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1. Introduction

For any integer n > 0, the Chebyshev polynomials of the first and second kind T, (x) and U, (x)
are respectively defined as follows:

Tusa(x) = 2xTyp1 (x) — Tu(x),
with the initial values To(x) = 1 and T;(x) = x, and

un+2(x) = 2xUy 41 (x) - Un(X),

with the initial values Uy(x) = 1 and U;(x) = 2x. For more information, please see the papers [1-3]
and closely related references therein.

These polynomials play a very important role in the study of the theory and applications of
mathematics and they are closely related to Fibonacci numbers {F,} and Lucas numbers {L, } , which
are defined by the second order linear recurrence sequences, for any integer n > 0,

Fn+2 = Fn+1 +Fy

and
Lyy2 = Lyg1 + L,

where Fy = 0, F; = 1, Ly = 2 and L; = 1, respectively. Many authors have investigated these
polynomials and their generalizations [4-12]. In [8], Kim et al. consider sums of finite products of
Chebyshev polynomials of the second kind and of Fibonacci polynomials and derive Fourier series
expansions of functions associated with them. In [9], Kim et al. studied the convolved Fibonacci
numbers by using the generating functions of them and gave some new identities for the convolved
Fibonacci numbers. In [5], Cigler define g—analogues of Chebyshev polynomials and derive some
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properties of these polynomials. The g—Chebyshev polynomials of the first kind and second kind are
defined by the following recurrences relations, respectively, for any integer n > 2,

Tu(x,5,0) = (14 4")xTo-1(x,5,) + 4" 5Ty (x,5,9),
with the initial values Ty(x,s,q) =1, T1(x,s,9) = x and
Un(x,5,9) = (1+ ") xU,—1(x,5,q) + 9" 'sUy_o(x,s,9),

with the initial values Up(x,s,q) = 1, Uy (x,s,q) = (1 +¢)x and x, s are real variables in [5].
It is clear that U, (x, —1,1) = U,(x) and T,,(x, —1,1) = T, (x). Moreover, in [5], Cigler point out
that the g—Chebyshev polynomials of the first kind are determined as the combinatorial sum

&y ] EDa
Tn(x,s,q):];;)q] [”_]']q{ j L(_q;q)jsfx 7, ne NU{0}, (1)

and the g—Chebyshev polynomials of the second kind is determined as

L5 )
un<_xlslq) = Z q]z |:1’l:| %S]x"72] ,neNU {0},
j=0 J1q (_q;q)j

where (x,¢), is the g-shifted factorial, that is, (x,q)p = 1,

|
—_

n

(x,q)n = [T(1—q'x)

Il
<}

and for integer k, g-binomial coefficient is as follows:

n (9. 9)n "
[k]q “ @ (TS

with [Z]q =0forn <k
Now, we give some definitions related to (p, q)—integers, for any fixed real number 0 < g < p <1

and each non-negative integer n. (p, q)—integers are denoted as [n]p g where

Also in Ref. [13], (p, q)—factorial and (p, g)-binomial coefficients are defined as follows:

] '_{ [n]p,q[n—l}p,q...[l]p,q, if k=1,2,...,
pa-

L if k=0,
P 0, if k>n>0.

In Ref. [13], the (p, 9)-binomial coefficients satisfy the following recurrence relations:

n+1} kH n_kﬂ{ n }
=p +4q ,
[ k P4 k pA k-1 P4

”+1} k["] nk+1{ n }
=q +p ,
[ k P4 k pA k-1 P4
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with [g]pq =1, [Z}pq =1land [']Z]pq =0fork > n.
In Ref. [14], the (p, q)-shifted factorial is given as

1, n=0,

((a,b); (PIQ))n = { (Ll7b)(ﬂ}?*bﬂ)(ﬂp2*qu)‘--(ﬂpn_l 7bq"—1), n=12,....

Note that, for details of (p, g)—analysis, one can see [15-18] and p — 1 in these properties, we have
the property of g—calculus in [19]. On the other hand, for more details related to (p, 4)—-orthogonal
polynomials, readers look at the papers in [20,21].

With the help of these generalizations, we will introduce (p, 7)-Chebyshev polynomials of the
first and second kind.

2. (p, q)-Chebyshev Polynomials

In this section, we will define (p,q)-Chebyshev polynomials of the first and second kind.
Then, we will derive explicit formulas, generating functions and some interesting properties of
these polynomials.

Definition 1. For any integer n > 2and 0 < q < p < 1, the (p,q)—Chebyshev polynomials of the first kind
are defined by the following recurrence relation:

n—1 n

Tu(x,s,p,q) = (P" '+ 4" )T 1(x,5,p,9) + (p)"'sTu2(x,5,p,9), @)
with the initial values To(x,s, p,q) = 1 and T1(x,s, p,q) = x and x, s are real variables.
In the light of this recurrence relation, we will give Table 1:

Table 1. Some special cases of the (p, g)-Chebyshev polynomials of the first kind.

X s p q Tu(x,s,p.q) (p,q)-Chebyshev Polynomials of First Kind
5 s p g Lu(x,s,p,q9)  (pg)-Lucas Polynomials

x -1 1 1 Tyux) First kind of Chebyshev Polynomials

7 1 1 1 %Ln (x) Lucas Polynomials

% 1 1 1 %Ln Lucas Numbers

x 1 1 1 1Qux) Pell Lucas Polynomials

1 1 1 1 % Qn Pell Lucas Numbers

o2y 11 iy Jacobsthal Lucas Polynomials

% 2 1 1 35jn Jacobsthal Lucas Numbers

Lemma 1. The (p, q)-binomial coefficients satisfy the following identities:
' ’ o i
nej 4 g {”.J} n=]
() | ]

n—j—1

=(P”+q”){ qu + (pg) " (Pj+5lj>[ i qu 3)

pA

(Pnfjfl _._qnfjfl) [ [nh’rq {n _]:| N _ (pnfl + qnfl) [

[n_l]pq 7’1—]—1
- : . 4
nij]p,q J |: :|Pr‘7 ()

nijil]p,q )

i o =2 n—j—1
2f+n (j o i 1 TP J
+ (pq) (P +‘7)[n—j—1],,,,,[ o1 L’q-

Proof. Using these equations,

e[ 7] = e [ e,

q
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ne [n—1] n—j— oiin [n—2] n—j— i n—
O L e AN R e o AP R G = 1 )

—k(n=k)["] " we derive Equations (3) and (4) as (p, q) analogue

- p k] p,q’

in [5] and writing g — < and [ ]q/p
of the above equatlons O

Theorem 1. The explicit formula of (p, q)—Chebyshev polynomials of the first kind is as follows:

|%] ]7 n—j ((P,*ﬂ)}(prqwn—j—l j1—2j
Tn5:p4) ; [ =1l,, [jL,q G, B

Proof. By using Equation (2) when 7 is odd, we have

n 1
T .
ne1 g gt i L B I ViULNIS S IR n-1
(p )x ;‘J (=g | j apa); °F +(pa)
n=2
XLZZ:J( ) e (1 =)= 2] (@m0 on2j2
P o vl S S I (ST

= (P 4" ) (p =) (P ), 8"
n—j—1

(11l 1 {n —j- 1} —2j4n_[1=2, Pt { }
< o + (p‘7) [”7].7]]%? <pn—]—l+qn—]—l ) ] —1 P

[”*j*l]p,q pn—j—LHin—j—l ]

2 (=i (p)u—j-1 j. n—2j
< (p)” =G i, X"

From Lemma 1, we get

2] Mg [n=j] (P =P oy
; n*]] [J’L,q ((p, =i (p,9)); A

If n is even, the proof can be obtained similarly. O

The Fibonacci operator 7, was introduced by Andrews in [3], by 7,f(x) = f(qx). Similarly,
we define another operator 17,,,f(x) = f(pgx). Now, we will give the generating function of the
(p, q9)-Chebyshev polynomials of the first kind.

Theorem 2. The generating function of the (p, q)-Chebyshev polynomials of the first kind is as follows

1 {1 —xz}. (6)

Spq(z) =
pal@) = 1= Xzl — Xz1g — Spqz*1p

Proof. Let us consider the following equation

n

Tu(x,s,p,9)z

ngk:

0

n

For the proof of Theorem 2, we need to check the following equivalent relation

(1 — Xzl]p — X21g — quzznp,q) Spq(z) =1—xz
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Thus, we write

SM(Z) - xz;ypSp,q(z) - xz;qup,q(z) - quzznp,qsp,q(z)

=Y Tu(x,5,p,9)2" —x Y Tu(x,5,p,9)p"2" " —x Y Tu(x,s,p,9)q"z"
n=0

n=0 n=0
— s Z pn+lqn+l Tn(x, s, P, q)ZnJrZ
n=0
=) Tu(x,5,p,q)2" - x E (P44 Tialxs, pa)2" —s 1 (p)" ' Tuoa (s, p,0)2"
n=0 n=2

To(x,s,p,q) + Ti(x,s, p,q) —2xzTy(x,s,p,9)

53 (Ta(x,s,p,0) = x(p" 1 + 4" DTy (x,5,p,9) = s(pa)" Tua(x,5,p,4) ) 2"

n=2
From (2), we have
(1 - xZT]P - xzﬂq - SquZUP,q) SP#](Z) = TO(xI 5, P, 4) + Tl(x/ 5, P, ‘7) - 2JCZTO(XI 5, P, 4)
=1-—xz

Finally, we obtain the desired relation

1
1 — xzn, — x21y — spqz21p,q

Spa(z) = {1—xz}.
O

Definition 2. For any integer n > 2and 0 < q < p < 1, the (p, q)-Chebyshev polynomials of the second kind
is defined by the following recurrence relations:

Un(x,5,p,q) = (p" +q")xUn-1(x,5,p,q) + (pa)"~'sUn-2(x,5, p,q) @)
with the initial values Uy(x,s, p,q) = 1and Uy (x,s, p,q) = (p+q)x and s is a varible.
In the light of this recurrence relation, we will give the other following interesting table:

Table 2. Some special cases of the (p, g)-Chebyshev polynomials of the second kind.

X s ? g9 Uu(x,s,p,9) (p,q)-Chebyshev Polynomials of Second Kind
5 s p g Fuxs,pq)  (p q)-Fibonacci Polynomials

x =1 1 1 Uy(x) Second kind of Chebyshev Polynomials

7 1 1 1 Fq(x) Fibonacci Polynomials

% 1 1 1 Fiq Fibonacci Numbers

x 1 1 1 Puq(x) Pell Polynomials

1 1 1 1 P Pell Numbers

% 2y 1 1 Jua(y) Jacobsthal Polynomials

% 2 1 1 Ji+ Jacobsthal Numbers

Theorem 3. The explicit formula of (p, q)—Chebyshev polynomials of the second kind is as follows:

—
[E—

5
Un(x,s,p,9) (pq
]:O

l:?l _]] ((p, _Q); (p/q)>n—js]'xn—2j_ (8)
PAa

j ((p, =) (p,2));
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Proof. By using (7) when n is odd, we have

L%lj n—1— /2 ; 7 n—iji— . ;
e L e “’?J—)JJQ?Z»J. S o
pq 7 7 7 ]

j=0
n-2 . .
L 2 J n—]—2:| ((p/ —CI)/ (p'q))n—j—Zijn_zj_z
P4

X] (W)][ j ((p, =) (p.9));

0
=" +4") (P, =9); (P, 9)) 1 ¥"

1% , Py ,
p'+q" {”—]—1] —oj4n (P HY n—j—1
+ : + (pq) — ,
( pa pr gt J=1 1y,

n]+qn] j

-2((771_‘7)?(174))71—]‘ i n—2i
< (pa) ((p,—9); (p.9)); S

j=1

Then, using the Lemma 1, we have

L%J o n—j ((p/ _q); (P/Q))n—] i n—2i
EW[ j Lq i,

If n is even, the proof can be obtained similarly. [

Theorem 4. The generating function of the (p,q)—Chebyshev polynomials of the second kind is as follows:

1
Gpyq(z) = 1 — xpznp — xqz15 — spaz*ip,y "

Proof. Let us consider the following equations:

[e0]

Gpyq(z) = Z Uy, (x,s,p,q)z".

n=0

Similarly, for the proof of Theorem 4, we need to check the following equivalent relation
(1 — Xpzip — Xqzhg — quzzﬂplq) Gpyq(z) = 1.

Thus, we write

Gp,q (Z)_XPZUpGp,q (z) — quUqu,q (z) - quzqu,qu,q (z)
=Y Uu(x,s,p,q)z" —x ) Un(x,s, p,q)p" iz
n=0 n=0

—5 Y Un(x,s,p,q)(pg)"T12"+2
n=0
= Uo(x,s,p,q) + Ui(x,8,p,9)z — xpzUo(x,s, p,q) — xqzUo(x,s,p,q)

—x ) Un(x,s,p,q)" 12"
n=0

+ 3 (Ua(s,p,q) = (p" + ") U1 (x5, p,9) = 5(pa)" " Un2(x,5,p,) ) -

From (7), we obtain

(1 — Xpzip — Xqzhg — quzZWP,q) Gpyq(z) = 1.
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Finally, we have
1

1 — xpznp — xqz15 — Spaz*ipg)

Gpyq(z) = (
O

The recurrence relations (p,q)-Chebyshev polynomials of the first and second kind can be
expressed by the following determinant, respectively:

x (pq)s 0 0
-1 (p+aq)x  (pg)’s :
Tu(x,s,p,q) = det | 1 (PP 0 ,
- - (pq)"'s
0 0 0 ce (P g
(p+q)x (pq)s 0 0
-1 (P +)x (pg)’s i
Un(x/sl prq) == det O _1 (pS +q3)x '.‘ 0
- g (pq)"'s
0 0 0 e (P Hg)x

Theorem 5. For these polynomials, we have an interesting relation

DpgyTu(x,8,p,9) = [n], s Un—1(x,5,p,9),

where D, qy denoted by (p, q)~Jackson’s derivative given by

in [14].
Proof. By using the (5) and (8), we have

3]

B o [y =71 (=9 (@) u_j1 n2i
D(p,q)Tn(foIPrq)—];)(PW [n_j]p,q|: j Lq (7, —0): (p.0)); $'Dp,q)x"
] 2 [Mlye =71 ((P=)i(Pr3))n—jn -(px)”_zj—(qx)nfzj
-l rEr i Bl PR (e e e
LH*]

2

J (pq)]z [n]p,q [Tl - zj}p,q |:7”l — ]] ((p/ —‘7)? (pl q))nfjfl S]'xn_zj_l
I

= (1 —=1lpq j ((p,—4); (p.4));

n—j=1 j.n-2j—-1
S'X
((p,—1): (p,2));

= [n],, ¥ (pa) {” —Jj- 1] ((p,—4); (p,9))
pAa

j=0 J
= [n]p,q Un,1 (X, 5P, q)

Thus, the proof is completed. [
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3. Multilinear and Multilateral Generating Functions

In this section, we derive some multilinear and multilateral generating functions for (p, g)-Chebyshev
polynomials of the first and the second kind which are generated by (6) and (9), and given explicitly
by (5) and (8), respectively, with the help of similar methods in [22-25]. The presented results and
their potential impacts seem to be relevant for a wider audience in the areas of mathematics including
orthogonal polynomials, harmonic analysis and classical analysis [26].

Theorem 6. Corresponding to an identically non-vanishing function A, (t) of m complex variables ty, ..., t
(m € N) and of complex order , let

Yo (tw) = Y gk (D)5, (10)
k=0
where (ay #0, p,v e C);t=(t1,.. ty)and
[n/1] L
Tn?‘]/lv(x t; h Z aan rk(x S, pfq) -H/k(t)h ’ (11)
=0

where n,r € N. Then, we have

1
1 — xvnp, — x015 — spqutiip,

{1 —xv}. (12)

ad @
Z 1Yn,r,;t,v (x; t ?) " = Yy,v(t}@)
n=0

Proof. We symbolize the left-hand side of the equality (12) of Theorem 6 as Q. Then, we can write
b/ k n—rk
Z aanfrk(er/ P, q) Ay+vk(t )(D 0" (13)
k=0

instead of
[
‘Fn,r,y,v (x} t ?)

from the definition (11) into the left-hand side of (12), we have

oo [n/7]
= 2 2 ax Ty (%, p,9) Apyor(t) @ 0", (14)
n=0 k=0

Writing n by n + rk, we can obtain

oo [ee] k
= Z Y acTu(x,s,p,q) Ay (t)@ 0"
0k=0

<i o) (s
Y

1
1—xv}.
1 — xvi, — xv19 — spqo*iy, ¢ s

po (@)

O

Now, we can similarly derive the next result.
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Theorem 7. Corresponding to an identically non-vanishing function Ay (t) of m complex variables ty, ..., ti,
(m € N) and of complex order y, let

Yy v(t w Z akA;H-vk( ) k (15)

where (a #0, u,veC);t=(t,...tm)and

[n/1]

anuV(x th) Z a Uy, i (x,8,p,9) y+vk(t>hk1 (16)
k=0

where n,r € N. Then, we have

Z‘Fnryv(}/w)v —YHV( )

1
1 — xpon, — xquig — spqoipp,q

(17)

4. Some Examples for Generating Functions

Before obtaining new generating functions, we will recall (p,q)-Fibonacci and (p, g)-Lucas
polynomials. In Ref. [27], for 0 < g < p < 1 and x,s are real variables, the authors define
(p,q)-Fibonacci and (p, q)-Lucas polynomials as

[3]

—k
Fua(x,spq) = Y (pg) <172 {” B ] skan=2k, (18)
k=0 [
LI _—
Ln(X,S| p,q) = Z(pq)(Z)ﬁ [ :| Skxn_Zk, (19)
k=0 [ —Kpq Ll k lpg

and obtain a generating function as

c- - t q), 0
Y Exsp | pg)tt = —— zqu< ((p 7 (P,q);—qst2>; lxt| <1,  (20)
n=0

X p,xtq), (p,0)

1+spt2 ( (p,q9), 0

> Lu(xsp™"[p)t" = 7= (Prq);—qsi@); xt| <1,  (21)
n=0

xpt (p,xtpq), (p,0)
where
1) (4 (g)
. (a1,b1), (a2,b2) i (a1,b1), (a2, B2); (p,q)) (—1) <?> o
2 (cr,dh), (2, da) = (e1,dh), (c2,d2); (p,9) (P @) (@)™
respectively.

Now, we can give some examples for generating functions. For 0 < ¢ < p < 1 and x, s are real
variables, setting

m = land A;Hrvk(z) = F;H,,k(z,sp*k P,q)

in Theorem 6, where the (p, g)-Fibonacci polynomials

Fu(z,sp~*|p,q9)

are generated by (20), and then we will derive the result, which provides bilateral generating functions
for (p, q)-Fibonacci polynomials and (p, g)-Chebyshev polynomials of the first kind given by (5).
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Corollary 1. If Y, ,(z;w) := E axFypk(z,5p~ 5| pg)wk (ay #0, p,veC), and
k=0

[n/7]
Wn,r,yrv(x,‘z; )= Z ax Ty (X, s, PrQ>F;¢+vk(ZISP7k P/Q)Ck/
k=0
wheren € Ny;r € N, and then

1
1 — xtyy — xthyy — spqt?ip,g

> u
Z:OWW%V (x; z; t7) " =Yu(zu) {1—xt},
n—=

where0 < g <p <1

Remark 1. From Equation (20), for (p, q)—Fibonacci polynomials and getting ay =1, y = 0, v = 1, we have

oo [1/1]

0
T, . (x,s,1,0)F(z,sp | p,q)ukt"—"* = "t (p.), ,q); —qsu*
;)k; n—rk(X,8,p,0)Fc(z,5p™"| p,q) =2 22\ (poug), (p,0) (p.9);—q

X 1 5
1 —xtyy — xtng — spat-np,g

{1—xt},
where |zu| < 1.
p.q) for0 < g < p < 1in

Theorem 7, we will derive the following bilateral generating functions for (p, g)-Lucas polynomials
and (p, 9)-Chebyshev polynomials of the second kind given by (8).

In addition, choosing m = land A, (z) = Lwrvk(z,sp’k

p,q)wk (ap #0, p,veC), and

Corollary 2. If Y, (z;w) := ¥ akLka(z,sp’k
k=0

[n/7]
Wi (52, 0) 1= arUy, (%, s, Pr‘i)Lervk(ZrSP% p,q)@k,
k=0
wheren € No;r € N, and then

1
1 — xpty, — xqtng — spqt?nyq

- u
E Wn,r,y,v (X} z; t7) = YH,V(Z;u)
n=0

Remark 2. From Equation (19), for (p, q)—Lucas polynomials and getting ay =1, y = 0, v = 1, we have

e 1+ spu? ,q), 0
pquberre = 1P (0 i) (p,q); —gsu®
( )

oo [n/7]
U,_k(x,s,p,9)Li(z,s —k
y;)kgo (%5, P )Ll 5p 1—zpu p,zupq), (p,0

X 1 5 ,
1-— xptyp — xqtng — spqtsipg

where |zu| < 1.

Finally, choosing m = 1and A, k(t) = T, 1k(%,s, p,q) in Theorem 6, we derive the following
bilinear generating functions for (p, )-Chebyshev polynomials of the find kind given by (8).
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Corollary 3. If Y, (z;w) := E A Tk (2,8, p,q)w*, (ap #0, u,v e C),and
k=0

[n/7]
Wn,r,y,v(x?zr' )= Z Ty (2,8, P,Q)Ty+vk(2,5, P/Q)gkz
k=0
where n € No;r € N, and then
ad u 1
Wiruw (%2, — ) 1 = Yyu(zu) (1— xt).
,;) Y ( tr) wy 1 — xtyp — xtyg — spat2ip,

Remark 3. From Equation (6), for (p, q)—Chebyshev polynomials of the find kind and getting a, =1, uy = 0,
v =1, we have

el [”/7] 1
T, (x5, 0,0)Tk(z,s, p,q)uf "% = 1— xt
n;”;o n—rk(%,5,p,0)Te(2,5,p. q) 1_xt;7p_xmq_qut2w,q( )
1

X 1—zu).
1 — zuny — zuig — spqutp, ( )
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