. mathematics ﬁw\o\w

Article
On Neutral Functional Differential Inclusions
involving Hadamard Fractional Derivatives

Bashir Ahmad *7, Ahmed Alsaedi (7, Sotiris K. Ntouyas > and Hamed H. Al-Sulami !

1 Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group, Department of Mathematics,

Faculty of Science, King Abdulaziz University, P.O. Box 80203, Jeddah 21589, Saudi Arabia;
aalsaedi@kau.edu.sa (A.A.); sntouyas@uoi.gr (5.K.N.); hhaalsalmi@kau.edu.sa (H.H.A.-S.)
Department of Mathematics, University of Ioannina, 451 10 Ioannina, Greece

*  Correspondence: bahmad@kau.edu.sa or bashirahmad  qau@yahoo.com

Received: 29 September 2019; Accepted: 6 November 2019; Published: 10 November 2019 ::‘P;)edc:t?sr

Abstract: We prove the existence of solutions for neutral functional differential inclusions involving
Hadamard fractional derivatives by applying several fixed point theorems for multivalued maps.
We also construct examples for illustrating the obtained results.

Keywords: functional fractional differential inclusions; Hadamard fractional derivative; existence;
fixed point

1. Introduction

Fractional calculus has emerged as an important area of investigation in view of the application
of its tools in scientific and engineering disciplines. Examples include bio-medical sciences, ecology,
finance, reaction-diffusion systems, wave propagation, electromagnetics, viscoelasticity, material
sciences, and so forth. Fractional-order operators give rise to more informative and realistic
mathematical models in contrast to their integer-order counterparts. It has been due to the non-local
nature of fractional-order operators, which enables us to gain insight into the hereditary behavior
(past history) of the associated phenomena. For examples and recent development of the topic,
see References [1,2] and the references cited therein.

Differential inclusions—known as generalization of differential equations and inequalities—are
found to be of great utility in the study of dynamical systems, stochastic processes, optimal control
theory, and so forth. One can find a detailed account of the topic in Reference [3]. In recent years,
an overwhelming interest in the subject of fractional-order differential equations and inclusions has
been shown, for instance, see References [4-14] and the references cited therein.

In Reference [15], the authors obtained some existence results for sequential neutral differential
equations involving Hadamard derivatives:

DY[DPy(t) — g(t,y)] = f(t,y(t), t€]:=[1Db],

1
y(h) =¢(t), tel-r1, DPy(l)=neR, v

where D%, DF are the Hadamard fractional derivatives of order 0 < &, < 1, respectively and
f,g:] xR — Rare continuous functions, ] C Rand ¢ € C([1 —r,1],R).
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In this paper, we cover the multivalued case of problem (1) and investigate the Hadamard type
neutral fractional differential inclusions given by

{ D*[DPy(t) — g(t,y1)] € F(ty(t)), te€]:=[Lb], o

y(t)=¢(t), tel-r1], DPy(l)=yeR,

where F : | x R — P(R) is a multivalued map, P(R) represents the family of all nonempty subsets
of R, and the other quantities in (2) are the same as taken in (1). Here y; is an element of the Banach
space C, := C([—r,0],R) equipped with norm ||¢||c := sup{|p(8)| : —r < 8 < 0}, and is defined by
ye(0) = y(t+6), 6 € [—r,0], where y is a function defined on [1 — 7, b] and t € J. The standard fixed
point theorems for multivalued maps are applied to establish the existence results for the problem (2).

The remaining content of the paper is composed as follows. In Section 2, we describe the necessary
background material needed for our work. Section 3 deals with the main theorems. In Section 4,
we construct illustrative examples for the obtained results.

2. Preliminaries

Let us begin this section with some necessary definitions of fractional calculus [1].

Definition 1. For a function h : [1,c0) — R, the Hadamard derivative of fractional order x is defined by

DXh(t) = ﬁ (t;t)n/: (logé)rl_x_1 @ds, n=I[x+1,

where [x] denotes the integer part of the real number x and log(-) = log,(-).

Definition 2. The Hadamard fractional integral of order x for a function h is defined as

t X1y
I*h(t) = T(l)c)/l <log;> @ds, x>0,

provided the integral exists.
Now we state a known result [15], which plays a key role in the forthcoming analysis.

Lemma 1 (Lemma 2.3 in [15]). The function y is a solution of the problem

D*[DPy(t) = g(t,y)] = ftyr), t € ] :=[1,1],
y(t) =¢(t), te[l-r1], ®)
Dfy(1) =y €R,

if and only if
o(0), et
log )P 1 t N 5 1/s
y(t) = {¢<1>+<n—g<1,¢>>r((‘;g+>l)+W) [ (ost)” g, N
1 ot ¢ a+p—1 f(s,ys) .
+m/l (10g5) S dS}, lftE]
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3. Existence Results

For a normed space (X, | - ), we define Py(X) = {Y € P(X) : Yisclosed}, Pep(X) =
{Y € P(X) : Yis compact}, Py p(X) = {Y € P(X) : Yisclosed and bounded}, Pepc(X) = {Y €
P(X) : Y is compact and convex} and P}, .(X) = {Y € P(X) : Y is bounded, closed and convex}.
In passing, we remark that a closed and bounded set in a metric space is not necessarily compact in
general; however, it is true that a set in a metric space of real or complex numbers is compact if and
only if it is closed and bounded.

For each y € C(],R), define the set of selections of F by

Sky:={¢ € L'(J,R) : &(t) € F(t,y(t)) on J}.

Denote by C(],R) the Banach space of all continuous functions from ] into R endowed with
the norm ||y|| := sup{|y(t)| : t € J}. L1(J,R) represents the space of functions y : ] — R such that

vl = i) ly(e)lde.

Our first existence result deals with the case when F has convex values and is based on nonlinear
alternative for Kakutani maps [16] with the assumption that the multivalued map F is Carathéodory.

Definition 3 (Granas, Dugundji [16]). A multivalued map F : ] x R — P(R) is said to be Carathéodory if

(i) t+— F(t, x) is measurable for each x € R;
(ii) x — F(t,x) is upper semicontinuous for almost all t € .

Further a Carathéodory function F is called L' —Carathéodory if
(iif) for each p > 0, there exists ¢, € L'(J,R™) such that
IF(t, x)|| = sup{[o| : v € F(t,x)} < @p(t)

forall x € Rwith ||x|| < p and for almost everywhere t € ].
Theorem 1. Assume that:
(Hp) there exists a non-negative constant k < I'(a + 1) (logb)~* such that

lg(t,u1) — g(t,up)| < k|luy —uzl||c, fort €] and every uq,uy € Cy.

(H1) F:] xR = Pepe(R) is L1-Carathéodory;

(Hy) there exists a continuous non-decreasing function ® : [0,00) — (0, 00) and a function p € C(J,R™)
such that

[E(t,x)[lp := sup{ly| : y € F(t,x)} < p()@(||x[|) foreach (t,x) € ] x R;
(H3) there exists a constant w > 0 such that
k(logb)*
(1 T T(a+1) >“’

(logh)f  go(logh)* = @(w)|pl «
FprD) T Tatd) Tt p s ost)

> 1,

I@llc + (Il +Kliollc + o)

where go = |g(1,0)|.

Then the problem (2) has at least one solution on [1 —r, b].



Mathematics 2019, 7, 1084 40f 13

Proof. Let us first transform the problem (2) into a fixed point problem by introducing an operator
V:C(1-rb],R) — P(C([1—r,b],R)) by

heC(1—rb],R):
o(t), ift € [1—r,1],
(log t)P

¢(1) + (1 —g(1,¢9))
V(y) = { Fp+1) 5)

1 ! AN 8(s,ys)
+W/1 (logg) . ds

+l"(%+,8) /1.1‘ (log:)aﬂs‘1 @ds}, ifte],

for ¢ € Sry. It is obvious by Lemma 1 that the fixed points of the operator V are solutions of the
problem (2).
We verify the hypothesis of nonlinear alternative for Kakutani maps [16] in several steps.

Step 1. V(y) is convex for each y € C([1 —r,b], R). It directly follows from the fact that Sr , is convex (F
has convex values).

Step 2. 'V maps bounded sets (balls) into bounded sets in C([1 —r,b],R). Let B; = {y € C([1—r,b],R) :
l¥lli—rp < ¢} be abounded set in C([1 —r,b],R). Then, for each h € B(y),y € B, there
exists ¢ € Sp, such that

B . a—1
b = o)+ 0 s E s [ (est) S5
1 El TP Es)
+7r(a+ﬁ)/l (logs> Tds.
Then, for t € |, we have
(logb)?  kllyllg—rp) + 80 .
Ih(t)] < H4>||c+(|17|+k|\¢llc+go)r(ﬁ+l) Ta+1) (logb)
Q([lyllp—re il .
Tt 1) (log b)**F.

Thus,

(logh)? ki +go (
T(B+1)  T(atl)

ogb)* + M(log b)“tP,

1Bl < llgllc + (] + kll¢llc + go) O

Step 3.V maps bounded sets into equicontinuous sets of C([1 —r,b],R).

Let t1,t; €  with t; < t; and y € B;. Then, for each i € B(y), we obtain

|h(t2)—h(t1)| < |7]|+k”¢”C + 8o [(loth)ﬁ_(logtl)ﬂ}

- (ﬁ+1)
k€+g0 a+p— 1_ o 11 a+p—1 @
& S S

I'(a+pB)
oc+ﬁ s

a+p—1 x+p—1
||PH < ) B (log % ) %

1x+ﬁ
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0)lpll - B\ ds
asp (e8] T

< MRS [tog )t — (logty)]

kg+g0 CD(@)HPH it o it
+{T(oc+ﬁ) " r(«x+/3+1)}H(1°gt2) P = (logt)**F| + [log 2/t ﬂ’

which tends to zero as t, — t; — 0 independently of y € B;. For the cases t; <t <0and t; <0 <t,,
the equicontinuity can be established in a similar manner. Thus, by Arzeld-Ascoli theorem [17],
we deduce that V : C([1 —r,b],R) — P(C([1 —r,b],R)) is completely continuous.

Now we show that V has a closed graph. Then it will follow by the Proposition 1.2 in Reference [18]
that V is upper semi-continuous, as it is already proved to be completely continuous.

Step 4. V has a closed graph. We need to show that i, € V(y.) when y,, = x4, h, € V(y,) and by, — hs.
Associated with h, € V(yy), there exists §,, € SF,y, such that, for each t € J,

B ¢ a—1 S, s
() = ¢<1)+(n—g(1,4>>)152‘;g+t)1)+r(1,x) / <1°8§> L

atp-1
+F(zx1+ﬁ) /1t (log;> + gnT(S)dS'

Thus it suffices to show that there exists ¢« € Sp,, such that, foreach t € J,

(o) B t a—1 :
() = 9+ -8R + e [ (o8] £

S S
1 t ¢ a+p—1 g*(s)
trarp ) (55) s

Let us introduce the linear operator @ : L!(J,R) — C(J,R) given by

a—1

(0) p t s
Em 0@ = 90+ - s B+ L [ (10gh) S,

wtp—1
g ), (o) S

Notice that ||l (t) — hy(t)|| — 0, as n — 0. Therefore, it follows from a result dealing with the closed
graph operators derived in Reference [19] that ® o Sr is a closed graph operator. Further, we have
hn(t) € O(SE,y, ). Since Yy, — Y, we have

B t a1 (g 4
B0 = o)+ (- gL o) B + s [ (1og ) S8,
)

atp1
e ) (o) S0

for some §x € Spy, .
Step 5. We can find an open set U C C([1 —r,b],R) with y ¢ vV(y) forany v € (0,1) and all y € oU.

Letv € (0,1) and y € vV(y). Then there exists { € L!(J,R) with ¢ € Sp,, such that for t € J,

(logb)?  kllyll—rp + 80
T(B+1) T(a+1)

y® < lgllc + (nl +Klllc + go) (logb)*
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Q([[yll 1) llpll
T(a+pB+1)

(logb)*™F, te,
which implies that

i B
||V||[1r,b}{1—%} < gl + (Inl + Kl + g0) f s

go(logb)®  P(yllp—re)llpl

T(a+1) Ta+p+1) (log b)***.

Consequently

k(logb)~

(logb)P . 8o(logh)* Q([[yllp—re Pl
rp+1) T(a+1) Fa+p+1)

<1
(log b)* P

I¢llc + (In]+kligllc + o)
By (Hj3), there exists a real number w such that ||y[[[;_, ;] # w. Let us consider an open set
U={yeC(l=rblR): [yl <w}

with U = U U 9U. Notice that V : U — P(C([1 —r,b],R)) is compact and upper semi-continuous
multivalued map with convex closed values. The choice of U implies that there does not exist any
y € oU satisfying y € vV (y) for some v € (0,1). In consequence, we deduce from the nonlinear
alternative for Kakutani maps [16] that V has a fixed point y € U which corresponds to a solution to
the problem (2). This finishes the proof. [

In the following result, we make use of the nonlinear alternative for contractive maps ([20]
Corollary 3.8) to show the existence of solutions for the problem (2).

Lemma 2. (Nonlinear alternative [20]) Let D be a bounded neighborhood of 0 € X, where X is a Banach space.
Let Zy : X = Pepe(X) and Zy : D — Pep(X) be multivalued operators such that (a) Zy is contraction,
and (b) Z; is upper semi-continuous and compact. Then, if G = Zy + Zy, either (i) G has a fixed point in D or
(ii) there is a point u € dD and A € (0,1) with u € AG(u).

Theorem 2. If the conditions (Hy) — (H3) of Theorem 1 hold, then there exists at least one solution for the
problem (2) on [1 —r,b].

Proof. Inorder to verify the hypotheses of Lemma 2, we introduce the operator ¥1 : C([1—r,b],R) —
C([1—rb],R) by

0, ifrel-r1,

Yiy(t) = oo t)B ot a—1 (6)
(”_g(l’qj))r(zﬁgi)l)*r(la)/l (logt> Mds, ift e J.

$
and the multivalued operator ¥, : C([1 —r,b],R) — P(C([1 —r,b],R)) by

heC(1—rb),R):
(1), ifrel—r1l,
\FZy(t) = h(t) (7)

t ¢ a+p—1 C(S) )
/1 (log E) Tds, ifte],
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for ¢ € Sg,y. Observe that V = ¥ + ¥, where V is defined by (5). In the first step, it will be established

that the operators ¥; and ¥, define the multivalued operators ¥1,¥5 : By — Pcp(C([1 —1,b],R)),
where By = {y € C([1 —7,b],R) : [[y[[1_,p < 0}is abounded setin C([1 —r,b],R). Let us show that
Y, is compact-valued on By. Observe that the operator ¥, is equivalent to the composition £ o Sr,
where L is the continuous linear operator on L! (J,R) into C([1 —r,b], R), defined by

x+p—1 ols
L)) = p(1) + w /; <log ;) st.

Let y € By be arbitrary and let {{, } be a sequence in S . Then it follows by the definition of Sf
that &,(t) € F(t,y(t)) for almostall t € J. As F(t,y(t)) is compact for all t € ], we have a convergent
subsequence of {{,(t)} (we denote it by {, ()} again) that converges in measure to some ¢(t) € Sg,
for almost all t € J. On the other hand, £ is continuous, so £(&,)(t) — £(&)(t) pointwise on J.
The convergence will be uniform once it is shown that {£(&,)} is an equicontinuous sequence.
t
L@ - L@ < mOlEL

For t,t; € J with t; < tp, we have
| ty a+p-1 | f wp=1 g
T(a+p) <g> ‘("gs) B

¢ x+p—1
L 2@l /2 (log t2) ds
I'(a+B) Jy s s

@(B)HPH lx+‘3 ﬂH’ﬂ D€+‘B
< —— A _
S Tatp+1) H(bgtz) (logt1) ]+\logt2/t1| ] -0

as tp — t;, which shows that the sequence {£(¢,)} is equicontinuous. As a consequence of the
Arzela-Ascoli theorem, there exists a uniformly convergent subsequence of {&,} (we denote it again
by {¢n}) such that £(&,) — L£(¢). Noting that £({) € L(Sf,), we deduce that B(y) = L(Sf,) is
compact for all y € By. So ¥»(y) is compact.

Now, we show that ¥;,(y) is convex for all y € C([1 —r,b],R). Let hy,hy € ¥2(y). We select
81,2 € Sk such that

a+p—1 =
hi(t) = ¢(1)+ F(061+B) /1t <log:> @ds, i=1,2,

for almost all t € J. Then

7

L oe ) AG6) + (1= 1)a(s)]
Ah 1-Mh)(t) = 1)+ —— log - d
i+ (=00l = o)+ gy [ (1og) : ;
where 0 < A < 1. Since S, is convex (as F has convex values), A¢1(s) + (1 — A)82(s) € Sgy. Thus
Ahy 4 (1 — A)hy € ¥2(y), which shows that ¥; is convex-valued.
On the other hand, it is easy to show that ¥'; is compact and convex-valued. Next we prove that
¥ is a contraction on C([1 —r,b],R). Fory,z € C([1 —r,b],R), we have

t ~o(s,ys) — os, zs
%1 () (1) — 1 (2) ()] < Fla)/l (1ogt> s(s,0e) — (o2

(
< est)” s =l

I(
k(logt)*
< r(ﬂé ) ||1/ ZH[lfr,b]/
which implies that [[¥1(y) — ¥1(z)li—pp < lz‘(j’i_bl) |y — zlli—yp- By the assumption (Hp), we

conclude that ¥ is a contraction.
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As in the proof of Theorem 1, it can easily be shown that the operator ¥, is compact and
upper semi-continuous.

In view of the foregoing steps, we deduce that ¥ and ¥ satisfy the hypothesis of Lemma 2. So,
from the conclusion of Lemma 2, either condition (i) or condition (ii) holds. We show that conclusion
(ii) is not possible. If y € AY¥1(y) + A¥2(y) for A € (0,1), then there exist § € Sg,, such that

o B ¢ a—1 s
ue) = A<¢<1>+<n—g<1,¢>>r(§ﬁgj)l)+r(1a) [ (og?) S5

S
1 t £\ P E(s)
+m/l (logs> Sds), t e ]

By our assumptions, we can obtain

logh)?  kllylln—rp +80 t £\ 1 ds
O] < l9llc+ lnl +klglc + o] Ho8Y) L) /(10 )

r(g+1) I'(a) N s s

S
1 of t Dé+,5—1 dS
s ) (oss)  reednlo

(a+p)
(logb)?  kllylln—rp + 80

< Igle+ [l +Kllgllc +gol foB + ST gy
1PNy lji—rp) atB
Tt p+1) osb)™™
Thus
k(logb)*
<1 - r(“+1) ) HyH[lfr,b]
<1. ®)
log b)P logh)* @ o
1ollc + lIn] + Klpllc +gol 1822, gollogh)® UM IPH o

rp+1) T(a+1) Fa+p+1)
If condition (ii) of Lemma 2 is satisfied, then there exists A € (0,1) and y € 0B, with y = AV (y). Then,
y is a solution of (2) with [|y||(;_, 4 = w. Now, by the inequality (8), we get

k(logb)*
<1F(a+1)>w -
(logh)?  go(logh)* — @(w)|pll wip
TB+D) T Tatl)  Tatp+nio8 o

Ipllc + [In] + Klillc + ol

which contradicts (H3). Hence, V has a fixed point on [1 — 7, b] by Lemma 2, which implies that the
problem (2) has a solution. The proof is complete. [

Our next result deals with the non-convex valued map in the problem (2) and is based on Covitz
and Nadler’s fixed point theorem [21] (If N : X — P.(X) is a contraction, then FixN # @, where X is a
metric space).

For a metric space (X, d) induced from the normed space (X; || - ||), it is argued in Reference [22]
that (P ;(X), Hy) is a metric space, where H; : P(X) x P(X) — RU {oo} is defined by H;(A, B) =
max{sup,. 4 d(a, B),sup, g d(A,b)}, d(A,b) = inf,c o d(a;b) and d(a, B) = infycpd(a; b).

Definition 4 (Granas, Dugundji [16]). A multivalued operator N : X — Py(X) is called
(a) ~y—Lipschitz if and only if there exists v > 0 such that
Hy(N(x),N(y)) < vd(x,y) foreach x,y € X;

(b)  a contraction if and only if it is -y—Lipschitz with ¢ < 1.
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Theorem 3. Assume that (Hy) and the following conditions hold:

(A1) F:] xR = Pep(R) is such that F(-,y) : ] = Pep(R) is measurable for each y € R.
(Az) Hy(F(t,y),F(t, 7)) < m(t)|ly — | for almost all t € J and y,j € R with m € C(J,R") and
d(0,F(t,0)) < m(t) for almostall t € ].

Then there exists at least one solution for the problem (2) on |, provided that

. togas + -1

m(log b)* TP < 1. )

k
F(a+1)
Proof. Observe that the set Sg,, is nonempty for eachy € C (], R) by the assumption (A7). Therefore
F has a measurable selection (see Theorem IIL.6 [23]). Next we consider the operator V given by (5)
and verify that it satisfies the hypothesis of the Covitz and Nadler theorem [21]. We show that
V(y) € Pa(C(J,R)) foreachy € C(J,R). Let {v,, },>0 € F(y) be such thatv, — v (n — o) in C(J, R).
Then v € C(J,R) and we can find &, € Sk, such that, foreacht € J,

B a—1 S, s
on(t) = ¢(1)+(y _g(l’(P))r(EZg—i)l) T F(la) /1t <log;> o ;y >ds

a+p—1
+r(rx1+ﬁ) /1t <1Og ;) gnT@)ds'

Since F has compact values, we pass onto a subsequence (if necessary) such that ¢, converges to ¢ in
L'(J,R).S0 ¢ € S, and for each t € ], we have

a—1

B t S,Ys
w(®) >80 = o0+ - s 8+ (ost) S0 as

1 t TP (s)
+r(1x+,3)/1 (lOgs) = s
Hence, v € V(y).

Next we prove that there exists 0 < 6 < 1 (J is defined by (9)) such that
Ha(V(y), V(7)) < 6|y — 7] foreach y, 7 € C*(J,R).

Lety,7 € C?(J,R) and h; € V(y). Then there exists &1 (t) € F(t,y(t)) such that, for each t € ],

Y t 1 g(s,ys
h(t) = ¢(1)+(n—g(1,¢>)r(zﬁgj)l)+r(1,x) /1 (1052) @ds
1 t £\ P ()
g (osl)

Hy(F(t,y), E(t, 7)) < m(t)]y(t) —g(t)]-
So, there exists v € F(t,(t)) such that

ds.

By (Az), we have

G1(t) —v(O)| <m(D)|y(t) —g(t), te].

Define V : ] = P(R) by

V(t) ={veR:[Gi(t) —v()] < m(t)]y(t) —g(£)]}.
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By Proposition I11.4 in Reference [23], it follows that the multivalued operator V(t) N F(t,#(t)) is
measurable. So we can find a measurable selection §,(t) for V. So ¢»(t) € F(t,7(t)) and satisfying
1G1(t) = Sa(B)] < m(8)[y(t) — 7(#)] for each t € J.

For each t € |, we define

og t)P “1 (s, g
ho(t) = ¢(1)+(’7_8(1f¢))1~(iﬁgl)1)+1"(1,x) /; <1°g£> 8(27?)615
)

1 t t a+p—1 62(5
g b (oes) e

Thus,
1ot N gls,ys) — (5, 7s))|
Iy (8) — ha(H)] < W)/l <logs> . ds
1 t £\ TP E(s) — Ea(s)]
+F(a+ﬁ)/1 (logs> —
klly = llp—rp . [|m]] at
_ns JH=no] N i | N Blly —
Hence
iy —hall < { =5 (oghy + — AL (10gp)et8 Ly — g
=\ T(a+1) Ta+p+1) [1=rb}-

On the other hand, interchanging the roles of y and 7 leads to

(a+B+1

_ k
Hy(F(y), F(7)) < {M

m _
(log)* + gl log b)“*ﬁ} Iy~ 1
So V is a contraction. Therefore, from the conclusion of Covitz and Nadler theorem [21], the operator
V has a fixed point y which is indeed a solution of the problem (2). This finishes the proof. O

Finally, we prove an existence result by applying the multivalued version of Krasnoselskii’s fixed
point theorem [24], which is stated below.

Lemma 3 (Krasnoselskii [24]). Let X be a Banach space, Y € Py (X) and Wy, W 1 Y — Pepo(X) be
multivalued operators satisfying the conditions: (i) Wiy + Woy C Y for all y € Y; (ii) Wy is contraction;
and (iii) Wy is upper semicontinuous and compact. Then there exists y € Y such that y € Wy + Way.

Theorem 4. Suppose that (Hy), (Hy) and the following assumption are satisfied

(By) there exists a function q € C([1,b], R") such that

|F(t,u)||p :=sup{ly| : y € F(t,u)} < q(t), foreach (t,u) € [1,b] x C.
Then there exists at least one solution for the problem (2) on [1 — r, b].

Proof. Let us consider the operators ¥; and ¥, defined by (6) and (7) respectively. As in Theorem 2,
one can show that ¥, ¥, : By — Pep,c(C([1 —1,b],R)) are indeed multivalued operators, where
By = {y € C([1 =7,b],R) : [lyllz_,p < 0} is a bounded set in C([1 —r,b],R). Moreover, ¥ is a
contraction on C([1 —r,b],R) and ¥ is upper semi-continuous and compact.
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Next we show that ¥ (y) + ¥2(y) C By for all y € By. Let y € By and suppose that

k(log b) (5] + kllpllc + go] (logb)P  go(logb)* |lq||(logb)*#
9(1r(oc+1))>”"’|C+ r(+1) " Ta+1) " Tatpri)

Forh € Y1, Y2 and ¢ € Sp,, we have

B t a=1 g .
W) = ¢(1)+(n—g<1,¢>)r(i‘;gfl)+F(1a) / <1ogf> A

S S
1t TP E(s)
+W/1 (lOg S) Tds, te].

With the given assumptions, one can obtain

(logb)?  kllyllp—rp + 80

T(B+1) Tar1) 108"

(B < liglic + [lnl +kl@llc + gl

4]l @
m(logb) +h,

Thus

(logb)? k0 + go
r(p+1) TI(a+1)

(logb)* + I,(W,H(log b)* P <9,

1Bl < ligllc +[lnl +kll¢llc + ol PE Y

which means that ¥ (y) + ¥2(y) C By forall y € By.
Thus, the operators Y1 and ¥, satisfy the hypothesis of Lemma 3 and hence its conclusion implies
thaty € A(y) + B(y) in By. Therefore the problem (2) has a solution in By and the proof is finished. [

4. Examples

In this section, we demonstrate the application of our main results by considering the following
Hadamard type neutral fractional differential inclusions:

DV4(Dy(t) ~g(t,y) € Fty), te]=[1e] (10)
y(t) = ¢(t), te[1/2,1], D>3y(1) =1/4. (11)
Herea =1/4,=2/3,r=1/2,b=e,
/ 3
F(t,yt) = 3%lmlsin(yt) Msin(nt/%) + 1 ,

16

"8(1 A |yel)

1

16\/2—1—1%2'

With the given data, it is easy to see that (Hp) is satisfied with k < T'(5/4), (Ha) is satisfied with
p(t) = V3+Int/4,||p|l = 1/2,®(||lullc) = ||u|lc and (H3) holds true for M > 7.05996548 (M =
1.46447352, g = 1) with a particular choice of k = 1/4. Thus all the conditions of Theorem 1 hold true.
Hence the problem (10) and (11) has at least one solution on [1/2, ¢] by the conclusion of Theorem 1.
In a similar manner, one can check that the hypotheses of Theorem 2 hold with M > 1.71978641 and
consequently the conclusion of Theorem 2 applies to the problem (10) and (11).

1 .
8(tyr) = mtanfl(]/t) +sin(7t/2), ¢(t) =
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In order to illustrate Theorem 3, let us take

15+ (Int)2 |y 1
F(t, =10, + - 12
(0 5 O+l 3 12

in (10). Then ||m|| = 1/2 and from the condition (9), § ~ 0.74950391 < 1. Clearly the hypothesis of
Theorem 3 is satisfied. Therefore, there exists at least one solution for the problem (10) and (11) with
F(t,y¢) givenby (12) on [1/2, ¢].

5. Conclusions

In this paper, we have derived several existence results for an initial value problem of neutral
functional Hadamard-type fractional differential inclusions. In our first result (Theorem 1), we apply
a nonlinear alternative for Kakutani multivalued maps to prove the existence of solutions for the
problem at hand when the multivalued map F is assumed to be convex-valued. The nonlinear
alternative for contractive maps is applied to prove the existence of solutions for the given problem
in Theorem 2. In Theorem 3, we show the existence of solutions for the given problem involving
non-convex valued maps with the aid of Covitz and Nadler’s fixed point theorem. Our final existence
result (Theorem 4) relies on the multivalued version of Krasnoselskii’s fixed point theorem. In the
nutshell, we have presented a comprehensive study of neutral functional Hadamard-type fractional
differential inclusions by making use of different tools of fixed point theory for multivalued maps.
In our future work, we plan to investigate the existence of solutions to an initial value problem for
neutral functional fractional differential inclusions involving a combination of Caputo and Hadamard
fractional derivatives.

Author Contributions: Conceptualization, B.A. and S.K.N.; methodology, A.A. and S.K.N.; validation, B.A.,
A.A,SKN. and HH.A.-S,; formal analysis, A.A., B.A., and S.K.N.; writing—original draft preparation, S.K.N.;
writing—review and editing, A.A., B.A. SK.N. and H.H.A.-S; project administration, B.A.; funding acquisition,
B.A.and A.A.

Funding: This project was funded by the Deanship of Scientific Research (DSR), King Abdulaziz University,
Jeddah, Saudi Arabia under grant no. (RG-39-130-38).

Acknowledgments: This project was funded by the Deanship of Scientific Research (DSR), King Abdulaziz
University, Jeddah, under grant no. (RG-39-130-38). The authors, therefore, acknowledge with thanks DSR
technical and financial support. The authors also thank the reviewers for their constructive remarks on our work.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Kilbas, A.A.; Srivastava, H.M.; Trujillo, ].J. Theory and Applications of Fractional Differential Equations;
North-Holland Mathematics Studies, 204; Elsevier Science B.V.: Amsterdam, The Netherlands, 2006.

2. Sabatier, J.; Agrawal, O.P; Machado, J.A.T. (Eds.) Advances in Fractional Calculus: Theoretical Developments and
Applications in Physics and Engineering; Springer: Dordrecht, The Netherlands, 2007.

3.  Kisielewicz, M. Stochastic Differential Inclusions and Applications; Springer Optimization and Its Applications,
80; Springer: New York, NY, USA, 2013.

4. Agarwal, R.P; Baleanu, D.; Hedayati, V.; Rezapour, S. Two fractional derivative inclusion problems via
integral boundary condition. Appl. Math. Comput. 2015, 257, 205-212. [CrossRef]

5. Ahmad, B.; Ntouyas, S.K.; Alsaedi, A. New results for boundary value problems of Hadamard-type fractional
differential inclusions and integral boundary conditions. Bound. Value Probl. 2013, 2013, 275. [CrossRef]

6. Ahmad, B.; Ntouyas, S.K.; Alsaedi, A. Existence theorems for nonlocal multivalued Hadamard fractional
integro-differential boundary value problems. J. Inequal. Appl. 2014, 2014, 454. [CrossRef]

7. Ahmad, B.; Ntouyas, S.K. Existence results for a coupled system of Caputo type sequential fractional
differential equations with nonlocal integral boundary conditions. Appl. Math. Comput. 2015, 266, 615-622.
[CrossRef]


http://dx.doi.org/10.1016/j.amc.2014.10.082
http://dx.doi.org/10.1186/1687-2770-2013-275
http://dx.doi.org/10.1186/1029-242X-2014-454
http://dx.doi.org/10.1016/j.amc.2015.05.116

Mathematics 2019, 7, 1084 13 of 13

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

Ahmad, B.; Ntouyas, S.K. Nonlocal fractional boundary value problems with slit-strips boundary conditions.
Fract. Calc. Appl. Anal. 2015, 18, 261-280. [CrossRef]

Balochian, S.; Nazari, M. Stability of particular class of fractional differential inclusion systems with input
delay. Control Intell. Syst. 2014, 42, 279-283. [CrossRef]

Liu, X,; Liu, Z.; Fu, X. Relaxation in nonconvex optimal control problems described by fractional differential
equations. J. Math. Anal. Appl. 2014, 409, 446-458. [CrossRef]

Ntouyas, S.K.; Etemad, S.; Tariboon, J. Existence results for multi-term fractional differential inclusions. Adv.
Difference Equ. 2015, 2015, 140. [CrossRef]

Sun, J.; Yin, Q. Robust fault-tolerant full-order and reduced-order observer synchronization for differential
inclusion chaotic systems with unknown disturbances and parameters. . Vib. Control 2015, 21, 2134-2148.
[CrossRef]

Wang, X.; Schiavone, P. Harmonic three-phase circular inclusions in finite elasticity. Contin. Mech. Thermodyn.
2015, 27, 739-747. [CrossRef]

Yukunthorn, W.; Ahmad, B.; Ntouyas, S.K.; Tariboon, J. On Caputo-Hadamard type fractional impulsive
hybrid systems with nonlinear fractional integral conditions. Nonlinear Anal. Hybrid Syst. 2016, 19, 77-92.
[CrossRef]

Ahmad, B.; Ntouyas, S.K. Existence and uniqueness of solutions for Caputo-Hadamard sequential fractional
order neutral functional differential equations. Electron. ]. Differ. Equ. 2017, 36, 1-11.

Granas, A.; Dugundji, J. Fixed Point Theory; Springer: New York, NY, USA, 2005.

Rudin, W. Principles of Mathematical Analysis, 3rd ed.; McGraw Hill: Singapore, 1976.

Deimling, K. Multivalued Differential Equations; Walter De Gruyter: Berlin, Germany; New York, NY,
USA, 1992.

Lasota, A.; Opial, Z. An application of the Kakutani-Ky Fan theorem in the theory of ordinary differential
equations. Bull. Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys. 1965, 13, 781-786.

Petryshyn, W.V,; Fitzpatric, PM. A degree theory, fixed point theorems, and mapping theorems for
multivalued noncompact maps. Trans. Amer. Math. Soc. 1974, 194, 1-25. [CrossRef]

Covitz, H.; Nadler, S.B., Jr. Multivalued contraction mappings in generalized metric spaces. Israel . Math.
1970, 8, 5-11. [CrossRef]

Kisielewicz, M. Differential Inclusions and Optimal Control; Kluwer: Dordrecht, The Netherlands, 1991.
Castaing, C.; Valadier, M. Convex Analysis and Measurable Multifunctions; Lecture Notes in Mathematics 580;
Springer-Verlag: Berlin/Heidelberg, Germany; New York, NY, USA, 1977.

Petrusel, A. Fixed points and selections for multivalued operators. Semin. Fixed Point Theory-Cluj-Napoca
2001, 2, 3-22.

@ (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1515/fca-2015-0017
http://dx.doi.org/10.2316/Journal.201.2014.4.201-2612
http://dx.doi.org/10.1016/j.jmaa.2013.07.032
http://dx.doi.org/10.1186/s13662-015-0481-z
http://dx.doi.org/10.1177/1077546313508296
http://dx.doi.org/10.1007/s00161-014-0349-6
http://dx.doi.org/10.1016/j.nahs.2015.08.001
http://dx.doi.org/10.1090/S0002-9947-1974-2478129-5
http://dx.doi.org/10.1007/BF02771543
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	Existence Results
	Examples
	Conclusions
	References

