x; q)
will certainly promote the development of multiplicative number theory and analytic number
theory. Due to these reasons, a number of scholars have research the properties of G(m, n,1,s, x;q),
and obtained various vital results. For instance, Zhang Han and Zhang Wenpeng [6] proved that for
any odd prime p, one has the identity

4
’f Ee<ma3+na> 2P —p* if3fp-—1,
= p 2;73—7p2 if3|p—1,

where n represents any integer with (n, p) = 1.
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Zhang Wenpeng and Han Di [7] acquired the identity

p=1lp=1 , 3 6
Y. Ze(n +an>| =5p* —8p® — p?,
a=1 |n=0

where p denotes an odd prime with 3{ (p —1).
Duan Ran and Zhang Wenpeng [8] proved that for any prime p with 3 { (p — 1), and any Dirichlet
character A mod p, one has the identity

3 2 : _ [ x
= ma> + na 4_ 3p3—8p2 Tf/\_ (P)’*
Zl Zlf\( el ™ =\ 27 ifA # o (5).
m= a=

2p% —3p* —3p—1 if A=y,

where (%) denotes the Legendre symbol and xj is the principal character mod p.

Several other outcomes related to exponential sums and Kloostermann sums can also be found in
the references [9-16]. These contents will not be repeated here.

In this paper, we mainly take into account the computational problems of the 2k-th power mean
of the generalized Gauss sum and generalized Kloosterman sum. In other words,

p—1 |p=1 3 2%
Y LT rlae (M) g
x mod pm=0 |a=1 p
and
p—1 |p-1 2%
L ¥ Taae(™H) @
x mod pm=0 |a=1 p

where k > 3 represents an integer.

Regarding 2k-th power means (1) and (2) with k > 3, up to now no one seems to research them,
and we have not seen any relevant papers before. These problems make a lot of sense. In addition
to reflecting the value distribution properties of generalized Gauss sums and Kloosterman sums
themselves, they also have many important applications in analytic number theory. For example,
Zhang Yitang’s very important works [17] on the gaps between primes is obtained based on the sieve
methods and some special mean value estimate for Kloosterman sums. Therefore, this research is
necessary, which is also the original intention of our paper.

The main objective of this paper is to apply the properties of the trigonometric sums and character
sums, and the number of the solutions of several congruence equations to research the computational
problem of (1) and (2) for k = 3, and give two exact computational formulae for them. In other words,
we are going to prove the following:

Theorem 1. For any odd prime p with 3 { (p — 1), we have the identity

Ziix(a)e <a3+ma> ’6

p

= p(p—1) (6p° —28p* +39p +5).

-1

p—1
L)
x mod p m=0

lew)e(’””?’”)’é - v

p x mod p m=0

p—
a

=1
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Theorem 2. For any odd prime p, we have the identity

6
(m“;”)‘ = p(p—1) (50>~ 18p? + 14p +5) .

ZZ

x mod p m=0

According to these results, we may instantly deduce the following two corollaries:

Corollary 1. For any odd prime p with 3 1 (p — 1), there exists an integer 1 < m < p — 1 and a non-principal
character x mod p such that the following inequality holds,

Y @ (mexe)

Corollary 2. For any odd prime p, there exists an integer 1 < m < p — 1 and a non-principal character
x mod p and we can get the inequality

I—
—_

>6%-p2——.

3

Open problems: in Theorem 1, we merely discussed the special case 3 { (p — 1). Suppose that
3 | (p—1), the situation will be more complicated. We have not found an effective approach to
calculate it up to now, so it is also an open problem.

For 31 (p —1) and k = 4, applying our method, we do not seem to be able to acquire an exact
computational formula for (1) or (2). These are also two thoughtful problems. Interested readers can
give them a try.

2. Some Lemmas

In this part, we are going to introduce four uncomplicated lemmas. These are actually gained by
a certain decomposition in the process of theorem proving. Of course, plenty of elementary number
theory knowledge required for the following arguments can be found in reference [18], we will not
repeat them here. At first, we have the following:

Lemma 1. Let p be an odd prime with 3 1 (p — 1), then we have the identity

p—1p-1p—-1p-1p-1

YYLYYY 1=p-3+5-5
a=1b=1 c=1d=1e=1
B34+b3+B3=d3+e3+1( mod p)
abc=de( mod p)

Proof. According to the properties of the reduced residue system mod p, we are aware of that if d
and e pass through a reduced residue system mod p respectively, then da and eb also pass through
a reduced residue system mod p foralll <a < p—1land1 <b < p-—1. Since3 1 (p—1),ifa
passes through a reduced residue system mod p, then a® also passes through a reduced residue system
mod p. Combining these properties, we obtain

p—1p-1lp—-1p-1p-1 p—1p—-1p—-1p-1p-1
YYYry 1= LYrry o
a=1b=1c=1d=1e=1 a=1b=1c=1d=1e=1
B+ +S3=d3+e3+1( mod p) B3 +b3+3=a3d3+b3e3+1( mod p)

abc=de( mod p) c=de( mod p)
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p—1p-1p-1p-1 p—1p—1p-1p-1 p—1p—1p-1p-1
= TYYLY - LYYY 1= YIErr o
a=1b=1d=1e=1 a=1b=1d=1e=1 a=1b=1d=1e=1
a3+b3+d3e3=a3d3+b3e3+1( mod p) a+b+de=ad+be+1( mod p) a(d—1)+b(e—1)=de—1( mod p)
p—1p-1 p—1p-1p-1 p—1p-1p-1p-1
=221+2 TLL ¢ ZZZZ 1
a=1 b= a=1b=1 e=2 a=1b=1d=2e=
b(e—1)=e—1( mod p) a(d71)+b(371)zd671(m0dp)
p—1lp-lp—1p-1 p—lp-1p-1
= (p=1+20-Dp-2+ L Y} 11— Y Y} 1
a=0 b=1d=2 e=2 b=1d=2e=2

a+b=de—1( mod p) b=de—1( mod p)
= (p-DEp-5)+(p-1(p-22— (-2~ (p-2))
= p>—3p*+5p 5.

This proves Lemma 1. O

Lemma 2. Let p be an odd prime, then we have the identity

p—1lp—1p-1p-1p-1

ZZZZZl_p —3p*+5p —5.
a=1b=1 c=1d=1e=1
a+b+c=d+e+1( mod p)

abc=de( mod p)

Proof. According to the method of proving Lemma 1, we can easily deduce that

p—1p-1p-1p-1p-1 p—1p-1p-1p-1
— _ 3 2
LYY Y1= LYYLEL 1=p7 355
a=1b=1 c=1d=1e=1 a=1b=1d=1e=1
a+b+c=d+e+1( mod p) a+b+de=ad+be+1( mod p)

abc=de( mod p)

This proves Lemma 2. O

Lemma 3. Let p is an odd prime with 31 (p — 1), then we have the identity

p—lp—lp—1p-lp-1
YY) 1=7p-31p+44
a=1b=1 c=1d=1e=1
a3 +b3+3=d3+e3+1( mod p)
abc=de( mod p)
a+b+c=d+e+1( mod p)

Proof. First note that the conditions a® + b3 + 3 = d° + ¢ + 1(modp),a+b+c=d +e+ 1(modp)
and abc = de(mod p) are equivalentto (a+b+c)> —a3 — b - = (d+e+1)3 — (d° + €+ 1)(mod
p),a+b+c=d+e+1(modp) and abc = de(modp). These conditions are equivalent to a%(b +
c)+b*(a+c)+c*a+b) =d*(e+1)+e*(d+1)+ (d+e)(modp), a+b+c =d+e+ 1(modp)
and abc = de(modp), they are equivalent to a*(d +e+1—a)+b*(d+e+1—b)+2(d+e+1—
o) =d?*(a+b+c—d)+e*(a+b+c—e)+(a+b+c—1)(modp), a+b+c = d+e+ 1(modp)
and abc = de(modp), or they are equivalent to (a + b+ c)(a? + b* + c* —d> — e* — 1) = 0(modp),
a+b+c=d+e+1(modp) and abc = de(modp).

It is clear that (a + b + c)(a® 4+ b* + ¢ — d*> — ¢ — 1) = 0(modp) is equivalent to a + b +c =
0(mod p) or a*> 4+ b* 4+ c? —d*> —e? — 1 = 0(mod p).
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First case: if 2 + b + ¢ = 0(mod p), then from the properties of the reduced residue system mod p
and note that if (3, p — 1) = 1 and c pass through a reduced residue system mod p, then ¢ also pass
through a reduced residue system mod p, so we have

p—1p-1p—-1p-1p-1 p—1p=-1p-1p-1p-1 p—1p-1p—-1p-1p-1
LELE 1= LLLLY 1= LYLYy 1
a=1b=1 c=1d=1e=1 a=1b=1 c=1d=1e=1 a=1b=1 c=1d=1e=1
a+b+c=d+e+1=0( mod p) c(a+b+1)=d+e+1=0( mod p) a+b+1=d+e+1=0( mod p)
abc=de( mod p) abc3=de( mod p) abc=de( mod p)
2
p—1p—-1p-1p-1 p—1p-1
2
= LYY 1= L)Y 1 =0r-2% ©)
a=1b=1d=1e=1 a=1b=1
a+b+1=d+e+1=0( mod p) a+b+1=0( mod p)

Second case: if % + b% + ¢ — d2 — ¢2 — 1 = 0(mod p), then we have
p

p—1p—1p-1p-1p-1 p—1p—-1p-1p-1p-1 p—1p—1p-1p-1p-1

1Y) 1= yYy)y) 1= ryyr)y !
a=1b=1 c=1d=1e=1 a=1b=1c=1d=1e=1 a=1b=1 c=1d=1e=1
a24+b2+c2=d2+¢2+1( mod p) ab+ac+bc=de+d+e( mod p) ab+(a+b)c=abde+ad+be( mod p)
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p a+b+c=ad+be+1( mod p)
abc=de( mod p) abc=de( mod p) c=de( mod p)
p—1p-1p-1p-1 p—1p-1 p—1p-1
= LYY ) 1=1+ Z Z 2Ly !
a=1b=1d=1e=1 1e=1 b=2d=
(a=1)(b—1)(de—1)=0( mod p) (dfl)( - )50( d p) (d—1)(b— E)zo( mod p)
a+b+de=ad+be+1( mod p) (de—1, p)=1
p—1p-1p-1 p—1p-1p-1p-1
2 LYY L+ Lrry )
b=2d=1e=1 a=2 b=2d=1e=1
(e—1)(b—d)=0( mod p) a+b=ad+be( mod p)
(de—1, p)=1 de=1( mod p)
p—1p—1p-1
= 1+2(p—2)+4(p-2)+2(p-2)2p-5+ Y Y )} 1
a=2bp=2 e=1
(a+b)e=a-+be?( mod p)
p—1p-1p-1
= 1+4(p-2)(p-D+ Y} 3 )}, 1
a=2 b=2 e=1

(e—1)(eb—a)=0( mod p)
= 1+4(p-2)(p—-1+2(p—2°-(p—2) =1+3(p-2)(2p - 3).

Third case: ifa+b+c = d+e+1 = 0(modp) and a? + b + 2 = d? + €* + 1(mod p),
then we have

p—1lp—-1p-1p-1p-1 p—1p—1p-1p-1 p—1p-1
TYYYY 1- LIY Lo 1= TY
a=1b=1 c=1d=1e=1 a=1b=1d=1e= d=1e=1
a24b2+c2=d2+¢2+1( mod p) (a—1)(b—1)(de—1)=0( mod p) 2+de=d+e+1=0( mod p)
a+b+c=d+e+1=0 mod p a+b+de=ad+be+1=0( mod p)
abe=de( mod p)
p—1p-1 p—1p-1p-1 p—1p—1p-1
+2 ZZ 1+2 ZZZ 1+ ZZZ )
b=2d=1 b=2d=1e=1 a=2 b=2d=1
24+b=d+bd+1=0( mod p) 1+b+de=d+be+1=0( mod p) a+b+1=ad+bd+1=0( mod p)
(de—1, p)=1

= 24+442(p—4+p-5+p—4+p-5=32p-7).
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Summarizing (3)—(5) we have the identity

p—1p—1p-1p-1p-1 p—1p—1p-1p-1p-1
TYYYLY 1- ZZZZZ 1
a=1b=1 c=1d=1e=1 a=1b=1c=1d=1e=
a3 +b3+c3=d%+e3+1( mod p) (a+b+c)(u2+b2+czfd27e271)20( mod p)
abc=de( mod p) abc=de( mod p)
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
p—1p-1p-1p-1p-1 p—1p-1p—-1p-1p-1 p—1p-1p-1p-1p-1
- TYYXYrr i+ rYrrry - Lrrrr
a=1b=1 c=1d=1e=1 a=1b=1 c=1d=1e=1 a=1b=1 c=1d=1e=1
abc=de( mod p) a2+b2+c2=d2+¢2+1( mod p) a2+b2+c2=d2+¢2+1( mod p)
a+b+c=d+e+1=0( mod p) abc=de( mod p) abc=de( mod p)

a+b+c=d+e+1( mod p)

a+b+c=d+e+1=0( mod p)

= (p—22+14+3(p—2)2p—3) —3(2p —7) = 7p* — 31p + 44.

This proves Lemma 3. [J

Lemma 4. Let p be an odd prime, then we have the identity

p—l1p—1p-lp-1p—-1

Y Y Y 1=6p*—21p+19.

a=1b=1 c=1d=1e=1
a+b+c=d+e+1( mod p)
abc=de( mod p)

a+b+c=d+e+1( mod p)

1

6 0f 9

Proof. Itis obvious that the conditionsa+b+c =d+e-+1(modp),a+b+¢ =d+e+1(modp) and
abc = de(modp) are equivalenttoa +b+c=d+e+1mod p, ab+ ac + bc = de + d + e(mod p) and
abc = de(mod p). These conditions are equivalenttoa +b+c=d+e+1mod p,ab+ac+bc+1=
abc +a+ b+ c(modp) and abc = de(modp) , or they are equivalent to (a —1)(b —1)(c —1) =
O(modp)anda+b+c=d+e+ 1(modp) and abc = de(mod p). From these we can easily obtain

p—1lp—-1p-1p-1p-1 p—1p—1p—-1p-1p-1

LYLryi- TYrrry o
a=1b=1 c=1d=1e=1 a=1b=1 c=1d=1e=1
a+b+c=d+e+1( mod p) (a—1)(b—1)(c—1)=0( mod p)
abc=de( mod p) abc=de( mod p)
a+b+c=d+e+1( mod p) a+b+c=d+e+1( mod p)
p—1p—-1 p—1p—1p-1 p—1p-1p-1p-1

= ZZ 143 LYY 193 L L Y 1

=1e=1 c=2d=1e=1

b=2 c=2 d=1 e=1

d+e 2( mod p) c+1=d+e( mod p) b+c=d+e( mod p)
de=1( mod p) c=de( mod p) be=de( mod p)
—1p-1p-1 —1p-1p-1p-1
- 143 YL 143 LYY Y
c=2d=1e=1 b=2c=2d=1e=1
de+1=d+e( mod p) b24-de=(d+e)b( mod p)
c=de( mod p) be=de( mod p)
—1p-1p-1 —1p-1p-1p-1
- 143 TLY H322221
c=2d=1e=1 =2 c=2d=1e=1
(d—1)(e—1)=0 mod p (b— d)(b e)=0( mod p)
c=de( mod p) be=de( mod p)

= 14+6(p—2)+3(2(p -2~ (p—2)) =6p* —21p +19.

This finishes the proof of Lemma 4. [
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3. Proofs of the Theorems

Proof of Theorem 1. It is not difficult to complete the proofs of our theorems. At first, we are going
to prove Theorem 1. Suppose that 3 (p — 1), then from Lemma 1, Lemma 3, the trigonometric identity

= p 0, ifptm

and the orthogonality of characters mod p, we obtain

p=l|pl ma® +a °
Y zazlxw)e( , )‘

x mod p m=0

_ EEEEEPZ; (a+b+c;dfeff>

a=1b=1c=1d=1e=1 f=1
B +b3+-3=d*+e34f3( mod p)
abe=def( mod p)

eI it btc—d—e—1)
- - L E LY Ly (X )
a=1 b=1 c=1 d=1 e=1 f=1 p
a3 4+b3+c3=d3+¢e3+1( mod p)
abc=de( mod p)

p—1p-1p-1p-1p-1 p—1p-1p-1p-1p-1
2
- Pp-) TEEYY 1opp-) LELYLY 1
a=1b=1c=1d=1e=1 a=1b=1c=1d=1e=1
a3+b3+c3=d3+e3+1( mod p) a3+ +3=d3+e3+1( mod p)
abc=de( mod p) abc=de( mod p)

a+b+c=d-+e+1( mod p)
= Pp—1) (79 - 31p+44) — p(p—1) (p> ~3p> + 5p - 5)

= p(p—1) (6p>—28p> +39p+5) .

This finishes of the proof of Theorem 1.
Proof of Theorem 2. According to (6), Lemma 2 and Lemma 4, we obtain

r Y

x mod pm=0
p—1p-1p—-1p-1p-1p-1

at+b+c—d—e—f
- EETEEE )
a=1b=1c=1d=1e=1 f=1
a+b+c=d+e+f( mod p)
abc=def( mod p)

p—1p=1p—1p-1p-1p-1 <a+b+c—d—e—1>>

= —1ZZZZZZ@<

a=1b=1 c=1d=1e=1 f=1 p
a+b+c=d+e+1( mod p)
abe=de( mod p)

p—1p—-1p—-1p-1p-1 p—1p-1p—-1p-1p-1

Zx (mqua)r

a= p

S RTINS0 30 3530 SEET TSN 5 30 30 D BE'
a=1b=1c=1d=1e=1 a=1b=1c=1d=1e=1
a+b+c=d+e+1( mod p) a+b+c=d-+e+1( mod p)

abc=de( mod p) abc=de( mod p)

a+b+c=d+e+1( mod p)
= P(p—1) (6p> —21p+19) = p(p 1) (p> —3p* + 5p — 5)

= p(p-1 (5p3 —18p + 14p + 5) .

Proof of Corollary 1. Note that if m = 0, then from the properties of the classical
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Gauss sums, we deduce that

el 0-a®+a Rl a VP, X # xo
ae| — || = ae| — || = o ! 7
;X() ( p ) ;X() (P) L ifx =Xxo 7
Hence, from (7) we can easily obtain
p-1 0-a°+a ¢
) ZZXWW<> =pP(p-2)+1=(p-1) (P —p*—p—-1). ®
x mod p [a=1 P
Combining (8) and Theorem 1, we obtain
e ma’ +a °
Y X[ e (M)
x mod pm=1 |a=1 p
_ 3 2 3.2
= MP—D(&’—%W<+”P+®—%p—ﬂ(p—47—p—1) ©)
= (p—1) (6p" —29p> +40p* +6p +1).
Taking
p—1 mia3 p—1 3
14 —i—a) <ma +a>
ale| ——— || = max a)e (10)
T (M7 ’ max ¥ e (M

1<m<p-1

and combining (9) and (10), we may instantly deduce that

6

(p—1)*

EX(Q)e (ma3+a>

a=1 P

Pl myad +a ° Pl
le<a>e(1+)| >y Y
a=1

P x mod pm=1

= (p—1) (6p* —29p> +40p* +6p +1).

It is clear that this inequality implies

p—1 3 4_ 53 2 §
Y xi(ae (mlanLa)‘ > (6;7 20 ;—:L()lp +6p+1> > 68 .p%_i.

This finishes of the proof of Corollary 1.
Proof of Corollary 2. We can also deduce Corollary 2 easily. In other words, we have the inequality

Pl ma-+a 1 1
max x(a)e < > 56 -p2 — —.
x mod p a;l p P VP
1<m<p-1

The proofs of our results have been completed.

4. Conclusions

The main results of this paper are two theorems and two corollaries. The theorems give two exact
computational formulae for the sixth power mean of the generalized Gauss sums and generalized
Kloosterman sums. The corollaries give two sharper lower bound estimates for the generalized Gauss
sums and generalized Kloosterman sums. In addition, as some notes of our results, we also proposed
two thoughtful open problems. These results profoundly reveal the law of the value distribution of the
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generalized Gauss sums and generalized Kloosterman sums, which can also be used for references in
the study of similar problems.
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