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Abstract: In this paper, we present the concept of ® — (0, {) o-contraction mappings and we nominate
some related fixed point results in ordered p-metric spaces. Our results extend several famous ones
in the literature. Some examples and an application are given in order to validate our results.
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1. Introduction

The Banach contraction principle (BCP) [1] is an applicable instrumentation to solve problems in
nonlinear analysis. The BCP has been modified in variant procedures (see e.g., [2-11]).
Definition 1. [12] The function ¢ : [0, +00) — [0, +-00) verifying:

1. ¢ is non-decreasing and continuous;
2. E(B)=0ift=0,

is said to be an altering distance function.

Heretofore, many authors have concentrated on fixed point theorems depended on altering
distance functions (see, e.g., [2,12-19]).

The concept of a b-metric space was nominated by Czerwik in [20]. Later, many interesting results
about the existence of fixed points in b-metric spaces have been acquired (see, [2,21-33]).

Definition 2. ([20]) Let X be a (nonempty) set and ¢ > 1 be a real number. A functiond : X x X — Rt isa
b-metric if forall {,v,u € X,

(b))  d(Gv)=0iffC=v;
(by) d(g,v)=4d(v,0);
(b3) (g, ) <gld(Z,v) +d(v, ).

If ¢ = 1, the b-metric is a metric.

Let — be the set of strictly increasing continuous functions Q) : [0,00) — [0,00) such that Q(0) =0
and t < Q(t) for t > 0. Motivated by [20], we state the following.
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Definition 3. [34] Let X be a (nonempty) set. A function p : X x X — R is a p-metric iff there is Q) € —
50 that

(p1)  p(Gv)=0iffl=v,
(p2)  p(gv) =p(v,0),
(p3) (G n) <Qp(G,v) +p(v, 1),

forall {,v,u € X. (X,d) is said to be a p.m.s. (or an extended b-metric space).

It should be mentioned that, the class of p-metric spaces is considerably comprehensive than the
class of b-metric spaces. Note that a b-metric (with a coefficient ¢ > 1) is a p-metric, when Q(t) = ¢t.
If O(t) = t, a p-metric is a metric.

Example 1. [34] Let (X,d) be a metric space. Take p(,v) = e&¥) — 1. Then p is a p-metric with Q(t) =
et —1.

The following example shows that a p-metric need not be a b-metric.

Example 2. [34] Let (X, d) be a b-metric space (with a coefficient ¢ > 1). Consider p(g,v) = sinh[d({,v)].
Then p is a p-metric with Q(t) = sinh(gt), t > 0.
For¢=1,=2v=-3,u=0andd({,v) = |{ — v|, we have

p(Z,v) = sinh(5) > sinh(2) + sinh(3) = p(Z, 1) + p(j,v).

Definition 4. [34] Let (X, p) be a p.m.s. A sequence {1, } in X
(a) p-converges iff there is y € X so that p(pn, pt) — 0, as n — +oo. In this case, we write nlglgo Hn = W;
(b) is p-Cauchy iff p(pn, pm) — 04as n,m — +oo.
Note that a p.m.s (X, p) is p-complete if every p-Cauchy sequence in X is p-convergent.

Lemma 1. Let (X, p) be a p.m.s. Suppose that {1, } and {vy,} p-converge to p, v, respectively. Then

(@) p(p,v)) < liminfp(pn, v) < limsup p(pun, va) < Q*(p(p,v)).

n—-~o0

Additionally, if y = v, then lim p(pn,vy) = 0. Also, for any z € X,
n—o0
QO Y o(p,2)) < liminfp(pn, z) < limsup p(pn, z) < Qp(1,2)).
n—-~o0 n 0

The idea of ®-contraction has been introduced by Jleli and Samet in [35] which provides an
interesting generalization of BCP. Zhang and Song generalized the BCP using two altering distance
functions [36]. Our approach provides a generalization of Zhang-Song result using the idea of
®-contraction. In fact, we present the notion of generalized ® — (o, {)-contractive mappings (where
o and ¢ are altering distance functions) and we inaugurate some related fixed point results in complete
ordered p-metric spaces. We also give some examples and an application.

2. Main Results

We first provide the notion of ® — (¢, {)-contractions.
Let Y be a self-map on the ordered p.m.s (X, <, p). Consider

O~ p(x, Yy) +p(y, Yx)] }

P(x,) = max { (), (2, Y5),pl3, o), )

Motivated by [35], denote by A the set of functions ® : [0, c0) — [1,00) so that
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(®1) O is continuous and non-decreasing;
(®,) forany {t,} C (0,00), nli_r>ro10®(tn) = 1iff nh_r)rolo t, = 0.

Definition 5. Let (X, =,p) be an ordered p.m.s. The mapping Y : X — X is an ordered © —
(0, &)q-contraction if there are ©® € A, Q) € w and two altering distance functions o and §, so that

2 O(c(P(x,y)))
A(c (% (p(Yx,Yy)))) < OE(Px.y)) (1)

for all comparable elements x,y € X.
Our first result is

Theorem 1. Let (X, =,p) be an ordered p-complete p.m.s. Suppose that Y : X — X is an ordered
non-decreasing continuous © — (o, ¢)q-contractive mapping. If there is rg € X such that ro < Yrg, then Y
admits a fixed point.

Proof. Letry € X satisfy rp = Yry. Consider a sequence (1) in X so that 7,1 = Yr, for each n > 0.
Since 1y = Yrp = r; and Y is non-decreasing, we have r; = Yrg = r» = Yry. Inductively, we have
g1 X Dy Dt X
If rp = rgyq for some k € N, so ry is a fixed point of Y. Suppose that r, # r,41 for each n > 0.
According to (1) and the fact () € —, we have
O(o(o(rn,rut1))) < O(@(Q*(o(rn, 1ut1))))
=0

a(Q*(p(Yru—1,Yrn)))) )
(o(P(rn-1,rn)))
(G(P(rn—1,1m)))’

where

-1
P(ry_1,7a) = max {p(rn1,rn),p(rn1,an1),p(rn,an),Q [p(’“’w’;)“(”’w””]}

3)
< max {p(rnl,rn),P(Vn/TnH) }

From (2) to (3) and the assumptions on ¢ and ¢, we deduce that

@(U(max {p(rn1,7’n),P(7’nJ’n+1) }) )
O(c(p(rn,tus1))) <

o (P(r,,l,rn) ) 4)

< 0(c(max {pr-1,10)plrn 1)} )

If for some n,
max {p<rn1,rn>,p<rn,rn+1>} = ot rsn),

then by (4) we have

O(c(o(rn, 1))
O(o(p(rn, rnt1))) < @(@(P(rnfl;:z)))

O(a(p(ru,Tn+1))),

N
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which gives a contradiction. Thus,

max {p(rnl,rn),p(rn,rnﬂ)} = p(ry_1,tn), foreachn > 0.

Therefore, (4) yields that

@(U(p(”nrrnJrl))) @(C(P(T’n—lrr'rl)))

< O(o(p(rn, rn-1))) < O(c(o(rn,ry-1))), foreachn > 0.

40f 14

©)

Since ® € A and ¢ is non-decreasing, the positive sequence {p(y, ,+1)} is non-increasing. Thus,

there is > 0 so that

nli_r}rolop(rn,rnﬂ) =7.

Taking n — co in (5), we get

o((r)
O() < et bl 37] < @)

Therefore, ©(&(limy,—co P(7,—1,7n))) = 1 which supplies that & (limy, e P(r;,—1,72)) = 0,andsor =0,

that is,

lim o(rn, rq1) = 0.

(6)

Next, we demonstrate that {r, } is a p-Cauchy sequence in X. By contradiction, there is ¢ > 0 for

which we can gain {r;, } and {ry,} of {r,} so that
ng >m; >, p(rm;,n) > €

and
(T Tn—1) <&

The p-triangular inequality leads to

e < o(Tm; n;)
< Q(P(rmirrm,-—l) + P(”m,-—lz”m))
< Q(P(”m,—; rm,v—l) + Q(P(”mi—lz rni—l) + P(Tni—lr”n,-)))~

Exploiting (6), (7) and (8), we have

(@) (e) < Hminf p(ry,—1, 7n,—1)-
11—
Likewise,
p(rm,'flrri’lifl) < Q(P(rmiflz rm,-) + P(rmirrnifl))-

Handling (6) and (8), we have
lim sup o(7m;—1,7n,—1) < Q(e),
1—> 00
Moreover,
p(rmi’ r”i) < Q(p(rmi/ rnifl) + P(”n;flz rni))-

Appling (5) and (8), we have
lim sup p(rm;, n,—1) > Q" (),

i—>00

@)

®)

©)
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In addition,

P(rm,-flrrnﬂ S Q(p(rm,-flrrmi) + Q[P(”mirrn,-fl) + P(rn,-flrrni)})-

Using (6) and (8), we have
Bmsup p(ry;, 7n—1) < 02 (e).
11—
Moreover,
O(rm; ;) < Q(0(rmy Tm—1) + 0 (Fmy—1,7n;))-
Appling (6) and (8), we get
Bmsup p(7y,—1,74;) > Q7 1(e).

i—>00
From (1),
O (2 (p(rmy 1)) = O (P (p(Yryy 1, Yry 1))
< ®(‘7(P(rmi71rrni71))) (10)
- ®(C(P(rmi71/rni71)))’
where
P(rmi—l/rni—l)]
Q p(rm—1,Yrn—1) 40,1, YT, 1))
= max {P(rmi1/711,-1)/P(rmi1/Yrm,-1)rP(Vn,-1,YTn,-1)/ Pyt Ty 12 Pyt Tmy } 11)
0! m;—1n;) O, —1.m;
= max {P(le-—llTnl-_1),p(1’mi_1,rmi),p(i’ni_l,rni), o7 12) p{ry -1 m;)] }
Taking i — oo in (11) and using (6), we achieve that,
lim sup P(7p,—1,7n,—1) (12)
i—o0
= max{limsup p(7;,—1,7n;—1), 0,0, limsup p(rm,, 1n,—1)} < O (e).
i—> 00 i—>00
Similarly,
(%)) < liminf P(ry, —1,7y,—1)- (13)
1—>00

Now, taking i — oo in (10) and using (7) and (12),

O(c(02(e))) < O(c(Q(timsup p(ryn, n,))))

O(o(limsup P(ru,—1,7n;-1)))

= O(liminf (P (ru;—1,7w-1)))
O(r(Q(e)))

= O lminf P(rm,-1,7,-1)))

It yields that
G(iminf P(ryy,—1,7n,—1)) =0,

1—>00
so, liminf P(r,,,_1,74,—1) = 0, a contradiction to (13). Thus, {r,+1 = Yr,} is a p-Cauchy sequence in
11—

the p-complete space X, so thereis u € X so that r, — u. According to the continuity of Y,

nh_r}rgo Tl = nlgr(}o Yr, = Yu. (14)
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The p-triangular inequality leads to

o, Yu) <Qp(u, Yry) + p(Yr, Y1)
=Q(p(,rn41) + p(Yra, Yu))
<OIOp(t 1) + plr Prs2)) + p(¥ri Y]
The continuity of () together with and (14) imply that

p(u,Yu) <OQ[O(lim p(u,ry) + Hm p(ry, rus1)) + Him p(Yry, Yu)] = 0.

We find that Yu = u. O

The continuity of Y in Theorem 1 can be substituted by the following reservation:
An ordered p.m.s (X, <, p) possesses the sequential limit comparison property (s.l.c.p) if for each
nondecreasing sequence {r,, } in X, converging to some x € X, we have r,, < x for each n € N.

Theorem 2. Having the same assumptions of Theorem 1, by replacing the continuity of Y with the s.l.c.p.
property of (X, =,p), Y encompasses a fixed point.

Proof. Reviewing the lines of the proof of Theorem 1, we have that {r, } is an increasing sequence in
X so that r, = u, for u € X. Using the s.l.c.p. obligation on X, we have r, < u, for any n € N. We
claim that Yu = u. By (1),

O (O (p(rnr1, Yu)))) = O(a(Q*(p(Yrn, Yu))))
< O@(P(ruu))) (15)
= O(&(P(rau)))’
where
P(rn,u)
-1 u u,Yry
= max {p(rn, 1), p(rn, Yrn), p(u, Yu), Q [p(r”’Yz)“)( Y1)l } (16)

Qo (ra,Yu)+p(t 1 1)] }
5 .

= max {p(ry, u), 0(rn, rns1), p(u, Yur),

Making n — oo in (16) and using Lemma 1, we get

lim sup P(ry, u) = p(u, Yu). (17)
n—mo0
Likely, we can obtain
lglri}gofp(rn, u) =p(u,Yu). (18)

The the upper limit as n — oo in (15) together with Lemma 1 and (17) imply that

(o (p(u, Yu))) = O(c(QQ " (p(u, Yu)))
< ©(c(O2(limsup p(ry1, Yu)))

®(U(h’frjgopp(rn, u)))
= O inf¢(P(ra, 1))

O(0(p(n,Yu))
= O (imint Plr, )

Therefore, ¢ (lirggfp (rq,u)) — 0, equivalently, l,ifiigfp (rn,u) = 0. Thus, from (18) we get u = Yu and

hereupon u is a fixed point of Y. [
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Remark 1. Substituting ©(t) = e’ in (1), we obtain the following contractive condition:
7(Q*(p(Yx,Yy))) < o(P(x,y)) — {(P(x,y))
which is the Zhang-Song contractive condition in a p-metric space.

Corollary 1. Let (X, =, p) be an ordered p-complete p.m.s. Let Y : X — X be an ordered non-decreasing
mapping. Assume there is k € [0,1) so that

-1 X, Y x
0%(p(Yx,Yy)) < kmax {p(x,y»p(x,w),p(y,w» L ptnYyhtpli o] }

for all comparable elements x,y € X. If there is vy € X so that rg = Yry, then Y admits a fixed point provided
that either Y is continuous, or (X, <, p) enjoys the s.l.c.p.

Proof. It follows using Theorems 1 and 2 by taking ©(t) = ¢!, o(t) = tand &(t) = (1 —k)t. O

Corollary 2. Let (X, =, p) be an ordered p-complete p.m.s. Let Y : X — X be an ordered non-decreasing
mapping. Assume that there are a, B,7y,6 € [0,1) witha + p+ v+ 6 € [0,1) so that

O2(p(Yx, Yy)) < ap(x,y) + Bo(x, Yx) + vp(y, Yy) + 6 T LEXP oY D]

for all comparable elements x,y € X. If there is rg € X such that ro X Yry, then Y has a fixed point provided
that either Y is continuous, or (X, <, p) possesses the s.l.c.p.

The following corollary is an enlargement of BCP in a p.m.s., where p(x,y) = e?(*¥) — 1,

Corollary 3. Let Y be a non-decreasing self-mapping on an ordered p-complete p.m.s (X, <,p). Assume that
there is « € [0,1) such that
eP(Yx/Y]/) -1< (Xp(x,y),

for all comparable elements x,y € X. If there is rg € X such that ry < Yry, then Y has a fixed point provided
that either Y is continuous, or (X, =, p) enjoys the s.1.c.p.

Remark 2. A subset W in an ordered set X is well ordered if each two elements of W are comparable.
In Theorems 1 and 2, Y admits a unique fixed point whenever the fixed points of Y are comparable.

Remark 3. For any p-metric space (X, p), the conclusion of Theorems 1 and 2 remains true if o, & are only
non-decreasing on diam(X) = sup, , cx p(x,y).

Corollary 4. Let (X, <, p) be a partially ordered p-complete p-metric space. Let Y : X — X be an ordered
non-decreasing mapping. Suppose that there exists k € [0,1) such that

02(p(Yx,Yy)) < kmax {p(x,y),p(x, Yx), p(y, Yy), T lele¥y) oY) }

for all comparable elements x,y € X. If there is rg € X such that ro < Yry, then Y has a fixed point provided
that either Y is continuous, or (X, =X, p) enjoys the s.1.c.p.

Proof. It follows from Theorems 1 and 2, by taking ©(t) = ¢!, o(t) = t and &(t) = (1 — k)t for each
te[0,+00). O
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Corollary 5. Let (X, <, p) be a partially ordered p-complete p-metric space. Let Y : X — X be an ordered
non-decreasing mapping. Suppose that there are a, B, 7,6 € [0,1) witha + p+ v+ 6 € [0,1) such that

Q o(xY Y x
O (p(Yx,Yy)) <ap(x,y)+ Bp(x,Yx)+yp(y, Yy) +6 o y2)+P(y 1

for all comparable elements x,y € X. If there is rg € X such that ro < Yry, then Y has a fixed point provided
that either Y is continuous, or (X, <, p) enjoys the s.l.c.p.

Example 3. Take X = {0,1,2,3}. Define on X the partial order <:
=:=1{(0,0),(1,1),(2,2),(3,3),(1,2),(0,1),(0,2) }-
Define the metric

x+y, ifx#Fy
and let p(x,y) = sinh[d(x,y)]. Note that (X, p) is a p-complete p-metric space [Here, Q)(t) = sinh(t) for

t>0].
0123
Y‘(o 01 2)'

Define the self-map Y by
We see that Y is an ordered increasing mapping and (X, =<, p) enjoys the s.l.c.p. Define o(t) = /t and
(0 =5 p

mapping. Indeed, let x,y € X withx < y. If (x,y) € {(0,0),(1,1),(2,2),(3,3),(0,1)}, then we have nothing
to prove. Thus, we need to only check the following cases:

Case 1. (x,y) = (1,2). Here,
a(O2(o(Yx,Yy))) = y/sinh®(Y1 + Y2)
= y/sinh®(0+1)

d(x,y) = { R A

and O(t) = 1+ t2. We show that Y is an ordered non-decreasing ® — (o, &) q-contractive

— 1.623,
o(P(x,y)) = 1/P(x,y) = Vsinh3 = 3.16,
E(Plxy)) = L (i3 e

~ 15+ P(x,y)2 15+ (sinh3)?

O(r(O?(p(Yx,Yy)))) = ©(1.623)
3.16%2 +1

=363<631=""" "
203 =631 = o5

_ 0(0(P(x,y)))
OE(P(x,))

Case 2. (x,y) = (0,2). We have

(2 (p(Yx,Yy))) = /sinh® (Y0 + Y2)
= /sinh®(0+1)

= 1.623,
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c(P(x,y)) = 1/P(x,y) = Vsinh2 = 1.904,

_ P(xy? _ (sinh2)?
§(P(x.y)) = 15+ P(x,y)2 15+ (sinh2)? 0467,

19042 +1 _ O(c(P(x,y)))
046724+1  O(&(P(x,y)))’

O(c (2 (p(Yx,Yy)))) = ©(1.623) = 3.634 < 3.797 =

Also, any two fixed points of Y are comparable. Thus, all of the conditions of Theorem 2 are satisfied, and so
Y has a unique fixed point, which is, 0.

Remark 4. Taking (x,y) = (0,2) in Example 3, we have
o (Q2(p(Yx, Yy))) = 1.623 > 1.437 = 1.904 — 0.467 = o(P(x,)) — &(P(x,v)).

Thus, we can not apply the main result of Roshan et al. [30]. Also, we have |Y1 —Y2| =10 —1| = |1 — 2| and
1 <X 2. Thus, Y is neither a Banach contraction, nor an ordered Banach contraction, with the usual metric. This
example shows that our result is a real generalization of the similar results in literature in the setting of b-metric
spaces and metric spaces.

Corollary 6. Let (X, =<,p) be an ordered p-complete p-metric space. Let Y : X — X be an ordered
non-decreasing continuous ordered mapping and suppose that there exist altering distance functions o, ¢
satisfying

o1+ In(1+ (¢(P(x,y)))
T 1+ In(1+ (E(P(x,y)))
If there is vy € X such that rg = Yrg, then Y has a fixed point. Moreover if any two fixed points of Y are
comparable, then the fixed point of Y is unique and for any ro € X, the iterated sequence {Y" (ro) },en converges
to the fixed point.

1+1In(1+4 ((Q%(p(Yx,Yy)))) : (19)

In much the same way as in Theorem 2 we can prove:

Theorem 3. Let (X, <, p) be an ordered p-complete p-metric space. Let Y : X — X be an ordered continuous
non-decreasing mapping satisfying

N O(c(p(x,y)))
O QYY) = G0 9)) (20)

forall x,y € Xwith x < y. If there is ry € X such that ro < Yrg, then Y has a fixed point. Moreover, if any two
fixed points of Y are comparable, then the fixed point of Y is unique and for any ro € X, the iterated sequence
{Y"(r0) }nen converges to the fixed point.

Theorem 4. Let (X, <,p) be an ordered p-complete p-metric space. Let Y : X — X be a non-decreasing
mapping satisfying

- . O(o(p(x,)))
O Qe YNN) < G 0(x.y)) 21)

forall x,y € X with x < y. Assume that (X, <, p) enjoys the s.l.c.p. If there is ry € X so that ro < Yr, then
Y has a fixed point. Moreover, if any two fixed points of Y are comparable, then the fixed point of Y is unique
and for any ry € X, {Y"(r0) }nen converges to the fixed point.

Example 4. Let X = [5,6]. Given the p-metric p({,v) = ele=" — 1 (Here, Q(t) = et —1).
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Consider on X: { 2 viffv < (. GivenY : X — Xas
Y =3In(1+7Q)

Take o(t) = 2In(1+t) and {(t) = 2In(1 + t) — 0.9t for each t > 0. Now, we show that Y is an ordered
O — (o, &)q-contractive mapping with O(t) = 1+ [In(t +1)]2.
Let { < v, that is v < {. The mean value theorem for s — 31In(1 + s) yields that

F(Q(p(XE, Y1) = 2In(Q(p(XE, Y1) + 1))
=2po(YZ,Yv)

[YZ—Yv|
2

=2(e z —1)

3In(144)—=3In(1+v)

200 T —1)

= 2(6m(5_1’) ~1)
< 2(e2@E) — 1)
S (e(C_V) _ 1)
Therefore,
O(c(Q(p(FZ, Fv)))) < (el — 1)
— 2
=14[—v]*< 1+ [In(2(¢ v|ir1)]
1+ [In(2] —v| —0.9(elé-vI —1) +1)]2
_ Oolp(&,v)
O (p(Zv)))
where ¢({,v) is a constant dependent on {, v, obtained from mean value theorem such that 3In(1+ ) —31In(1+
n- H%w (¢ —v). So, we conclude that Y is a ® — (o, &) -contractive mapping. Thus, all of the hypotheses

of Theorem 3 are verified and hence Y has a fixed point in [5,7]. Moreover, since any two elements of [5,7] are
comparable, the fixed point of Y is unique and for any ro € X, the iterated sequence {Y" (ry) } ,en is convergent
to the fixed point.

Note that we can not apply the main result of Roshan et al. [30]. Indeed, for { = 5and v = 6,
we get

o(Qp(Y, Y1) = 2In(Q(p(YZ, Y1) + 1))
=20(YZ,Yv)
= 2(elYe YV 1)
— (PmE)-3m7)| _q)
73
63
=1.175
> 1.546
=09(e—1)
=2In(e—1+1)— (2In(e—1+1) —09(e — 1))
=2In(elf " —141) — 2In(lS" =1+ 1) —0.9(elé I — 1))
= o(p(g,v)) ~ Ep(E, ).

=25 1)
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3. Application

For T > 0, consider

T
(s) = pe)+ [ Menf(rE(n)dr, s 1=[0T] 22)
Here, we give an existence theorem for a solution of (22) in X = C(I, [0,In(%)]) using Theorem 2. Take

P(g,V) = 6“5_‘/“00 -1

for all {,v € X. Note that X is a p-complete p-metric space with Q)(s) = ¢° — 1, where ||{||cc =

sup,e; 1£(q)]-
X is endowed with the partial order <:

{2v = (s) <v(s),
for each s € I. Note that (X, <, p) is regular. Assume that

@)  f:Ix[0,In(3)] — [0,In(3)] and p: I — [0,In(%)] are continuous;
(i) A:IxI—[0,00) iscontinuous;
(iii) Forall,vwith v
0< flrv)=f(rd) <v-¢
(iv)  maxgeg fOT | A(s,7) | dr < ;
(v)  There exists a continuous function « : [0, T] — [0,In(%?)] so that

T
a(s) < p(s) —I—/O A(s,r)f(r,a(r))dr.

Theorem 5. Under the conditions (i)-(v), (22) has a solution in X = C([0, T],In(Z)].

Proof. Take F: X — X as .
FE() = p()+ [ Asnf )
For? <v,
f5,0) < flsv),

the operator F is ordered increasing. Having that As,r) >0, s0

T T
FE®) = ps)+ [ Msnfr,L)dr < p(s) + [ Als,r)f(r,v(r)dr = F(u(6).

Now, take ©(s) = 1+ [In(s +1)]?, ¢(s) = 2In(1 +s) and &(s) = 2In(1 +s) — 0.9s. Note that & is
increasing iff 0 < s < L. For {,v € X, we have 0 < || — V|| < In(20/9), hence 0 < p(g,v) =

elli—vlle —1 < 11/9. Thus, diam(X) = sup; ,ex P(0,v) = .
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Now,
o(Q(p(FZ, Fv))) = 2In(Q(ellFeFrlle — 1) 4 1)

—2In(e? 1 14
— 2(ellFE-Frlle _ 1)
< 2(emasser | Jy Mo g () =flrvimlar _ 1)
< 2(emaxser Jy ANVl _ 1)
< 2(€\|€—21/Hoo B 1)
< ellevlls _ 1.

Therefore,

O(c(Q(p(Fg, Fr)))) < Ol —1)

- B 1+ [In(2]|¢ —v|| + D
=1+l -vlP < o [In(2]|¢ = vl = 9(elle=vll= —1) +1)]2
_ O(e(p&,v))

0@ ))

Due to assumption (v),
a < F(a).

By Theorem 4, there is { € X such that { = F({), which is a solution of (22). O

Note that we can not apply the theorem of Roshan et al. [30] to have a solution of (22). Indeed,

elellee — 1 >2|7 — || = (2] —v]| — 09(ellE I — 1))
=21In(ellfVlle — 14 1) — @2In(ellE Ve — 1 4 1) — 0.9(ellE—VIlo — 1))
=0(p(C—v)) =¢(p(C—v)).

4. Conclusions

We introduced contraction type mappings by intervening ®@-contractions of Jleli and Samet [35]
and some control functions including altering distance functions. We gave some fixed point theorems
related to above mappings in the class of p-metric spaces. The obtained results have been illustrated
by some concrete examples and an application on integral equations.
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