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Abstract: This paper addresses the modelling of Ambartsumian equation using the conformable
derivative as an application of the theory of surface brightness in astronomy. The homotopy
perturbationmethod is applied to solve this model, where the approximate solution is given in
terms of the conformable derivative order and the exponential functions. The present solution
reduces to the corresponding one in the relevant literature as a special case. Moreover, a rapid rate of
convergence has been achieved for the obtained approximate solutions. Furthermore, the accuracy
of the obtained numerical results is validated via calculating the residual against the impeded
parameters. It is shown graphically that the obtained residual approaches zero in various cases,
which proves the efficiency of the current analysis.
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1. Introduction

In this paper, we consider a generalized model of Ambartsumian equation (AE), a delay
differential equation, in the form:

’txz(t):—z(t)+;z<:]>, 0<a<1 g>1, (1)

where g is a constant for the given model and « is the order of conformable derivative (CD). Equation (1)
is subjectedto the initial condition:
2(0) = A, @

where A is also a constant. When « — 1, Equations (1) and (2) describe the surface brightness in the
Milky Way, given by [1]:

Z(t) = —z(t) + ; z <;) . 3)

Moreover, Equation (3) was derived more than 25 years earlier by Ambartsumian [1] to describe
the absorption of light by the interstellar matter. The existence and uniqueness of the standard model
(Equations (2) and (3)) was analyzed by Kato and McLeod [2]. In the literature [3-6], the standard
model Equations (2) and (3)) was solved via several analytical methods. Patade and Bhalekar [3]
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applied the Daftardar-Gejji and Jafari Method to obtain a power series solution and provided a
theoretical analysis for convergence. Later, Bakodah and Ebaid [4] obtained the exact solution of the
standard model (Equations (2) and (3)), i.e., as « — 1, by means of Laplace transform. In addition,
Ebaid et al. [5] implemented the Adomian decomposition method (ADM) to derive an accurate
approximate solution. Very recently, Alharbi and Ebaid [6] introduced a closed-form analytical solution
in terms of exponential functions for the standard model (Equations (2) and (3)). They demonstrated
that their new closed-form solution has many advantages over the published one by Patade and
Bhalekar [3].

However, the present model (Equations (1) and (2)) is a generalized form of the standard
AE (Equations (2) and (3)). In fractional calculus, Kumar et al. [7] solved the fractional model
(Equations (1) and (2)) by means of the homotopy transform analysis method considering the Caputo’s
fractional derivative definition.

However, the conformable derivative (CD) is one of the most prominent operators in this
context. To solve the generalized model (Equations (1) and (2)) using the CD, several analytical
approaches can be implemented such as the Adomian decomposition method (ADM) [8-20], the
homotopy perturbation method (HPM) [21-23], the differential transform method (DTM)/Taylor
expansion [24,25], and the the homotopy analysis method (HAM) [6]. In addition, many applications
of the CD have been recently discussed by several authors [26-29]. Recent applications and advances
of fractional operators in various fields can be also found in Refs. [30-33]. Therefore, the present paper
extends the application of the CD to analyze the fractional model (Equations (1) and (2)). The objective
of this paper is to investigate the system (Equations (1) and (2)) in view of the CD using the HPM.
It will be declared that the HPM is an effective tool to deal with the current model. Moreover, it is
shown that a few terms of the series is sufficient to obtain accurate numerical results, where a very
small residual error is obtained.

2. Analysis of the HPM

The HPM assumes the solution as an infinite series using an artificial parameter p. To implement
this method to deal with the system (Equations (1) and (2)), we rewrite Equation (1) in the form:

a0 = =0+ (52(5)) @

where p is an embedding parameter, which is used to construct the homotopy series solution as

z(t) = ) p"za(t). ()
n=0
Inserting Equation (5) into Equation (4), we have
> 1 t
Dizo(t) +20(t) + L 7" (Dza() +2a(0) =120 (1) ) =0, ©)
n=0

which leads to the following systems of initial value problems:
tz0(t) +zo(t) =0, z(0) = A, @)

1 t
Dfzyi1(t) +zp11(t) = azn (q) , zy+1(0) =0, n>0. 8)

The conformable derivative of arbitrary order o, 0 < a« < 1, of a function z(t) : [0,00) — R is
defined by [26-29]

S (f) = 10 <j’j> . ©)
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Accordingly, the systems in Equations (7) and (8) become

%20 (1) +20(t) =0,  zo(0) = A, (10)
02 () + 2 (t) = ;zn (;) , zp41(0) =0, n>0. (11)

Equation (11) is defined as nth-order systems. The solution of the zeroth-order system (i.e., the
system of order zero) in Equation (10) is obtained as

o
zo(t) = A Exp (—;) : (12)
From Equations (11) and (12), the first-order system becomes
—0 X
Ao+ a0 =3 B (<10 ), 20 =0 (13)

To solve the first-order ordinary differential equation in Equation (13), we rewrite such equation
in the form:

—N X
2 (t) + 571z (1) = ;‘ t*Exp (—q at ) . (14)

The solution of Equation (14) subject to the initial condition z1(0) = 0 is given in terms of the

integrating factor Exp ( ) as

o t -
{Exp (Tx) zl(T)] T 3/(; ™ 1Exp< )Exp< d aT ) dt, (15)

B (5 ) a0 = ey (B (5 (1-979)) 1)) (16)

Therefore, z; (t) is finally given by

0 (e () ()

The second-order system takes the from of Equation (11):

EAOREN( —;1(;)

—20 g —apn
~ e (o () e () =0 -0 o

Proceeding as above, the solution of the system in Equation (18) can be solved as follows:

B (2)a0], =gt e (Be (<) -Be(-5)) e () n
= o e (B (-0 —Bp (- ")) dr, (19
qz(lAq 5 (h— L),

or

where I; and I; are defined, respectively, by

t ™
I = / ™ 1Exp (a(l - q—zﬂ‘)> d, (20)
0
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and
t B
L :/ ™ 1Exp <“(1 —q‘”‘)) dr. (21)
0
The two integrals above can be explicitly calculated as
L= (Bx ﬁ(1— T2y ) -1 (22)
1= 1 _ q,z,x p o q 7
and
I = L Ex ﬁ(1 —q %) -1 (23)
2= 1— q—tx P o q .
From Equation (19), we obtain z;(#) in the form:
2 (1) A Exp( ta) (L — Ip) (24)
2t = 57—~ —— (1= 12).
9> (1=g7%) «

Implementing Equations (22) and (23), the expression (Exp (—%) (L —Iz)) in
Equation (24) reads

I 1 204 1 1
P (a> (h=h) =7 =B (q o ) - (1—17“ N 1q‘2“) *

$ 1 g
B () - e ().
_

1 gt
1= q,,XEXp ( . ) ) (25)
where the following identity:
1 1 g "
(1—6/"‘_1—q2”‘> Sl 20)

is used to obtain Equation (25). From Equations (24) and (25), we finally get z,(t) as

22(0) = g [Be (- 50) e B (5) - e B (-5)]. @)

In the same manner, the solutions of higher-order systems can be provided. Now, the HPM gives
the n-term approximate analytic solution p,(t) when p — 1 as

n—1
on(t) =Y zi(t). (28)
i—0

Accordingly, we have the following three-term approximate analytic solution:

pt) =3B ()i (e () B () )+

—20 40 o g
[Exp (—q oct ) + g9 “Exp (—;) —(14+97%) Exp (_t] oct )] X (29)

A
P(1—g ) (1—q2)
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At this point, the approximate solution in Equation (29) can be validated as « — 1. In that case,
the approximate solution in Equation (29) reduces to

A A
p3(t)  =AExp(—t)+ -1 (Exp (—t/q) —Exp (—t)) + CERICA) X
[7Bxp (—t/4%) +Bxp (—1) — (9 + 1) Bxp (~t/q)], (30)

which agrees with the third-order approximate solution in [5] for the model in Equations (1)-(3). Hence,
the present results are applicable for 0 < a < 1 and more general than those in relevant literature [3-6]
when a — 1. The applicability and validity of the obtained results are illustrated in the next section,
where the convergence of the approximate solutions in Equation (28) is valid in the whole domain
t > 0 for all values of g4 > 1. Moreover, the present approximate numerical results are validated by
calculating the residual |RE,(t)| defined by

IRE, ()] = tl“p;<t>+pn<t>—;pn (t) , n>1, (31)

by using the n-term approximate solution to estimate z(t).

3. Results

This section is devoted to the domain of applicability and validity of the obtained approximate
solutions in the previous section for the conformable form of the AE. The convergence of the Homotopy
perturbation method (HPM) was discussed in detail for ODEs (ordinary differential equations) by
Ayati and Biazar [23]. For FPDEs (fractional partial differential equations), the convergence of the HPM
was recently analyzed by Touchent et al. [34] and Sene and Fall [33]. Ayati and Biazar [23] proved that
the series in Equation (28) is convergent in the limit if 3 (0 < €; < 1) such that ¢; = Hﬁ’;ﬁ” ,VieN,
where ||f(t)]| = [nax |f(t)|. For illustration of convergence, we consider « = 0.8, A = 1,]and g=14.
Accordingly, we have e = 0.2988, e, = 0.3853, €3 = 0.1932, e, = 0.1089, €5 = 0.0657, €5 = 0.0414,
€7 = 0.0268, eg = 0.0175, and €9 = 0.0120, which proves the convergence of the present approximate

solutions, even if the domain 0 < t < 1is extended. If the domain is enlarged tobe 0 <t <7, T > 1,
westillhave 0 <¢€; <1, Vi€ N.

The convergence of the sequence p,(t) in Equation (28) is demonstrated in Figure 1, where the
approximate solutions pg(t), ps(t) and p1o(t) are depicted at« = 0.8, A = 1, and g = 1.6. This figure
shows that the approximate solutions using a few terms approach to a certain curve as the number
of terms increases, even for large values of the independent variable. This may explain how the
convergence of approximate solution is estimated, in addition to the above analysis of convergence.
Furthermore, it is shown below that the approximate solution p1o(#) leads to highly accurate numerical
results, especially, when g > 2.

The variation of p1((t) versus f is displayed in Figure 2 at various values of the arbitrary order
of the CD. To validate the current results, the residual |REj| is plotted versus t in Figures 3 and 4 at
two particular values of the delay parameter 4, § = 1.6 and g = 2, respectively, for various values of
«. The obtained results in these two figures reveal that |RE;g| is small when g = 1.6, while it rapidly
decreases as ¢ increases as observed from Figure 4 when g = 2. In addition, the profile of | RE1o| against
two sub-domains of the parameter g (> 1) is introduced through Figure 5 (1.1 < g < 1.6) and Figure 6
(5 < g £10) in the domain ¢ € [0, 50] at A = 1 and a = 0.8. It is noticed from these figures that the
maximum values of |RE1g| in these sub-domains are, respectively, 6 x 1072 and 2 x 10~!¢. In addition,
it can be concluded that the residual becomes very small and rapidly decreases (approaches zero) for
relatively higher values of g, i.e., when g > 2.

Ata = 0.8 and g = 2, the impact of the initial condition A (0 < A < 5) on the variation of |[REj| is
depicted in Figure 7. Figure 8 shows the profile of |REjo| verses the arbitrary order « (0.5 < a < 1).
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Finally, at a particular value of the independent variable t = 100, the behavior of the residual |REy|
is presented in Figure 9 versus both A (0 < A < 5) and q (2 < g < 10). The obtained results in
Figures 7-9 confirm that the present 10-term approximate solution p1o(#) is highly accurate. Therefore,
the preceding discussion shows the effectiveness of the HPM in accurately and quickly solving the
generalized form of AE in view of the CD.

1.00 T

a=08,1=1,¢=16 —Ps

Pl

1.0

08

0.6

Piolt

04

Figure 2. The variation of the approximate solution versus the conformable derivative order .
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Figure 3. Effect of the conformable derivative order « on the residualat A =1, g = 1.6.
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Figure 4. Effect of the conformable derivative order a on the residualat A =1, = 2.

[REl, @=0.8, 0<¢<50, 1.1<¢<1.6

Figure 5. Residualata =0.8,A =1,1.1 < g < 1.6.

| IREjg, @=0.8, 0=£550, 55¢<10 |

N, I8y,
15x10716 Qv
1.x10716 e X
5.x10717

Figure 6. Residualata = 0.8, A =1,5 < g < 10.
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| IRE o], @=0.8, 0<t<50, 025 ]

Figure 7. Residualata = 0.8, =2,0 <A <5.

IREg|, 05£550, 0.55a <1

Figure 9. Residualata =0.8,2 < 4 <10,0 < A <5, =100.
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4. Conclusions

The homotopy perturbation method is applied in this paper to solve the fractional form of the
Ambartsumian equation in view of the conformable derivative. The obtained approximate solution is
expressed in terms of the exponential functions and the arbitrary order of the conformable derivative.
The present approximate solution reduces to the corresponding one in the literature when the order
of the conformable derivative tends to unity. Moreover, the impacts of the initial condition, the
delay parameter, and the arbitrary order of the conformable derivative on the residual error are
discussed in detail. It is also declared that the residual achieved by using only ten terms is very small
for moderate values of the delay parameter while such residual approaches zero as the the delay
parameter increases.The obtained results are applicable for 0 < # < 1 and more general than those
in relevant literature [3-6] in which « — 1. The obtained residual errors in Figures 7-9 are less than
3 x 107, which confirms the accuracy of the approximate solution. In addition, the obtained residual
error in Figure 6 is less than 2 x 1071¢ which is highly accurate.

Author Contributions: The authors participated equally in this work. All the authors read and approved the
final manuscript.

Funding: The authors would like to acknowledge financial support for this work from the Deanship of Scientific
Research (DSR), University of Tabuk, Tabuk, Saudi Arabia, under Grant no. S-015-1439.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Ambartsumian, V.A. On the fluctuation of the brightness of the milky way. Doklady Akad Nauk USSR 1994,
44, 223-226.

2. Kato, T,; McLeod, ].B. The functional-differential equation y'(x) = ay(Ax) + by(x). Bull. Am. Math. Soc.
1971, 77, 891-935.

3. Patade, ].; Bhalekar, S. On Analytical Solution of Ambartsumian Equation. Natl. Acad. Sci. Lett. 2017,
40, 291-293. [CrossRef]

4. Bakodah, H.O.; Ebaid, A. Exact Solution of Ambartsumian Delay Differential Equation and Comparison
with Daftardar-Gejji and Jafari Approximate Method. Mathematics 2018, 6, 331. [CrossRef]

5. Ebaid, A.; Al-Enazi, A.; Albalawi, B.Z.; Aljoufi, M.D. Accurate Approximate Solution of Ambartsumian
Delay Differential Equation via Decomposition Method. Math. Comput. Appl. 2019, 24, 7. [CrossRef]

6. Alharbi, EM.; Ebaid, A. New analytic solution for Ambartsumian equation. J. Math. Syst. Sci. 2018,
8, 182-186.

7. Kumar, D.; Singh, J.; Baleanu, D.; Rathore, S. Analysis of a fractional model of the Ambartsumian equation.
Eur. Phys. J. Plus 2018, 133, 259. [CrossRef]

8.  Wazwaz, AM. Adomian decomposition method for a reliable treatment of the Bratu-type equations.
Appl. Math. Comput. 2005, 166, 652-663. [CrossRef]

9.  Ebaid, A. Approximate analytical solution of a nonlinear boundary value problem and its application in
fluid mechanics. Z. Naturforschung A 2011, 6 , 423-426. [CrossRef]

10. Ebaid, A. A new analytical and numerical treatment for singular two-point boundary value problems via
the Adomian decomposition method. J. Comput. Appl. Math. 2011, 235, 1914-1924. [CrossRef]

11. Aly, EH.; Ebaid, A.; Rach, R. Advances in the Adomian decomposition method for solving two-point
nonlinear boundary value problems with Neumann boundary conditions. Comput. Math. Appl. 2012,
63, 1056-1065. [CrossRef]

12.  Chun, C.; Ebaid, A.; Lee, M.; Aly, E. An approach for solving singular two point boundary value problems:
Analytical and numerical treatment. ANZIAM J. 2012, 53 , 21-43. [CrossRef]

13. Wazwaz, A.M.; Rach, R.; Duan, ].S. Adomian decomposition method for solving the Volterra integral form
of the Lane-Emden equations with initial values and boundary conditions. Appl. Math. Comput. 2013,
219, 5004-5019. [CrossRef]

14. Ebaid, A.; Aljoufi, M.D.; Wazwaz, A.M. An advanced study on the solution of nanofluid flow problems via
Adomian’s method. Appl. Math. Lett. 2015, 46, 117-122. [CrossRef]


http://dx.doi.org/10.1007/s40009-017-0565-2
http://dx.doi.org/10.3390/math6120331
http://dx.doi.org/10.3390/mca24010007
http://dx.doi.org/10.1140/epjp/i2018-12081-3
http://dx.doi.org/10.1016/j.amc.2004.06.059
http://dx.doi.org/10.1515/zna-2011-6-707
http://dx.doi.org/10.1016/j.cam.2010.09.007
http://dx.doi.org/10.1016/j.camwa.2011.12.010
http://dx.doi.org/10.21914/anziamj.v53i0.4582
http://dx.doi.org/10.1016/j.amc.2012.11.012
http://dx.doi.org/10.1016/j.aml.2015.02.017

Mathematics 2019, 7, 425 10 of 10

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Alshaery, A.; Ebaid, A. Accurate analytical periodic solution of the elliptical Kepler equation using the
Adomian decomposition method. Acta Astronaut. 2017, 140, 27-33. [CrossRef]

Wazwaz, A.M.; Raja, M.A.Z.; Syam, M.I. Reliable treatment for solving boundary value problems of
pantograph delay differential equation. Rom. Rep. Phys. 2017, 69, 102.

Aljohani, A.F; Rach, R.; El-Zahar, E.; Wazwaz, A.M.; Ebaid, A. Solution of the hyperbolic kepler equation by
Adomian’s asymptotic decomposition method. Rom. Rep. Phys. 2018, 70, 14.

Bakodah, H.O.; Ebaid, A.; Wazwaz, A.M. Analytical and numerical treatment of Falkner-Skan equation via a
transformation and Adomian’s method. Rom. Rep. Phys. 2018, 70, 17.

Gaber, A.A.; Ebaid, A. Analytical study on the slip flow and heat transfer of nanofluids over a stretching
sheet using Adomian’s method. Rom. Rep. Phys. 2018, 70, 15.

Bakodah, H.O.; Ebaid, A. The Adomian decomposition method for the slip flow and heat transfer of
nanofluids over a stretching/shrinking sheet. Rom. Rep. Phys. 2018, 70, 115.

Golmankhaneh, A.K.; Golmankhaneh, A.K.; Baleanu, D. Homotopy perturbation method for solving a
system of Schrodinger-Korteweg-De Vries equations. Rom. Rep. Phys. 2011, 63, 609-623.

Patra, A.; Ray, S.S. Homotopy perturbation sumudu transform method for solving convective radial fins
with temperature-dependent thermal conductivity of fractional order energy balance equation. Int. J. Heat
Mass Transf. 2014, 76, 162-170. [CrossRef]

Ayati, Z.; Biazar, ]J. On the convergence of Homotopy perturbation method. J. Eqypt. Math. Soc. 2014,
23,424-428. [CrossRef]

Ebaid, A. A reliable aftertreatment for improving the differential transformation method and its application
to nonlinear oscillators with fractional nonlinearities. Commun. Nonlinear Sci. Numer. Simul. 2011, 16, 528-536.
[CrossRef]

Ebaid, A.; Momani, S.; Chang, S.-H. On the periodic solutions of the nonlinear oscillators. ]. Vibroeng. 2014,
16, 1-14.

Feng, Q. A new approach for seeking coefficient function solutions of conformable fractional partial
differential equations based on the Jacobi elliptic equation. Chin. J. Phys. 2018, 56, 2817. [CrossRef]

Ebaid, A.; Masaedeh, B.; El-Zahar, E. A New Fractional Model for the Falling Body Problem. Chin. Phys. Lett.
2017, 34, 020201. [CrossRef]

Yaslan, H.C. Numerical solution of the conformable space-time fractional wave equation. Chin. J. Phys. 2018,
56, 2916. [CrossRef]

Rezazadeh, H.; Tariq, H.; Eslami, M.; Mirzazadeh, M.; Zhou, Q. New exact solutions of nonlinear conformable
time-fractional Phi-4 equation. Chin. J. Phys. 2018, 56, 2805. [CrossRef]

Podlubny, I. Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional Differential
Equations, to Methods of Their Solution and Some of Their Applications; Elsevier: Amsterdam, The Netherlands,
1998; Volume 198.

Hristov, J. Approximate solutions to fractional sub-diffusion equations. Eur. Phys. ]. Spec. Top. 2011,
193, 229-243. [CrossRef]

Dos Santos, M. Non-Gaussian distributions to random walk in the context of memory kernels. Fractal Fract.
2018, 2, 20. [CrossRef]

Sene, N.; Fall, A.N. Homotopy Perturbation-Laplace Transform Method and Its Application to the Fractional
Diffusion Equation and the Fractional Diffusion Reaction Equation. Fractal Fract. 2019, 3, 14. [CrossRef]
Ait Touchent, K.; Hammouch, Z.; Mekkaoui, T.; Belgacem, F. Implementation and Convergence Analysis of
Homotopy Perturbation Coupled With Sumudu Transform to Construct Solutions of Local-Fractional PDEs.
Fractal Fract. 2018, 2, 22. [CrossRef]

@ (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/j.actaastro.2017.07.034
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2014.04.020
http://dx.doi.org/10.1016/j.joems.2014.06.015
http://dx.doi.org/10.1016/j.cnsns.2010.03.012
http://dx.doi.org/10.1016/j.cjph.2018.08.006
http://dx.doi.org/10.1088/0256-307X/34/2/020201
http://dx.doi.org/10.1016/j.cjph.2018.09.026
http://dx.doi.org/10.1016/j.cjph.2018.08.001
http://dx.doi.org/10.1140/epjst/e2011-01394-2
http://dx.doi.org/10.3390/fractalfract2030020
http://dx.doi.org/10.3390/fractalfract3020014
http://dx.doi.org/10.3390/fractalfract2030022
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Analysis of the HPM
	Results 
	Conclusions
	References

