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Abstract: In this paper, we introduce the two-variable truncated Fubini polynomials and numbers and
then investigate many relations and formulas for these polynomials and numbers, including summation
formulas, recurrence relations, and the derivative property. We also give some formulas related to the
truncated Stirling numbers of the second kind and Apostol-type Stirling numbers of the second kind.
Moreover, we derive multifarious correlations associated with the truncated Euler polynomials and
truncated Bernoulli polynomials.
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1. Introduction

The classical Bernoulli and Euler polynomials are defined by means of the following generating
functions:

i " t
Y Bu(x) i ﬁf/’ﬂ (t] < 27m) ey
n=0

and:
YR = et (<), @
o nt et +1

see [1-10] for details about the aforesaid polynomials. The Bernoulli numbers B, and Euler numbers E;
are obtained by the special cases of the corresponding polynomials at x = 0, namely:

B, (0) := B, and E, (0) := E,. 3)

The truncated exponential polynomials have played a role of crucial importance to evaluate integrals
including products of special functions; cf. [11], and also see the references cited therein. Recently, several
mathematicians have studied truncated-type special polynomials such as truncated Bernoulli polynomials
and truncated Euler polynomials; cf. [1,4,7,9,11,12].
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For non-negative integer m, the truncated Bernoulli and truncated Euler polynomials are introduced
as follows:

tm

o0 tn 7'
Bun(x) = = —2——e"  (cf. [1]) )
H;O m,n n! Et _ 271:701%
and:
v E - 2 o (of. [7 5
n;O m’”(x)a_m_l_—mﬂe (cf. [7]). )

j=0 !
Upon setting x = 0 in (4) and (5), the mentioned polynomials (B, (x) and E . (x)), reduce to the
corresponding numbers:
B (0) := Byp and Eyy y (0) := Epy (6)

termed as the truncated Bernoulli numbers and truncated Euler numbers, respectively.

Remark 1. Setting m = 0in (4) and m = 1 (5), then the truncated Bernoulli and truncated Euler polynomials
reduce to the classical Bernoulli and Euler polynomials in (1) and (2).

The Stirling numbers of the second kind are given by the following exponential generating function:

& " (et—l)k

(cf. [2-5,7,8,10,13]) @)

or by the recurrence relation for a fixed non-negative integer ,

4
= 1500 (W), ®)
],[:

where the notation (x) . called the falling factorial equals x (x—=1)---(x — pu+1);cf. [2-5,7-10,13], and see
also the references cited therein.
The Apostol-type Stirling numbers of the second kind is defined by (cf. [8]):

> St ()\et—l)k
T Salnk e d) g =

(AeC/{1}). )

The following sections are planned as follows: the second section includes the definition of the
two-variable truncated Fubini polynomials and provides several formulas and relations including Stirling
numbers of the second kind with several extensions. The third part covers the correlations for the
two-variable truncated Fubini polynomials associated with the truncated Euler polynomials and the
truncated Bernoulli polynomials. The last part of this paper analyzes the results acquired in this paper.

2. Two-Variable Truncated Fubini Polynomials

In this part, we define the two-variable truncated Fubini polynomials and numbers. We investigate
several relations and identities for these polynomials and numbers.
We firstly remember the classical two-variable Fubini polynomials by the following generating

function (cf. [2,3,5,6,10,13]):
n ext

rgopn(x’y)ﬁzl—y(ef—l)' (10)
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When x = 0 in (10), the two-variable Fubini polynomials F, (x,y) reduce to the usual Fubini
polynomials given by (cf. [2,3,5,6,10,13]):

DRI C) P — a1
o nt 1—y(ef—1)
It is easy to see that for a non-negative integer n (cf. [2]):

1 1
Fu (x,—z) =E,(x), F, (—2> =E, (12)

and (cf. [3,5,6,10,13]):

n
Fai(y) = ) Sa (n ) pty". (13)
u=0
Substituting vy by 1 in (11), we have the familiar Fubini numbers F, (1) := F, as follows
(cf. [2,3,5,6,10,13]):
i F r__ 1 (14)
=t 2=t

For more information about the applications of the usual Fubini polynomials and numbers,
cf. [2,3,5,6,10,13], and see also the references cited therein.
We now define the two-variable truncated Fubini polynomials as follows.

Definition 1. For non-negative integer m, the two-variable truncated Fubini polynomials are defined via the
following exponential generating function:

tm

Y Fun (x,9) = m®
mn \X,Y) — = - ~ -
70 Mooy (et -1-Trth)

xt

(15)

In the case x = 0 in (15), we then get a new type of Fubini polynomial, which we call the truncated
Fubini polynomials given by:

n "

s t il
Fn (y) — = = ~- (16)
,;) mn n! 1_y(et_1_ ;n:—ol%)

Upon setting x = 0 and y = 1 in (15), we then attain the truncated Fubini numbers F;, ,, defined by
the following Taylor series expansion about t = 0:

© #n tl"
5 Fualy = L 07

The two-variable truncated Fubini polynomials Fy, , (x,y) cover generalizations of some known
polynomials and numbers that we discuss below.

Remark 2. Setting m = 0 in (15), the polynomials Fy, , (x,y) reduce to the two-variable Fubini polynomials
Fy (x,y) in (10).
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Remark 3. When m = 0 and x = 0 in (15), the polynomials Fy,,, (x,y) become the usual Fubini polynomials
Fy (y) in (11).
Remark 4. In the special cases m = 0,y = 1, and x = 0 in (15), the polynomials Fy, , (x,y) reduce to the familiar

Fubini numbers F,, in (14).

We now are ready to examine the relations and properties for the two-variable Fubini polynomials

F, (x,y), and so, we firstly give the following theorem.

Theorem 1. The following summation formula:

B (50) = 3 () e ()27 18)

holds true for non-negative integers m and n.

Proof. By (15), using the Cauchy product in series, we observe that:

tnl

[ee) t}’[ — t
ZFm,n (X,y)* = b *
) n! 1-y (e —1-2rth)
[ee] tn (e} t}’[
= Zan(y)* !
n=0 n! n=0 n!

I
(agk
=

vy
-
N———
§"r1
bl
€
3
1
:-_ 'ﬂ-

2
Il
o
=~
I
(=)

which provides the asserted result (18). O

We now provide another summation formula for the polynomials F, , (x,y) as follows.

Theorem 2. The following summation formulas:

an +Z]/ f( > m,k x]/) ok (19)

and: ;
Fun(x+2zy) = Z( ) ) (x+2)" -k (20)

are valid for non-negative integers m and n.
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Proof. From (15), we obtain:

o an(x,y)ﬁ — m! , e(erz)t
n=0 ' n! 1fy<et71f ]m:—ol %)
— %ext zt
B 1—y<et—1— 7’261%)
S S e g
n=0 e n!n 0 n!

Il
[7e
1=

7 N

b

N———
\Sﬁj

g

=

<

N

=
T
2

3
Il
o
=~
I
o

and similarly:

Fm,n (x,]/) L m! ' e(x+z)
r;) n! 1-y (e —1-2' )
o) tn (o) " n
— ZPmn(y)EZ(x+z) —
n=0 n=0

1
agk
1=

RS

»

N————
§"H

.

S

=

+

N

=

L

3
Il
o
T
o

which yield the desired results (19) and (20). O

We here define the truncated Stirling numbers of the second kind as follows:

- o (f-1-ty)
ZOSM (n,k) = = ) (21)
n=

Remark 5. Upon setting m = 0 in (21), the truncated Stirling numbers of the second kind S, (n, k) reduce to the

classical Stirling numbers of the second kind in (8).

The truncated Stirling numbers of the second kind satisfy the following relationship.

Proposition 1. The following correlation:

Son (n,k+1) = (klfzy » (’;) San (5,K) San (11— 5,1) 22)

holds true for non-negative integers m and n.
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Proof. In view of (8) and (21), we have:

[e9) tn
n:OsZ,m(n,kH)a — (a0
Nk Ny
e (e-1-np ) (- )
=kt X T
I'k! ad o i
B (k+1)!ng)SM(”'k)gn;)sz,m(n,l)H
Ikl &I I p
= S ,k S — /l —,

which gives the claimed result (22). O

We present the following correlation between two types of Stirling numbers of the second kind.

Proposition 2. The following correlation:
k 1
52,1 (Tl,k) =2 Sz Vl,k . 5 (23)

holds true for non-negative integers m and n.

Proof. In view of (8) and (21), we have:

© " (e —1— 1)k
11;)52,1 (n,k) P
k

2 (Let —1)
= T

= 2ki52(1’lk'1)tn
= 2/ n!
which presents the desired result (23). O

A relation that includes Fy, , (x) and Sy, (1, k) is given by the following theorem.

Theorem 3. The following relation:
Lo (m+m
Frnim (1) = Y < - >xkk!sz,m (n,K) (24)
k=0

is valid for a complex number x with |x| < 1 and non-negative integers m and n.
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Proof. By (16) and (21), we see that:

t??’l

5 Fun () - =
mn — = -
=0 n! 1fx(ef—1—2;”:_01 %)

N k
pm ¢ ; m—lt]
= Ox <e12],!

k= j=0
LR Y San )
= — x*k! Som(n,k) —
miZo a0 nl
0o 00 tn+m
= Z Z ka!SQ’m (7’1, k) ﬁ,
n=0k=0 e
which implies the desired result (24). O
We now state the following theorem.
Theorem 4. The following identity:
Fipi1(x) =n) xS (n,k: 5 (25)
k=1

holds true for a complex number x with |x| < 1 and a positive integer n.

Proof. By (9) an (16), using the Cauchy product in series, we observe that:

ad t" t
EOFL” () n - 1—x(ef—2)
= thk (et—Z)k
k=0
k
1.t _
= t 3 xkk!MZk
= k!
0 0 1 tn+1
= 2 2 xkk'Sz (Tl,k : 2> 7,
n=0k=0 :

which provides the asserted result (25). O

We now provide the derivative property for the polynomials Fy, ,, (x,y) as follows.

Theorem 5. The derivative formula:

d
aFm,n (x/ y) = nFm,nfl (x/ y) (26)

holds true for non-negative integers m and a positive integer n.
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Proof. Applying the derivative operator with respect to x to both sides of the equation (15), we acquire:

I [& "\ _ 0 Lrett
. Fu, (w)) = = :
ox <nZO m,n n! ox 1_y<et_1_zy1261%)

and then:
© 9 $n & )
Z —Fun (x,y) — = i "
= ox n! 1_y<et_1_ }71;01 %) ox
%ext

= ]_y(et—l— 7101?!')t

0 tn+1
= Z Fonn (x,y) T
n=0 :

which means the claimed result (26). O

A recurrence relation for the two-variable truncated Fubini polynomials is given by the following

theorem.
Theorem 6. The following equalities:
Fun(x,y)=0 (n=0,1,2,---,m—1)

and:

Fontm (X,9) Z (n _: m> Eus (x,y) — X" M 27)

__Y
14y &5 1+y nim!

hold true for non-negative integers m and n.

Proof. Using Definition 1, we can write:

e >t o t
ﬁex <1—y<]_m]'—1>>’;}1:m,n (x,y);

n=0 =0 (] + m)' n=0 n—
Because of: " N
<o) t] m [e’s} n o) n (7’1 + m> tn m
xXY) = = ) Fu.i(x, ,
S TP ILIETE B wbol (i LTS
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we obtain:
0 tn+m 0 #h 0 N n+m thrm
n — — .
L = Ly E Y (") s 59) G
o0 tn
+y Y Fun (%) -
= n!
Thus, we arrive at the following equality:
o tn 1 0 n <n+m> Fm](x,y) xi’l
Fun(x,y) — = —— , - - g,
r;) mn (%, Y) l 1+yn§)<y]§ j (n+m)!  nm!

Comparing the coefficients of both sides of the last equality, the proof is completed. [J

Theorem 6 can be used to determine the two-variable truncated Fubini polynomials. Thus, we provide
some examples as follows.

Example 1. Choosing m = 1, then we have Fy o (x,y) = 0. Utilizing the recurrence formula (27), we derive:

n+1 x"
Fu (x,y):%z ( s )Fl,s (x/]/)—l_y(""‘l)'
s=0

Thus, we subsequently acquire:

1
1+y’
2y 2x
(1+y)?* 1+y

__3 2y 2y
F1,3(x/]/)_ 1+y ((1+y)2 1+y X .

Fi1(xy) =

Fip(x,y) =—

Furthermore, choosing m = 2, we then obtain the following recurrence relation:

" n42 X (n+2)(n+1
B (o9) = 12 3 (") e ) - 2 D
s=0

which yields the following polynomials:

bo(xy) = hi(xvy) =0,
1
By (x,y) iy
Bs(xy) = - 13ny,
Ba(vy) = yifl (1?}/ + x) .

By applying a similar method used above, one can derive the other two-variable truncated Fubini
polynomials.



Mathematics 2019, 7, 431 10 of 15

Here is a correlation that includes the truncated Fubini polynomials and Stirling numbers of the
second kind.

Theorem 7. For non-negative integers n and m, we have:
Fun (x,y) 22( >an u (¥) S2 (u, k) (%) . (28)
u=0 k=0

Proof. By means of Theorem 1 and Formula (8), we get:

Fun (v) = 2()%“ y)

u=!

f()ﬂmu 252 (u,k) (

u=0

o

which completes the proof of this theorem. [

The rising factorial number x is defined by (x)(") =x(x+1)(x+2)---(x+n—1) for a positive
integer n. We also note that the negative binomial expansion is given as follows:

(x+a) "= i (—1)k <n +Ilz B 1) xkg—n—k (29)

k=0

for negative integer —n and |x| < a; cf. [7].
Here, we give the following theorem.

Theorem 8. The following relationship:

Fnn (3,9) 22( )52 (LK) Eypt (—k ) (1)® (30)

holds true for non-negative integers n and m.

Proof. By means of Definition 1 and using Equations (7) and (29), we attain:

Z Epun (x, y) o ’t;' (eft)fx
m,n - -
70 1oy (e —1-x' )

tm

— (x+k—1 ik
- L () e
G —1—271015’)1;0

" oo t_1)
_ o GG okt
CufempaT
= i(x)(k)iljm,n — , t” iSZ le

n

= Y (Z (’;)Fm,n_mk,y)sz(z,k)) e
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which gives the asserted result (30). O

Therefore, we give the following theorem.

Theorem 9. The following relationship:

yZ()mnkzy) i1k (X, Y) i<>m+lnk(xy) (31)

n =l (n—l) k
—— ) Fn-1-k (2,y) x
m+1 =\ k )™

holds true for non-negative integers n and m.

Proof. By means of Definition 1, we see that:

ot tm+1 ; Wlt] tn
e CESE 1-y 3—1—2* ZFm+ln xy)

j= O] n=0

B B . 1t] © ﬁ
= |1-yle—1 2 Y Entin (%,9)
]O] n=0

tm ad t”
Z Fm+1 n x ]/)
n=0
Thus, we get:
o t'r?l-‘rl e h 0 tYl
emZan(zy Zm-ﬁ-ln x]/
tm t"

Y Zan z,Y) !H;)Perl,n (y)

and then:
o N n tn+1 o N n mn
Yo ) <k>Fm,nk (z,y) ka =Y ) (k) Fuiin—k (X, 9) Zka
n "
Y v) (k)Pmn k(2Y) Fugak (0y)

which provides the claimed resultin (31). O

Here, we investigate a linear combination for the two-variable truncated Fubini polynomials for
different y values in the following theorem.

Theorem 10. Let the numbers m and n be non-negative integers and y, # y». We then have:

YoFy n—k (x1 4 x2,¥2) — Y1 Fp i (X1 + %2, 1) (32)

min!l M (n +m
Y2—Wn

mk:o k )an+m k(xllyl) mk(x21y2)
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Proof. By Definition 1, we consider the following product:

7 oxt 7 pxot
m! m!
1*]/1(6“*1*2"1 1t])17y2< 7172711 1t])
t2m (X1+X2)t ﬂg(x1+x2)t
_ ¥ (m!)® N (m!)®
S G v ) B s )
which yields
o n n tn
Y ) (k)an k (1, y1) B (x2,92) -5
n=0k=0
tm ptm
- _Jz — F,
y yl nz Fn (X1 +X2,y2) aml _yl nZ mn (X1 +X2,y1) il

Thus, we get:
n

i (i( ) mn—k (X1,Y1) mk(x2/]/2)> nl

tn+m
Foun (xl + x2/y1)>

|
M82

Y
F, X1+ Xo,
<y2_y mn(l 2y2) —

n'm!’

which gives the desired result (32). O

3. Correlations with Truncated Euler and Bernoulli Polynomials

In this section, we investigate several correlations for the two-variable truncated Fubini polynomials
Fyun (x,y) related to the truncated Euler polynomials Ej, , (x) and numbers E; , and the truncated
Bernoulli polynomials By, , (x) and numbers By, ;.

Here is a relation between the truncated Euler polynomials and two-variable truncated Fubini

polynomials at the special value y = — %

Theorem 11. We have:

Fou (x,—D — By (x). (33)

Proof. In terms of (5) and (15), we get:

iF AT et
=M\ 2 m1H>

1(,t__

1+1 (e -yt g
Zm,e

€t+1 Zm 14

j=0 jI
n

[ee]
= 2 Eyn (X) —
foard n!

which implies the asserted result (33). O
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Corollary 1. Taking x = 0, we then get a relation between the truncated Euler numbers and truncated Fubini
polynomials at the special value y = — %, namely:

1
, <_2> = Em,n- (34)

Remark 6. The relations (33) and (34) are extensions of the relations in (12).
We now state the following theorem, which includes a correlation for Fy, , (x,Y), Fun (y) and Ep, » (x).

Theorem 12. The following formula:

nim! "1 (n4+m
Fm,n (xry) = ( ) m,l (y) Em,n+mfl (x) (35)
(n+m)! =52
nim! 351 (n+m> i ()
5 Z Epj-1 (x)
(n+m)! =0 2 i
is valid for non-negative integers m and n.
Proof. By (5) and (15), we acquire that:
0 n Pyt ztm Et + 1— 21?171 ﬁ
ZP (x )L _ m'e m! j=0 j!
mn \X, Y T m—1p\ ot 11 _ ym—1 ti oY iia
n=0 1—-yle Z]O]>e+ Z]O]' m!

Im! & & (&
- oam Zme"(y)szmf"(x)m(Z-.“)

0 ‘' n=0
m! & n n ph—m [eS) tj+m

- 7 y;] (lz() (l)Fm,l (y) Em,nfl (X)) n <]¥0 (j+m)! + 1)
( <7> Fm,l (y) Em,n—l <x>> tnn_!m

AEECT (B i) sy

which completes the proof of the theorem. [

We finally state the relations for the truncated Bernoulli and Fubini polynomials as follows.
Theorem 13. The following relation:

n!'m!

Fun () = i 2 (1) % (1) Fos ) B+ (0 36)

k=0

is valid for non-negative integers m and n.
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Proof. By (5) and (15), we acquire that:

o p o et AR i
Z Fun (x,y) P ; 18\ .t m—1 [
=0 1—y(e -1-x" ]-7> —Z]_O il il
m! & th 2 "
= tTn mmn (y) | Z Bm,n (x) ) Z o
n=0 " n=0 j=m
© [y e
- z()F,kmB,k(x) =y -
= (k_o k)™ it P (+m)!
nm! & & (n+m) ! (l) t
e F ,l B ’l_k X 7
(n+m),n;0§) l (kg i) End (V) B (%) ()]

which means the asserted result (36). [

4. Conclusions

In this paper, we firstly considered two-variable truncated Fubini polynomials and numbers, and we
then obtained some identities and properties for these polynomials and numbers, involving summation
formulas, recurrence relations, and the derivative property. We also proved some formulas related to
the truncated Stirling numbers of the second kind and Apostol-type Stirling numbers of the second kind.
Furthermore, we gave some correlations including the two-variable truncated Fubini polynomials, the
truncated Euler polynomials, and truncated Bernoulli polynomials.
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